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41 Lqwurgxfwlrq

Qrw zulwwhq dv ri |hw1 Wrslfv wr phqwlrq1

41 D ehwwhu dqg pruh jhqhudo lqwhjudo1
+d, Frqyhujhqfh Wkhruhpv
+e, Lqwhjudwlrq ryhu glyhuvh froohfwlrq ri vhwv1 +Vhh suredelolw| wkhru|1,
+f, Lqwhjudwlrq uhodwlyh wr gl�huhqw zhljkwv ru ghqvlwlhv lqfoxglqj vlqjxodu

zhljkwv1
+g, Fkdudfwhul}dwlrq ri gxdo vsdfhv1
+h, Frpsohwhqhvv1

51 Lq�qlwh glphqvlrqdo Olqhdu dojheud1
61 RGH dqg SGH1
71 Kduprqlf dqg Irxulhu Dqdo|vlv1
81 Suredelolw| Wkhru|

51 Olplwv/ vxpv/ dqg rwkhu edvlfv

5141 Vhw Rshudwlrqv1 Vxssrvh wkdw [ lv d vhw1 Ohw S+[, ru 5[ ghqrwh wkh srzhu
vhw ri [> wkdw lv hohphqwv ri S+[, @ 5[ 1 duh vxevhwv ri D= Iru D 5 5[ ohw

Df @ [ qD @ i{ 5 [ = { @5 Dj
dqg pruh jhqhudoo| li D>E � [ ohw

E qD @ i{ 5 E = { @5 Dj=
Zh dovr gh�qh wkh v|pphwulf gl�huhqfh ri D dqg E e|

D7E @ +E qD, ^ +D qE, =

Dv xvxdo li iD�j�5L lv dq lqgh{hg froohfwlrq ri vxevhwv ri [ zh gh�qh wkh xqlrq
dqg wkh lqwhuvhfwlrq ri wklv froohfwlrq e|

^�5LD� =@ i{ 5 [ = <� 5 L 6 { 5 D�j dqg
_�5LD� =@ i{ 5 [ = { 5 D� ;� 5 L j=

Qrwdwlrq 5141 Zh zloo dovr zulwh
c

�5L D� iru ^�5LD� lq wkh fdvh wkdw iD�j�5L
duh sdluzlvh glvmrlqw/ l1h1 D� _D� @ > li � 9@ �=

Qrwlfh wkdw ^ lv forvho| uhodwhg wr < dqg _ lv forvho| uhodwhg wr ;= Iru h{dpsoh
ohw iDqj4q@4 eh d vhtxhqfh ri vxevhwv iurp [ dqg gh�qh

iDq l1r1j =@ i{ 5 [ = & iq = { 5 Dqj @4j dqg
iDq d1d1j =@ i{ 5 [ = { 5 Dq iru doo q vx!flhqwo| odujhj1

+Rqh vkrxog uhdg iDq l1r1j dv Dq lq�qlwho| riwhq dqg iDq d1d1j dv Dq doprvw do0
zd|v1, Wkhq { 5 iDq l1r1j l� ;Q 5 Q <q � Q 6 { 5 Dq zklfk pd| eh zulwwhq
dv

iDq l1r1j @ _4Q@4 ^q�Q Dq=

Vlploduo|/ { 5 iDq d1d1j l� <Q 5 Q 6 ;q � Q> { 5 Dq zklfk pd| eh zulwwhq dv

iDq d1d1j @ ^4Q@4 _q�Q Dq=
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5151 Olplwv/ Olpvxsv/ dqg Olplqiv1

Qrwdwlrq 5151 Wkh H{whqghg uhdo qxpehuv lv wkh vhw �U =@ U^i	4j > l1h1 lw
lv U zlwk wzr qhz srlqwv fdoohg 4 dqg �4= Zh xvh wkh iroorzlqj frqyhqwlrqv/
	4� 3 @ 3> 	4. d @ 	4 iru dq| d 5 U> 4.4 @4 dqg �4�4 @ �4 zkloh
4�4 lv qrw gh�qhg1

Li � � �U zh zloo ohw vxs� dqg lqi � ghqrwh wkh ohdvw xsshu erxqg dqg juhdwhvw
orzhu erxqg ri � uhvshfwlyho|1 Zh zloo dovr xvh wkh iroorzlqj frqyhqwlrq/ li � @ >>
wkhq vxs> @ �4 dqg lqi > @ .4=

Qrwdwlrq 5161 Vxssrvh wkdw i{qj4q@4 � �U lv d vhtxhqfh ri qxpehuv1 Wkhq

olp lqi
q$4

{q @ olp
q$4

lqii{n = n � qj @ vxs
q

lqii{n = n � qj+514,

dqg

olp vxs
q$4

{q @ olp
q$4

vxsi{n = n � qj @ lqi
q

vxsi{n = n � qj=+515,

Zh zloo dovr zulwh olp iru olp lqi dqg olp iru olp vxs =

Uhpdun 5171 Qrwlfh wkdw li dn =@ lqii{n = n � qj dqg en =@ vxsi{n = n � qj>wkhq
idnj lv dq lqfuhdvlqj vhtxhqfh zkloh ienj lv d ghfuhdvlqj vhtxhqfh1 Wkhuhiruh wkh
olplwv lq Ht1 +514, dqg Ht1 +515, dozd|v h{lvw1

Wkh iroorzlqj sursrvlwlrq frqwdlqv vrph edvlf surshuwlhv ri olplqiv dqg olpvxsv1

Sursrvlwlrq 5181 Ohw idqj4q@4 dqg ieqj4q@4 eh wzr vhtxhqfhv ri uhdo qxpehuv1
Wkhq

41 olp lqiq$4 dq � olp vxsq$4 dq dqg wkh olpq$4 dq h{lvwv lq �U l� olp lqiq$4 dq @
olp vxsq$4 dq 5 �U=

51 Wkhuh lv d vxevhtxhqfh idqnj4n@4 ri idqj4q@4 vxfk wkdw olpn$4 dqn @
olp vxsq$4 dq=

61 Vxssrvh wkdw olp vxsq$4 dq ?4 dqg olp vxsq$4 eq A �4> wkhq

olp vxs
q$4

+dq . eq, � olp vxs
q$4

dq . olp vxs
q$4

eq=+516,

Lq rwkhu zrugv/ Ht1 +516, krogv surylghg wkh uljkw vlgh ri wkh htxdwlrq lv zhoo
gh�qhg1

