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20. FOURIER TRANSFORM

The underlying space in this section is R™ with Lebesgue measure. The Fourier
inversion formula is going to state that

@0 ro= () [ e [ avrwes

If we let £ = 27, this may be written as
f@) = [ e [ aype e

and we have removed the multiplicative factor of (%)n in Eq. (20.1) at the expense
of placing factors of 27 in the arguments of the exponential. Another way to avoid
writing the 27’s altogether is to redefine dx and d§ and this is what we will do here.

Notation 20.1. Let m be Lebesgue measure on R™ and define:

do = (#)n dm(z) and d¢ = (\%)n dm (&),

To be consistent with this new normalization of Lebesgue measure we will redefine

171, and (7,g) as
i1, = (/. |f<:c>|pdw>l/p - ((%>/ L If(rv)lpdm(x)>

(f,9) = - f(z)g(x)dx when fg € L.

1/p
and

Similarly we will define the convolution relative to these normalizations by f¥g :=
n/2
(32)"" g ie.

fHhg(z / [z —y)g(y)dy = - [z —y)g(y) (%)W dm(y).

The following notation will also be convenient; given a multi-index a € Z, let
ol = a1+ + ap,

o= () 1) e
o= (1) () - ()

(@) 1= (1+ faf*)! 2

Also let

and for s € R let
vs(z) = (1+[z])*.
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20.1. Fourier Transform.

Definition 20.2 (Fourier Transform). For f € L!, let
(20.2) FO =71 = [ Sy
(20,3 9'(a) = Fgla) = | e*gle)ae = Fo(—o)

The next theorem summarizes some more basic properties of the Fourier trans-
form.

Theorem 20.3. Suppose that f,g € L'. Then

(1) f e Co®™) and ||| <1,

(2) ForyeR", (1,f) (&) = e~ W Ef(&) where, as usual, T, f(x) == f(x —y).
(3) The Fourier transform takes convolution to products, i.e. (f¥%g) = = fq.
(4) For f.g € L', {f.9) = (f.3).

(5) If T : R™ — R™ is an invertible linear transformation, then

(foT)" (&) = |det T| ™ F((T1)"¢) and
(foT)Y (&) =I|det T|* fY((T71)"€)
(6) If 1+ |z))¥ f(x) € L, then f € C* and 8*f € Cy for all |a| < k. Moreover,

(20.4) 08 f(&) = F[(—im)™ f(2)] (€)
for all |a| < k.
(7) If f € C* and d°f € L* for all |o| < k, then (1 + |€])*f(£) € Cy and
(205) (0°f) (€)= (&) f(&)

for all |o| < k.
(8) Suppose g € L*(R¥) and h € LY(R" %) and f = g® h, i.e.

f@)=g(z1,...,z)h(Trs1,. -, Tn),
then f =30® h.
Proof. Item 1. is the Riemann Lebesgue Lemma 11.27. Items 2. — 5. are
proved by the following straight forward computations:

)@= [ e p—gde= [ @ = e refie)
G = | F©ae)ac= [ deoo) | s )
= [ dedge ) @) = [ dai@)f(e) = (1.4)

R7 XR™

(ko) (© = [ e kgl = / f( fo - ><>dy)dm

/ndy/nd:ce W () /ndy/nd:re € f(2)g(y)

_ /ndyef@yvgg(y) / Cdee () = f(©)3(O)
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and letting y = Tz so that dz = |det 7|~ " dy

(Fo1) (€= [ e =fTodo= [ T e T dy
=|det 7| f((T1)" ).

Item 6. is simply a matter of differentiating under the integral sign which is easily
justified because (1 + |x|)* f(z) € L.

Item 7. follows by using Lemma 11.26 repeatedly (i.e. integration by parts) to
find

(@) (& = /R JOI@e e = (<1 | f@)dre ¢ da
= (D] f)(ig)te o dr = (i6)° F(©)

Since 9 f € L* for all |a| < k, it follows that (i€)*f(€) = (8°f) (£) € Cy for all
|| < k. Since

k
n
(1+1eh* < <1+Z|£¢> =) cal?
i=1 la| <k
where 0 < ¢, < 0,

A+ O] < D e

lo| <k

& f(e)] = 0 as € = o0

Item 8. is a simple application of Fubini’s theorem. m

Example 20.4. If f(z) = e~1e1/2 then f(é) = e~1€°/2 in short

(20.6) Fe~1#7/2 = ¢=IE*/2 apnq F1elEF/2 = = loF/2,
More generally, for ¢ > 0 let

(20.7) pe(x) = /2 zlel?

then

(208) Pi() = e 2 and (3)"(2) = pu(a).

