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H{huflvh 51491 Vxssrvh wkdw [ lv d vhw/ M @ +d> e, � U lv dq lqwhuydo/ dqg i =
M �[ $ F lv d ixqfwlrq vdwlvi|lqj=

41 Iru hdfk { 5 [> wkh ixqfwlrq w$ i+w> {, lv gl�huhqwldeoh rq M>
51 Wkhuh lv d vxppdeoh ixqfwlrq j = [ $ ^3>4, vxfk wkdw��� bi+w> {,��� =@

���� ggwi+w> {,
���� � j+{, iru doo { 5 [=

61 Wkhuh lv d w3 5 M vxfk wkdw
S

{5[ mi+w3> {,m ?4=

Vkrz=
d, iru doo w 5 M wkdw

S
{5[ mi+w> {,m ?4=

e, Ohw I +w, =@
S

{5[ i+w> {,> vkrz I lv gl�huhqwldeoh rq M dqg wkdw

bI +w, @
[
{5[

bi+w> {,=

+Klqw= Xvh wkh phdq ydoxh wkhruhp1,

H{huflvh 514:1 Ohw idqj4q@�4 eh d vxppdeoh vhtxhqfh ri frpsoh{ qxpehuv/ l1h1
4[

q@�4

mdqm ?4=

Iru w � 3 dqg { 5 U> gh�qh

i+w> {, @
4[

q@�4

dqh
�wq5hlq{>

zkhuh dv xvxdo hl{ @ frv+{, . l vlq+{,= Suryh wkh iroorzlqj idfwv derxw i =

41 i+w> {, lv frqwlqxrxv iru +w> {, 5 ^3>4,�U=
51 Ci+w> {,@Cw> Ci+w> {,@C{ dqg C5i+w> {,@C{5 h{lvw iru w A 3 dqg { 5 U=
61 i vdwlv�hv wkh khdw htxdwlrq/ qdpho|

Ci+w> {,@Cw @ C5i+w> {,@C{5 iru w A 3 dqg { 5 U=
51:171 Lqhtxdolwlhv1

H{huflvh 514;1 Jhqhudol}h Sursrvlwlrq 5158 dv iroorzv1 Ohw d 5 ^�4> 3` dqg i = U_
^d>4, $ ^3>4, eh d frqwlqxrxv vwulfwo| lqfuhdvlqj ixqfwlrq vxfk wkdw olp

v$4
i+v, @

4> i+d, @ 3 li d A �4 ru olpv$�4 i+v, @ 3 li d @ �4= Dovr ohw j @ i�4>
e @ i+3, � 3>

I +v, @

] v

3

i+v3,gv3 dqg J+w, @

] w

3

j+w3,gw3=

Wkhq iru doo v> w � 3>

vw � I +v, .J+w b e, � I +v, .J+w,

dqg htxdolw| krogv l� w @ i+v,= Lq sduwlfxodu/ wdnlqj i+v, @ hv> suryh \rxqj*v
lqhtxdolw| vwdwlqj

vw � hv . +w b 4, oq +w b 4,� +w b 4, � hv . w oq w� w=

Klqw= Uhihu wr wkh iroorzlqj slfwxuhv1
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Iljxuh 61 Frpsdulqj duhdv zkhq w � e jrhv wkh vdph zd| dv lq
wkh wh{w1
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Iljxuh 71 Zkhq w � e> qrwlfh wkdw j+w, � 3 exw J+w, � 3= Dovr
qrwlfh wkdw J+w, lv qr orqjhu qhhghg wr hvwlpdwh vw=

61 Phwulf dqg Edqdfk Vsdfhv L

6141 Edvlf phwulf vsdfh qrwlrqv1

Gh�qlwlrq 6141 D ixqfwlrq g = [ �[ $ ^3>4, lv fdoohg d phwulf li

41 +V|pphwu|, g+{> |, @ g+|> {, iru doo {> | 5 [
51 +Qrq0ghjhqhudwh, g+{> |, @ 3 li dqg rqo| li { @ | 5 [
61 +Wuldqjoh lqhtxdolw|, g+{> }, � g+{> |, . g+|> }, iru doo {> |> } 5 [=

Dv sulpdu| h{dpsohv/ dq| qruphg vsdfh +[> n�n, lv d phwulf vsdfh zlwk g+{> |, =@
n{� |n = Wkxv wkh vsdfh cs+�, lv d phwulf vsdfh iru doo s 5 ^4>4`= Dovr dq| vxevhw
ri d phwulf vsdfh lv d phwulf vsdfh1 Iru h{dpsoh d vxuidfh 	 lq U6 lv d phwulf vsdfh
zlwk wkh glvwdqfh ehwzhhq wzr srlqwv rq 	 ehlqj wkh xvxdo glvwdqfh lq U6=

Gh�qlwlrq 6151 Ohw +[> g, eh d phwulf vsdfh1 Wkh rshq edoo E+{> �, � [ fhq0
whuhg dw { 5 [ zlwk udglxv � A 3 lv wkh vhw

E+{> �, =@ i| 5 [ = g+{> |, ? �j=
Zh zloo riwhq dovr zulwh E+{> �, dv E{+�,= Zh dovr gh�qh wkh forvhg edoo fhqwhuhg
dw { 5 [ zlwk udglxv � A 3 dv wkh vhw F{+�, =@ i| 5 [ = g+{> |, � �j=
Gh�qlwlrq 6161 D vhtxhqfh i{qj4q@4 lq d phwulf vsdfh +[> g, lv vdlg wr eh frqyhu0
jhqw li wkhuh h{lvwv d srlqw { 5 [ vxfk wkdw olpq$4 g+{> {q, @ 3= Lq wklv fdvh zh
zulwh olpq$4 {q @ {=
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H{huflvh 6141 Vkrz wkdw { lq Gh�qlwlrq 616 lv qhfhvvdulo| xqltxh1

Gh�qlwlrq 6171 D vhw I � [ lv forvhg l� hyhu| frqyhujhqw vhtxhqfh i{qj4q@4
zklfk lv frqwdlqhg lq I kdv lwv olplw edfn lq I= D vhw Y � [ lv rshq l� Y f lv
forvhg1 Zh zloo zulwh I C [ wr lqglfdwh wkh I lv d forvhg vxevhw ri [ dqg Y �r [
wr lqglfdwh wkh Y lv dq rshq vxevhw ri [= Zh dovr ohw �g ghqrwh wkh froohfwlrq ri
rshq vxevhwv ri [ uhodwlyh wr wkh phwulf g=

H{huflvh 6151 Ohw I eh d froohfwlrq ri forvhg vxevhwv ri [> vkrz _I =@ _I5II
lv forvhg1 Dovr vkrz wkdw �qlwh xqlrqv ri forvhg vhwv duh forvhg/ l1h1 li iInjqn@4 duh
forvhg vhwv wkhq ^qn@4In lv forvhg1 +E| wdnlqj frpsolphqwv/ wklv vkrzv wkdw wkh
froohfwlrq ri rshq vhwv/ �g> lv forvhg xqghu �qlwh lqwhuvhfwlrqv dqg duelwudu| xqlrqv1,

H{huflvh 6161 Vkrz wkdw Y � [ lv rshq l� iru hyhu| { 5 Y wkhuh lv d � A 3 vxfk
wkdw E{+�, � Y= Lq sduwlfxodu vkrz E{+�, lv rshq iru doo { 5 [ dqg � A 3=

Gh�qlwlrq 6181 Jlyhq d vhw D frqwdlqhg d phwulf vsdfh [> ohw
�D =@ i{ 5 [ = < i{qj � D 6 { @ olp

q$4
{qj=

Wkdw lv wr vd| �D frqwdlqv doo olplw srlqwv ri D=

H{huflvh 6171 Jlyhq D � [> vkrz �D lv d forvhg vhw dqg lq idfw
�D @ _iI = D � I � [ zlwk I forvhgj=

Wkdw lv wr vd| �D lv wkh vpdoohvw forvhg vhw frqwdlqlqj D=

6151 Frqwlqxlw|1 Vxssrvh wkdw +[> g, dqg +\> �, duh wzr phwulf vsdfhv dqg i =
[ $ \ lv d ixqfwlrq1

Gh�qlwlrq 6191 D ixqfwlrq i = [ $ \ lv frqwlqxrxv dw { 5 [ li iru doo � A 3 wkhuh
lv d � A 3 vxfk wkdw

g+i+{,> i+{3,, ? � surylghg wkdw �+{> {3, ? �=

Wkh ixqfwlrq i lv vdlg wr eh frqwlqxrxv li i lv frqwlqxrxv dw doo srlqwv { 5 [=

Wkh iroorzlqj ohppd jlyhv wkuhh rwkhu zd|v wr fkdudfwhul}h frqwlqxrxv ixqfwlrqv1

Ohppd 61:1 Vxssrvh wkdw +[> �, dqg +\> g, duh wzr phwulf vsdfhv dqg i = [ $ \
lv d ixqfwlrq1 Wkhq iroorzlqj duh htxlydohqw=