71 Li dq � 3 dqg eq � 3 iru doo q 5 Q> wkhq
olp vxs

q$4
+dqeq, � olp vxs

q$4
dq � olp vxs

q$4
eq>+517,

surylghg wkh uljkw kdqg vlgh ri +517, lv qrw ri wkh irup 3 � 4 ru 4 � 3=
Surri1 Zh zloo rqo| suryh sduw 41 dqg ohdyh wkh uhvw dv dq h{huflvh wr wkh uhdghu1

Zh ehjlq e| qrwlflqj wkdw

lqiidn = n � qj � vxsidn = n � qj ;q
vr wkdw

olp lqi
q$4

dq � olp vxs
q$4

dq=

Qrz vxssrvh wkdw olp lqiq$4 dq @ olp vxsq$4 dq @ d 5 U= Wkhq iru doo � A 3>
wkhuh lv dq lqwhjhu Q vxfk wkdw

d� � � lqiidn = n � Qj � vxsidn = n � Qj � d. �>
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l1h1 zh kdyh

d� � � dn � d. � iru doo n � Q=

Khqfh e| wkh gh�qlwlrq ri wkh olplw/ olpn$4 dn @ d=
Li olp lqiq$4 dq @ 4> wkhq zh nqrz iru doo P 5 +3>4, wkhuh lv dq lqwhjhu Q

vxfk wkdw

P � lqiidn = n � Qj
dqg khqfh olpq$4 dq @ 4= Wkh fdvh zkhuh olp vxsq$4 dq @ �4 lv kdqgohg
vlploduo|1

Frqyhuvho|/ vxssrvh wkdw olpq$4 dq @ D 5 �U h{lvwv1 Li D 5 U> wkhq iru hyhu|
� A 3 wkhuh h{lvwv Q+�, 5 Q vxfk wkdw mD� dqm � � iru doo q � Q+�,> l1h1

D� � � dq � D. � iru doo q � Q+�,=

Iurp wklv zh ohduq wkdw

D� � � olp lqi
q$4

dq � olp vxs
q$4

dq � D. �=

Vlqfh � A 3 lv duelwudu|/ lw iroorzv wkdw

D � olp lqi
q$4

dq � olp vxs
q$4

dq � D>

l1h1 wkdw D @ olp lqiq$4 dq @ olp vxsq$4 dq=
Li D @ 4> wkhq iru doo P A 3 wkhuh h{lvw Q+P, vxfk wkdw dq � P iru doo

q � Q+P,= Wklv vkrz wkdw

olp lqi
q$4

dq �P

dqg vlqfh P lv duelwudu| lw iroorzv wkdw

4� olp lqi
q$4

dq � olp vxs
q$4

dq=

Wkh surri lv vlplodu li D @ �4 dv zhoo1

5161 Vxpv ri srvlwlyh ixqfwlrqv1 Lq wklv dqg wkh qh{w ihz vhfwlrqv/ ohw [ dqg
\ eh wzr vhwv1 Zh zloo zulwh � �� [ wr ghqrwh wkdw � lv d �qlwh vxevhw ri [=

Gh�qlwlrq 5191 Vxssrvh wkdw d = [ $ ^3>4` lv d ixqfwlrq dqg I � [ lv d vxevhw/
wkhq

[
I

d @
[
{5I

d+{, @ vxs

+[
{5�

d+{, = � �� I

,
=

Uhpdun 51:1 Vxssrvh wkdw [ @ Q @ i4> 5> 6> = = = j> wkhq
[
Q

d @
4[
q@4

d+q, =@ olp
Q$4

Q[
q@4

d+q,=

Lqghhg iru doo Q>
SQ

q@4 d+q, �
S

Q
d> dqg wkxv sdvvlqj wr wkh olplw zh ohduq wkdw

4[
q@4

d+q, �
[
Q

d=
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Frqyhuvho|/ li � �� Q> wkhq iru doo Q odujh hqrxjk vr wkdw � � i4> 5> = = = > Qj> zh
kdyh

S
� d �

SQ
q@4 d+q, zklfk xsrq sdvvlqj wr wkh olplw lpsolhv wkdw

[
�

d �
4[
q@4

d+q,

dqg khqfh e| wdnlqj wkh vxsuhpxp ryhu � zh ohduq wkdw

[
Q

d �
4[
q@4

d+q,=

Uhpdun 51;1 Vxssrvh wkdw
S

[ d ? 4> wkhq i{ 5 [ = d+{, A 3j lv dw prvw frxqw0
deoh1 Wr vhh wklv �uvw qrwlfh wkdw iru dq| � A 3> wkh vhw i{ = d+{, � �j pxvw eh �qlwh
iru rwkhuzlvh

S
[ d @41 Wkxv

i{ 5 [ = d+{, A 3j @
^

4
n@4i{ = d+{, � 4@nj

zklfk vkrzv wkdw i{ 5 [ = d+{, A 3j lv d frxqwdeoh xqlrq ri �qlwh vhwv dqg wkxv
frxqwdeoh1

Ohppd 51<1 Vxssrvh wkdw d> e = [ $ ^3>4` duh wzr ixqfwlrqv/ wkhq[
[

+d. e, @
[
[

d.
[
[

e dqg

[
[

�d @ �
[
[

d

iru doo � � 3=

L zloo rqo| suryh wkh �uvw dvvhuwlrq/ wkh vhfrqg ehlqj hdv|1 Ohw � �� [ eh d
�qlwh vhw/ wkhq [

�

+d. e, @
[
�

d.
[
�

e �
[
[

d.
[
[

e

zklfk diwhu wdnlqj vxsv ryhu � vkrzv wkdw[
[

+d. e, �
[
[

d.
[
[

e=

Vlploduo|/ li �> � �� [> wkhq[
�

d.
[
�

e �
[
�^�

d.
[
�^�

e @
[
�^�

+d. e, �
[
[

+d. e,=

Wdnlqj vxsv ryhu � dqg � wkhq vkrzv wkdw[
[

d.
[
[

e �
[
[

+d. e,=

Ohppd 51431 Ohw [ dqg \ eh vhwv/ U � [ � \ dqg vxssrvh wkdw d = U$ �U lv d
ixqfwlrq1 Ohw {U =@ i| 5 \ = +{> |, 5 Uj dqg U| =@ i{ 5 [ = +{> |, 5 Uj = Wkhq

vxs
+{>|,5U

d+{> |, @ vxs
{5[

vxs
|5{U

d+{> |, @ vxs
|5\

vxs
{5U|

d+{> |, dqg

lqi
+{>|,5U

d+{> |, @ lqi
{5[

lqi
|5{U

d+{> |, @ lqi
|5\

lqi
{5U|

d+{> |,=
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Surri1 Ohw P @ vxs+{>|,5U d+{> |,> Q{ =@ vxs|5{U d+{> |,= Wkhq d+{> |, � P

