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Last time

F-→ × flabby if it × ≤ u ≤ × open .

f-(u ) → f-(v) surjective

key Lemma

tf o - F- G - FL - o exact
,

F flabby then

o → f- ( U ) - b (U ) → 71 (a) → o exact
,

it UEX
open

F. 3 flabby ⇒ 71 flabby



We saw ☐ ⇒ ☒ last time
.

We also saw we
may

take U = ✗ ' in ☐
.

We showed o - F/× ) → by (x ) - 71(x) exact in
'

Lecture 21
.

Suffices to show

13
:3 (x) - 71 (x) surjective if F flabby

Proof Let he 71 (x)
. Define

☆ = { (g. u ) : g c- Glu ) and pig )
=L/

u }.

Define

(g. a) ≥ cg !u
'

) if u ≥ u
'

& g
u
,

=g
'



Remark Every linearly ordered chain admits

an upper
bound c take the union )

.

Zorn

⇒ 1- admits a maximal element (
g.
U)

.

I/aiin U = × for the maximal (g. a) .

This gives 13 : G. (x) - 71 (x) surjective .

Proof of the claim

(1) u =/ ×
.

We obtain a contradiction
.

Let
ye Xiu .

(2) pp : Yp - Hp surjective ⇒

~

⇒ 7 gp
with

pop Cfp ) = hp

⇒ 3- v 3- g- c- 31h , pig > =L/v.



(3) Overlaps : Unr

pig/unr ) =p 'S/
um

)=ʰ/
um

⇒ §/unr - g/um = a (f) , fe Flunv) .

This uses o → Flunv) → G(unv) → Tllunv )

exact
,
as proved in Lecture 23

.

(4) F flabby ⇒ extend f to X
.

(5) Define W = U u V and

g in u

g- =\ well - defined

§ - ✗ Cf) in ✓

Not pigs =L ⇒ (g≈, W) c- A.

This element contradicts maxima /ity of (g. 6) .



The C-◦ dement sheaf
§2 .

Definition Given F-→ ×
. define the sheaf § F-via

§ Flu) = # In
.

.

2- E U .

This is called the sheaf of totally discontinuous sections
.

( the Goolemenf sheaf )
.

Remarks

We define F-→ ∅ F sending

f - Cfa >
* c- u for f- C- Flu)

.

\

We have F → ∅ F injective .
Indeed

,

f = 0 ⇔ f-* = O F * E U
,
see Lecture 22



I § F is flabby .

Indeed
, for u ≥ ✓

,

∅ Flu) → ∅ Flv) surjective

⇔ IT F* → ITF surjective , which is clear
2-

2- C- u 2-EV

III. If O - F - Y - Fl → o exact then

\

0 - ∅ I → ∅ } - ∅ 71 → o exact

why ? For all u ≤ ×
open , we

have

o - ∅ Flu ) → ∅ b. (a) → ∅ 71 (a) → o exact
.

Indeed
,
this is because

o - 1T¥ - IT G.
*
- IT 71*-0 exact

2- EU 2- C- U Tt C- Le

which follows since 0 → Fa - Ga - Tta → o exact.



Assume o - I → Y → 71 → o exact

exact exact exact

1 I
O O O

◦ -
É
- É - ÉL - o ✗ exact

~ ~

~

o → ∅ F - ∅ } _ ∅ 71 → o ✗ exact by

III
~ ~

v

◦ - ∅ % - ∅ Hy - 07%, - od exact

~
V

u

O O O

The last row is exact
.

This can be checked on stalks
.

In the diagram of stalks, the columns & first 2 rows are

exact => 3ʳᵈ now is also exact
.



The canonical flabby resolution

Theorem ☐ Given I→ × we construct a resolution

(* ) o - F - FO- F
'

→ . . .

where FP are flabby tp ≥ 0
.

If o - I→ 3 → Ll → o exact
,
then the

G.◦demerit resolutions fit into exact sequences

0 O O

u v v

o I 9 Te o

r v v

0
7 I > Yo Mo > O

v
~

~

◦ > I
,

> 9
,

> Jl, 7 0

- v



Proof I Form the exact sequences :

co) o → I → ∅ I → F- "
= % → ◦

a) ◦ →
É '
→ ∅É ' → F-•

= ∅ EYE → ◦

i

-[P -11(
p)

o - IP → ∅ IP → = ∅ É%p→

where we define • ¥ =

T.JP
= ∅ ÉP = flabby
~ ~

• FP " = ∅ Fp/¥

The resolution (* ) follows by concatenating the above

exact
sequences .



II Functionality of the God-meat resolution

ssume o → I→ § → 71 → o exact
.

e.g.
0 - F- °
- 5°
-
FY
- o exact .

We show o - É- ÑP → 77
- o exact xp

We use induction on yo .

The case

g-
= ◦

is clear
.

For the inductive step, we use ¥7 & diagram :

^



O O O

~
~

~

- ~
~

◦ - JP→ GP → 71T→ ◦ exact

~ ~

◦
- f- P - Gt → FIP→ o exact by

I
~ ~

~
~

◦ -
¥1> + '→ §Pt'

→ 7-11--1
'

→ ☐
exact

×

O O O

This also shows o → FP_ GP- TYP- o exact
.

Conclusion

H o - F - G - 71→ o exact

v

o - f-
•

→ G• → 71
•

→ o exact
.

Key Lemma

0 → f-
•

(x ) → G.
•

(x ) - 71*6 ) → o exact



§ 3
.

Main Theorem of sheaf Cohomology

functors

HP/×
,
- ) : The ares on × → Abelian Groups

such that
1oz +1° (×

,
F) = F(×)

IBI f- flabby ⇒ HP (x
, F) =o Kp ≥s

☐ Given o → f-→ G → 71 → o exact
.

F connecting homomorphisms

Sep : HPlx.IE) → HP
"

/×
,
F)

functoria/ in exact sequences such that

o - H°(×
,
F) → H°(×

, b) → ticx.TT) -%

Ss
↳ H

'

(×
,
F) → H'(×

,
}) - 71

'

(x.tt) →

↳
- - - exact

.

These requirements determine the functors uniquely .



Aside from Homological Algebra

(1) Given a complex do d = 0

d d

→ A-
°

→ A
'
→

. . .

→ Aⁿ→
. . .

Her APd- AP-11
We define 71" (A• ) =

>

In AP
- •d- AP

(2) Given complexes A-
•

,
B•
,
C.
•

such that

◦ → AP → BP → CP → o exact Kp

we write 0 - A-
•

→ B•- C
•

→ 0
.

exact

(3) If 0 → A• → B° → c•- o exact then

↳ 71P(A•) → HP ( Boo) → HP (c.)

↳ HP -1 ' /A• ) → HP
"

/B.) → H'→
'

(d)

↳ - - - exact
.



Outline of the argument

☐ every sheaf F admits a canonical flabby resolution

◦ → F- f-
◦

→
F'
→

. . . ,
FP flabby

Take global sections .

We obtain the complex☒

f-
◦

(x) - F'(x) → t→(×) → . . .

Define

Ker FP(×) - FP"(×)HPCX
,
F) =

In FP
-'

(x) - f-+

Show this works
.