By Item 8. of Theorem 20.3, to prove Eq. (20.6) it suffices to consider the 1 —
dimensional case because e~ 1#1°/2 = [T, e=T/2 Let g(&) = (.7:6712/2) (&), then
by Eq. (20.4) and Eq. (20.5),

(20.9)
d

g (&) = F |(—iz) 6*12/2} &) =iF {_

dx

2| (© = i) F [ () = ~a(6)
Lemma 8.36 implies

1
g(0) = / e 2dy = — e_x2/2dm(m) =1,
R 27 Jr

and so solving Eq. (20.9) with ¢g(0) = 1 gives F [e_”2/2} &) =g9g¢ = e=€/2 as

desired. The assertion that F~le=I€"/2 = e==I*/2 follows similarly or by using Eq.
(20.3) to conclude,

F1 [e—\ﬁ\z/ﬂ ()= F [e—\—§\2/2} (x)=F [e_|5|2/2} () = olal?/2.
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The results in Eq. (20.8) now follow from Eq. (20.6) and item 5 of Theorem 20.3.
For example, since p;(z) = t~"/?p1(z/V/1),

F)(€) =72 (V) pu (Vi) = e 31T

This may also be written as (p;)(€) = t*"/2p% (€). Using this and the fact that p;
is an even function,

(Pr)"(z) = Fpe(—x) = tin/Q}—p%(*@ =t "2 Ppy(—x) = py(a).
20.2. Schwartz Test Functions.

Definition 20.5. A function f € C'(R",C) is said to have rapid decay or rapid
decrease if

sup (14 |z))V | f(z)| < 0o for N =1,2,....

zER™

Equivalently, for each N € N there exists constants Cy < oo such that |f(z)] <
Cn(1+ |z|)~% for all z € R™. A function f € C(R",C) is said to have (at most)
polynomial growth if there exists N < oo such

sup (1 + |2]) " |f(@)] < oc,
i.e. there exists N € N and C < oo such that |f(z)] < C(1 + |z|)V for all x € R™.

Definition 20.6 (Schwartz Test Functions). Let S denote the space of functions
f € C°(R™) such that f and all of its partial derivatives have rapid decay and let

£y, = sup |(1+[a])¥ 0% f(z)]
zGR"L
so that
S = {f € C(R") : || fll yy,o < oo for all N and a}.

Also let P denote those functions g € C*°(R™) such that g and all of its derivatives
have at most polynomial growth, i.e. g € C*°(R") is in P iff for all multi-indices
«, there exists N, < oo such

sup (14 |z|) "N |8%g(z)| < oo.
(Notice that any polynomial function on R™ is in P.)
Remark 20.7. Since C°(R") € S C L? (R"), it follows that S is dense in L*(R™).
Exercise 20.1. Let

(20.10) L= aa(z)d

la|<k
with a, € P. Show L(S) C S and in particular 0% f and z®f are back in S for all
multi-indices «.

Notation 20.8. Suppose that p(z,&) = ¥|q)<na(7){* Where each function a,(x)
is a smooth function. We then set

p(CL', Dx) = Z|a\§Naa(x)Dg
and if each a, () is also a polynomial in & we will let
p(=De,§) := Zjaj<naa(—De) Meo
where M¢a is the operation of multiplication by £<.
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Proposition 20.9. Let p(z,£) be as above and assume each ay(x) is a polynomial
in x. Then for f € S,

(20.11) (p(z, Do) f)" (€) = p(—De, &) f (€)
and
(20.12) p(&, De) f(€) = [p(Da, —2) f(2)](€).