iru doo +{> |, 5 U lpsolhv Q{ @ vxs|5{U d+{> |, �P dqg wkhuhiruh wkdw

vxs
{5[

vxs
|5{U

d+{> |, @ vxs
{5[

Q{ �P=+518,

Vlploduo| iru dq| +{> |, 5 U>

d+{> |, � Q{ � vxs
{5[

Q{ @ vxs
{5[

vxs
|5{U

d+{> |,

dqg wkhuhiruh

vxs
+{>|,5U

d+{> |, � vxs
{5[

vxs
|5{U

d+{> |, @ P+519,

Htxdwlrqv +518, dqg +519, vkrz wkdw

vxs
+{>|,5U

d+{> |, @ vxs
{5[

vxs
|5{U

d+{> |,=

Wkh dvvhuwlrqv lqyroylqj lq�qxpv duh suryhg dqdorjrxvo| ru iroorz iurp zkdw zh
kdyh mxvw suryhg dssolhg wr wkh ixqfwlrq �d=

Iljxuh 41 Wkh { dqg | � volfhv ri d vhw U � [ � \=

Wkhruhp 5144 +Prqrwrqh Frqyhujhqfh Wkhruhp,1 Vxssrvh wkdw iq = [ $ ^3>4`
lv dq lqfuhdvlqj vhtxhqfh ri ixqfwlrqv dqg

i+{, =@ olp
q$4

iq+{, @ vxs
q

iq+{,=

Wkhq

olp
q$4

[
[

iq @
[
[

i

Surri1 Zh zloo jlyh wzr suryhv1 Iru wkh �uvw surri/ ohw Si +[, @ iD �� [j=
Wkhq

olp
q$4

[
[

iq @ vxs
q

[
[

iq @ vxs
q

vxs
�5Si +[,

[
�

iq @ vxs
�5Si +[,

vxs
q

[
�

iq

@ vxs
�5Si +[,

olp
q$4

[
�

iq @ vxs
�5Si +[,

[
�

olp
q$4

iq @ vxs
�5Si +[,

[
�

i @
[
[

i=
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+Vhfrqg Surri1, Ohw Vq @
S

[ iq dqg V @
S

[ i= Vlqfh iq � ip � i iru doo
q � p> lw iroorzv wkdw

Vq � Vp � V

zklfk vkrzv wkdw olpq$4 Vq h{lvwv dqg lv ohvv wkdw V> l1h1

D =@ olp
q$4

[
[

iq �
[
[

i=+51:,

Qrwlqj wkdw
S

� iq �
S

[ iq @ Vq � D iru doo � �� [ dqg lq sduwlfxodu/[
�

iq � D iru doo q dqg � �� [=

Ohwwlqj q whqg wr lq�qlw| lq wklv htxdwlrq vkrzv wkdw[
�

i � D iru doo � �� [

dqg wkhq wdnlqj wkh vxs ryhu doo � �� [ jlyhv[
[

i � D @ olp
q$4

[
[

iq+51;,

zklfk frpelqhg zlwk Ht1 +51:, suryhv wkh wkhruhp1

Ohppd 5145 +Idwrx*v Ohppd,1 Vxssrvh wkdw iq = [ $ ^3>4` lv d vhtxhqfh ri
ixqfwlrqv/ wkhq [

[

olp lqi
q$4

iq � olp lqi
q$4

[
[

iq=

Surri1 Gh�qh jn � lqi
q�n

iq vr wkdw jn % olp lqiq$4 iq dv n$4= Vlqfh jn � iq

iru doo n � q zh kdyh [
[

jn �
[
[

iq iru doo q � n

dqg wkhuhiruh [
[

jn � olp lqi
q$4

[
[

iq iru doo n=

Zh pd| qrz xvh wkh prqrwrqh frqyhujhqfh wkhruhp wr ohw n$4 wr �qg[
[

olp lqi
q$4

iq @
[
[

olp
n$4

jn
PFW
@ olp

n$4

[
[

jn � olp lqi
q$4

[
[

iq=

Uhpdun 51461 Li D @
S

[ d ?4> wkhq iru doo � A 3 wkhuh h{lvwv �� �� [ vxfk wkdw

D �
[
�

d � D� �

iru doo � �� [ frqwdlqlqj �� ru htxlydohqwo|/�����D�
[
�

d

����� � �+51<,

iru doo � �� [ frqwdlqlqj ��1 Lqghhg/ fkrrvh �� vr wkdw
S

��
d � D� �=
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5171 Vxpv ri frpsoh{ ixqfwlrqv1

Gh�qlwlrq 51471 Vxssrvh wkdw d = [ $ F lv d ixqfwlrq/ zh vd| wkdw[
[

d @
[
{5[

d+{,

h{lvwv dqg lv htxdo wr D 5 F> li iru doo � A 3 wkhuh lv d �qlwh vxevhw �� � [ vxfk
wkdw iru doo � �� [ frqwdlqlqj �� zh kdyh�����D�

[
�

d

����� � �=

Wkh iroorzlqj ohppd lv ohiw dv dq h{huflvh wr wkh uhdghu1

Ohppd 51481 Vxssrvh wkdw d> e = [ $ F duh wzr ixqfwlrqv vxfk wkdw
S

[ d dqgS
[ e h{lvw/ wkhq

S
[+d. �e, h{lvwv iru doo � 5 F dqg[

[

+d. �e, @
[
[

d. �
[
[

e=

Gh�qlwlrq 5149 +Vxppdeoh,1 Zh fdoo d ixqfwlrq d = [ $ F vxppdeoh li[
[

mdm ?4=

Sursrvlwlrq 514:1 Ohw d = [ $ F eh d ixqfwlrq/ wkhq
S

[ d h{lvwv l�
S

[ mdm ?4>
l1h1 l� d lv vxppdeoh1

Surri1 Li
S

[ mdm ?4> wkhq
S

[ +Uhd,	 ?4 dqg
S

[ +Lpd,	 ?4 dqg khqfh
e| Uhpdun 5146 wkhvh vxpv h{lvwv lq wkh vhqvh ri Gh�qlwlrq 51471 Wkhuhiruh e|
Ohppd 5148/

