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Too he rent sheaves

-

t → × is coherent provided every point * c- X

admits a neighborhood U EX and an exact
sequence

④S

Q.lu - 91¥. Flu - ◦

for some integers r.s.IO .

In particular
-

t =
×
(D) is coherent since it is

locally free .

I take r=1
,

5=0)

Remark f F is a sheaf of Ox - modules , then f- (x)

is a module over ①
✗ (x ) . In particular, H°(× , F) = f-(x) is a

① - vector
space

In fact HP (×
,
F) is a

E- vector
space .



Theorem compact Riemann surface , f-→ × coherent Ox -

-
module

. Then

dim HP (×
,
F) < is for 1- = 0 & 1

.

①

Furthermore HP (x
,
F) = o for yo ≠ 0,1.

Example ✗ compact Riemann surface . Define

g = olim H' (x
, G× ) =

arithmetic
genus <

is

①
.

The theorem allows us to define

✗ (×
,
F) = dim

@

H°(×,F) - dime
,
H

'

G. F) < is .

Example ☐ ✗ (× , 0×3 =
dim ↳

◦

(×
, ×

) - dim H
'

(×
, × )

E Q

= 1 -g .

If
-

f = skyscraper sheaf, ↳
◦

(×
,
F) = E

,
H
'

(×
,
F) =o

⇒ ✗ (× ,

F) = 1
.



Remark If 0 → U → ✓ → W → o is an

exact
sequence of vector spaces

then

dim V = dim U + dim W

More generally , if

0 - V0 → V
,
→

- - -
- Vn → 0 exact

n

then [ f- e)
k olim ✓

a
= 0

.

fs = 0

Remark /f o - F - G - FL → o exact

then o → H°(×
,
F) → H°lx

,
b) - H°(x.FI )

(
H
'

G. F) - H' (x
,
b) → H' lx.FI ) . . .

and the previous remark gives

✗ (×, G) = ✗ IX. F) + ✗ lx.FI)



The Riemann - Roch Theorem

Question Given compact Riemann surface ×

• 2-
, . . _

2-
n

C- X
, P , _ . . pm

C- ×

• Me - - - Mn ≥ 0
, Un ,

_ . .
Um ≥ 0 integers

want f meromorphic in ×

• f has zeroes at 2-; of order ≥
/
i

• f has poles at pi of order ≤ Vi

Other zeroes are allowed, but no otherpoles .

Let D= - [
if
:[2-i ] + [ Vi [pi]i

We thus want to understand H°(×
, ✗

(D ))
.



Theorem Riemann
_ Roch)

✗ (× , G× CDD = 1 -g + deg D.

Remark we obtain
a lower bound

dim H°(×
,
G×( DD ≥ ✗ (x,0×CDD = s -

g
+ deg D.

Remark Serre duality can be used to conclude that we

have
an equality in certain cases e.g. oleg D ≥ 2g -1 .



Crelle’s Journal 64 (1864)

Crelle’s Journal 54 (1857)



Quick proof when D ≥ ◦

Recall from Lecture 21 that

◦ _ Gx - Q, (D) → IT @

⑦%
"

j p,
.

→ ◦

-

skyscraperwhere D = [
my . [p;] .

④Nj
)

Then
✗ (× , ✗

(DD = ✗ (× , × ) + ✗ (× , IT egg .j

= ✗ Cx
, 6×3 + Enj ✗ (×, Ep;)

= 1 -
g + [ n

,
. . 2
1 Pre

" ions

examples

= 1 -
g

+ deg D



General Proof is very similar.

Claims _
'

p c- ✗
,
we have an exact sequence

(*) o - Gx (D) → Gx (Dtp ) - ①
→ O

p
-

skyscraper sheaf

-

Assuming this, let

f. (D) = ✗ (0×103) - fi -g + deg D)

☐ flo) = ✗ (Q ) - ca-g) = 0

II. 7 (D) = F ( ☐ +p)
since the exact

sequence gives

✗ ( Ox (☐ + pD = ✗ ( Gx (A) + 1 and

deg (Dtp) = deg D + 1
.

F (D) = F (☐ + E) for all divisors E 20
.

This follows form
.



This shows f must be constant . Indeed, declare

D
,
≥ D
,
if D

, -2>-0 .

If D, , D,
are two divisors

,
we can find Dg with

Dz ≥ D
,
and Dz ≥ Da .

By , we
have F ID

,
) = f CD, )

⇒ F ID
, ) = FCD, ) .

f- (Dg ) = FCD
, )

☐

→ F constant ⇒ F = o ⇒ Riemann - Roch
.



Proof of the exact sequence (* )

write D = E- + n [p ] , p ¢ supp E .

We show

✗ P
o - Ox ( E + n [p ]) → Gx (E + Cn+D[p ]) → Qp → 0

The
map

✗ is the natural inclusion
.

To define 13 ,
take f with

divf + E + (nm) [
p ]

≥ 0
.

In local coordinates near

yo ,
write

f (2- ) = f + . . .
Laurent

expansion .

(2- -p)
" "

Define 13 (f) = a - n - n .

Why exact 17 13C f) =o
then a

- n - , =o ⇒ 7 has pole of

order ≤ n at p hence f is a section of 0×1 E- + n[p])



Where to
go from here ?

1) sheaf cohomology in more detail

(2) discussion of genus

- arithmetic genus g = olim H
'

IX. G)
✗

- topological genus 2g = dim H'(×
,
a)

- geometric genus via 1- forms
g = olim H° (×

,

R'
×
)

(3) Serre duality

H° IX. F) ± H'(×
,

#⑦ R'
✗5

(4) line bundles & the Jacobian

(5) projective embeddings , ample > very ample

line bundles × - ☒
"!

(6) moduli of curves Mg , Ñg

Many directions are possible !


