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Math 220C - Lecture 6

April 8 , 2022



Convergence of harmonic functions Conway I. 2 .§ 1 .

The natural notion of convergence for
harmonic functions

is local uniform convergence .

Recall Let fn , -1: G - R

e. u .

(1) local uniform convergence
fn→→ f means

+ HE G F U* C- G open near
a-
,

such that

fn f uniformly inUnc
(2) uniform convergence on compact sets fn→→f

means it K compact , KEG , fn If uniformly in K.

Recall : The two notions
agree .

Indeed (e) ⇒ (2) because
any compact set can be covered

by finitely many U* 's.



Lemma

e. u .

/f Un : G - IR harmonic & Un U then u :c> → R

harmonic
.

Proof Since Un harmonic
=, Zen continuous ⇒ u continuous

.

Since 2in harmonic ⇒ Un satisfies have
.
Let Ila,R) c- G.

un (a) =L f?
"

un Ca + Reit )dt
21T

Make n → is
.

\

21T

U (a) =
1-

u ca + Reit jolt
2 it
to

⇒ u satisfies ^^ VI.
.

=> U harmonic
.



§ 2. Harnack 's Theorem Let u
,
:c. → its harmonic

-

and

Us £ U2 I - - .
I Un I - - . in G

.

Then either

e. U
.

(1) Un ⇒ U & u harmonic
.
or

e. U
.

(2) Un ⇒ v0
.

Remark If a
,
I aa I . . . Ian I . . . are real numbers

,

then either

(e) an → a < is

(2) an → is



Remark Harnack Inequality ( Lecture 3)

✓ : G - R
,
V20

,

harmonic
,
I ca

,
r ) C- G.

IF /2- - a/ =r < R , then

vca)
R- r

E vcz ) I ✓ (a)
Rtr

-

-

Rtr R- r

z
-1

:

Rtr17 re % .

⇒

I.
£3

. It I÷ .

If 2- c- A- (a
, ¥) then f- v (a) I vcz) I 3 Ula ) .



Proof of Harnack 's theorem

~

WLOG Un 7- 0
.

else work with Un = Un - U, I 0

Step / Pointwise
convergence .

Since { Un (2- ) } is non decreasing it 2- C- G ⇒

⇒ either Un (2) → v0 or Un (z) → U (2) for some UCZ ) < is
.

Let A = } 2- C- G : Un (2- ) → is} ⇒ A DB = OI, A UB = G
.

B = } 2- c- G : Un (2) → U 12-3}

It suffices to show A
,
B open .

Since G connected =>

A- = G or B = G.

Let a c- G. Let 5- Ca
,
R) EG

.

Let 2- C- 5- (a. E) .

⇒ I un (a) I Un (2-) I 3 Un (a)
.

3

II If a E A ⇒ Un la) → is
.

⇒ Un (2) → is
. ⇒ 2- c- A

=> D. (a
, %-) E A .

=> A open

If a c- B => ten (a) → u (a) < no
.

=> Un (2- ) → u (2) < no => 2- c- B.

=> D. (a
, %-) C- Be

.

=> B open .



Step 2 Local uniform convergence

Let a c- G. Let 5- (a. R) E G .
We show uniform convergence

in

(a , %-) . We have two cases :

Un (a) → is
. => t an F N : Un /a) I 3 ^^ for nz N

= > un (2) I § Un (a) I ^^ 4 NIN
,

2- c- (a , %-) .

=> Un is 'in (a , %-) .

Un (a) → U (a)
. Fix E > 0

.

Since { Un Ca)} Cauchy

⇒ F N : 0 fun (a) - Um (a) < ÷ t n z m z N

⇒ of Un (2- ) - Um (2) < 3 ( Un (a) - um Ca)) < E t n z m 2N
.

Make n → is => 0 I UCZ ) - Um 12 ) I E t m IN
,

2- C- Afa
, Bg)

.

=> Um =3 U in (a
, %-) .



2
.
Subharmonic Functions Conway I. 3 .

SH functions share
many properties with harmonic fins

.

Definition y : G - R continuous
,

t a c- G
, F TI Ca,R) c- G.

21T

it 0 I r < Rglass 2¥ f. y ca + reit) alt -

then y is called subharmonic
.

Super harmonic functions satisfy the opposite inequality .

Remark

y subharmonic => - p super
harmonic

y
harmonic = >

y
sub/super

harmonic

II. y is Cd & yzo
= > y

subharmonic
.

This is HWK 2
.
Problem 1

.



Analogy with 1 real variable

22 22
→

( ' variable )☐ =

→
+

⇒
←

22

" "

22 uharmonic
-2×2

= 0 => U linear
,
u = ax + b.

(
2

" " 22hsubharmonic
- I 0 ⇒ U convex

2×2

c
2

" "

Super
harmonic 2¥ I 0 ⇒ U concave

2×2

•

glim
ear

mean value Inequality becomes

a ( aj¥) ± Uca) + ucb)
t -I

1
Convex 2h

I

1

I

1

i
1

a a+b b

a-