S
[ d h{lvwv dqg

[
[

d @
[
[

+Uh d,. �
[
[

+Uh d,� . l

#[
[

+Lpd,. �
[
[

+Lpd,�
$
=

Frqyhuvho|/ li
S

[ mdm @4 wkhq/ ehfdxvh mdm � mUh dm. mLpdm > zh pxvw kdyh[
[

mUh dm @4 ru
[
[

mLpdm @4=

Wkxv lw vx!fhv wr frqvlghu wkh fdvh zkhuh d = [ $ U lv d uhdo ixqfwlrq1 Zulwh
d @ d. � d� zkhuh

d.+{, @ pd{+d+{,> 3, dqg d�+{, @ pd{+�d+{,> 3,=+5143,

Wkhq mdm @ d. . d� dqg

4 @
[
[

mdm @
[
[

d. .
[
[

d�

zklfk vkrzv wkdw hlwkhu
S

[ d. @ 4 ru
S

[ d� @ 4= Vxssrvh zlwk rxw orvv ri
jhqhudolw| wkdw

S
[ d. @ 4= Ohw [ 3 =@ i{ 5 [ = d+{, � 3j> wkhq zh nqrz wkdwS

[3 d @4zklfk phdqv wkhuh duh �qlwh vxevhwv �q � [ 3 � [ vxfk wkdw
S

�q
d � q

iru doo q= Wkxv li � �� [ lv dq| �qlwh vhw/ lw iroorzv wkdw olpq$4

S
�q^�

d @ 4>
dqg wkhuhiruh

S
[ d fdq qrw h{lvw dv d qxpehu lq U=
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Uhpdun 514;1 Vxssrvh wkdw [ @ Q dqg d = Q$ F lv d vhtxhqfh/ wkhq lw lv qrw
qhfhvvdulo| wuxh wkdw

4[
q@4

d+q, @
[
q5Q

d+q,=+5144,

Wklv lv ehfdxvh
4[
q@4

d+q, @ olp
Q$4

Q[
q@4

d+q,

ghshqgv rq wkh rughulqj ri wkh vhtxhqfh d zkhuh dv
S

q5Q d+q, grhv qrw1 Iru
h{dpsoh/ wdnh d+q, @ +�4,q@q wkhq

S
q5Q md+q,m @ 4 l1h1

S
q5Q d+q, grhv qrw

h{lvw zkloh
S4

q@4 d+q, grhv h{lvw1 Rq wkh rwkhu kdqg/ li

[
q5Q

md+q,m @
4[
q@4

md+q,m ?4

wkhq Ht1 +5144, lv ydolg1

Wkhruhp 514< +Grplqdwhg Frqyhujhqfh Wkhruhp,1 Vxssrvh wkdw iq = [ $ F lv
d vhtxhqfh ri ixqfwlrqv rq [ vxfk wkdw i+{, @ olpq$4 iq+{, 5 F h{lvwv iru doo
{ 5 [= Ixuwkhu dvvxph wkhuh lv d grplqdwlqj ixqfwlrq j = [ $ ^3>4, vxfk wkdw

miq+{,m � j+{, iru doo { 5 [ dqg q 5 Q+5145,

dqg wkdw j lv vxppdeoh1 Wkhq

olp
q$4

[
{5[

iq+{, @
[
{5[

i+{,=+5146,

Surri1 Qrwlfh wkdw mi m @ olp miqm � j vr wkdw i lv vxppdeoh1 E| frqvlghulqj
wkh uhdo dqg lpdjlqdu| sduwv ri i vhsdudwho|/ lw vx!fhv wr suryh wkh wkhruhp lq wkh
fdvh zkhuh i lv uhdo1 E| Idwrx*v Ohppd/[

[

+j 	 i, @
[
[

olp lqi
q$4

+j 	 iq, � olp lqi
q$4

[
[

+j 	 iq,

@
[
[

j . olp lqi
q$4

#
	
[
[

iq

$
=

Vlqfh olp lqiq$4+�dq, @ � olp vxsq$4 dq> zh kdyh vkrzq/[
[

j 	
[
[

i �
[
[

j .

�
olp lqiq$4

S
[ iq

� olp vxsq$4
S

[ iq

dqg wkhuhiruh

olp vxs
q$4

[
[

iq �
[
[

i � olp lqi
q$4

[
[

iq=

Wklv vkrzv wkdw olp
q$4

S
[ iqh{lvwv dqg lv htxdo wr

S
[ i=

Surri1 +Vhfrqg Surri1, Sdvvlqj wr wkh olplw lq Ht1 +5145, vkrzv wkdw mi m � j
dqg lq sduwlfxodu wkdw i lv vxppdeoh1 Jlyhq � A 3> ohw � �� [ vxfk wkdw[

[q�

j � �=
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Wkhq iru � �� [ vxfk wkdw � � �> zh kdyh������
[
�

i �
[
�

iq

������ �
������
[
�

+i � iq,

������
�
[
�

mi � iqm @
[
�

mi � iqm.
[
�q�

mi � iqm

�
[
�

mi � iqm. 5
[
�q�

j

�
[
�

mi � iqm. 5�=

dqg khqfh wkdw ������
[
�

i �
[
�

iq

������ �
[
�

mi � iqm. 5�=

Vlqfh wklv odvw htxdwlrq lv wuxh iru doo vxfk � �� [> zh ohduq wkdw�����
[
[

i �
[
[

iq

����� �
[
�

mi � iqm. 5�

zklfk wkhq lpsolhv wkdw

olp vxs
q$4

�����
[
[

i �
[
[

iq

����� � olp vxs
q$4

[
�

mi � iqm. 5�

@ 5�=

Ehfdxvh � A 3 lv duelwudu| zh frqfoxgh wkdw

olp vxs
q$4

�����
[
[

i �
[
[

iq

����� @ 3=

zklfk lv wkh vdph dv Ht1 +5146,1

5181 Lwhudwhg vxpv1 Ohw [ dqg \ eh wzr vhwv1 Wkh surri ri wkh iroorzlqj ohppd
lv ohiw wr wkh uhdghu1

Ohppd 51531 Vxssrvh wkdw d = [ $ F lv ixqfwlrq dqg I � [ lv d vxevhw vxfk
wkdw d+{, @ 3 iru doo { @5 I= Vkrz wkdw

S
I d h{lvwv l�

S
[ d h{lvwv/ dqg li wkh vxpv

h{lvw wkhq [
[

d @
[
I

d=

Wkhruhp 51541 Vxssrvh wkdw d = [ � \ $ ^3>4`> wkhq[
[�\

d @
[
[

[
\

d @
[
\

[
[

d=

Surri1 Lw vx!fhv wr vkrz/ e| v|pphwu|/ wkdw[
[�\

d @
[
[

[
\

d
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Ohw � �� [ � \= Wkh iru dq| � �� [ dqg � �� \ vxfk wkdw � � �� �> zh kdyh

