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Abstract

We give an algebro-geometric derivation of the known intersection theory on the
moduli space of stable rank 2 bundles of odd degree over a smooth curve of genus g.
We lift the computation from the moduli space to a Quot scheme, where we obtain
the intersections via equivariant localization with respect to a natural torus action.

Key words: Moduli spaces of sheaves, Quot schemes, equivariant localization.

We compute the intersection numbers on the moduli space of stable rank 2 odd
degree bundles over a smooth complex curve of genus g. This problem has been
intensely studied in the physics and mathematics literature. Complete and math-
ematically rigorous answers were obtained by Thaddeus [7] [8], Donaldson [2],
Zagier [11], and others in rank 2, and by Jeffrey-Kirwan [3] in arbitrary rank.
These answers are in agreement with the formulas first written down by Thad-
deus in rank 2 [7], and by Witten in arbitrary rank [9]. We indicate yet another
method of calculation which recovers the exact formulas obtained by the afore-
mentioned authors in rank 2. Our approach works in principle in any rank, and
we will turn to this general case in future work.

To set the stage, we let C' be a smooth complex algebraic curve of genus g. We let
N, denote the moduli space of stable rank 2 bundles with fixed odd determinant,
and we write V for the universal bundle on C' x N,. N is a smooth projective
variety of dimension 3g — 3. We also fix, once and for all, a symplectic basis
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{1,61,...,d25,w} for the cohomology H*(C). A result of Newstead [6] shows that
the Kiinneth components of ¢2(End V) generate the cohomology ring H*(Nj).
We will use the notation of Newstead and Thaddeus, writing

29
CQ(EndV):—5®1+4Z@/Jk®5k+2a®w
k=1

for classes a € H*(N,), € HYN,),vr € H*(N,). Thaddeus [7] showed that
nonzero top intersections on A, must contain the ;s in pairs, which can then
be removed using the formula

g
a3 1] (W)™ = [ o,
/Ng kf:[1 v N
where p = Y, pr and 2m + 4n + 6p = 6g — 6. The top intersections of o and (3

are further determined:

Theorem 1 [7//8][2][11][3]
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Here Bj are the Bernoulli numbers defined, for instance, by the power series
expansion

:Z o Byut. (2)

In this paper, we reprove Theorem 1. The idea is to lift the computation from N
to a Quot scheme as indicated in the diagram below. Then, we effectively calculate
the needed intersections on Quot by equivariant localization with respect to a
natural torus action. The convenience of this approach lies in that the fixed loci
are easy to understand; in any rank they are essentially symmetric products of C'.
In rank 2, their total contribution can be evaluated to the intersection numbers

(1).
Quotyg<->Png

™

My~ Ny x J

The idea that the intersection theory of the moduli space of rank r bundles on a
curve and that of a suitable Quot scheme are related goes back to Witten [10] in
the context of the Verlinde formula. Moreover, in [1] the authors have the reverse



approach of calculating certain intersection numbers on Quot in low rank and
genus by using the intersection theory of the moduli space of bundles. In this
note however, the translation of the intersection theory of the moduli space of
bundles into that of the Quot scheme is really very straightforward.

The spaces in the diagram are as follows.

e M, denotes the moduli space of rank 2, odd degree stable bundles on C. By
contrast with A, the determinant of the bundles is allowed to vary in M,.
There is a finite covering map

T: Ny xJ— M,

of degree 49, given by tensoring bundles. Here .J is the Jacobian of degree 0
line bundles on C'. We will write V for the universal sheaf on M, x C, which
is only defined up to twisting with line bundles from M,.

e For a positive integer N, we let Py 4 be the projective bundle
T Pya— M,
whose fiber over a stable [V] € M, is P(H°(C,V)®). In other words,
Py.q = P(pr, VEY).

We will take the degree d to be as large as convenient to ensure, for instance,
that the fiber dimension of Py 4 is constant. One can view Py 4 as a fine moduli
space of pairs (V| ¢) consisting of a stable rank 2, degree d bundle V' together
with a nonzero N-tuple of holomorphic sections

6= (9'...0"): 0N =V
considered projectively. As such, there is a universal morphism
(I)IONHVODPNAXC.

A whole series of moduli spaces of pairs of vector bundles with N sections,
each labeled by a parameter 7, were defined and studied in [8] for N = 1
and [1] for arbitrary N. Py 4 is one of these moduli spaces, undoubtedly the
least exciting one from the point of view of studying a new object, due to its
straightforward relationship with M,.

