
MATH 20E HANDOUT: DERIVATIVE TESTS

Theorem 1 (First Derivative Test). Let f : R3 ! R be a \nice" function. Supposef has a local maximum or minimum at R0 = (x0; y0; z0) 2 R3, then rf(R0) = 0.
Proof. Let R(t) = R0 + tv and set gv(t) = f(R0 + tv).Then g has a localmaximum (minimum) at t = 0 then

0 = _gv(0) = rf(R0) � vwherein the last equality we have used the chain rule. Since v 2 R3 is arbitrary, itfollows that rf(R0) = 0:
Question: How do we decide if a critical point R0 of f is in fact a local minimumor maximum?
One way to answer this question is to use the single variable second derivativetest. For example, suppose that �gv(0) = d2dt2 g(t)jt=0 is positive, (i.e. �gv(0) > 0) forall v 2 R3 then gv has a local minimum t = 0 for all v. That is f(R0+ tv) > f(R0)for all v 2 R3 and t small so f has a local minimum at R0. Similarly if �gv(0) < 0for all v 2 R3 then f has a local maximum. Another possibility is there existsu; v 2 R3 such that �gv(0) > 0 while �gu(0) < 0: In this case f has a saddle point atR0:To make the above tests e�ective we need to compute �gv(0) explicitly. Theresults are

_gv(t) = rf(R0 + tv) � v =X vi @f@xi (R0 + tv) and
�gv(t) =Xi vi

�r @f@xi (R0 + tv)� � v =Xi;j vivj @2f@xi@xj (R0 + tv):
This may be written as

�gv(0) =Xi;j vivj @2f@xi@xj (R0) = v �Hvt
where H is the 3� 3 matrix of second partial derivatives of f at (x0; y0; z0):

H =
0
@ fxx fxy fxzfyx fyy fyzfzx fzy fzz

1
A =

0
@ (rf)x(rf)y(rf)z

1
A :

The matrix H is called the Hessian matrix of f at (x0; y0; z0). Using some factsfrom linear algebra we may express the second derivative test described above interms of three numbers:
D1 = fxx, D2 = det� fxx fxyfyx fyy

� = fxxfyy � f2xy and D3 = det(H):
Notice that D1 is the determinant of the upper left 1� 1 submatrix of H, while D2is the determinant of the upper left 2�2 submatrix of H, and D3 is the determinant1
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of all of H. With this notation we may reformulate the second derivative test asfollows.
Theorem 2 (Second Derivative Test). Let H be the Hessian of f at R0. The test
fails (i.e. gives no information) if D3 = det(H) = 0: So we now assume thatD3 6= 0:(1) If D1 > 0; D2 > 0 and D3 > 0, then f has a local minimum at (x0; y0; z0),i.e. (+;+;+) =) local minimum.(2) If D1 < 0; D2 > 0 and D3 < 0, then f has a local maximum at (x0; y0; z0),i.e. (�;+;�) =) local maximum.(3) In all other cases f has a saddle point at (x0; y0; z0):
Example 1. Suppose that the Hessian matrix at a critical point of f turns out tobe

H =
0
@ 0 1 01 0 00 0 1

1
A :

Then D1 = 0; D2 = �1; and D3 = �1 = detH 6= 0: The second derivative testapplies because detH 6= 0: Since we are not in the (+;+;+) or the (�;+;�) cases,the second derivative test tell us we are at a saddle point.
Remark 1. Explicitly one may show if e1 = 1p2 (1; 1; 0); e2 = 1p2 (1;�1; 0) and
e3 = (0; 0; 1) and v = 3P

i=1 viei; then vHvt = 1v21 � 1v22 + v23 : Indeed if v = 3P
i=1 viei;then v = � 1p2 (v1 + v2); 1p2 (v1 � v2); v3� and hence

v �Hvt = v �H
0
@

1p2 (v1 + v2)1p2 (v1 + v2)v3
1
A = v �

2
4

1p2 (v1 + v2)1p2 (v1 + v2)v3
3
5

= 12(v21 � v22) + 12(v21 � v22) + v23 = v21 � v22 + v23
So again we see we are at a saddle point.
Remark 2 (Important). Keep in mind that the Second Derivative Test can beapplied only at a point where the �rst partial derivatives are all 0.

2. Homework Problems

(1) Let f(x; y; z) = �2x2 + 3xy � 3y2 � x + 12y � z2. Determine the criticalpoints of f (i.e., where grad(f) = 0), and at each critical point use thesecond derivative test to determine whether f has a local minimum, maxi-mum, or saddle point there.
(2) Repeat problem 1 for f(z; y; z) = x2 + y2 + z2 � xy � 3yz.