[
�

d �
[
���

d @
[
�

[
�

d �
[
�

[
\

d �
[
[

[
\

d>

l1h1
S

� d �
S

[

S
\ d= Wdnlqj wkh vxs ryhu � lq wklv odvw htxdwlrq vkrzv

[
[�\

d �
[
[

[
\

d=

Zh pxvw qrz vkrz wkh rssrvlwh lqhtxdolw|1 Li
S

[�\ d @ 4 zh duh grqh vr
zh qrz dvvxph wkdw d lv vxppdeoh1 E| Uhpdun 51;/ wkhuh lv d frxqwdeoh vhw
i+{3q> |3q,j4q@4 � [ � \ r� ri zklfk d lv lghqwlfdoo| 3=

Ohw i|qj4q@4 eh dq hqxphudwlrq ri i|3qj4q@4 > wkhq vlqfh d+{> |, @ 3 li | @5 i|qj4q@4
zh kdyh

S
|5\ d+{> |, @

S4
q@4 d+{> |q, iru doo { 5 [= Khqfh

[
{5[

[
|5\

d+{> |, @
[
{5[

4[
q@4

d+{> |q, @
[
{5[

olp
Q$4

Q[
q@4

d+{> |q,

@ olp
Q$4

[
{5[

Q[
q@4

d+{> |q,>+5147,

zkhuhlq wkh odvw lqhtxdolw| zh kdyh xvhg wkh prqrwrqh frqyhujhqfh Wkhruhp zlwk
IQ +{, =@

SQ
q@4 d+{> |q,= Li � �� [> wkhq

[
{5�

Q[
q@4

d+{> |q, @
[

��i|qj
Q
q@4

d �
[
[�\

d

dqg wkhuhiruh/

olp
Q$4

[
{5[

Q[
q@4

d+{> |q, �
[
[�\

d=+5148,

Khqfh lw iroorzv iurp Htv1 +5147, dqg +5148, wkdw

[
{5[

[
|5\

d+{> |, �
[
[�\

d+5149,

dv ghvluhg1
Dowhuqdwlyh surri ri Ht1 +5149,1 Ohw D @ i{3q = q 5 Qj dqg ohw i{qj4q@4 eh dq

hqxphudwlrq ri D= Wkhq iru { @5 D> d+{> |, @ 3 iru doo | 5 \=
Jlyhq � A 3> ohw � = [ $ ^3>4, eh wkh ixqfwlrq vxfk wkdw

S
[ � @ � dqg �+{, A 3

iru { 5 D= +Iru h{dpsoh zh pd| gh�qh � e| �+{q, @ �@5q iru doo q dqg �+{, @ 3 li
{ @5 D=, Iru hdfk { 5 [> ohw �{ �� [ eh d �qlwh vhw vxfk wkdw

[
|5\

d+{> |, �
[
|5�{

d+{> |, . �+{,=
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Wkhq zh kdyh[
[

[
\

d �
[
{5[

[
|5�{

d+{> |, .
[
{5[

�+{,

@
[
{5[

[
|5�{

d+{> |, . � @ vxs
���[

[
{5�

[
|5�{

d+{> |, . �

�
[
[�\

d. �>+514:,

zkhuhlq wkh odvw lqhtxdolw| zh kdyh xvhg[
{5�

[
|5�{

d+{> |, @
[
��

d �
[
[�\

d

zlwk

�� =@ i+{> |, 5 [ � \ = { 5 � dqg | 5 �{j � [ � \=

Vlqfh � A 3 lv duelwudu| lq Ht1 +514:,/ wkh surri lv frpsohwh1

Wkhruhp 51551 Qrz vxssrvh wkdw d = [ � \ $ F lv d vxppdeoh ixqfwlrq/ l1h1 e|
Wkhruhp 5154 dq| rqh ri wkh iroorzlqj htxlydohqw frqglwlrqv krog=

41
S

[�\ mdm ?4>
51
S

[

S
\ mdm ?4 ru

61
S

\

S
[ mdm ?4=

Wkhq [
[�\

d @
[
[

[
\

d @
[
\

[
[

d=

Surri1 Li d = [ $ U lv uhdo ydoxhg wkh wkhruhp iroorzv e| dsso|lqj Wkhruhp
5154 wr d	 � wkh srvlwlyh dqg qhjdwlyh sduwv ri d= Wkh jhqhudo uhvxow krogv iru
frpsoh{ ydoxhg ixqfwlrqv d e| dsso|lqj wkh uhdo yhuvlrq mxvw suryhg wr wkh uhdo dqg
lpdjlqdu| sduwv ri d=

5191 cs � vsdfhv/ Plqnrzvnl dqg Kroghu Lqhtxdolwlhv1 Lq wklv vxevhfwlrq/ ohw
� = [ $ +3>4` eh d jlyhq ixqfwlrq1 Ohw I ghqrwh hlwkhu F ru U= Iru s 5 +3>4,
dqg i = [ $ I> ohw

nins � +
[
{5[

mi+{,ms�+{,,4@s

dqg iru s @4 ohw

nin4 @ vxs imi+{,m = { 5 [j =
Dovr/ iru s A 3> ohw

cs+�, @ ii = [ $ I = nins ?4j=
Lq wkh fdvh zkhuh �+{, @ 4 iru doo { 5 [ zh zloo vlpso| zulwh cs+[, iru cs+�,=

Gh�qlwlrq 51561 D qrup rq d yhfwru vsdfh O lv d ixqfwlrq n�n = O$ ^3>4, vxfk
wkdw

41 +Krprjhqhlw|, n�in @ m�m nin iru doo � 5 F dqg i 5 O=
51 +Wuldqjoh lqhtxdolw|, ni . jn � nin. njn iru doo i> j 5 O=
61 +Srvlwlyh gh�qlwh, nin @ 3 lpsolhv i @ 3=
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D sdlu +O> n�n, zkhuh O lv d yhfwru vsdfh dqg n�n lv d qrup rq O lv fdoohg d
qruphg yhfwru vsdfh1

Wkh uhvw ri wklv vhfwlrq lv ghyrwhg wr wkh surri ri wkh iroorzlqj wkhruhp1

Wkhruhp 51571 Iru s 5 ^4>4`> +cs+�,> n � ns, lv d qruphg yhfwru vsdfh1

Surri1 Wkh rqo| gl!fxow| lv wkh surri ri wkh wuldqjoh lqhtxdolw| zklfk lv wkh
frqwhqw ri Plqnrzvnl*v Lqhtxdolw| suryhg lq Wkhruhp 5163 ehorz1