One would expect the universal bundle V on the total space of Pyaq and
the noncanonical universal bundle V on its base M, to be closely related, and



indeed they coincide up to a twist of O(1)
V=1V& 0p,,(1). (3)

e Finally, Quoty 4 is Grothendieck’s Quot scheme parametrizing degree d rank 2
subsheaves E of the trivial rank N bundle on C,

0—E—0N > F—=0.

We let
0—=&—=0" - F—0

be the universal sequence on Quoty 4 x C.

For large d relative to N and g, the Quot scheme is irreducible, generically
smooth of the expected dimension Nd —2(N —2)(g—1) [1]. Then, Quoty 4 and
Py 4 are birational and they agree on the open subscheme corresponding to
subbundles £ = VY where ¢ : ON — V is generically surjective. The universal
structures also coincide on this open set. For arbitrary d, Quot y 4 may be badly
behaved, but intersection numbers can be defined with the aid of the virtual
fundamental cycle constructed in [5].

We now define the cohomology classes that we are going to intersect. We consider
the Kiinneth decomposition

oEndV)=-001+4> @6 +2a Quw
k=1

of the universal endomorphism bundle on M, x C. In keeping with the notation
of [3], we further let

~ 29 _
V) =1+ 0Fef+fivw 1<i<2
k=1

be the Kiinneth decomposition of the (noncanonical) universal bundle Y on M g X
C. Then

~ ~ ~ g ~ ~
fi=d, B=al—4day, a=2f+ > oy — da.
k=1

It is an easy exercise, using that A, is simply connected, to see that

~ g ~ o~
Ta=a, TH=0, T bb") =46, (4)
k=1

where 0 is the class of the theta divisor on J.



On Py 4, we let ¢ denote the first Chern class of O(1) and let

29 3 3
V) =a,01+Y @6+ fiow 1<i<2, (5)
k=1
be the Kiinneth decomposition of the Chern classes of V.
Finally, we consider the corresponding a, b, f classes on Quoty q4:

2g
k=1

We now show how to realize any top intersection of a and [ classes on NV, as an
intersection on Quoty 4. Let m and n be any nonnegative integers such that

m+2n=4g9g—3, m>g.

With the aid of (4) we note

.

A top intersection on M, which is invariant under the normalization of the
universal bundle V on M, x C can be readily expressed as a top intersection
on Pyg4 as follows. We assume from now on that N is odd, so that the fiber
dimension of 7 : Py 4 — M, is

~ g~~k9m~n_1 m g m—g an
@+ > B —4g-< )/J(M) J, o (6)

9 9

g9

M = N(d—2(g—1)) — 1.

Then
9 _ ~k m - - 9 _ “k m
/M (& +3 b’beg) g = /M (2 Fot 2 BhBEO — d&1> (@ — 4dg)" =
9 k=1 9 k=1
g m n
= [ (2h 2 BE —da) (@ - 43.)" =
PN.a k=1
— 9 —_ = m n
:/ ay (2 + 2> WO —day | (af - 4a)" (7)
PN.a k=1

Here we used (3) to write

aé” = (4 a ¢+ dQ)M = (M 4 lower order terms in ,



the latter summand being zero when paired with a top intersection from the base

M,.

Finally, the last intersection number in (7) can be transfered to Quoty 4 using
the results of [4]. Tt is shown there that the equality

[ aR@bn)=[  aRb.f) ®

holds for any polynomial R in the a,b, f classes, in the regime that N is large
compared to the genus g, and in turn d is large enough relative to N and g, so
that Quoty 4 is irreducible of the expected dimension. Moreover, the equality

/[QuotN,d]”" ay' R(a,b, f) = /[Quow“]m ay' M R(a,b, f) (9)

established in [5] allows us to assume from this moment on that the degree d is
much smaller than N. The trade-off is that we need to make use of the virtual
fundamental classes alluded to above and defined in [5].

Putting (6), (7), (8) together we obtain

_ (m - 9)! / M < z kpk—+ ) 2 n
Q"I = a 2 —I—ZE biby™ — da a; — 4a .
//\/ [QuOtN,d]v”‘ 2 f2 k=1 1 ! ( ! 2)

; m)!

