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Last time U : I → IR continuous
,

harmonic in ☐
.

21T

U (o) = 2¥ /
,

uceis ) cts Mean Value Property

u Ca ) = 2¥ f.
"

u COI leis)) ols XAVI + Aut
.

to recenter
.

where § : →
,
2A → a ☐

,
2- →

2- + a

1 + a-2-

with inverse 4 : D - A-
,
2A → 2A

. , 2- → 2- - a

1 - Iz

Goal Make formula even more explicit.



Poisson kernel

Pr (f) =
É

cos no
,
osr < s well defined

.

n= . .
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Three additional Formulas
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→
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Pr 10-1 =
1-12-12

b .

11-2-12

Pr (a) %) Re 1+22 = Re 11+2-7 (1- E)

1- 2-

(I - 2-) (i -I)

f imaginary

= Re 1- 2-I + 2- - I

11-2-12

=

1 - 12/2

11 - £12
'

Pr (Q) =
1 - r2

☒ very useful .
I -2 r cost + r2

Indeed use IT for 2- = re
it

:

11 - z /
&

= (e - r cos a)
&

+ (r sin 0-5

= 1 + r2 - 2 r cos d- & I - 12-12 = 1 - r ?



Poisson 's Formula

u : I → IR continuous & harmonic in
,
a = r e

"£

a (a) = ÷
,
/?
"

Ir (o -
t) uceitj dt .

Proof Recall

u (a) = 2¥ f.
"

u C § (e ' 's)) ds

Tohange of variables eis
= ¥ (eit )

the Poisson kernel arises

£
via change of variablesMain Clarin Is = I. lo - t) alt

Assuming this , we obtain

21T

u COI ✗ (eit)) . Pr la - t ) dtula) = ÷ f.

=L 1.*u (eit) Er (t - t) dt .
.
as needed

.

2 it



Proof of the Main claim

chain rule

as =

dceis) d ✗ le
"
)
£
4
'

(eit) i eitdt ↳
'
(2) z

=
= dt

i eis i 4 (eit) ; + ( eit)
4 (Z)

Recall 4 (Z) =
£ - a

. Taking logarithmic derivatives
- a-2-

2- .

4
/
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+

a- 2-
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+
1-

.

/+ a- £
£

' = 2-I

= § .

2- + a

2- - a 2
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⇒
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Simeon Poisson

(1781 - 1840)

Students
:

Liouville
,

Carnot
,
Dirichlet

Poisson "kernel .

Pr 10-1 = É r
'" '

e'not
= 1-r2__

or = - A

7- 2r cos D- g- r2

= Re 1+2
- =

1- 1212

7-2 1¥
' for 2 = re

'

?

Poisson integral formula

u : I → IR continuous
,
harmonic

in
.

Then

were
"
> =÷- 1.*Pr 10--1-1 uleit) dt



Remark We can dilate & translate to work with
any

disc ☐ Ca
, R )

.

Theorem U : Ñ (a. R) → IR continuous & harmonic in ☐ la
,
R )

.

2 I

ul a + re
"'t

) = ÷
,
f
,

R2
- r2

u (a + Reit ) It
R2 - 2 Rr cos (f - t ) + r2

Proof

Ñ : I → IR
,

ñ ( 2- ) = u ( a + R z)

We apply the previous
result to Ñ

. Then
.

P lo - t ) ñ (est ) dtuca + re :o) =
ñ (÷ -

it) = ÷ -

=

R
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) off.



Wo Consequences

IIT Schwarz Integral Formula

It Harnack Inequality

Harnack 's Inequality

U : II (a,R) - IR continuous
,

harmonic in (a. R)
.

& U 20
.

If / 2- - a/=r =)

R r

u (a) . I ufz) ± u( a)
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R + r R
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V



Proof

We Use -1 £ cos If - t ) I 1
.

The two inequalities are similar
.
For instance

,

2nd inequality :

1 R2
- r2ul a + re

"'t

) = [
"

u (a + Reit ) dz
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R2 - 2 Rr + r2
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.

"

( (Rer)
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CR -ri

U (a)
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=

R
- ,

Using Mean Value Property .



Axel Harnack (1851-1888) was a Baltic - German

mathematician
.

He proved Harnack 's inequality for harmonic

functions & Harnack 's curve theorem in
real algebraic

geometry .