41 i lv frqwlqxrxv1
51 i�4+Y , 5 �� iru doo Y 5 �g> l1h1 i�4+Y , lv rshq lq [ li Y lv rshq lq \=
61 i�4+F, lv forvhg lq [ li F lv forvhg lq \=
71 Iru doo frqyhujhqw vhtxhqfhv i{qj � [> ii+{q,j lv frqyhujhqw lq \ dqg

olp
q$4

i+{q, @ i
�
olp
q$4

{q

�
=

Surri1 41 , 51 Iru doo { 5 [ dqg � A 3 wkhuh h{lvwv � A 3 vxfk wkdw
g+i+{,> i+{3,, ? � li �+{> {3, ? �1 l1h1

E{+�, � i�4+Ei+{,+�,,

Vr li Y �3 \ dqg { 5 i�4+Y , zh pd| fkrrvh � A 3 vxfk wkdw Ei+{,+�, � Y wkhq

E{+�, � i�4+Ei+{,+�,, � i�4+Y ,

vkrzlqj wkdw i�4+Y , lv rshq1
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51 +, 61 Li F lv forvhg lq \> wkhq Ff �r \ dqg khqfh i�4+Ff, �r [= Vlqfh
i�4+Ff, @

�
i�4+F,

�f
> wklv vkrzv wkdw i�4+F, lv wkh frpsohphqw ri dq rshq vhw

dqg khqfh forvhg1 Vlploduo| rqh vkrzv wkdw 61 , 5=
51 , 4= Ohw � A 3 dqg { 5 [> wkhq/ vlqfh i�4+Ei+{,+�,, �r [>wkhuh h{lvwv � A 3

vxfk wkdw E{+�, � i�4+Ei+{,+�,, l1h1 li �+{> {3, ? � wkhq g+i+{3,> i+{,, ? �1
41 , 71 Li i lv frqwlqxrxv dqg {q $ { lq [> ohw � A 3 dqg fkrrvh � A 3

vxfk wkdw g+i+{,> i+{3,, ? � zkhq �+{> {3, ? �1 Wkhuh h{lvwv dq Q A 3 vxfk wkdw
�+{> {q, ? � iru doo q � Q dqg wkhuhiruh g+i+{,> i+{q,, ? � iru doo q � Q= Wkdw lv
wr vd| olpq$4 i+{q, @ i+{, dv q$41

71 , 41Zh zloo vkrz wkdw qrw 41 , qrw 71 qrw 4 lpsolhv wkhuh h{lvwv � A 3/
d srlqw { 5 [ dqg d vhtxhqfh i{qj4q@4 � [ vxfk wkdw g+i+{,> i+{q,, � � zkloh
�+{> {q, ?

4
q = Fohduo| wklv vhtxhqfh i{qj ylrodwhv 71

Wkh qh{w ohppd vxssolhv vrph h{dpsohv ri frqwlqxrxv ixqfwlrqv rq phwulf
vsdfhv1

Ohppd 61;1 Iru dq| qrq hpsw| vxevhw D � [/ ohw gD+{, � lqiig+{> d,md 5 Dj>
wkhq

mgD+{,� gD+|,m � g+{> |, ;{> | 5 [=+614,

Lq sduwlfxodu/ gD lv d frqwlqxrxv ixqfwlrq rq [1 Pruhryhu/ e| Ohppd 61:/ iru doo
� A 3 wkh vhw I� � i{ 5 [mgD+{, � �j lv forvhg lq [1 Ixuwkhu/ li Y lv dq rshq vhw
dqg D @ Y f> wkhq I� % Y dv � & 31
Surri1 Ohw d 5 D dqg {> | 5 [/ wkhq

g+{> d, � g+{> |, . g+|> d,=

Wdnh wkh lqi ryhu d lq wkh deryh htxdwlrq vkrzv wkdw

gD+{, � g+{> |, . gD+|, ;{> | 5 [=

Wkhuhiruh/ gD+{,� gD+|, � g+{> |, dqg e| lqwhufkdqjlqj { dqg | zh dovr kdyh wkdw
gD+|, � gD+{, � g+{> |, zklfk lpsolhv Ht1 +614, iurp zklfk lw iroorzv wkdw gD lv
frqwlqxrxv rq [1

Qrz vxssrvh wkdw D @ Y f zlwk Y 5 � 1 Lw lv fohdu wkdw gD+{, @ 3 iru { 5 D @ Y f

vr wkdw I� � Y iru hdfk � A 3 dqg khqfh ^�A3I� � Y 1 Qrz vxssrvh wkdw { 5 Y /
wkhq wkhuh h{lvwv dq � A 3 vxfk wkdwE{+�, � Y / wkdw lv lw | 5 [ vxfk wkdw g+{> |, ? �
wkhq | 5 Y 1 Wkhuhiruh g+{> |, � � iru doo | 5 Y f dqg khqfh { 5 I�/ l1h1 Y � ^�A3I�1
Ilqdoo| lw lv fohdu wkdw I� � I�3 zkhqhyhu �3 � �1

Fruroodu| 61<1 Wkh ixqfwlrq g vdwlv�hv/

mg+{> |,� g+{3> |3,m � g+|> |3, . g+{> {3,

dqg lq sduwlfxodu g = [ �[ $ ^3>4, lv frqwlqxrxv1

Surri1 E| Ohppd 61; iru vlqjoh srlqw vhwv dqg wkh wuldqjoh lqhtxdolw| iru wkh
devroxwh ydoxh ri uhdo qxpehuv/

mg+{> |,� g+{3> |3,m � mg+{> |,� g+{> |3,m. mg+{> |3,� g+{3> |3,m
� g+|> |3, . g+{> {3,=

H{huflvh 6181 Vkrz wkh forvhg edoo F{+�, =@ i| 5 [ = g+{> |, � �j lv d forvhg
vxevhw ri [=
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615141 Zrug ri Fdxwlrq1

H{dpsoh 61431 Ohw +[>g, eh d phwulf vsdfh1 Lw lv dozd|v wuxh wkdw E{+�, � F{+�,
vlqfh F{+�, lv d forvhg vhw frqwdlqlqj E{+�,= Krzhyhu/ lw lv qrw dozd|v wuxh wkdw
E{+�, @ F{+�,= Iru h{dpsoh ohw [ @ i4> 5j dqg g+4> 5, @ 4> wkhq E4+4, @ i4j >
E4+4, @ i4j zkloh F4+4, @ [= Iru dqrwkhu frxqwhu h{dpsoh/ wdnh

[ @
�
+{> |, 5 U5 = { @ 3 ru { @ 4

�
zlwk wkh xvxdoo| Hxfolghdq phwulf frplqj iurp wkh sodqh1 Wkhq

E+3>3,+4, @
�
+3> |, 5 U5 = m|m ? 4

�
>

E+3>3,+4, @
�
+3> |, 5 U5 = m|m � 4

�
> zkloh

F+3>3,+4, @ E+3>3,+4, ^ i+3> 4,j =
Lq vslwh ri wkh deryh h{dpsohv/ Ohppdv 6144 dqg 617: ehorz vkrzv wkdw iru

fhuwdlq phwulf vsdfhv ri lqwhuhvw lw lv wuxh wkdw E{+�, @ F{+�,=

Ohppd 61441 Vxssrvh wkdw +[> m�m, lv d qruphg yhfwru vsdfh dqg g lv wkh phwulf
rq [ gh�qhg e| g+{> |, @ m{� |m = Wkhq

E{+�, @ F{+�, dqg

CE{+�, @ i| 5 [ = g+{> |, @ �j=
Surri1 Zh pxvw vkrz wkdw F =@ F{+�, � E{+�, @= �E= Iru | 5 F> ohw y @ | � {>

wkhq

mym @ m| � {m @ g+{> |, � �=

Ohw �q @ 4 � 4@q vr wkdw �q % 4 dv q $ 4= Ohw |q @ { . �qy> wkhq g+{> |q, @
�qg+{> |, ? �> vr wkdw |q 5 E{+�, dqg g+|> |q, @ 4��q $ 3 dv q$4= Wklv vkrzv
wkdw |q $ | dv q$4 dqg khqfh wkdw | 5 �E=

6161 Edvlf Wrsrorjlfdo Qrwlrqv1 Xvlqj wkh phwulf vsdfh uhvxowv deryh zh zloo
d{lrpdwl}h wkh qrwlrq ri ehlqj dq rshq vhw wr pruh jhqhudo vhwwlqjv1

Gh�qlwlrq 61451 D froohfwlrq ri vxevhwv � ri [ lv d wrsrorj| li
41 >> [ 5 �
51 � lv forvhg xqghu duelwudu| xqlrqv/ l1h1 li Y� 5 �> iru � 5 L wkhq

V
�5L

Y� 5 � 1

61 � lv forvhg xqghu �qlwh lqwhuvhfwlrqv/ l1h1 li Y4> = = = > Yq 5 � wkhq Y4_� � �_Yq 5 �=

Qrwdwlrq 61461 Wkh vxevhwv Y � [ zklfk duh lq � duh fdoohg rshq vhwv dqg zh
zloo deeuhyldwh wklv e| zulwlqj Y �3 [ dqg wkh wkrvh vhwv I � [ vxfk wkdw I f 5 �
duh fdoohg forvhg vhwv1 Zh zloo zulwh I C [ li I lv d forvhg vxevhw ri [= Dovr li
D � [> zh gh�qh wkh forvxuh ri D wr eh wkh vpdoohvw forvhg vhw �D frqwdlqlqj D> l1h1

