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Last time

Question Does the Perron function solve the Dirichlet Problem ?

Answer (HWK 3
,
# 4) NO ! Take c. = ☐ i }o}.

Better answer n special cases, it does ?

Terminology differs from Conway I. 4)

Let c. be bounded
.

Let a c- 26
.

W : G- → 112 continuous in G-
,
harmonic in G

,

W (a) = O
,

W > 0 in 3G \ } a}

co is said to be a barrier at a.

By the minimum principle ⇒ w > o in E - sa }

The terminology is due to Lebesgue .



Example +WK 3
,
# 6)

Many reasonable domains

satisfy this definition
.

For instance
, if 7 I segment

lnot = }a] then there is a

barrier at a
.

•

w

Example G = A- \ }o } .

In this case
,

there is no barrier

at 0
.

Indeed
, if w lo ) = o but w > 0 on 3G \ } o)

we contradict the mean value property .

Remark If the Dirichlet Problem is solvable in a ⇒

+ a c- 26 admits a barrier
.
(HWK 3

,
# 5)

.



Tooniiersely

Let G be bounded and assume each a C- 26 has

a barrier . Let f : 26 → IR be continuous
.

Theorem The Perron function u for CG
, f) satisfies

him uC£) = f-(a)
2- → a

Corollary The Perron function solves the Dirichlet

Problem under the above assumptions .

We let w be
a barrier at a

.
Thus

• W : G-→ R
,
W cont in G-

,
w harmonic in G

• w (a) = O
,
w > 0 in 2Gt { a}

.



Proof WLOG f- (a) = o .

Let E > 0
.

We show

/

I Am
sup UCZ ) I E

2- → a

1am inf u (2) I - E
2- → a

a-

Then 1m ucz ) = o = f-(a), as needed-

2- → a

-

Let ☐ be a disc with

- E < f < E in 26 nA and a c- A
. (e)

Lef na = sup
/f/ = > - an E f s na in OG

. (2)

26 = compact
- •

Since G I is compact , let a

Wo =
Miri W > O

G
G- \

+

Why By Minimum Principle , either w = o in G Cnot hue

as w/
gg
¥0) or else w > 0 in c-

.

But w > o in 261 } a } .

Thus

w > o in a- I / a}
.

Since G- \ I C- G- I } a) we get the claim .

7



Proof of

Let ✓ (z) = - E - %?)- . ^^
.
= harmonic in G.

cont in G-

Clarin 1 V E f over 26

Proof Let 2- c- 26
. we •nos

.

t a)

• 2- c- 26 n : ✓ (2) I - E < f.( z )

(2)

• 2- C- 26 I : ✓ (2) < - na s f (2)

1
W Z Wo / in G- ID

Clavin 2
c- PCG

, f)
.

Proof we know 11 harmonic
.

For 3 c- OG
,

I, 'm ✓ (2- ) = ✓ (3) I fc 's ) by claim 1
.

2-→ g

Since u is defined as a supremum over PCG
, f) & VEPCG

,
f)

⇒ U (z) I ✓ (2- ) it 2- C- G

⇒ 1m enf UCZ) 2 ✓ (a) = - E as needed
.

2- → a ↳
w (a) = 0 .



Proof of II Let

wcz)
W(Z ) = E + - . 1M = harmonic in G

,

cont
.

in G-
.

CU
☐

Claims 1
"

W Z f over 26
.

W Io tis 26

I c.)

Proof • 2- c- 26 n
,

W (z ) 7- E > f- (z )

(2)

• 2- c- 26 \ D
,

W (2-) > an I fcz)
I
WI Wo in G- \ D

We do not know W c- P
,
but we can compare

W to
any PEP

claims 2
'
W (Z) I 41£ ) it y c- P + 2- c- G.

Proof Let 3 c- 2G
.

Then

definition claim /
/

£ of P f
1m
sup fcz ) I f 13) ( w (3) = 1mi Wfz )

2- → g
2- → s

⇒ plz ) I W (z ) it 2- c- G by MP+ applied to the

\

I

function y - W.



Since UCZ) = sup } 41£ ) :p c- P} => ucz ) I Wlz ) by

claim 2 It 2- C- C-
.

Then

km - up
UCZ ) I 1cm W(2- ) = W (a) = E.

,
as needed

.

2- → a
2- → a

Remark Tse proof only used that w is

super
harmonic

.

& some references require barriers to be
superharmonic.

( versus harmonic )
.



Remark Let a c- 2 G
,

G (a) = G n ☐ (a. R)
,

a neighborhood of a

We
say w : GTA) - IR is a local barrier at a if

I w is continuous
,

w

super
harmonic in G (a)

III. w (a) =o
,
w > 0 on GTA) - } a}

.

A-priori, the notion of a
local barrier is more flexible .

Flowerer
,
a local barrier exists ⇐ global barrier exists .

Indeed
,
let Ñ (a. r ) E b Ca

,
R )

,
let Wo = in f w

set

GTA) in '

min ( w (2- )
,
Wo ) : 2- E G- n is

'

I (2) ={
Wo : 2- c- G- \ D

'

⇒ Ñ is a global barrier .

Thus for a bounded G E G
,
we have

G is Dirichlet region ⇐ local barriers exist at all a c- 26
.



Remark - is shown in Conway ✗ .
4. 9 that if a bounded

G E E satisfies

É \ G has no connected components which reduce to a point

then G has a barrier at each a c- 26

Thus the Dirichlet Problem can be solved in such a region .