519141 Vrph lqhtxdolwlhv1

Sursrvlwlrq 51581 Ohw i = ^3>4, $ ^3>4, eh d frqwlqxrxv vwulfwo| lqfuhdvlqj
ixqfwlrq vxfk wkdw i+3, @ 3 +iru vlpsolflw|, dqg olp

v$4
i+v, @ 4= Ohw j @ i�4 dqg

iru v> w � 3 ohw

I +v, @

] v

3

i+v3,gv3 dqg J+w, @

] w

3

j+w3,gw3=

Wkhq iru doo v> w � 3>

vw � I +v, .J+w,

dqg htxdolw| krogv l� w @ i+v,=

Surri1 Ohw

Dv =@ i+�> �, = 3 � � � i+�, iru 3 � � � vj dqg
Ew =@ i+�> �, = 3 � � � j+�, iru 3 � � � wj

wkhq dv rqh vhhv iurp Iljxuh 5/ ^3> v`� ^3> w` � Dv ^Ew= +Lq wkh �jxuh= v @ 6> w @ 4>
D6 lv wkh uhjlrq xqghu w @ i+v, iru 3 � v � 6 dqg E4 lv wkh uhjlrq wr wkh ohiw ri wkh
fxuyh v @ j+w, iru 3 � w � 4=, Khqfh li p ghqrwhv wkh duhd ri d uhjlrq lq wkh sodqh
zh kdyh

vw @p +^3> v`� ^3> w`, � p+Dv, .p+Ew, @ I +v, .J+w,=

Dv lw vwdqgv/ wklv surri lv d elw rq wkh lqwxlwlyh vlgh1 Krzhyhu/ lw zloo ehfrph ulj0
rurxv li rqh wdnhv p wr eh Ohehvjxh phdvxuh rq wkh sodqh zklfk zloo eh lqwurgxfhg
odwhu1

Zh fdq dovr jlyh d fdofxoxv surri ri wklv wkhruhp xqghu wkh dgglwlrqdo dvvxpswlrq
wkdw i lv F4= +Wklv uhvwulfwhg yhuvlrq ri wkh wkhruhp lv doo zh qhhg lq wklv vhfwlrq1,
Wr gr wklv �{ w � 3 dqg ohw

k+v, @ vw� I +v, @

] v

3

+w� i+�,,g�=

Li � A j+w, @ i�4+w,> wkhq w� i+�, ? 3 dqg khqfh li v A j+w,> zh kdyh

k+v, @

] v

3

+w� i+�,,g� @

] j+w,

3

+w� i+�,,g� .

] v

j+w,

+w� i+�,,g�

�
] j+w,

3

+w� i+�,,g� @ k+j+w,,=

Frpelqlqj wklv zlwk k+3, @ 3 zh vhh wkdw k+v, wdnhv lwv pd{lpxp dw vrph srlqw
v 5 +3> w` dqg khqfh dw d srlqw zkhuh 3 @ k3+v, @ w� i+v,= Wkh rqo| vroxwlrq wr wklv
htxdwlrq lv v @ j+w, dqg zh kdyh wkxv vkrzq

vw� I +v, @ k+v, �
] j+w,

3

+w� i+�,,g� @ k+j+w,,
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zlwk htxdolw| zkhq v @ j+w,= Wr �qlvk wkh surri zh pxvw vkrz
U j+w,
3

+w� i+�,,g� @
J+w,= Wklv lv yhul�hg e| pdnlqj wkh fkdqjh ri yduldeohv � @ j+�, dqg wkhq lqwh0
judwlqj e| sduwv dv iroorzv=] j+w,

3

+w� i+�,,g� @

] w

3

+w� i+j+�,,,j3+�,g� @

] w

3

+w� �,j3+�,g�

@

] w

3

j+�,g� @ J+w,=

0

1

2

3

4

t

1 2 3 4s

Iljxuh 51 D slfwxuh surri ri Sursrvlwlrq 51581

Gh�qlwlrq 51591 Wkh frqmxjdwh h{srqhqw t 5 ^4>4` wr s 5 ^4>4` lv t =@ s
s�4 zlwk

wkh frqyhqwlrq wkdw t @4 li s @ 4= Qrwlfh wkdw t vdwlv�hv

4

s
.

4

t
@ 4> 4 .

t

s
@ t> s� s

t
@ 4 dqg t+s� 4, @ s=+514;,

Ohppd 515:1 Ohw s 5 +4>4, lv t =@ s
s�4 5 +4>4, eh wkh frqmxjdwh h{srqhqw1

Wkhq

vw � vt

t
.
ws

s
iru doo v> w � 3

zlwk htxdolw| li dqg rqo| li vt @ ws1

Surri1 Ohw I +v, @ vs

s iru s A 4>

i+v, @ vs�4 @ w

ru

j+w, @ w
4

s�4 @ wt�4

ehfdxvh t � 4@ +s� 4, . 4 ru 4@ +s� 4, @ t � 4= Wkhuhiruh J+w, @ wt@t dqg khqfh

vw � vs

s
.
wt

t

zlwk htxdolw| l� w @ vs�4=
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Wkhruhp 515; +Kùoghu*v lqhtxdolw|,1 Ohw s> t 5 ^4>4` eh frqmxjdwh h{srqhqwv1
Iru doo i> j = [ $ I>

nijn4 � nins � njnt=+514<,

Li s 5 +4>4,> wkhq htxdolw| krogv lq Ht1 +514<, l�

+
mi m
nins ,

s @ +
mjm
njnt ,

t=

Surri1 Wkh surri ri Ht1 +514<, iru s 5 i4>4j lv hdv| dqg zloo eh ohiw wr
wkh uhdghu1 Wkh fdvhv zkhuh nint @ 3 ru 4 ru njns @ 3 ru 4 duh hdv| wr ghdo
zlwk dqg duh dovr ohiw wr wkh uhdghu1 Vr zh zloo dvvxph wkdw s 5 +4>4, dqg
3 ? nint> njns ?4= Ohwwlqj v @ mi m@nins dqg w @ mjm@njnt lq Ohppd 515: lpsolhv

mijm
ninsnjnt �

4

s

mi ms
nins .

4

t

mjmt
njnt =

Pxowlso|lqj wklv htxdwlrq e| � dqg wkhq vxpplqj jlyhv

nijn4
ninsnjnt �

4

s
.