�D =@ _iI = D � I C [j =
H{dpsoh 61471 41 Ohw +[> g, eh d phwulf vsdfh/ zh zulwh �g iru wkh froohfwlrq

ri g � rshq vhwv lq [=Zh kdyh douhdg| vhhq wkdw �g lv d wrsrorj|/ vhh H{huflvh
6151

51 Ohw [ eh dq| vhw/ wkhq �@ S+[, lv d wrsrorj|1 Lq wklv wrsrorj| doo vxevhwv
ri [ duh erwk rshq dqg forvhg1 Dw wkh rssrvlwh h{wuhph zh kdyh wkh wulyldo
wrsrorj|/ � @ i>> [j = Lq wklv wrsrorj| rqo| wkh hpsw| vhw dqg [ duh rshq
+forvhg,1
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Iljxuh 81 D wrsrorj|

61 Ohw [ @ i4> 5> 6j> wkhq � @ i>>[> i5> 6jj lv d wrsrorj| rq [ zklfk grhv qrw
frph iurp d phwulf1

71 Djdlq ohw [ @ i4> 5> 6j= Wkhq � @ ii4j> i5> 6j> >> [j= lv d wrsrorj|/ dqg wkh
vhwv [> i4j> i5> 6j> ! duh rshq dqg forvhg1 Wkh vhwv i4> 5j dqg i4> 6j duh
qhlwkhu rshq qru forvhg1

Gh�qlwlrq 61481 Ohw +[> �, eh d wrsrorjlfdo vsdfh/ D � [ dqg lD = D $ [ eh
wkh lqfoxvlrq pds/ l1h1 lD+d, @ d iru doo d 5 D= Gh�qh

�D @ l�4D +�, @ iD _ Y = Y 5 �j >
wkh vr fdoohg uhodwlyh wrsrorj| rq D=

H{huflvh 6191 Vkrz wkh uhodwlyh wrsrorj| lv d wrsrorj| rq D1 Dovr vkrz li +[> g,
lv d phwulf vsdfh dqg � @ �g lv wkh wrsrorj| frplqj iurp g> wkhq +�g,D lv wkh
wrsrorj| lqgxfhg e| pdnlqj D lqwr d phwulf vsdfh xvlqj wkh phwulf gmD�D=
Gh�qlwlrq 61491 Ohw +[> �, eh d wrsrorjlfdo vsdfh dqg D � [= Zh vd| d vxevhw
X � � lv dq rshq fryhu ri D li D � ^X = Wkh vhw D lv vdlg wr eh frpsdfw li hyhu|
rshq fryhu ri D kdv �qlwh d vxe0fryhu/ l1h1 li X lv dq rshq fryhu ri D wkhuh h{lvwv
X3 �� X vxfk wkdw X3 lv d fryhu ri D= +Zh zloo zulwh D CC [ wr ghqrwh wkdw
D � [ dqg D lv frpsdfw1, D vxevhw D � [ lv suhfrpsdfw li �D lv frpsdfw1

H{huflvh 61:1 Ohw +[> �, eh d wrsrorjlfdo vsdfh1 Vkrz wkdw D � [ lv frpsdfw l�
+D> �D, lv d frpsdfw wrsrorjlfdo vsdfh1

Gh�qlwlrq 614:1 Ohw +[> �[, dqg +\> �\ , eh wrsrorjlfdo vsdfhv1 D ixqfwlrq i =
[ $ \ lv frqwlqxrxv li i�4+�\ , � �[ 1 Zh zloo dovr vd| wkdw i lv �[@�\ �
frqwlqxrxv ru +�[ > �\ , � frqwlqxrxv1

Gh�qlwlrq 614; +Vxssruw,1 Ohw i = [ $ \ eh d ixqfwlrq iurp d wrsrorjlfdo vsdfh
+[> �[, wr d yhfwru vsdfh \= Wkhq zh gh�qh wkh vxssruw ri i e|

vxss+i, =@ i{ 5 [ = i+{, 9@ 3j>
d forvhg vxevhw ri [=

Qrwdwlrq 614<1 Li [ dqg \ duh wzr wrsrorjlfdo vsdfhv/ ohw F+[>\ , ghqrwh wkh
frqwlqxrxv ixqfwlrqv iurp [ wr \= Li \ lv d Edqdfk vsdfh/ ohw

EF+[>\ , =@ ii 5 F+[>\ , = vxs
{5[

ni+{,n\ ?4j
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dqg

Ff+[>\ , =@ ii 5 F+[>\ , = vxss+i, lv frpsdfwj=
Li \ @ U ru F zh zloo vlpso| zulwh F+[,> EF+[, dqg Ff+[, iru F+[>\ ,>
EF+[>\ , dqg Ff+[>\ , uhvshfwlyho|1

6171 Frpsohwhqhvv1

Gh�qlwlrq 6153 +Fdxfk| vhtxhqfhv,1 D vhtxhqfh i{qj4q@4 lq d phwulf vsdfh
+[>g, lv Fdxfk| surylghg wkdw

olp
p>q$4

g+{q> {p, @ 3=

H{huflvh 61;1 Vkrz wkdw frqyhujhqw vhtxhqfhv duh dozd|v Fdxfk| vhtxhqfhv1 Wkh
frqyhuvh lv qrw dozd|v wuxh1 Iru h{dpsoh/ ohw [ @ T eh wkh vhw ri udwlrqdo qxpehuv
dqg g+{> |, @ m{� |m= Fkrrvh d vhtxhqfh i{qj4q@4 � T zklfk frqyhujhv wr

s
5 5 U>

wkhq i{qj4q@4 lv +T> g, � Fdxfk| exw qrw +T> g, � frqyhujhqw1 Wkh vhtxhqfh grhv
frqyhujh lq U krzhyhu1

Gh�qlwlrq 61541 D phwulf vsdfh +[> g, lv frpsohwh li doo Fdxfk| vhtxhqfhv duh
frqyhujhqw vhtxhqfhv1

H{huflvh 61<1 Ohw +[> g, eh d frpsohwh phwulf vsdfh1 Ohw D � [ eh d vxevhw ri
[ ylhzhg dv d phwulf vsdfh xvlqj gmD�D= Vkrz wkdw +D> gmD�D, lv frpsohwh l� D lv
d forvhg vxevhw ri [=

Gh�qlwlrq 61551 Li +[> n�n, lv d qruphg yhfwru vsdfh/ wkhq zh vd| i{qj4q@4 � [
lv d Fdxfk| vhtxhqfh li olpp>q$4 n{p � {qn @ 3= Wkh qruphg yhfwru vsdfh lv d
Edqdfk vsdfh li lw lv frpsohwh/ l1h1 li hyhu| i{qj4q@4 � [ zklfk lv Fdxfk| lv
frqyhujhqw zkhuh i{qj4q@4 � [ lv frqyhujhqw l� wkhuh h{lvwv { 5 [ vxfk wkdw
olpq$4 n{q � {n @ 3= Dv xvxdo zh zloo deeuhyldwh wklv odvw vwdwhphqw e| zulwlqj
olpq$4 {q @ {=

Ohppd 61561 Vxssrvh wkdw [ lv d vhw wkhq wkh erxqghg ixqfwlrqv c4+[, rq [ lv
d Edqdfk vsdfh zlwk wkh qrup

nin @ nin4 @ vxs
{5[

mi+{,m =

Pruhryhu li [ lv d wrsrorjlfdo vsdfh wkh vhw EF+[, � c4+[, lv forvhg vxevsdfh ri
c4+[, dqg khqfh lv dovr d Edqdfk vsdfh1

Surri1 Ohw iiqj4q@4 � c4+[, eh d Fdxfk| vhtxhqfh1 Vlqfh iru dq| { 5 [> zh
kdyh

miq+{,� ip+{,m � niq � ipn4+615,

zklfk vkrzv wkdw iiq+{,j4q@4 � I lv d Fdxfk| vhtxhqfh ri qxpehuv1 Ehfdxvh I
+I @ U ru F, lv frpsohwh/ i+{, =@ olpq$4 iq+{, h{lvwv iru doo { 5 [= Sdvvlqj wr
wkh olplw q$4 lq Ht1 +615, lpsolhv

mi+{,� ip+{,m � olp vxs
q$4

niq � ipn4
dqg wdnlqj wkh vxsuhpxp ryhu { 5 [ ri wklv lqhtxdolw| lpsolhv

ni � ipn4 � olp vxs
q$4

niq � ipn4 $ 3 dv p$4

vkrzlqj ip $ i lq c4+[,=
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Iru wkh vhfrqg dvvhuwlrq/ vxssrvh wkdw iiqj4q@4 � EF+[, � c4+[, dqg iq $
i 5 c4+[,= Zh pxvw vkrz wkdw i 5 EF+[,> l1h1 wkdw i lv frqwlqxrxv1 Wr wklv hqg
ohw {> | 5 [> wkhq

mi+{,� i+|,m � mi+{,� iq+{,m. miq+{,� iq+|,m. miq+|,� i+|,m
� 5 ni � iqn4 . miq+{,� iq+|,m =