Proof. The identities (—Dg)® e7™¢ = %€ and D2 = (%€ imply,
for any polynomial function g on R"”,
(20.13) q(—Dg)e "¢ = g(x)e” ™% and q(D,)e™ = q(€)e™ <.
Therefore using Eq. (20.13) repeatedly,

(p(z, D) / > aa(x)DSf(x) e idE

la|<N

= [ 3 Der@)- an(-Deeiea

la|<N

= o f(z) Z (*Dx)a [aa(*DE)eimﬂ d§

|| <N
- / f(@) Y7 aa(-Dg) [€re ] dE = p(~De, ) f (€)
la| <N

wherein the third inequality we have used Lemma 11.26 to do repeated integration
by parts, the fact that mixed partial derivatives commute in the fourth, and in the
last we have repeatedly used Corollary 7.43 to differentiate under the integral. The
proof of Eq. (20.12) is similar:

P& D) =p(&, D) | fl@e S de= | [(e)pl€ —a)e " da

Z/ Ut aa()e ’“dx— > / fla ao(~Dy)e” " ¢dx

N lo|<N
- /n “080,(D,) [(—2)* f(2)] dz = [p(Da, —2) f ()] (€).
la|<N

|
Corollary 20.10. The Fourier transform preserves the space S, i.e. F(S) C S.

Proof. Let p(z,§) = Z‘a|<Naa( x)€* with each a,(z) being a polynomial func-

tion in z. If f € S then p(D,,—x)f € S C L! and so by Eq. (20.12), p(ﬁ,Dg)f(@
is bounded in &, i.e.

sup [p(€, De) f(€)] < C(p, f) < 0.
gern

Taking p(z, &) = (1 + |¢]*)Né™ with N € Z, in this estimate shows f(¢) and all of
its derivatives have rapid decay, i.e. fisin S. m
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20.3. Fourier Inversion Formula .

Theorem 20.11 (Fourier Inversion Theorem). Suppose that f € L' and f € L,
then

(1) there exists fo € Co(R™) such that f = fy a.e.

(2) fo=F 'Ff and fo=FF 'f,
()fandfareleﬂLoo nd
) 171, = 7]

In particular, F : S — S is a linear isomorphism of vector spaces.

Proof. First notice that f € Cy (R™) € L™ and f € L' by assumption, so that
f € L'NL>. Let py(x) = t—"/2e~ 7121 be as in Example 20.4 so that py(€) = e~ £1€I°
and pY = p;. Define fo := f¥ € Cj then

folz) = (f)V(2) = f(f)lﬁfdg-—lnn f&)e P (6)de

0 R”

— | 26 (z—y) >
lgfg ) fly pe(§)dE dy

RTI
~tin [ )y = (@) ac
t10 Jpn
wherein we have used Theorem 11.21 in the last equality along with the observations
that p:(y) = pi(y/vt) and Jon p1(y)dy = 1. In particular this shows that f €
L' N L>. A similar argument shows that F~'F f = f; as well.

Let us now compute the L? — norm of f ,

1115 = | feF@ae= [ acfo) [ arfaens

R n

= [ @@ [ e
de f(2)f(2) = [If13

n

because [, d&f(€)e ¢ = F~1f(z) = f(z) a.c. m

Corollary 20.12. By the B.L.T. Theorem 4.1, the maps F|s and F~Ys extend to
bounded linear maps F and F~' from L? — L%. These maps satisfy the following
properties:

5

(1) F and F~' are unitary and are inverses to one another as the notation
suggests. _ ~
(2) For f € L? we may compute F and F~1 by

(20.14) Ff(€) =L* lim f(x)e®¢dx and

(20.15) F7Uf(€) =L~ lim f(z)e*td.
R=o0 Jiz|<r

(3) We may further extend F to a map from L' + L? — Co + L? (still denote
by F) defined by Ff = h+Fg where f = h+g € L*+L2. For f € L'+ L2,
Ff may be characterized as the unique function F € LlOC(R") such that

(20.16) (F,0) = (f,0) for all $ € CZ(R™).
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Moreover if Eq. (20.16) holds then F € Co+L?* C L, .(R™) and Eq.(20.16)
is valid for all ¢ € S.