To prove (1), we will show that

g m n
/ _ aéw <2f2 + 2 Z b’fb'f+g - da1> (a? — 4a2) =
[Quot 4]V =l

m!

= (-1 -2 (m—2g+1)!

Bm—2g+1- (10)

Equation (10) will be verified by virtual localization. The torus action we will
use and its fixed loci were described in [5]. For the convenience of the reader, we
summarize the facts we need below.

The torus action on Quoty 4 is induced by the fiberwise C* action on OV with

distinct weights —Aq, ..., —Ax. On closed points, the action of y € C* is
(B4 0N - E“—OfON].

The fixed loci Z correspond to split subbundles

E =L ® L,y



where Ly and Lo are line subbundles of copies of O of degrees —d; and —ds. Thus
7 = Sym™C x Sym®C. The fixed loci are labeled by distinct degree splittings
d = d; 4+ dy and the choice of a pair of copies of O from the N available ones.
Note further that

Elz=L1B Ly
where we let £; and £ be the universal line subbundles on SymdlC x C and
Sym®™C x C. We write

all)=z01+> Yo +dow 1<i<2,
k

We set the weights to be the N roots of unity. The equivariant Euler class of
the virtual normal bundle of Z in Quoty 4 was determined in [5] to be

1 , . di—g

2 b A+ ;)N
'izl_[lexp <9i : ((];/}L _{_h;_)N)_ AN ;)) : (11)

Here § = g—1, h is the equivariant parameter, and 6; are the pullbacks to Sym®%C'
of the theta divisor from the Jacobian. Moreover, it is clear that on Z

a; = (l‘l + )\1h> + (IQ + )\Qh), a9 = (1‘1 -+ )\1h)($2 + )\Qh), (12)
Of =i + 5, (13)

29
= —Zy’fy§+g+d2($1 —f—)\lh)—f-dl(l‘g—l—)\gh) (14)

k=1
In the equation above, the superscripts are considered modulo 2g.

We collect (11), (12), (13), (14), and rewrite the left hand side of (10), via the
virtual localization theorem,

LHS of (10) = (=1) Y Zuasruno (15)
di,d2,A1,\2

where the sum ranges over all degree splittings d = d; + dy and pairs of distinct
roots of unity (A1, Ag). The summand Zg, 4, 1,2, is defined as the evaluation on
Sym?C' x Sym™C' of the expression

((Mh + 1) — Agh + )" 729 (201 4 205 + (dy — dy) (Mh + 1) — (Aoh + 22)))™

9 d;—g N-1

, N(\ih + ;) 1
) | I Aih oM T 0; - : : S I
L1 ) <(Aih+xi)N—hN> eXp( <()‘ih+xi)N_hN I>>

=1




To carry out this evaluation, we use the following standard facts regarding inter-
sections on Sym?C:

l
pi-lgl — 9

(g—=!

We will henceforth replace any ' appearing in a top intersection on Sym?C' by

(ggf!l)!xl. Then

0! NOAh+z)V1 1 gtk [ N(Ah+2)V-1 1\"
e (9' (()\thx)N—hN z)) T ; T\ Ohr oy = ) (7

for I < g, and 270" =0 for [ > g. (16)

—l I+k N— k N—1)(g—1
$ gl (N(/\h—I—a:) ! 1) —Ngl<g>xg~ (Ah 4 z)V=Dlg=D

Ng—1—k)E\Oh+2)N —hN 2 1) (M+a)N — pN)a-t

We further set
T

Y
In terms of the rescaled variables, Z4, 4, 1, A, becomes, via (17) and the binomial
theorem, the residue at T; = To = 0 of

Z;

and ] = )\1(1 + fl) — )\2(1 + fz).

\Mti—g (L+ z;) (Nt M

| ~ 2
Z (m(d2 o d1>s . j2n—2g+s . H 2liNg—li (lg

| )
li+la+s=m S i=1 v

We expand

2n—2g+s d [e% k @ o ~O] O
12n 2ot :Z Z (—1) 2( >>\11/\22'5N<3ak)‘5511$22

k=0 a1 +as=k Oél

where we set
2n —2g + s e 25—
3]\[(5, ]C) = ( kg )(Al — )\2)2 29+ k.

