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G E e bounded
,
f : 3G - IR continuous

• Perron family

P (G. f) = { y : G → R subharmonic ,

1ms
up 412-3 s flat t a c- 26

.}.
2 → a

• Perron function U : G - R

UCZ ) = sup { plz ) , y c- P (G. f)}

~

Renard y c- PIG
.
f) => y C- P

.

(G. f)

Indeed
, § subharmonic and y =§ near

a c- 26 so

limsup 512-1 =/im sup plz) s fla) .
2- → a

2- → a

Remark
y, y c- PCG

,
f) then max cop, 4) c- PCG. f)



Theorem Conway 3.11.

-

he Perron function u is harmonic

Proof Let * c- G
,
I c- G a disc around *

.

WTS U harmonic 1in D-
.

Steps Final functions yn c- PIG
, f) with ya (a) → Ula ) .

This is possible by the definition of u .

WLOG we
may assume Y, I 42£ . . .

I 4- I - - -

Why ? Else
, define

-

new

Cfn = Max (4, , 42 - - - Tn ) .

By Lecture •
. Property (2) , friend c-

P (G. f)
.

Note that

new

(a) → u (a) as well and thatYn

new new new

4, I % ± - - -
I f- I - - .

We drop the superscript
"

new

"

from now on
.



I

step 2 W LOG We
may

assume

7, I 72 I - - . I 4m£ . . .
are harmonic in

.

Why ? Indeed
,

I

§, I 52 I . . . £ ins . . . ( see Proposition above )

~

and in c- P (G. f) by Remark /It . Note ya are harmonic in A-
.

Furthermore in /a) → u (a) still holds .
Indeed

,

{
Proposition
y

definition of u as

supremum

Ymca ) £ in (A) I U Cat)

Thus yn (a)
→ Ula) ⇒ In lot) → Uca )

We can work with the functions in instead of the Yn 's .



Step 3 By Harnack 's convergence

e. u -

Jn =3 in A
, for U harmonic

.

We noted that go.la ) → uta) < is so the possibility
~

1.4
.

for is in Harnack is not allowed.

Note V (a) = ula ) .

Goa/ We show = u in I. C not only at a) .

This will show U is harmonic
,
as needed

7



Step 4 Let y c- ☐
.

We show 2-(g) =ucy ) .

Let 4h C- P
, 4- Cy ) → uly ) . . possible by definition of u .

W LOG Yn s Yn

newwhy ?
4h = max ( yn , yn )

= subharmonic ( Lectures) .

new

we still have 4h c- PCG, f) .

new new
Bonus

4m ( a ) → u ca ) & yn ly ) → ucy ) .

Why ? We know Y n (a) → U (a)

new

=) 4h ( at ) → u CA )
.

new

Y n
£ Yn s u

/ ↳ definition of re as

supremum
def. of ygiew

The same argument works for y ,
with 4h instead of yn .



We run the above steps for 44,42
,
. . .

Steps 4, I 42£ - - - I 4ns - - -

step 2 §
,
I 4) I - . . I Ñn I . . . harmonic in D

~ l - W .

Step 3 arrack yen =. ✓ in A-
.

Step 3 Bonus

1
- 1

Claims II ✓ ly ) =/im 4h Cy) = ucy)
n → is

step 3
Bonus

sE

161 ✓ (a) =/im In (a) = u (a)

n → us

{
step 3

g
step 3

'

~II U (2- ) =/im
go.cz ) ± 1.m ÑnC£ ) = ✓1£)

using that yn ± yen and in I Ñn .



Conclusion

We Know U - ✓ to in ☐ by

U in ) = a cat ) = ✓(at) → (U -T) ( a-3--0 .

I -

steps
£
II

f f
harmonic

By Max. Principle => U - V = 0 .

{
⇒

In particular, U (g) = ✓ (y ) = u g) .

Since
y € ☐ is arbitrary => U Eze

,
as needed.



Oskar Perron (1880-1975) Was a German

mathematician
.

He brought contributors to PDE 's
,

known for the Perron method.



Question Does the Perron function solve Dirichlet Problem ?

What is the issue ?

We know u is harmonic in G
.

We need to show 1cm UCZ ) = fca ) it a c- 3G
.

2- → a

Answer (HWK 3
,
# 4) NO !

If G = (0,1) ) / o } , we show that the Dirichlet

Problem does not always admit a solution .

Better answer n special cases, it does ?