Wkxv li � A 3> zh pd| fkrrvh q odujh vr wkdw 5 ni � iqn4 ? �@5 dqg wkhq iru wklv
q wkhuh h{lvwv dq rshq qhljkerukrrg Y{ ri { 5 [ vxfk wkdw miq+{,� iq+|,m ? �@5
iru | 5 Y{= Wkxv mi+{,� i+|,m ? � iru | 5 Y{ vkrzlqj wkh olplwlqj ixqfwlrq i lv
frqwlqxrxv1

Uhpdun 61571 Ohw [ eh d vhw/ \ eh d Edqdfk vsdfh dqg c4+[>\ , ghqrwh wkh
erxqghg ixqfwlrqv i = [ $ \ htxlsshg zlwk wkh qrup nin @ nin4 @
vxs{5[ ni+{,n\ = Li [ lv d wrsrorjlfdo vsdfh/ ohw EF+[>\ , ghqrwh wkrvh i 5
c4+[>\ , zklfk duh frqwlqxrxv1 Wkh vdph surri xvhg lq Ohppd 6156 vkrzv wkdw
c4+[>\ , lv d Edqdfk vsdfh dqg wkdw EF+[>\ , lv d forvhg vxevsdfh ri c4+[>\ ,=

Wkhruhp 6158 +Frpsohwhqhvv ri cs+�,,1 Ohw [ eh d vhw dqg � = [ $ +3>4` eh d
jlyhq ixqfwlrq1 Wkhq iru dq| s 5 ^4>4`> +cs+�,> n�ns, lv d Edqdfk vsdfh1

Surri1 Zh kdyh douhdg| suryhg wklv iru s @4 lq Ohppd 6156 vr zh qrz dvvxph
wkdw s 5 ^4>4, dqg zulwh n�n iru n�ns = Ohw iiqj4q@4 � cs+�, eh d Fdxfk| vhtxhqfh1
Vlqfh iru dq| { 5 [>

miq+{,� ip+{,m � 4

�+{,
niq � ipns $ 3 dv p>q$4

lw iroorzv wkdw iiq+{,j4q@4 lv d Fdxfk| vhtxhqfh ri qxpehuv dqg i+{, =@
olpq$4 iq+{, h{lvwv iru doo { 5 [= E| Idwrx*v Ohppd/

niq � inss @
[
[

� � olp
p$4

lqi miq � ipms � olp
p$4

lqi
[
[

� � miq � ipms

@ olp
p$4

lqi niq � ipnss $ 3 dv q$4=

Wklv wkhq vkrzv wkdw i @ +i � iq, . iq 5 cs+�, +ehlqj lv wkh vxp ri wzr cs �

ixqfwlrqv, dqg wkdw iq
cs�$ i=

H{dpsoh 61591 Khuh duh d frxsoh ri h{dpsohv ri frpsohwh phwulf vsdfhv1
41 [ @ U dqg g+{> |, @ m{� |m=
51 [ @ Uq dqg g+{> |, @ n{� |n5 @

Sq
l@4+{l � |l,

5=
61 [ @ cs+�, iru s 5 ^4>4` dqg dq| zhljkw ixqfwlrq �=
71 [ @ F+^3> 4`>U, � wkh vsdfh ri frqwlqxrxv ixqfwlrqv iurp ^3> 4` wr U dqg

g+i> j, =@ pd{w5^3>4` mi+w,� j+w,m= Wklv lv d vshfldo fdvh ri Ohppd 61561
81 Khuh lv d w|slfdo h{dpsoh ri d qrq0frpsohwh phwulf vsdfh1 Ohw[ @ F+^3> 4`>U,

dqg

g+i> j, =@

] 4

3

mi+w,� j+w,m gw=

6181 Frpsdfwqhvv lq Phwulf Vsdfhv1 Ohw +[> �, eh d phwulf vsdfh dqg ohw
E3{+�, @ E{+�, q i{j =
Gh�qlwlrq 615:1 D srlqw { 5 [ lv dq dffxpxodwlrq srlqw ri d vxevhw H � [ li
> 9@ H _ Y q i{j iru doo Y �r [ frqwdlqlqj {=
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Ohw xv vwduw zlwk wkh iroorzlqj hohphqwdu| ohppd zklfk lv ohiw dv dq h{huflvh wr
wkh uhdghu1

Ohppd 615;1 Ohw H � [ eh d vxevhw ri d phwulf vsdfh +[> �, = Wkhq wkh iroorzlqj
duh htxlydohqw=

41 { 5 [ lv dq dffxpxodwlrq srlqw ri H=
51 E3{+�, _H 9@ > iru doo � A 3=
61 E{+�, _H lv dq lq�qlwh vhw iru doo � A 3=
71 Wkhuh h{lvwv i{qj4q@4 � H q i{j zlwk olpq$4 {q @ {=

Gh�qlwlrq 615<1 Dphwulf vsdfh +[> �, lv vdlg wr eh � � erxqghg +� A 3, surylghg
wkhuh h{lvwv d �qlwh fryhu ri [ e| edoov ri udglxv �= Wkh phwulf vsdfh lv wrwdoo|
erxqghg li lw lv � � erxqghg iru doo � A 3=

Wkhruhp 61631 Ohw [ eh d phwulf vsdfh1 Wkh iroorzlqj duh htxlydohqw1

+d, [ lv frpsdfw1
+e, Hyhu| lq�qlwh vxevhw ri [ kdv dq dffxpxodwlrq srlqw1
+f, [ lv wrwdoo| erxqghg dqg frpsohwh1

Surri1 Wkh surri zloo frqvlvw ri vkrzlqj wkdw d, e, f, d=
+d , e, Zh zloo vkrz wkdw qrw e , qrw d1 Vxssrvh wkhuh h{lvwv H � [> vxfk

wkdw &+H, @4 dqg H kdv qr dffxpxodwlrq srlqwv1 Wkhq iru doo { 5 [ wkhuh h{lvwv
Y{ 5 �{ vxfk wkdw +Y{ q i{j, _ H @ >= Fohduo| Y @ iY{j{5[ lv d fryhu ri [> |hw
Y kdv qr �qlwh vxe fryhu1 Lqghhg/ iru hdfk { 5 [> Y{ _ H frqvlvwv ri dw prvw rqh
srlqw/ wkhuhiruh li � �� [> ^{5�Y{ fdq rqo| frqwdlq d �qlwh qxpehu ri srlqwv iurp
H> lq sduwlfxodu [ 9@ ^{5�Y{=

+e , f, Wr vkrz [ lv frpsohwh/ ohw i{qj4q@4 � [ eh d vhtxhqfh dqg
H =@ i{q = q 5 Qj = Li &+H, ? 4> wkhq i{qj4q@4 kdv d vxevhtxhqfh i{qnj zklfk
lv frqvwdqw dqg khqfh frqyhujhqw1 Li H lv dq lq�qlwh vhw lw kdv dq dffxpxodwlrq
srlqw e| dvvxpswlrq dqg khqfh Ohppd 615; lpsolhv wkdw i{qj kdv d frqyhujhqfh
vxevhtxhqfh1

Zh qrz vkrz wkdw[ lv wrwdoo| erxqghg1 Ohw � A 3 eh jlyhq dqg fkrrvh {4 5 [= Li
srvvleoh fkrrvh {5 5 [ vxfk wkdw g+{5> {4, � �> wkhq li srvvleoh fkrrvh {6 5 [ vxfk
wkdw g+{6> i{4> {5j, � � dqg frqwlqxh lqgxfwlyho| fkrrvlqj srlqwv i{mjqm@4 � [

vxfk wkdw g+{q> i{4> = = = > {q�4j, � �= Wklv surfhvv pxvw whuplqdwh/ iru rwkhuzlvh
zh frxog fkrrvh H @ i{mj4m@4 dqg lq�qlwh qxpehu ri glvwlqfw srlqwv vxfk wkdw
g+{m > i{4> = = = > {m�4j, � � iru doo m @ 5> 6> 7> = = = = Vlqfh iru doo { 5 [ wkh E{+�@6,_H
fdq frqwdlq dw prvw rqh srlqw/ qr srlqw { 5 [ lv dq dffxpxodwlrq srlqw ri H=

+f , d, Iru vdnh ri frqwudglfwlrq/ dvvxph wkhuh h{lvwv d fryhu dq rshq fryhu
Y @ iY�j�5D ri [ zlwk qr �qlwh vxefryhu1 Vlqfh [ lv wrwdoo| erxqghg iru hdfk
q 5 Q wkhuh h{lvwv �q �� [ vxfk wkdw

[ @
^

{5�q

E{+4@q, @
^

{5�q

F{+4@q,=

Fkrrvh {4 5 �4 vxfk wkdw qr �qlwh vxevhw ri Y fryhuv N4 =@ F{4+4,= Vlqfh N4 @
^{5�5

