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April 6, 2022



Last time 1 Dirichlet Problem)

Given f : 2b → IR continuous
,
define

it

÷ [
,

Er 10 - t ) fceit) off
,
r < ,

acre :o) ={
fee :o) ,

r=1

We have seen a harmonic in A & u/g.☐ = f.

We show U continuous in Ñ_
.

Conclusion u solves the Dirichlet Problem
. in = (o

,
,)

.



Theorem U :-D → ☒ is continuous
.

Proof The only issue is continuity over 21 since u is

continuous in
. being harmonic . We show

u (re
" ) = f Cei%) it to

.I, 'm
r→ I

D-→ O_O

To/aims WLOG 0-0=0

Else
,
rotate ! Let

~ i
o

f (£) = f- ( e 2- )
.
Let ñ be the similar function

with § instead of f. By the explicit integral a change of

variables
~ icfo

u (2-) = U ( e 2- )
.

Thus u continuous at O_O ⇐ I is continuous at 1 .

Let 0-0=0 from now on
.



Fix E > o
.

We show Fp, S > o such that

/ u (re " 't ) - fi, ) / < E if 10-1<8
, p < r< 1

This completes the argument .

Since f- is continuous
,
F 0<8 < I

(* ) lfceit) - f.us/ < e if it / < S.

We let an = sup 1ft . i

211 .

We estimate

it

lucre '" ) - fi,) = 2¥/prfa-tjfleitsdt-fp.CO - t) fiisdt
- it

- it

I

± 2¥ /
⇒ Pr lo - t) / fceit) - first dt G)

We break this integral into two parts for it / s 8 and it/> 8 .



Term I = ÷ J Pr lo - t) /f (eit) - fin / dt

It / IS

± 1- I
añ Pr lo - t) . Edt by c*)

11-1<-8

E T

E
It /

⇒
Pr lo - t) dt = E by Lecture 4 .

(2)

Term I =

1- ) Pr lo - t) / fceit) - fin / dt21T

It / Is
-

I 2 an

1 I f Pr lo - t) dtit

it/ zg
.

I/aim
.

f 10-1 < § → Pr lo - t) £ Pr (Sz) .

⇒ TermI
,

s
'I
+
/ Pr (§) at
it/IS

I ^?=, . Pr (Sj) - 21T = 2M Pr (Ia) . < E. (3)

Indeed
, Pr (Ig) → 0 as r → 1 by Lecture 4, so we can pick p

such that Pr (Sg) < E-
gag

. for per < 1 ⇒ TermI < E



Too/leafing CD
,
(2)
,
13) we find

lucre :o) - first < 2 E for 10-1 <£ , p < r < 1
.

as needed
.

Proof of the clan's we
may

assume t > o so
C- c- (S, it ]

white a- c- f- :-, :-) . Then

t - a > S - § =L
2

If it 2 t - t
,
since Pr is decreasing on [ % , it ] (Lecture ↳)

⇒ Pr to - t ) =P, It
- a) < Pr (Ia) .

If t - t > it => Pr /a - t) = Pr (2T - t +0-1 .

Not

it 7 2 T - t + A > 21T - it - ÷ = it - F- > £2 .

so again

Pr It - t) = Pr (ai - t +0-1 < Pr (E) .



Convolution Product

For functions g, h :[
- it

,
't] → R continuous

,
27 -periodic, set

g * h (t) = ÷ /
"

g lo
- t) hit) dt

.

- IT

If we write Ur (f) = u Cr e
't ) and write fit ) instead of fee ")

,

we obtain

Ur = I
,
* f. Thus we defined the solution to the

Dirichlet problem as a convolution
.

Heuristics

" "

If g, converges
to the S- function then heuristically

IT

g. * h 10-3 =L g. lo - t ) hits dt2T f-
*

IT

S lo - t ) hits dt = h (a)
.

→ ÷- 1.*
-

concentrated at O-=t

The proof above makes this precise



Corollary The Dirichlet Problem can be solved in any

disc Ca
,
R)

.

Why ? This follows via translation & dilation

2- → a + Rz .

mapping 10,1) → Ca
,
R )

.

We solved the case of 10,1)
.

above
.



Corollary converse to XAVI)

If u : G - R continuous & satisfies MVR ⇒ U harmonic

Proof

•

a

Lot a c- G. Let I Ca
,
R) E G .

We show u harmonic in

la
,
R )

.

Let f = u/y, ,a
,
,,

,

Solve Dirichlet Problem in I-la.pe)
.

Thus h harmonic in la
,
R)

,

continuous in (a. R ) .

&

h/ask.rs = f.

Let § =
h - n : I la

,
R) → R.

⇒ §/gca
,
,⇒=° &

IT continuous & satisfies XAVI (because b. U olio )
.
Then 15=-0

by corollary to ME
-1
( Lecture 2)

.

Thus u =L = harmonic '

.

in A la
,
R)

.



Remark We
say U : a → R continuous satisfies have

locally if it a c- G F r > o
,

☐ (a. r) EG such that t p < r

2T

u (a +yeitjdt .uca) = ÷ /
☐

The above proof shows

u satisfies rave locally ⇒ a harmonic

Remark In
consequence , if u : G - IR continuous

,

TFAE

II U harmonic

U satisfies MVI

⇒ u satisfies MV I locally .