Proof. Item 1., If f € L? and ¢,, € S such that ¢, — f in L?, then Ff :=

lim,, oo ngSn Since qASn € S C L', we may concluded that Hqgn ’2 = ||¢n ||, for all n.
Thus B .
175l = tim ||6]|, = 1m_ flgull, = 171,

which shows that F is an isometry from L? to L? and similarly F~! is an isometry.
Since F~'F = F~'F = id on the dense set S, it follows by continuity that F~1F =
id on all of L2. Hence FF ' = id, and thus F~! is the inverse of F. This proves
item 1.

Item 2. Let f € L? and R < oo and set fr(x) := f(x)1z<g- Then fr € L'NL?.
Let ¢ € C°(R™) be a function such that [, ¢(z)dz = 1 and set ¢y (z) = k"¢ (kx).
Then frkor — fr € L' N L% with frkor € C°(R™) C S. Hence

ffR = L2* khm f(fR*¢k) = ffR a.e.
—00
where in the second equality we used the fact that F is continuous on L'. Hence
f‘xKRf(x)e_“”fdx represents Ffr(£) in L2. Since fr — f in L%, Eq. (20.14)

follows by the continuity of F on LZ2.
Item 3. If f=h+g€ L'+ L% and ¢ € S, then

(h+Fg,0) = (h,¢) +(Fg,0) = (h,¢) + lim (F (g1}<r) . 9)

(20.17) = (h,¢) + lim (g1} <r, &) = (h+9,0).

In particular if h + g = 0 a.e., then (h 4+ Fg,¢) = 0 for all ¢ € S and since
h+ Fg e L), it follows from Corollary 11.28 that i+ Fg = 0 a.e. This shows that
Ff is well defined independent of how f € L' 4+ L? is decomposed into the sum
of an L' and an L? function. Moreover Eq. (20.17) shows Eq. (20.16) holds with
F = fz+]:"g € Co+ L? and ¢ € S. Now suppose G € L} and (G,¢) = (f,é} for

loc
all ¢ € C°(R™). Then by what we just proved, (G, ¢) = (F, ¢) for all ¢ € CZ(R"™)
and so an application of Corollary 11.28 shows G =F € Cy + L. m

Notation 20.13. Given the results of Corollary 20.12, there is little danger in
writing f or Ff for Ff when f € L' + L?.

Corollary 20.14. If f and g are L' functions such that f,g € L', then
F(fg) = fkg and F7'(fg) = ¥ Hkg".

Since S is closed under pointwise products and F : S — S is an isomorphism it
follows that S is closed under convolution as well.

_ Proof. By Theorem 20.11, f,g, f,g € L' N L™ and hence f-g € L' N L*> and
f%g € LN L>. Since
F(fwg) =F(f) - F @ =f-ger!
we may conclude from Theorem 20.11 that
fxiy=FF(f%g) = F(f -9
Similarly one shows F~!(fg) = fV%g"’. m
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Corollary 20.15. Let p(z,£) and p(x, D,) be as in Notation 20.8 with each func-
tion aq(x) being a smooth function of x € R™. Then for f € S,

(20.19) paDo)f(e) = [ plw©)f(€) e,
Proof. For f € S, we have

P, Do) f(w) = p(w, D) (F71F) (@) = plo, Do) | F(€) €

Rn
= [ Honpaertas = [ FOn. e ac
If p(z,€) is a more general function of (z,¢) then that given in Notation 20.8,
the right member of Eq. (20.18) may still make sense, in which case we may use it
as a definition of p(x, D;). A linear operator defined this way is called a pseudo
differential operator and they turn out to be a useful class of operators to study
when working with partial differential equations. m

Corollary 20.16. Suppose p(§) = Z\aISN ao€” is a polynomial in £ € R™ and

f € L2 Then p(d)f exists in L? (see Notation 19.16) iff &€ — p(i€)f(¢) € L? in
which case

(P(0)f) (&) =p(E)f(€) for a.e. €.
In particular, if g € L? then f € L? solves the equation, p(d)f = g iff p(i&) f(€) =
g(&) for a.e. €.

Proof. By definition p(9)f = g in L? iff
(20.19) (9:0) = (f,p(=0)¢) for all ¢ € C°(R").