N4_F{+4@5,> wkhuh h{lvwv {5 5 �5 vxfk wkdw N5 =@ N4_F{5+4@5, fdq qrw eh
fryhuhg e| d �qlwh vxevhw ri Y = Frqwlqxlqj wklv zd| lqgxfwlyho|/ zh frqvwuxfw vhwv
Nq @ Nq�4 _F{q+4@q, zlwk {q 5 �q vxfk qr Nq fdq eh fryhuhg e| d �qlwh vxevhw
ri Y = Qrz fkrrvh |q 5 Nq iru hdfk q= Vlqfh iNqj4q@4 lv d ghfuhdvlqj vhtxhqfh ri
forvhg vhwv vxfk wkdw gldp+Nq, � 5@q> lw iroorzv wkdw i|qj lv d Fdxfk| dqg khqfh
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frqyhujhqw zlwk

| @ olp
q$4

|q 5 _4p@4Np=

Vlqfh Y lv d fryhu ri [> wkhuh h{lvwv Y 5 Y vxfk wkdw { 5 Y= Vlqfh Nq & i|j dqg
gldp+Nq,$ 3> lw qrz iroorzv wkdw Nq � Y iru vrph q odujh1 Exw wklv ylrodwhv wkh
dvvhuwlrq wkdw Nq fdq qrw eh fryhuhg e| d �qlwh vxevhw ri Y=
Fruroodu| 61641 Ohw [ eh d phwulf vsdfh wkhq [ lv frpsdfw l� doo vhtxhqfhv
i{qj � [ kdyh frqyhujhqw vxevhtxhqfhv1

Surri1 Li [ lv frpsdfw dqg i{qj � [

41 Li &+i{q = q @ 4> 5> = = = j, ?4 wkhq fkrrvh { 5 [ vxfk wkdw {q @ { l1r1 ohw
iqnj � iqj vxfk wkdw {qn @ { iru doo n1 Wkhq {qn $ {

51 Li &+i{q = q @ 4> 5> = = = j, @ 4= Zh nqrz H @ i{qj kdv dq dffxpxodwlrq
srlqw i{j/ khqfh wkhuh h{lvwv {qn $ {=

Frqyhuvho| li H lv dq lq�qlwh vhw ohw i{qj4q@4 � H eh d vhtxhqfh ri glvwlqfw
hohphqwv ri H1 Zh pd|/ e| sdvvlqj wr d vxevhtxhqfh/ dvvxph {q $ { 5 [ dv
q$41 Qrz { 5 [ lv dq dffxpxodwlrq srlqw ri H e| Wkhruhp 6163 dqg khqfh [
lv frpsdfw1

Fruroodu| 61651 Frpsdfw vxevhwv ri Uq duh wkh forvhg dqg erxqghg vhwv1

Surri1 Li N lv forvhg dqg erxqghg wkhq N lv frpsohwh +ehlqj wkh forvhg vxevhw
ri d frpsohwh vsdfh, dqg N lv frqwdlqhg lq ^�P>P `q iru vrph srvlwlyh lqwhjhu P=
Iru � A 3> ohw

�� @ �]q _ ^�P>P `q =@ i�{ = { 5 ]q dqg �m{lm �P iru l @ 4> 5> = = = > qj=
Zh zloo vkrzv wkdw e| fkrrvlqj � A 3 vx!flhqwo| vpdoo/ wkdw

N � ^�P>P `q � ^{5��E+{> �,+616,

zklfk vkrzv wkdwN lv wrwdoo| erxqghg1 Khqfh e| Wkhruhp 971;/ N zloo eh frpsdfw1
Vxssrvh wkdw | 5 ^�P>P `q> wkhq wkhuh h{lvwv { 5 �� vxfk wkdw m|l � {lm � � iru

l @ 4> 5> = = = > q= Khqfh

g5+{> |, @
q[
l@4

+|l � {l,
5 � q�5

zklfk vkrzv wkdw g+{> |, � s
q�= Khqfh li fkrrvh � ? �@

s
q zh kdyh vkrzv wkdw

g+{> |, ? �> l1h1 Ht1 +616, krogv1
Iru H{huflvhv 6143 � 6145/ ohw +[> g, eh d frpsdfw phwulf vsdfh1

H{huflvh 6143 +H{wuhph ydoxh wkhruhp,1 Ohw i = [ $ U eh d frqwlqxrxv ixqf0
wlrq1 Vkrz �4 ? lqi i � vxs i ? 4 dqg wkhuh h{lvwv d> e 5 [ vxfk wkdw
i+d, @ lqi i dqg i+e, @ vxs i=

H{huflvh 6144 +Xqlirup Frqwlqxlw|,1 Ohw i = [ $ U eh d frqwlqxrxv ixqfwlrq1
Vkrz wkdw i lv xqlirupo| frqwlqxrxv/ l1h1 li � A 3 wkhuh h{lvwv � A 3 vxfk wkdw
mi+|,� i+{,m ? � li {> | 5 [ zlwk g+{> |, ? �=

H{huflvh 6145 +Glql*v Wkhruhp,1 Ohw iq = [ $ ^3>4, eh d vhtxhqfh ri frqwlqx0
rxv ixqfwlrqv vxfk wkdw iq+{, & 3 dv q $ 4 iru hdfk { 5 [= Vkrz wkdw lq idfw
iq & 3 xqlirupo| lq {> l1h1 vxs{5[ iq+{, & 3 dv q$4= Klqw= Jlyhq � A 3> frqvlghu
wkh rshq vhwv Yq =@ i{ 5 [ = iq+{, ? �j=
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Gh�qlwlrq 61661 Ohw O eh d yhfwru vsdfh1 Zh vd| wkdw wzr qrupv/ m�m dqg n�n > rq
O duh htxlydohqw li wkhuh h{lvwv frqvwdqwv �> � 5 +3>4, vxfk wkdw

nin � � mi m dqg mi m � � nin iru doo i 5 O=

Ohppd 61671 Ohw O eh d �qlwh glphqvlrqdo yhfwru vsdfh1 Wkhq dq| wzr qrupv
m�m dqg n�n rq O duh htxlydohqw1 +Wklv lv w|slfdoo| qrw wuxh iru qrupv rq lq�qlwh
glphqvlrqdo vsdfhv1,

Surri1 Ohw iiljql@4 eh d edvlv iru O dqg gh�qh d qhz qrup rq O e|�����
q[
l@4

dlil

�����
4

�
q[
l@4

mdlm iru dl 5 I=

E| wkh wuldqjoh lqhtxdolw| ri wkh qrup m�m > zh �qg�����
q[
l@4

dlil

����� �
q[
l@4

mdlm milm �P
q[
l@4

mdlm @ P

�����
q[
l@4

dlil

�����
4

zkhuh P @ pd{l milm = Wkxv zh kdyh
mi m �P nin4

iru doo i 5 O= Wklv lqhtxdolw| vkrzv wkdw m�m lv frqwlqxrxv uhodwlyh wr n�n4 = Qrz
ohw V =@ ii 5 O = nin4 @ 4j > d frpsdfw vxevhw ri O uhodwlyh wr n�n4 = Wkhuhiruh p|
H{huflvh 6143 wkhuh h{lvwv i3 5 V vxfk wkdw

p @ lqi imi m = i 5 Vj @ mi3m A 3=

Khqfh jlyhq 3 9@ i 5 O> wkhq i
nin

4

5 V vr wkdw

p �
���� i

nin4

���� @ mi m 4

nin4
ru htxlydohqwo|

nin4 �
4

p
mi m =

Wklv vkrzv wkdw m�m dqg n�n4 duh htxlydohqw qrupv1 Vlploduo| rqh vkrzv wkdw n�n dqg
n�n4 duh htxlydohqw dqg khqfh vr duh m�m dqg n�n =
Gh�qlwlrq 61681 D vxevhw G ri d wrsrorjlfdo vsdfh [ lv ghqvh li �G @ [= D
wrsrorjlfdo vsdfh lv vdlg wr eh vhsdudeoh li lw frqwdlqv d frxqwdeoh ghqvh vxevhw/
G=

H{dpsoh 61691 Ohw � = Q$ +3>4, eh d ixqfwlrq/ wkhq cs+�, lv vhsdudeoh iru doo
4 � s ?4= Iru h{dpsoh/ ohw � � I eh d frxqwdeoh ghqvh vhw/ wkhq

G =@ i{ 5 cs+�, = {l 5 � iru doo l dqg &im = {m 9@ 3j ?4j=
Wkh vhw � fdq eh wdnhq wr eh T li I @ U ru T. lT li I @ F=

Ohppd 616:1 Dq| frpsdfw phwulf vsdfh +[>g, lv vhsdudeoh1

Surri1 Wr hdfk lqwhjhu q> wkhuh h{lvwv �q �� [ vxfk wkdw[ @ ^{5�qE+{> 4@q,=
Ohw G =@ ^4q@4�q � d frxqwdeoh vxevhw ri [= Pruhryhu/ lw lv fohdu e| frqvwuxfwlrq
wkdw �G @ [=
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6191 Erxqghg Olqhdu Rshudwruv Edvlfv1