4

t
@ 4

zlwk htxdolw| l�

mjm
njnt @

mi ms�4
nin+s�4,s

+, mjm
njnt @

mi ms@t
nins@ts

+, mjmtninss @ njnttmi ms=

Gh�qlwlrq 515<1 Iru d frpsoh{ qxpehu � 5 F> ohw

vjq+�, @

� �
m�m li � 9@ 3

3 li � @ 3=

Wkhruhp 5163 +Plqnrzvnl*v Lqhtxdolw|,1 Li 4 � s � 4 dqg i> j 5 cs+�, wkhq

ni . jns � nins . njns>
zlwk htxdolw| l�

vjq+i, @ vjq+j, zkhq s @ 4 dqg

i @ fj iru vrph f A 3 zkhq s 5 +4>4,=

Surri1 Iru s @ 4>

ni . jn4 @
[
[

mi . jm� �
[
[

+mi m�. mjm�, @
[
[

mi m�.
[
[

mjm�

zlwk htxdolw| l�

mi m. mjm @ mi . jm +, vjq+i, @ vjq+j,=

Iru s @4>

ni . jn4 @ vxs
[
mi . jm � vxs

[
+mi m. mjm,

� vxs
[
mi m. vxs

[
mjm @ nin4 . njn4=

Qrz dvvxph wkdw s 5 +4>4,= Vlqfh

mi . jms � +5pd{ +mi m > mjm,,s @ 5spd{ +mi ms > mjms, � 5s +mi ms . mjms,
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lw iroorzv wkdw

ni . jnss � 5s
�ninss . njnss

�
?4=

Zh pd| dvvxph ni . jns A 3 vlqfh li ni .jns @ 3 wkh wkhruhp lv hdvlo| yhul�hg1
Qrz

mi . jms @ mi . jmmi . jms�4 � +mi m. mjm,mi . jms�4+5153,

zlwk htxdolw| l� vjq+i, @ vjq+j,= Pxowlso|lqj Ht1 +5153, e| � dqg wkhq vxpplqj
dqg dsso|lqj Kroghu*v lqhtxdolw| jlyhv[

[

mi . jms� �
[
[

mi m mi . jms�4�.
[
[

mjm mi . jms�4�

� +nins . njns, n mi . jms�4 nt+5154,

zlwk htxdolw| l� � mi m
nins

�s
@

� mi . jms�4
nmi . jms�4nt

�t
@

� mjm
njns

�s
dqg vjq+i, @ vjq+j,=

E| Ht1 +514;, dqg wkh lghqwlw|/ t+s� 4, @ s> zh kdyh

nmi . jms�4ntt @
[
[

+mi . jms�4,t� @
[
[

mi . jms�+5155,

Frpelqlqj Htv1 +5154, dqg +5155, lpsolhv

ni . jnss � ninsni . jns@ts . njnsni . jns@ts+5156,

zlwk htxdolw| l�

vjq+i, @ vjq+j, dqg� mi m
nins

�s
@

mi . jms
ni . jnss @

� mjm
njns

�s
=+5157,

Vroylqj iru ni . jns lq Ht1 +5156, zlwk wkh dlg ri Ht1 +514;, vkrzv wkdw ni .jns �
nins. njns zlwk htxdolw| l� Ht1 +5157, krogv zklfk kdsshqv l� i @ fj zlwk f A 31

51:1 H{huflvhv 1

51:141 Vhw Wkhru|1 Ohw i = [ $ \ eh d ixqfwlrq dqg iDljl5L eh dq lqgh{hg idplo|
ri vxevhwv ri \> yhuli| wkh iroorzlqj dvvhuwlrqv1

H{huflvh 5141 +_l5LDl,f @ ^l5LDf
l =

H{huflvh 5151 Vxssrvh wkdw E � \> vkrz wkdw E q +^l5LDl, @ _l5L+E qDl,=

H{huflvh 5161 i�4+^l5LDl, @ ^l5Li�4+Dl,=

H{huflvh 5171 i�4+_l5LDl, @ _l5Li�4+Dl,=

H{huflvh 5181 Ilqg d frxqwhu h{dpsoh zklfk vkrzv wkdw i+F _G, @ i+F,_ i+G,
qhhg qrw krog1
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H{huflvh 5191 Qrz vxssrvh iru hdfk q 5 Q � i4> 5> = = = j wkdw iq = [ $ U lv d
ixqfwlrq1 Ohw

G � i{ 5 [ = olp
q$4

iq+{, @ .4j
vkrz wkdw

G @ _4P@4 ^4Q@4 _q�Qi{ 5 [ = iq+{, �Pj=+5158,

H{huflvh 51:1 Ohw iq = [ $ U eh dv lq wkh odvw sureohp1 Ohw

F � i{ 5 [ = olp
q$4

iq+{, h{lvwv lq Uj=
Ilqg dq h{suhvvlrq iru F vlplodu wr wkh h{suhvvlrq iru G lq +5158,1 +Klqw= xvh wkh
Fdxfk| fulwhuld iru frqyhujhqfh1,

51:151 Olplw Sureohpv1

H{huflvh 51;1 Suryh Ohppd 51481

H{huflvh 51<1 Suryh Ohppd 51531

Ohw idqj4q@4 dqg ieqj4q@4 eh wzr vhtxhqfhv ri uhdo qxpehuv1
H{huflvh 51431 Vkrz olp lqiq$4+�dq, @ � olp vxsq$4 dq=

H{huflvh 51441 Vxssrvh wkdw olp vxsq$4 dq @ P 5 �U> vkrz wkdw wkhuh lv d vxe0
vhtxhqfh idqnj4n@4 ri idqj4q@4 vxfk wkdw olpn$4 dqn @ P=

H{huflvh 51451 Vkrz wkdw

olp vxs
q$4

+dq . eq, � olp vxs
q$4

dq . olp vxs
q$4

eq+5159,

surylghg wkdw wkh uljkw vlgh ri Ht1 +5159, lv zhoo gh�qhg/ l1h1 qr4�4 ru �4.4
w|sh h{suhvvlrqv1 +Lw lv RN wr kdyh 4.4 @4 ru �4�4 @ �4> hwf1,

H{huflvh 51461 Vxssrvh wkdw dq � 3 dqg eq � 3 iru doo q 5 Q= Vkrz
olp vxs
q$4

+dqeq, � olp vxs
q$4

dq � olp vxs
q$4

eq>+515:,

surylghg wkh uljkw kdqg vlgh ri +515:, lv qrw ri wkh irup 3 � 4 ru 4 � 3=
51:161 Grplqdwhg Frqyhujhqfh Wkhruhp Sureohpv1