If follows from repeated use of Lemma 19.14 that the previous equation is equivalent
to

(20.20) (9,0) = (f,p(=0)¢) for all ¢ € S(R™).

This may also be easily proved directly as well as follows. Choose ¢ € C°(R"™)
such that ¢(x) =1 for € By(1) and for ¢ € S(R™) let ¢, (x) := ¥(x/n)d(x). By
the chain rule and the product rule (Eq. A.5 of Appendix A),

én(x) = 3 (0 )0V (070) (/n) - 0P p(x)
> (5)

along with the dominated convergence theorem shows ¢,, — ¢ and 0%¢,, — 0%¢ in
L? as n — oo. Therefore if Eq. (20.19) holds, we find Eq. (20.20) holds because

(9.6) = Tim {g,6,) = lim (.p(~9)6n) = (F.p(~0)0).
To complete the proof simply observe that (g, ¢) = (g, ¢") and
(f:p(=0)9) = (f,[p(=0)¢]") = (f(£), p(i€)" (€))

= (p(i€) f(€), 8" (€))

for all ¢ € S(R™). From these two observations and the fact that F is bijective on
S, one sees that Eq. (20.20) holds iff &€ — p(i€) f(€) € L? and §(&) = p(i&) f(€) for
ae £ m
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20.4. Summary of Basic Properties of F and F~!. The following table sum-
marizes some of the basic properties of the Fourier transform and its inverse.

f — for fY
Smoothness +— Decay at infinity
o“ «—— Multiplication by (4i&)“
S — S
IR p— L2(R")
Convolution +— Products.

20.5. Fourier Transforms of Measures and Bochner’s Theorem. To moti-
vate the next definition suppose that p is a finite measure on R™ which is absolutely
continuous relative to Lebesgue measure, du(z) = p(x)dx. Then it is reasonable to
require

i) =€) = [ e pla)ds = [ (o)
and
(ukg) (z) = pkg(z) = /

when g : R™ — C is a function such that the latter integral is defined, for example
assume ¢ is bounded. These considerations lead to the following definitions.

gz — y)p(a)dz = / oz — y)du(y)

n n

Definition 20.17. The Fourier transform, i, of a complex measure p on Bgrn is
defined by

(20.21) ale) = / ()

and the convolution with a function g is defined by

(nkg) (z) = / g(z —y)du(y)

n

when the integral is defined.

It follows from the dominated convergence theorem that j is continuous. Also
by a variant of Exercise 11.11, if g and v are two complex measure on Bgn such
that i = 0, then p = v. The reader is asked to give another proof of this fact in
Exercise 20.3 below.

Example 20.18. Let o; be the surface measure on the sphere S; of radius t centered
at zero in R3. Then

G4(€) = 47rtSin|£t|£ .
Indeed,
61(§) = /tS2 e_izfda(x) =t* /52 €_im‘£da(x)

2m ™
:tz/ e~ 73l do () :t2/ dﬂ/ dep sin e~ s PIE
52 0 0

1
= 27rt2/ e el oy = ot —— e HIE U=t — 4t
-1

et =
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Definition 20.19. A function y : R" — C is said to be positive (semi) definite
iff the matrices A := {x(& — @-)};nj:l are positive definite for all m € N and

{é.j }?1:1 CR™
Lemma 20.20. If y € C(R",C) is a positive definite function, then
(1) x(0) = 0.
x(=&) = x(€) for all € € R™,

(2)
(3) [x(&)] < x(0) for all € € R™.
(4) For all f € S(RY),

(20.22) / e mpiTtmdedn > .

Proof. Taking m = 1 and & = 0 we learn x(0) |A|* > 0 for all A € C which
proves item 1. Taking m = 2, £ = € and & = 7, the matrix

| x(0)  x(€&-n)
A= { x(n—=¢  x(0) }

is positive definite from which we conclude x(§ —n) = x(n — &) (since A = A* by
definition) and

x(0)  x(€-mn | _ 2 e 2
0<der| MO HED |~ P - -

and hence |x(§)| < x(0) for all £&. This proves items 2. and 3. Item 4. follows by
approximating the integral in Eq. (20.22) by Riemann sums,

/ X(E =) f(EFmdedn = lim > — &§)F(E)FE) > 0.