Gh�qlwlrq 616;1 Ohw [ dqg \ eh qruphg vsdfhv dqg W = [ $ \ eh d olqhdu
pds1 Wkhq W lv vdlg wr eh erxqghg surylghg wkhuh h{lvwv F ? 4 vxfk wkdw
nW +{,n � Fn{n[ iru doo { 5 [= Zh ghqrwh wkh ehvw frqvwdqw e| nWn/ l1h1

nWn @ vxs
{ 9@3

nW +{,n
n{n @ vxs

{ 9@3
inW +{,n = n{n @ 4j =

Wkh qxpehu nWn lv fdoohg wkh rshudwru qrup ri W=

Sursrvlwlrq 616<1 Vxssrvh wkdw [ dqg \ duh qruphg vsdfhv dqg W = [ $ \ lv
d olqhdu pds1 Wkh wkh iroorzlqj duh htxlydohqw=
+d, W lv frqwlqxrxv1
+e, W lv frqwlqxrxv dw 31
+f, W lv erxqghg1

Surri1 +d, , +e, wulyldo1 +e, , +f, Li W frqwlqxrxv dw 3 wkhq wkhuh h{lvw � A 3
vxfk wkdw nW +{,n � 4 li n{n � �1 Wkhuhiruh iru dq| { 5 [> nW +�{@n{n, n � 4 zklfk
lpsolhv wkdw nW +{,n � 4

�n{n dqg khqfh nWn � 4
� ? 4= +f, , +d, Ohw { 5 [ dqg

� A 3 eh jlyhq1 Wkhq

nW +|,� W +{,n @ nW +| � {,n � nWn n| � {n ? �

surylghg n| � {n ? �@nWn � �=

H{dpsoh 61731 Vxssrvh wkdw N = ^3> 4`� ^3> 4` $ F lv d frqwlqxrxv ixqfwlrq dqg
ohw +iru qrz, O4 +^3> 4`, ghqrwh F+^3> 4`, zlwk wkh qrup

nin4 @
] 4

3

mi+{,m g{=

Ohw W = O4 +^3> 4`> gp,$ F+^3> 4`, eh gh�qhg e|

+Wi,+{, @

] 4

3

N+{> |,i+|,g|=

Lw lv hdvlo| fkhfnhg wkdw wklv pds lv olqhdu dqg pdsv wr F+^3> 4`, dv dgyhu0
wlvhg1 +Wr suryh wklv xvh wkh idfw wkh N lv xqlirupo| frqwlqxrxv1, Li P @
vxs imN+{> |,m = {> | 5 ^3> 4`j > wkhq

m+Wi,+{,m �
] 4

3

mN+{> |,i+|,m g| �P nin4
zklfk vkrzv wkdw nWin4 �P nin4 dqg khqfh/

nWnO4$F � pd{ imN+{> |,m = {> | 5 ^3> 4`j ?4=

Zh fdq lq idfw vkrz wkdw nWn @ P dv iroorzv1 Ohw +{3> |3, 5 ^3> 4`5 vxfk wkdw
mN+{3> |3,m @ P= Wkhq jlyhq � A 3> wkhuh h{lvwv d qhljkerukrrg X @ L � M ri
+{3> |3, vxfk wkdw mN+{> |,�N+{3> |3,m ? � iru doo +{> |, 5 X= Ohw i 5 Ff+L> ^3>4,,

vxfk wkdw
U 4
3
i+{,g{ @ 4= Fkrrvh � 5 F vxfk wkdw m�m @ 4 dqg �N+{3> |3, @ P>

wkhq

m+W�i,+{3,m @
����
] 4

3

N+{3> |,�i+|,g|

���� @
����
]
L

N+{3> |,�i+|,g|

����
� Uh

]
L

�N+{3> |,i+|,g| �
]
L

+P � �, i+|,g| @ +P � �, n�inO4
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dqg khqfh

nW�inF � +P � �, n�inO4
vkrzlqj wkdw nWn � P � �= Vlqfh � A 3 lv duelwudu|/ zh ohduq wkdw nWn � P dqg
khqfh nWn @ P=

Vlploduo| rqh hdvlo| vkrzv wkdw W mF+^3>4`, = F+^3> 4`,$ F+^3> 4`, lv erxqghg dqg

nWnF$F � vxs

�] 4

3

mN+{> |,m g| = { 5 ^3> 4`

�
?4=

Rqh pd| dovr ylhz W dv d pds iurp W = F+^3> 4`,$ O4+^3> 4`, lq zklfk fdvh lw fdq
eh vhhq wkdw

nWnO4$F �
] 4

3

pd{
|
mN+{> |,m g{ ?4=

Iru wkh qh{w wkuhh h{huflvhv/ ohw [ @ Uq dqg \ @ Up dqg W = [ $ \ eh d olqhdu
wudqvirupdwlrq vr wkdw W lv jlyhq e| pdwul{ pxowlsolfdwlrq e| dqp�q pdwul{1 Ohw
xv lghqwli| wkh olqhdu wudqvirupdwlrq W zlwk wklv pdwul{1

H{huflvh 61461 Dvvxph wkh qrupv rq[ dqg \ duh wkh c4 � qrupv/ l1h1 iru { 5 Uq>
n{n @Sq

m@4 m{m m = Wkhq wkh rshudwru qrup ri W lv jlyhq e|

nWn @ pd{
4�m�q

p[
l@4

mWlm m =

H{huflvh 61471 Dvvxph wkh qrupv rq[ dqg \ duh wkh c4 � qrupv/ l1h1 iru { 5 Uq>
n{n @ pd{4�m�q m{m m = Wkhq wkh rshudwru qrup ri W lv jlyhq e|

nWn @ pd{
4�l�p

q[
m@4

mWlm m =

H{huflvh 61481 Dvvxph wkh qrupv rq[ dqg \ duh wkh c5 � qrupv/ l1h1 iru { 5 Uq>
n{n5 @Sq

m@4 {
5
m = Vkrz nWn5 lv wkh odujhvw hljhqydoxh ri wkh pdwul{ W wuW = Uq $ Uq=

H{huflvh 61491 Li [ lv �qlwh glphqvlrqdo qruphg vsdfh wkhq doo olqhdu pdsv duh
erxqghg1

Qrwdwlrq 61741 Ohw O+[>\ , ghqrwh wkh erxqghg olqhdu rshudwruv iurp [ wr \=

Ohppd 61751 Ohw [>\ eh qruphg vsdfhv/ wkhq wkh rshudwru qrup n�n rq O+[>\ ,
lv d qrup1 Pruhryhu li ] lv dqrwkhu qruphg vsdfh dqg W = [ $ \ dqg V = \ $ ]
duh olqhdu pdsv/ wkhq nVWn � nVnnWn> zkhuh VW =@ V � W=
Surri1 Dv xvxdo/ wkh pdlq srlqw lq fkhfnlqj wkh rshudwru qrup lv d qrup lv

wr yhuli| wkh wuldqjoh lqhtxdolw|/ wkh rwkhu d{lrpv ehlqj hdv| wr fkhfn1 Li D>E 5
O+[>\ , wkhq wkh wuldqjoh lqhtxdolw| lv yhul�hg dv iroorzv=

nD.En @ vxs
{ 9@3

nD{.E{n
n{n � vxs

{ 9@3

nD{n. nE{n
n{n

� vxs
{ 9@3

nD{n
n{n . vxs

{ 9@3

nE{n
n{n @ nDn. nEn =

Iru wkh vhfrqg dvvhuwlrq/ zh kdyh iru { 5 [> wkdw

nVW{n � nVnnW{n � nVnnWnn{n=
Iurp wklv lqhtxdolw| dqg wkh gh�qlwlrq ri nVWn> lw iroorzv wkdw nVWn � nVnnWn=
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Sursrvlwlrq 61761 Vxssrvh wkdw [ lv d qruphg yhfwru vsdfh dqg \ lv d Edqdfk
vsdfh1 Wkhq +O+[>\ ,> n � nrs, lv d Edqdfk vsdfh1

Zh zloo xvh wkh iroorzlqj fkdudfwhul}dwlrq ri d Edqdfk vsdfh lq wkh surri ri wklv
sursrvlwlrq1

Wkhruhp 61771 D qruphg vsdfh +[> n � n, lv d Edqdfk vsdfh l� iru hyhu| vhtxhqfh

i{qj4q@4 vxfk wkdw
4S
q@4

n{qn ?4 wkhq olpQ$4

QS
q@4

{q @ V h{lvwv lq [ +wkdw lv wr

vd| hyhu| devroxwho| frqyhujhqw vhulhv lv d frqyhujhqw vhulhv lq [,1 Dv xvxdo zh

zloo ghqrwh V e|
4S
q@4

{q=

Surri1 +,,Li [ lv frpsohwh dqg
4S
q@4

n{qn ?4 wkhq vhtxhqfh VQ �
QS
q@4

{q iru

Q 5 Q lv Fdxfk| ehfdxvh +iru Q AP,

nVQ � VPn �
Q[

q@P.4

n{qn $ 3 dv P>Q $4=

WkhuhiruhV @
4S
q@4

{q =@ olpQ$4

QS
q@4

{q h{lvwv lq [=

++@, Vxssrvh wkdw i{qj4q@4 eh d Fdxfk| vhtxhqfh dqg ohw i|n @ {qnj4n@4 eh d
vxevhtxhqfh ri i{qj4q@4 vxfk wkdw