In [5], we computed the residue

e {ira e w2 (7))

p=0




Therefore,

Id1,d2,)\1,>\2 = Z Z Z Z {Zl"(dQ — dl)s(—l)o‘z < k) . 3N(87 k‘)

I+l +s=m k=0 a1 +an=k P1,P2 a

2N e (MEN=DE) N
-H2“N“"“<l,>ki+"+“i‘g< P )( l><—1>“i‘“ . (18)
=1 7 7 1

Di

Now (15) computes an intersection number on M, hence it is independent of N.
Thus it is enough to make N — oo in the above expression. Writing Ay = (\; we
have

g s N
Z 5N(S, k) . )\Jl\4+h+alfg)\é\4+lg+a2,g _ (

A1#A2 2

CM+12 +oa2—g

2n—2§—|—3>

k Z (1 _ C)2§—2n—s+k ’

¢#1

Lemma 2 below clarifies the NV dependence of the sum over . Lemma 3 takes care
of all the other terms in (18). Together, the two lemmas show that in the limit
N — oo the sum over the roots of unity of the terms (18) equals the coefficient
of 7" (—x2)** in

1 m! 2 (9 l’l‘{'d—ll 1’24—4—[2
_ _ _ s, i k. . 2 2
2 Z s (d2 dl) EQ (lz k! 300(87 k) dl . ll dg . l2

with

2n—2g+s Bog_on—stk —9g4s—
- k) = . 9 (1 = 22n 2g+s—k+1 )
oo(s: ) ( k ) 52 —s+ il )

Summing over oy + as = k first, we obtain

1 —m! 2 g v+ 4L\ [(~z+<—1,
=N i (dy —dy)E - T 2% k!l 3oo(s, k) - Coeff 2 2 .
2 Z S! ( 2 1) ZZ]II <ZZ> 5 (8? ) oe (Ek< dl _ ll d2 _ l2

We sum next over d; + dy = d. An easy induction on m shows that generally

> (Zi) <Zj> (t+br =)™ =(+ar—a)" (19)

b1+bo=a

holds whenever a; + as = a. The base case follows from the following identity
which will be used repeatedly below

66 =6)



Via equation (19), our expression simplifies to

;Z Z"'H 2l (f) k! 300(s, k) Coeff e (—22)° = 2" Im! Y (i) (i) (=1)"300(s, 5)

i

- Bog_on _9g g\[(g\[(2n—2g+s
— gm=ly) _T2972n  q _ 92n-2G+1 —1)*
™ g —2n) () () )

S
B m! _ g\[(g\[m—2g
— om I—Bm— 1 — 9—m+2g
(m—2g+1)! 2941 ( )2 <l1> <l2>< s
m— m! —m
=2 1m Byyzg1 (1 — 277729,

This last equality and (15) complete the proof of (10), hence of the theorem.

Lemma 2 For all integers a and k we have

1 (Tta - B
A, (Zu—o) (-2

A1
the sum being taken over the N roots  of 1.

Proof. When N is large compared to a, the sum to compute is 0 for k£ < 0,
and —1 for k£ = 0. We may thus assume that £ > 1. We introduce the auxiliary
variable z, and evaluate

0o Nol, Nol, 1 1 — )% +a-1
I B I e R =
k=1 g#l(l—C) 47511_2—( < (1—2) -1
Setting z = § and making N — oo we obtain
00 ok C%—f—a (1 _ u/N)%-i—a—l uefu/2 u
] =1t 14 et
/;Nk (é(l—@k (1—u/N)N -1 e —1 2sinh §

The lemma follows.

Lemma 3 Let b, a be fixed non-negative integers and z a real number. Then the

limit
2+ B\«
Iim N¢ N —1)* P
N-—o0 ,§< b ><p>( )

equals the coefficient of =% in «! (zzz)

10



Proof. Let us write
> (z+ 2\ [« o
-5
p=0 p

Jor1(z 4+ 1) = fora(2) + fo(2)

implies by induction that

The recursion

We evaluate
Ve =53 (8 () =SS (1) (0) o

where ¢(j,1) are the coefficients defined by the expansion

(j) = ;0 c(j,1) z".

We use the Euler identities

Making N — oo we obtain

lim Nf;(0) = a!lc(j, ).

N—o0

Therefore,

lim fy(2) = a! 2_: <bij) c(j,a).

N—oo

This expression can be computed as the coefficient of % in
b
z T T+ z
a! ) =a! .
j;(b—) (9) ( b )
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