The details are left to the reader. m

Lemma 20.21. If i is a finite positive measure on Bgn, then x := i € C(R",C)
s a positive definite function.

Proof. As has already been observed after Definition 20.17, the dominated
convergence theorem implies i € C(R™,C). Since p is a positive measure (and
hence real),

-6 = [ eSedute) = [ eErd(o) = D).

From this it follows that for any m € N and {¢;}""
{0(& — §J)},C ;=1 1s self-adjoint. Moreover if A € C™,

j=1 C R™, the matrix A :=

m m

> e~ A = [ S 66N () = [ e dute)

n

k,j=1 k,j=1 k,j=1

/R" k=1

du(x) >0

m 2
S e,

showing A is positive definite. m

Theorem 20.22 (Bochner’s Theorem). Suppose x € C(R™, C) is positive definite
function, then there exists a unique positive measure j1 on Brn such that x = fi.
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Proof. If x(§) = i(€), then for f € S we would have

fdu = / ) du= [ FU©pE)de
RTL RTL Rn,

This suggests that we define
1) = [ OO forall £ € 5,

We will now show I is positive in the sense if f € S and f > 0 then I(f) > 0. For
general f € S we have

107 = [ @ (197) (@ = [ o) (a7 ©)ae
= [ MO € -m mands = [ (e (€~ nTTadnde
X(& = n)fY (€ FV (m)dnde > 0.
For t > 0 let py(x) := t~"/2e7121/2t ¢ S and define

Ikpy(z) = Tpu(e =) = I(Vouz =] )

which is non-negative by above computation and because \/pi(x — ) € S.
Using

n n

pele — )Y () = /

= ey (6) = e,

pe(z —y)etdy = / pe(y)e’ @) dy

kpe0) = [ Tla = o= [ [ Ot~ ) (©v(o)deds

n

= [ w1 a

which coupled with the dominated convergence theorem shows

(I%pe, H/ HdE=1(v) ast | 0.

Hence if ¢ > 0, then I(v)) = limy o (I%pe, ¥) > 0.

Let K C R be a compact set and ¢ € C.(R,[0,00)) be a function such that
v =1on K. If f e C*(R,R) is a smooth function with supp(f) C K, then
0<|[fllo®¥ — f €S and hence

0< (LN fllac®¥ = f) = flloo (L) = (L, f)
and therefore (I,f) < [ f|lo (I,¥). Replacing f by —f implies, —(I,f) <
| fllo (I,%) and hence we have proved
(20.23) I(2, )] < C(supp(£)) | fll

for all f € Dpn := C(R",R) where C(K) is a finite constant for each compact
subset of R™. Because of the estimate in Eq. (20.23), it follows that I|p,, has a
unique extension I to C.(R™ R) still satisfying the estimates in Eq. (20.23) and
moreover this extension is still positive. So by the Riesz — Markov theorem, there
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exists a unique Radon — measure g on R™ such that such that (I, f) = u(f) for all
f e C.(R",R).
To finish the proof we must show fi(n) = x(n) for all n € R™ given

p(5) = [ X(OF ©ds for all f € CX (R R)

Let f € C°(R™, R;) be a radial function such f(0) =1 and f(x) is decreasing as
|z| increases. Let fc(z) := f(ex), then by Theorem 20.3,

FH e @) (6 = (D

and therefore
(20.24) / e f(x)dpu(x) = /n x(é)e’”fv(§ ; 7)de.

Because [p, fY(§)dé = FfY(0) = f(0) = 1, we may apply the approximate § —
function Theorem 11.21 to Eq. (20.24) to find

(20.25) / T (@)dp) — (o) as € L0,

On the the other hand, when 1 = 0, the monotone convergence theorem implies
w(fe) T (1) = w(R™) and therefore u(R™) = u(1) = x(0) < oo. Now knowing the
1 is a finite measure we may use the dominated convergence theorem to concluded

(e fe(x)) — p(e™) = fi(n) as € | 0

for all . Combining this equation with Eq. (20.25) shows fi(n) = x(n) for all
neR” m