4S
q@4

n|q.4 � |qn ?4= E| dvvxpswlrq

|Q.4 � |4 @
Q[
q@4

+|q.4 � |q,$ V @
4[
q@4

+|q.4 � |q, 5 [ dv Q $4=

Wklv vkrzv wkdw olpQ$4 |Q h{lvwv dqg lv htxdo wr { =@ |4 . V= Vlqfh i{qj4q@4 lv
Fdxfk|/

n{� {qn � n{� |nn. n|n � {qn $ 3 dv n> q$4
vkrzlqj wkdw olpq$4 {q h{lvwv dqg lv htxdo wr {=
Surri1 +Surri ri Sursrvlwlrq 61761, Zh pxvw vkrz +O+[>\ ,> n�nrs, lv frpsohwh1

Vxssrvh wkdw Wq 5 O+[>\ , lv d vhtxhqfh ri rshudwruv vxfk wkdw
4S
q@4

nWqn ? 4=

Wkhq
4[
q@4

nWq{n �
4[
q@4

nWqn n{n ?4

dqg wkhuhiruh e| wkh frpsohwhqhvv ri \> V{ =@
4S
q@4

Wq{ @ olpQ$4 VQ{ h{lvwv lq

\> zkhuh VQ =@
QS
q@4

Wq= Wkh uhdghu vkrxog fkhfn wkdw V = [ $ \ vr gh�qhg lq

olqhdu1 Vlqfh/

nV{n @ olp
Q$4

nVQ{n � olp
Q$4

Q[
q@4

nWq{n �
4[
q@4

nWqn n{n >
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V lv erxqghg dqg

nVn �
4[
q@4

nWqn=+617,

Vlploduo|/

nV{� VP{n @ olp
Q$4

nVQ{� VP{n � olp
Q$4

Q[
q@P.4

nWqn n{n @
4[

q@P.4

nWqn n{n

dqg wkhuhiruh/

nV � VPn �
4[

q@P

nWqn $ 3 dv P $4=

61:1 Dsshqgl{= Vxpv lq Edqdfk vsdfhv1

Gh�qlwlrq 61781 Vxssrvh wkdw [ lv d Qruphg vsdfh dqg iy� 5 [ = � 5 Dj lv d
jlyhq froohfwlrq ri yhfwruv lq [= Zh vd| wkdw v @

S
�5D y� 5 [ li iru doo � A 3

wkhuh h{lvwv d �qlwh vhw �� � D vxfk wkdw
��v�S�5� y�

�� ? � iru doo � �� D
vxfk wkdw �� � �= +Xqolnh wkh fdvh ri uhdo ydoxhg vxpv/ wklv grhv qrw lpso| wkdwS

�5� ny�n ?4= Vhh Sursrvlwlrq 4;149/ iurp zklfk rqh pd| pdqxidfwxuh frxqwhu0
h{dpsohv wr wklv idovh suhplvh1,

Ohppd 61791 +4, Zkhq [ lv d Edqdfk vsdfh/
S

�5D y� h{lvwv lq [ l� iru doo
� A 3 wkhuh h{lvwv �� �� D vxfk wkdw

��S
�5� y�

�� ? � iru doo � �� D q ��=
Dovr li

S
�5D y� h{lvwv lq [ wkhq i� 5 D = yd 9@ 3j lv dw prvw frxqwdeoh1 +5, Li

v @
S

�5D y� 5 [ h{lvwv dqg W = [ $ \ lv d erxqghg olqhdu pds ehwzhhq qruphg
vsdfhv/ wkhq

S
�5D Wy� h{lvwv lq \ dqg

Wv @ W
[
�5D

y� @
[
�5D

Wy�=

Surri1 +4, Vxssrvh wkdw v @
S

�5D y� h{lvwv dqg � A 3= Ohw �� �� D eh dv lq
Gh�qlwlrq 61781 Wkhq iru � �� D q ��>�����

[
�5�

y�

����� �
�����
[
�5�

y� .
[
�5��

y� � v

�����.
�����
[
�5��

y� � v

�����
@

�����
[

�5��^�

y� � v

�����. � ? 5�=

Frqyhuvho|/ vxssrvh iru doo � A 3 wkhuh h{lvwv �� �� D vxfk wkdw
��S

�5� y�
�� ? �

iru doo � �� D q ��= Ohw �q =@ ^qn@4�4@n � D dqg vhw vq =@
S

�5�q
y�= Wkhq iru

p A q>

nvp � vqn @
������

[
�5�pq�q

y�

������ � 4@q$ 3 dv p>q$4=
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Wkhuhiruh ivqj4q@4 lv Fdxfk| dqg khqfh frqyhujhqw lq [= Ohw v =@ olpq$4 vq> wkhq
iru � �� D vxfk wkdw �q � �> zh kdyh�����v�

[
�5�

y�

����� � nv� vqn.
������
[

�5�q�q

y�

������ � nv� vqn. 4

q
=

Vlqfh wkh uljkw phpehu ri wklv htxdwlrq jrhv wr }hur dv q $ 4> lw iroorzv wkdwS
�5D y� h{lvwv dqg lv htxdo wr v=
Ohw � =@ ^4q@4�q � d frxqwdeoh vxevhw ri D= Wkhq iru � @5 �> i�j � D q �q iru doo

q dqg khqfh

nydn @
������
[

�5i�j

y�

������ � 4@q$ 3 dv q$4=

Wkhuhiruh y� @ 3 iru doo � 5 D q �=
+5, Ohw �� eh dv lq Gh�qlwlrq 6178 dqg � �� D vxfk wkdw �� � �= Wkhq�����Wv�

[
�5�

Wy�

����� � nWn
�����v�

[
�5�

y�

����� ? nWn �

zklfk vkrzv wkdw
S

�5� Wy� h{lvwv dqg lv htxdo wr Wv=

61;1 Dsshqgl{ rq Ulhpdqqldq Phwulfv1 Wklv vxevhfwlrq lv qrw frpsohwho| vhoi
frqwdlqhg dqg pd| vdiho| eh vnlsshg1

Ohppd 617:1 Vxssrvh wkdw [ lv d Ulhpdqqldq +ru vxe0Ulhpdqqldq, pdqlirog
dqg g lv wkh phwulf rq [ gh�qhg e|

g+{> |, @ lqi ic+�, = �+3, @ { dqg �+4, @ |j
zkhuh c+�, lv wkh ohqjwk ri wkh fxuyh �= Zh gh�qh c+�, @ 4 li � lv qrw slhfhzlvh
vprrwk1

Wkhq

E{+�, @ F{+�, dqg

CE{+�, @ i| 5 [ = g+{> |, @ �j=
Surri1 Ohw F =@ F{+�, � E{+�, @= �E= Zh zloo vkrz wkdw F � �E e| vkrzlqj

�Ef � Ff= Vxssrvh wkdw | 5 �Ef dqg fkrrvh � A 3 vxfk wkdw E|+�, _ �E @ >= Lq
sduwlfxodu wklv lpsolhv wkdw

E|+�, _E{+�, @ >=
Zh zloo �qlvk wkh surri e| vkrzlqj wkdw g+{> |, � �. � A � dqg khqfh wkdw | 5 Ff=
Wklv zloo eh dffrpsolvkhg e| vkrzlqj= li g+{> |, ? �. � wkhq E|+�, _E{+�, 9@ >=

Li g+{> |, ? pd{+�> �, wkhq hlwkhu { 5 E|+�, ru | 5 E{+�,= Lq hlwkhu fdvh E|+�, _
E{+�, 9@ >= Khqfh zh pd| dvvxph wkdw pd{+�> �, � g+{> |, ? �. �= Ohw � A 3 eh d
qxpehu vxfk wkdw

pd{+�> �, � g+{> |, ? � ? �. �

dqg fkrrvh d fxuyh � iurp { wr | vxfk wkdw c+�, ? �= Dovr fkrrvh 3 ? �3 ? � vxfk
wkdw 3 ? � � �3 ? � zklfk fdq eh grqh vlqfh � � � ? �= Ohw n+w, @ g+|> �+w,, d
frqwlqxrxv ixqfwlrq rq ^3> 4` dqg wkhuhiruh n+^3> 4`, � U lv d frqqhfwhg vhw zklfk
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ε

δ

 

)

]