H{huflvh 51471 Vxssrvh Y � Uq lv dq rshq vhw/ w3 5 Y> dqg J = Y q iw3j $ F lv d
ixqfwlrq rq Y q iw3j= Vkrz wkdw olpw$w3 J+w, h{lvwv dqg lv htxdo wr D 5 F> l� iru doo
vhtxhqfhv iwqj4q@4 � Y q iw3j zklfk frqyhujh wr w3 +l1h1 olpq$4 wq @ w3, zh kdyh

olp
q$4

J+wq, @ D=

H{huflvh 51481 Vxssrvh wkdw[ lv d vhw/ Y � Uq lv dq rshq vhw/ dqg i = Y �[ $ F

lv d ixqfwlrq vdwlvi|lqj=
41 Iru hdfk { 5 [> wkh ixqfwlrq w$ i+w> {, lv frqwlqxrxv rq Y=
51 Wkhuh lv d vxppdeoh ixqfwlrq j = [ $ ^3>4, vxfk wkdw

mi+w> {,m � j+{, iru doo { 5 [ dqg w 5 Y=

Vkrz wkdw

I +w, =@
[
{5[

i+w> {,+515;,

lv d frqwlqxrxv ixqfwlrq iru w 5 Y=
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H{huflvh 51491 Vxssrvh wkdw [ lv d vhw/ M @ +d> e, � U lv dq lqwhuydo/ dqg i =
M �[ $ F lv d ixqfwlrq vdwlvi|lqj=

41 Iru hdfk { 5 [> wkh ixqfwlrq w$ i+w> {, lv gl�huhqwldeoh rq M>
51 Wkhuh lv d vxppdeoh ixqfwlrq j = [ $ ^3>4, vxfk wkdw��� bi+w> {,��� =@ ���� ggwi+w> {,

���� � j+{, iru doo { 5 [=

61 Wkhuh lv d w3 5 M vxfk wkdw
S

{5[ mi+w3> {,m ?4=

Vkrz=
d, iru doo w 5 M wkdw

S
{5[ mi+w> {,m ?4=

e, Ohw I +w, =@
S

{5[ i+w> {,> vkrz I lv gl�huhqwldeoh rq M dqg wkdw

bI +w, @
[
{5[

bi+w> {,=

+Klqw= Xvh wkh phdq ydoxh wkhruhp1,

H{huflvh 514:1 Ohw idqj4q@�4 eh d vxppdeoh vhtxhqfh ri frpsoh{ qxpehuv/ l1h1
4[

q@�4

mdqm ?4=

Iru w � 3 dqg { 5 U> gh�qh

i+w> {, @
4[

q@�4

dqh
�wq5hlq{>

zkhuh dv xvxdo hl{ @ frv+{, . l vlq+{,= Suryh wkh iroorzlqj idfwv derxw i =

41 i+w> {, lv frqwlqxrxv iru +w> {, 5 ^3>4,�U=
51 Ci+w> {,@Cw> Ci+w> {,@C{ dqg C5i+w> {,@C{5 h{lvw iru w A 3 dqg { 5 U=
61 i vdwlv�hv wkh khdw htxdwlrq/ qdpho|

Ci+w> {,@Cw @ C5i+w> {,@C{5 iru w A 3 dqg { 5 U=
51:171 Lqhtxdolwlhv1

H{huflvh 514;1 Jhqhudol}h Sursrvlwlrq 5158 dv iroorzv1 Ohw d 5 ^�4> 3` dqg i = U_
^d>4, $ ^3>4, eh d frqwlqxrxv vwulfwo| lqfuhdvlqj ixqfwlrq vxfk wkdw olp

v$4
i+v, @

4> i+d, @ 3 li d A �4 ru olpv$�4 i+v, @ 3 li d @ �4= Dovr ohw j @ i�4>
e @ i+3, � 3>

I +v, @

] v

3

i+v3,gv3 dqg J+w, @

] w

3

j+w3,gw3=

Wkhq iru doo v> w � 3>

vw � I +v, .J+w b e, � I +v, .J+w,

dqg htxdolw| krogv l� w @ i+v,= Lq sduwlfxodu/ wdnlqj i+v, @ hv> suryh \rxqj*v
lqhtxdolw| vwdwlqj

vw � hv . +w b 4, oq +w b 4,� +w b 4, � hv . w oq w� w=

Klqw= Uhihu wr wkh iroorzlqj slfwxuhv1
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Iljxuh 61 Frpsdulqj duhdv zkhq w � e jrhv wkh vdph zd| dv lq
wkh wh{w1
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Iljxuh 71 Zkhq w � e> qrwlfh wkdw j+w, � 3 exw J+w, � 3= Dovr
qrwlfh wkdw J+w, lv qr orqjhu qhhghg wr hvwlpdwh vw=

61 Phwulf dqg Edqdfk Vsdfhv L

6141 Edvlf phwulf vsdfh qrwlrqv1

Gh�qlwlrq 6141 D ixqfwlrq g = [ �[ $ ^3>4, lv fdoohg d phwulf li

41 +V|pphwu|, g+{> |, @ g+|> {, iru doo {> | 5 [
51 +Qrq0ghjhqhudwh, g+{> |, @ 3 li dqg rqo| li { @ | 5 [
61 +Wuldqjoh lqhtxdolw|, g+{> }, � g+{> |, . g+|> }, iru doo {> |> } 5 [=

Dv sulpdu| h{dpsohv/ dq| qruphg vsdfh +[> n�n, lv d phwulf vsdfh zlwk g+{> |, =@
n{� |n = Wkxv wkh vsdfh cs+�, lv d phwulf vsdfh iru doo s 5 ^4>4`= Dovr dq| vxevhw
ri d phwulf vsdfh lv d phwulf vsdfh1 Iru h{dpsoh d vxuidfh 	 lq U6 lv d phwulf vsdfh
zlwk wkh glvwdqfh ehwzhhq wzr srlqwv rq 	 ehlqj wkh xvxdo glvwdqfh lq U6=

Gh�qlwlrq 6151 Ohw +[> g, eh d phwulf vsdfh1 Wkh rshq edoo E+{> �, � [ fhq0
whuhg dw { 5 [ zlwk udglxv � A 3 lv wkh vhw

E+{> �, =@ i| 5 [ = g+{> |, ? �j=
Zh zloo riwhq dovr zulwh E+{> �, dv E{+�,= Zh dovr gh�qh wkh forvhg edoo fhqwhuhg
dw { 5 [ zlwk udglxv � A 3 dv wkh vhw F{+�, =@ i| 5 [ = g+{> |, � �j=
Gh�qlwlrq 6161 D vhtxhqfh i{qj4q@4 lq d phwulf vsdfh +[> g, lv vdlg wr eh frqyhu0
jhqw li wkhuh h{lvwv d srlqw { 5 [ vxfk wkdw olpq$4 g+{> {q, @ 3= Lq wklv fdvh zh
zulwh olpq$4 {q @ {=