20.6. Supplement: Heisenberg Uncertainty Principle. Suppose that H is a
Hilbert space and A, B are two densely defined symmetric operators on H. More
explicitly, A is a densely defined symmetric linear operator on H means there is
a dense subspace D4 C H and a linear map A : Dy — H such that (A¢,v) =
(¢, Ay) for all ¢,¢) € Dy. Let Dap :={¢p € H: ¢ € Dp and Bé € D4} and for
¢ € Dap let (AB) ¢ = A(B¢) with a similar definition of D4 and BA. Moreover,
let Do :=Dap NDpa and for ¢ € De, let

Cop= %[A,B}gb = 1 (AB — BA) ¢.

i
Notice that for ¢, € De we have

(C6,4) = 7 {(ABo, ) — (BAG, )} = — {(B6, Av) — (A6, Bu)}
= = {(6, BAY) — (6, ABY)} = (6,C9)

so that C' is symmetric as well.

Theorem 20.23 (Heisenberg Uncertainty Principle). Continue the above notation
and assumptions,

(20.26) 510,001 < \IAWI? — @, 40) /I BYI ~ (v, By)
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for all ¢» € De. Moreover if ||| =1 and equality holds in Eq. (20.26), then
(20.27) (B = (v, BY)) = iMp(A = (¢, Ap))¢
for some A € R.

Proof. By homogeneity (20.26) we may assume that [|¢|| = 1. Let a := (¢, Ay),
b= (¢,By), A= A—al, and B = B — bI. Then we have still have

[A,B] = [A—al,B — bl =iC.
Now
i(Y, CY) = (¢,iC) = (¥, [4, BlY) = (, ABY) — (¢, BAY)
= (Ay, BY) — (B, Ay) = 2i Im(Ay, By)
from which we learn
(6, Cv)| = 2|tm(Ay, By)| < 2|(Av, By)| < 2| v | By

with equality iff Re(fh/), B’L/J) = 0 and Ay and B are linearly dependent, i.e. iff
Eq. (20.27) holds.
The result follows from this equality and the identities

~ 2
40| = 14y = av I = 4v]* +a® [ ]]* - 20 Re( 4, )
= (4] + a® = 20> = || A — (4e:,v)

and
|Bu|| = 1B¢I* - By, v).
]
Example 20.24. As an example, take H = L*R), A = %Bm and B =
M, with Dy = {feH:f € H} (f is the weak derivative) and Dp
{f eH: [ |af(2))*de < oo} . In this case,

Dec={feH: f ,zf and zf arein H}

and C' = —I on D¢. Therefore for a unit vector ¢ € D¢,

1 1
et

Nz = byl
2
where a =i [y p'dm M and b= [Lx [1(z)|* dm(z). Thus we have
1 - 1 2 2|2 2 2 2
(20.28) Z‘Z/RW' dmg/R(k—a) k)| dk~/R(x—b) (@) da.

417he constant a may also be described as

a:i'/RW'dm: 2m/¢ (&)de
= [eloo] amee).
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Equality occurs if there exists A € R such that
1
iz —b)Y(x) = (?8,0 —a)yp(z) a.e.

Working formally, this gives rise to the ordinary differential equation (in weak form),
(20.29) Yy = [—Ax —b) +ia] ¢

which has solutions (see Exercise 20.4 below)
(20.30) ¢ =Cexp (/ [—A(x — b) + ia) da:> = Cexp (—%(w —b)*+ iax) .
R

Let A = - and choose C so that [|¢], =1 to find

1\ 4 1
Yiap(T) = (2_t) exp <—4—t(x — b)2 + iax)

are the functions which saturate the Heisenberg uncertainty principle in Eq. (20.28).
20.6.1. Ezercises.

Exercise 20.2. Let f € L?(R") and « be a multi-index. If 9% f exists in L?(R")
then F(8%f) = (i€)* £(€) in L2(R™) and conversely if (g s f(g)) € L2(R™) then
0° f exists.

Exercise 20.3. Suppose p is a complex measure on R™ and ji(§) is its Fourier
transform as defined in Definition 20.17. Show pu satisfies,

(.0) = [ O = (@)= [ Gy forall 6 €S
and use this to show if p is a complex measure such that 4 = 0, then p = 0.