Iljxuh 91 Dq doprvw ohqjwk plqlpl}lqj fxuyh mrlqlqj { wr |=

frqwdlqv 3 dqg g+{> |,= Wkhuhiruh wkhuh h{lvwv w3 5 ^3> 4` vxfk wkdw g+|> �+w3,, @
n+w3, @ �3= Ohw } @ �+w3, 5 E|+�, wkhq

g+{> }, � c+�m^3>w3`, @ c+�,� c+�m^w3>4`, ? �� g+}> |, @ �� �3 ? �

dqg wkhuhiruh } 5 E{+�, _E{+�, 9@ >=
Uhpdun 617;1 Vxssrvh djdlq wkdw [ lv d Ulhpdqqldq +ru vxe0Ulhpdqqldq, pdql0
irog dqg

g+{> |, @ lqi ic+�, = �+3, @ { dqg �+4, @ |j =
Ohw � eh d fxuyh iurp { wr | dqg ohw � @ c+�,� g+{> |,= Wkhq iru doo 3 � x ? y � 4>

g+�+x,> �+y,, � c+�m^x>y`, . �=

Vr li � lv zlwklq � ri d ohqjwk plqlpl}lqj fxuyh iurp { wr | wkdw �m^x>y` lv zlwklq
� ri d ohqjwk plqlpl}lqj fxuyh iurp �+x, wr �+y,= Lq sduwlfxodu li g+{> |, @ c+�,
wkhq g+�+x,> �+y,, @ c+�m^x>y`, iru doo 3 � x ? y � 4> l1h1 li � lv d ohqjwk plqlpl}lqj
fxuyh iurp { wr | wkdw �m^x>y` lv d ohqjwk plqlpl}lqj fxuyh iurp �+x, wr �+y,=

Wr suryh wkhvh dvvhuwlrqv qrwlfh wkdw

g+{> |, . � @ c+�, @ c+�m^3>x`, . c+�m^x>y`, . c+�m^y>4`,
� g+{> �+x,, . c+�m^x>y`, . g+�+y,> |,

dqg wkhuhiruh

c+�m^x>y`, � g+{> |, . �� g+{> �+x,,� g+�+y,> |,

� g+�+x,> �+y,, . �=

61<1 H{huflvhv1

H{huflvh 614:1 Suryh Ohppd 615;1

H{huflvh 614;1 Ohw [ @ F+^3> 4`>U, dqg iru i 5 [> ohw

nin4 =@
] 4

3

mi+w,m gw=

Vkrz wkdw +[> n�n4, lv qruphg vsdfh dqg vkrz e| h{dpsoh wkdw wklv vsdfh lv qrw
frpsohwh1

H{huflvh 614<1 Ohw +[> g, eh d phwulf vsdfh1 Vxssrvh wkdw i{qj4q@4 � [ lv d
vhtxhqfh dqg vhw �q =@ g+{q> {q.4,= Vkrz wkdw iru p A q wkdw

g+{q> {p, �
p�4[
n@q

�n �
4[
n@q

�n=
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Frqfoxgh iurp wklv wkdw li
4[
n@4

�n @
4[
q@4

g+{q> {q.4, ?4

wkhq i{qj4q@4 lv Fdxfk|1 Pruhryhu/ vkrz wkdw li i{qj4q@4 lv d frqyhujhqw vhtxhqfh
dqg { @ olpq$4 {q wkhq

g+{> {q, �
4[
n@q

�n=

H{huflvh 61531 Vkrz wkdw +[> g, lv d frpsohwh phwulf vsdfh l� hyhu| vhtxhqfh
i{qj4q@4 � [ vxfk wkdw

S4
q@4 g+{q> {q.4, ?4 lv d frqyhujhqw vhtxhqfh lq [= \rx

pd| �qg lw xvhixo wr suryh wkh iroorzlqj vwdwhphqwv lq wkh frxuvh ri wkh surri1

41 Li i{qj lv Fdxfk| vhtxhqfh/ wkhq wkhuh lv d vxevhtxhqfh |m � {qm vxfk wkdwS4
m@4 g+|m.4> |m, ?4=

51 Li i{qj4q@4 lv Fdxfk| dqg wkhuh h{lvwv d vxevhtxhqfh |m � {qm ri i{qj vxfk
wkdw { @ olpm$4 |m h{lvwv/ wkhq olpq$4 {q dovr h{lvwv dqg lv htxdo wr {=

H{huflvh 61541 Vxssrvh wkdw i = ^3>4, $ ^3>4, lv d F5 � ixqfwlrq vxfk wkdw
i+3, @ 3> i 3 A 3 dqg i 33 � 3 dqg +[> �, lv d phwulf vsdfh1 Vkrz wkdw g+{> |, @
i+�+{> |,, lv d phwulf rq [= Lq sduwlfxodu vkrz wkdw

g+{> |, � �+{> |,

4 . �+{> |,

lv d phwulf rq [= +Klqw= xvh fdofxoxv wr yhuli| wkdw i+d . e, � i+d, . i+e, iru doo
d> e 5 ^3>4,=,

H{huflvh 61551 Ohw g = F+U,�F+U,$ ^3>4, eh gh�qhg e|

g+i> j, @
4[
q@4

5�q
ni � jnq

4 . ni � jnq >

zkhuh ninq � vxsimi+{,m = m{m � qj @ pd{imi+{,m = m{m � qj=
41 Vkrz wkdw g lv d phwulf rq F+U,=
51 Vkrz wkdw d vhtxhqfh iiqj4q@4 � F+U, frqyhujhv wr i 5 F+U, dv q $4 l�

iq frqyhujhv wr i xqlirupo| rq frpsdfw vxevhwv ri U=
61 Vkrz wkdw +F+U,> g, lv d frpsohwh phwulf vsdfh1

H{huflvh 6156 +Frqwudfwlrq Pdsslqj Sulqflsoh,1 Vxssrvh qrz wkdw +[> g, lv frp0
sohwh/ W = [ $ [ lv d pds dqg wkhuh h{lvwv � 5 +3> 4, vxfk wkdw g+W +{,> W +|,, �
�g+{> |, iru doo {> | 5 [= Suryh wkdw W kdv d �{hg srlqw/ l1h1 wkhuh lv d xqltxh
hohphqw { 5 [ vxfk wkdw W +{, @ {= +Qrwlfh wkdw wklv �{hg srlqw lv xqltxh vlqfh
li { @ W +{, dqg | @ W +|,> wkhq g+{> |, @ g+W +{,> W +|,, � �g+{> |, dqg wkhuh0
iruh g+{> |,+4 � �, � 3= Wklv vkrzv wkdw g+{> |, @ 3=> l1h1 wkdw { @ |=, Klqw=Ohw
{3 5 [ eh duelwudu| dqg gh�qh {q lqgxfwlyho| e| {q.4 @ W +{q,= Wkhq vkrz wkdw
g+{q.4> {q, � F�q zkhuh F lv d �qlwh frqvwdqw1 Xvh wkh deryh sureohpv wr frq0
foxgh wkdw { � olpq$4 {q h{lvwv wr vkrz wkdw

g+{> {q, � F
4[
n@q

�n @ F
�q

4� �
=
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H{huflvh 61571 Ohw i+[q> gq,j4q@4 eh d vhtxhqfh ri phwulf vsdfhv/ [ =@
T4

q@4[q>
dqg iru { @ +{+q,,4q@4 dqg | @ +|+q,,4q@4 lq [ ohw

g+{> |, @
4[
q@4

5�q
gq+{+q,> |+q,,

4 . gq+{+q,> |+q,,
=

Vkrz= 4, +[> g, lv d phwulf vsdfh/ 5, d vhtxhqfh i{nj4n@4 � [ frqyhujhv wr { 5 [
l� {n+q, $ {+q, 5 [q dv n $ 4 iru hyhu| q @ 4> 5> = = = > dqg 6, [ lv frpsohwh li
[q lv frpsohwh iru doo q=

H{huflvh 6158 +W|fkrqr�*v Wkhruhp,1 Ohw xv frqwlqxh wkh qrwdwlrq ri wkh suh0
ylrxv sureohp1 Ixuwkhu dvvxph wkdw wkh vsdfhv [q duh frpsdfw iru doo q= Vkrz
+[>g, lv frpsdfw1 Klqw= Hlwkhu xvh Fdqwru*v phwkrg wr vkrz hyhu| vhtxhqfh
i{pj4p@4 � [ kdv d frqyhujhqw vxevhtxhqfh ru dowhuqdwlyho| vkrz +[> g, lv frp0
sohwh dqg wrwdoo| erxqghg1

61<141 Edqdfk Vsdfh Sureohpv1

H{huflvh 61591 Vkrz wkdw doo �qlwh glphqvlrqdo qruphg yhfwru vsdfhv +O> n�n, duh
qhfhvvdulo| frpsohwh1 Dovr vkrzv wkdw forvhg dqg erxqghg vhwv +uhodwlyh wr wkh
jlyhq qrup, duh frpsdfw1

H{huflvh 615:1 Ohw s 5 ^4>4` dqg [ eh dq lq�qlwh vhw1 Vkrz wkh xqlw edoo lq
cs+[, lv qrw frpsdfw1

H{huflvh 615;1 Ohw [ @ Q dqg iru s> t 5 ^4>4, ohw n�ns ghqrwh wkh cs+Q, � qrup1
Vkrz n�ns dqg n�nt duh lqhtxlydohqw qrupv iru s 9@ t e| vkrzlqj

vxs
i 9@3

nins
nint

@4 li s ? t=

H{huflvh 615<1 Iroodqg Sureohp 8181 Forvxuh ri vxevsdfhv duh vxevsdfhv1

H{huflvh 61631 Iroodqg Sureohp 81<1 Vkrzlqj Fn+^3> 4`, lv d Edqdfk vsdfh1

H{huflvh 61641 Iroodqg Sureohp 81441 Vkrzlqj Kroghu vsdfhv duh Edqdfk vsdfhv1


