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§ 1. Homological Methods & Sheaves (Parti)

Given ✗ : F- by morphism of sheaves , we define

II the sheaf Ker a

the sheaf Coker a

erne/ When u ≤ × open ,
set

Kerala ) = Ker {xu : Flu) - Glu )}

Restriction
maps

Kera (a) - Kera (v) are naturally defined.

Ker x is a sheafcheck ☐

☒ (Ker a)
*
= Ker {✗a-

: F.→ Got }
.



Co kernel Presheaf

For u c- ✗
open , define

Cotner (a) = Coker { ✗u : Flu) - Gcu)}

Check Cotner is a presheaf

☐ (Cobert)
*

= Coker (✗
*
: Fa - %-)

Beware ! Cotner is not always a sheaf



2 IT if

Example _

,

0 I. & Cf) = e
g

Let F- = CokeI

• U = ① \ IR Flu ) = 0
≤ O

'

Indeed
,
u is simply connected, so logarithms

make sense ⇒ ✗ is surjective in U => Cotter ✗
a
= 0

.

• V = I \ IR≥◦=
> Ffv) = 0

• ✗ = U u ✓ =
.

Note ✗ is not surjective in ✗

since log 2- is not defined in .
=> F-(x) =/ 0

.

Any s c- F(×) restricts s/u = 0
,

s/✓ =D since

f-(a) = 0
,
Flv) = 0 . If s -1-0 this contradicts

uniqueness of gluing ⇒ F- not a sheaf.



Sheafificaton

Goal

Given F- ✗ a pre sheaf,
we define a sheaf F

#

& morphism of pre sheaves

i : I- I
#

.

Remark In addition
,

f- sheaf => I = I
#

II

-

I +
*
= I

#

A
* A

F- Given F- 3 we obtain F
#

- by
#

with

F > 3

commutative
.

~ ✓

g-
#

> Cy
#



Definition

I
#

(a) = {(fa ) c- F*
.

"

locally compatible germs
"

i. e.

2- E U

* a- c- U F a- c- V E U
,
s c- Ffv) with

Sy = fy it y c- V}

Example

f- = pre sheaf of constant functions

f-
#

= sheaf of locally constant functions

Remark We define I → I
#

via

f- (a) 2- f - (f*)* C- F#(u )
.

a

g-
#

Check is a sheaf & f-
*
= F

#

7 .

\



Conclusion
_ Co kernel sheaf

Given FI> 3 ,
we define the cokernel sheaf :

(e) Ñr✗
pre sheaf

(2) sbeafify Coker ✗ : = CokeI ?

Why does it work ?

Assume o - F I }
.

We have by definition

G → Cotters

This gives

g. = g
#

_ e.IE
.

Then

◦ → I → 9 → ÑrÉ→ o exact

as needed
.



Exactness can be checked on stalks . We note that

(Fera #)
*
=/Cotters)

2-

= Coker /✗* : f-
*
→ G.

* ) .

⇒ o - Fa - G.
*

→ (Coker
#

)
*
→ o

exact
,
as needed.



§ 2 . Flabby sheaves

- is flabby provided t v ≤ U ≤ × open .

f-(U) - Ffv) is surjective .

Remarks I F flabby ⇒ Flu flabby it u ≤ × open

Indeed, for V E W E U
,

Flu ( w) = Flw) → Flu ) = Fluhr) surjective .

F- Suffices to check t u ≤ × open

F-(x) → Flu) surjective

Indeed
,

f-(x) - Flu) shows f-(v) → Flu)

also surjective for U ≤ V.

Itv)



Key Lemma

If o - F- G - FL - o exact
,

f- flabby then

o → f- ( u ) - b (U ) → 71 /a) → 0 exact
,

it UEX
open

F. 3 flabby ⇒ 71 flabby

Proof I ⇒

Let v ≤ U open . Compare the exact sequences

0 - f-(u) → 3 (a) → 71 (u ) - o

surj surj ⇒ surj =>
71 flabby .

V v v

o → Flu) → cyfv) - 71 (v) - o