Exercise 20.4. Show that ¢ described in Eq. (20.30) is the general solution to
Eq. (20.29). Hint: Suppose that ¢ is any solution to Eq. (20.29) and % is given
as in Eq. (20.30) with C' = 1. Consider the weak — differential equation solved by

¢/

20.6.2. More Proofs of the Fourier Inversion Theorem.

Exercise 20.5. Suppose that f € L}(R) and assume that f continuously differen-
tiable in a neighborhood of 0, show

oo L1 M
(20.31) N}im 2 xf(m)da; =xf(0)
—0o0 J_ o X
using the following steps.
(1) Use Example 8.26 to deduce,
1 M .
in M .
lim %0 = lim L
M—oo | 4 €T M—oo [ _pr @
(2) Explain why
0= lim sin Mx - @dx and
M=00 Jjz|1 r
— f(0
0= lim sin Mx - Mdm.

M=00 Jjz|<1 z
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(3) Add the previous two equations and use part (1) to prove Eq. (20.31).

Exercise 20.6 (Fourier Inversion Formula). Suppose that f € L!(R) such that
f e L'(R).
(1) Further assume that f is continuously differentiable in a neighborhood of
0. Show that

A= /]R F(©)de = £(0).

Hint: by the dominated convergence theorem, A := limp; o0 f\£|<M f(ﬁ)d{.

Now use the definition of f (£), Fubini’s theorem and Exercise 20.5.
(2) Apply part 1. of this exercise with f replace by 7,f for some y € R to
prove

(20.32) o) = [ Foereae
provided f is now continuously differentiable near y.

The goal of the next exercises is to give yet another proof of the Fourier inversion
formula.

Notation 20.25. For L > 0, let C¥(R) denote the space of C* — 27 L periodic
functions:
C¥(R) := {re C*R): f(x+2nL) = f(z) for all x € R}.

Also let (-,-), denote the inner product on the Hilbert space Hy, := L*([-7L,7L])

given by
1

- 27l [-wL,wL]

(f,9)L f(x)g(z)dz.

Exercise 20.7. Recall that {Xﬁ (z) := e/l | ¢ Z} is an orthonormal basis for
Hp, and in particular for f € Hy,

(20.33) F=> (fxb)oxk
kEZ

where the convergence takes place in L?([-wL,7L]). Suppose now that f €
C?(R)"*?. Show (by two integration by parts)

L2
|(fr,xk)e| < = 171l

where [|g||,, denote the uniform norm of a function g. Use this to conclude that the
sum in Eq. (20.33) is uniformly convergent and from this conclude that Eq. (20.33)
holds pointwise.

Exercise 20.8 (Fourier Inversion Formula on S). Let f € S(R), L > 0 and
(20.34) fo(@):=>_ f(x+ 27kL).

keZ
Show:
(1) The sum defining f7, is convergent and moreover that fr, € C°(R).

(2) Show (fr.xf)r = 5=z f(k/L).

12We view C%(R) as a subspace of Hy, by identifying f € C’%(R) with fl{_rr,~2] € HL-
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(3) Conclude from Exercise 20.7 that

(20.35) fr(z) = ﬁ > fk/L)e* /" for all z € R,
T kez

(4) Show, by passing to the limit, L. — oo, in Eq. (20.35) that Eq. (20.32)
holds for all x € R. Hint: Recall that f € S.

Exercise 20.9. Folland 8.13 on p. 254.
Exercise 20.10. Folland 8.14 on p. 254. (Wirtinger’s inequality.)

Exercise 20.11. Folland 8.15 on p. 255. (The sampling Theorem. Modify to
agree with notation in notes, see Solution F.20 below.)

Exercise 20.12. Folland 8.16 on p. 255.
Exercise 20.13. Folland 8.17 on p. 255.

Exercise 20.14. .Folland 8.19 on p. 256. (The Fourier transform of a function
whose support has finite measure.)

Exercise 20.15. Folland 8.22 on p. 256. (Bessel functions.)

Exercise 20.16. Folland 8.23 on p. 256. (Hermite Polynomial problems and
Harmonic oscillators.)

Exercise 20.17. Folland 8.31 on p. 263. (Poisson Summation formula problem.)



