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51 Vlqfh F3+[, lv d forvhg vxevsdfh ri EF+[, dqg Ff+[, � F3+[,> zh dozd|v
kdyh Ff+[, � F3+[,= Qrz vxssrvh wkdw i 5 F3+[, dqg ohw Nq � imi m �
4

q
j CC [= E| Ohppd ;148 zh pd| fkrrvh !q 5 Ff+[> ^3> 4`, vxfk wkdw !q � 4

rq Nq= Gh�qh iq � !qi 5 Ff+[,= Wkhq

ni � iqnx @ n+4� !q,inx � 4

q
$ 3 dv q$4=

Wklv vkrzv wkdw i 5 Ff+[,=

Sursrvlwlrq ;15< +Doh{dqghury Frpsdfwl�fdwlrq,1 Vxssrvh wkdw +[> �, lv d qrq0
frpsdfw orfdoo| frpsdfw Kdxvgru� vsdfh1 Ohw [� @ [ ^i4j > zkhuh i4j lv d qhz
v|pero qrw lq [= Wkh froohfwlrq ri vhwv/

�� @ � ^ i[� qN = N CC [j � S+[�,>

lv d wrsrorj| rq [� dqg +[�> ��, lv d frpsdfw Kdxvgru� vsdfh1 Pruhryhu i 5 F+[,
h{whqgv frqwlqxrxvo| wr [� l� i @ j . f zlwk j 5 F3+[, dqg f 5 F lq zklfk fdvh
wkh h{whqvlrq lv jlyhq e| i+4, @ f=

Surri1 41 +�� lv d wrsrorj|1, Ohw I =@ iI � [� = [� q I 5 ��j> l1h1 I 5 I l�
I lv d frpsdfw vxevhw ri [ ru I @ I3 ^ i4j zlwk I3 ehlqj d forvhg vxevhw ri [=
Vlqfh wkh �qlwh xqlrq ri frpsdfw +forvhg, vxevhwv lv frpsdfw +forvhg,/ lw lv hdvlo|
vhhq wkdw I lv forvhg xqghu �qlwh xqlrqv1 Ehfdxvh duelwudu| lqwhuvhfwlrqv ri forvhg
vxevhwv ri [ duh forvhg dqg forvhg vxevhwv ri frpsdfw vxevhwv ri [ duh frpsdfw/
lw lv dovr hdvlo| fkhfnhg wkdw I lv forvhg xqghu duelwudu| lqwhuvhfwlrqv1 Wkhuhiruh I
vdwlv�hv wkh d{lrpv ri wkh forvhg vxevhwv dvvrfldwhg wr d wrsrorj| dqg khqfh �� lv
d wrsrorj|1

51 ++[�> ��, lv Kdxvgru� vsdfh1, Lw vx!fhv wr vkrz dq| srlqw { 5 [ fdq eh
vhsdudwhg iurp 4= Wr gr wklv xvh Sursrvlwlrq ;146 wzlfh wr �qg rshq suhfrpsdfw
vxevhw/ X dqg Y> vxfk wkdw

{ 5 X � �X � Y � �Y � [=

Wkhq X dqg[�q �Y duh glvmrlqw rshq vxevhwv ri[� vxfk wkdw { 5 X dqg4 5 [�q �Y =
61 ++[�> ��, lv frpsdfw1, Vxssrvh wkdw X � �� lv dq rshq fryhu ri [�= Vlqfh X

fryhuv 4> wkhuh h{lvwv d frpsdfw vhw N � [ vxfk wkdw [� qN 5 X = Fohduo| [ lv
fryhuhg e| X3 =@ iY q i4j = Y 5 Xj dqg e| wkh gh�qlwlrq ri �� +ru xvlqj +[�> ��,
lv Kdxvgru�,/ X3 lv dq rshq fryhu ri [= Lq sduwlfxodu X3 lv dq rshq fryhu ri N dqg
vlqfh N lv frpsdfw wkhuh h{lvwv � �� X vxfk wkdw N � ^iY q i4j = Y 5 �j = Lw lv
qrz hdvlo| fkhfnhg wkdw � ^ i[� qNj � X lv d �qlwh vxefryhu ri [�=

71 +Frqwlqxrxv ixqfwlrqv rqF+[�, vwdwhphqwv1, Ohw l = [ $ [� eh wkh lqfoxvlrq
pds1 Wkhq l lv frqwlqxrxv dqg rshq/ l1h1 l+Y , lv rshq lq [� iru doo Y rshq lq [=
Li i 5 F+[�,> wkhq j @ i m[ � i+4, @ i � l� i+4, lv frqwlqxrxv rq [= Pruhryhu/
iru doo � A 3 wkhuh h{lvwv dq rshq qhljkerukrrg Y 5 �� ri 4 vxfk wkdw

mj+{,m @ mi+{,� i+4,m ? � iru doo { 5 Y=

Vlqfh Y lv dq rshq qhljkerukrrg ri4> wkhuh h{lvwv d frpsdfw vxevhw/ N � [> vxfk
wkdw Y @ [� qN= E| wkh suhylrxv htxdwlrq zh vhh wkdw i{ 5 [ = mj+{,m � �j � N>
vr imjm � �j lv frpsdfw dqg zh kdyh vkrzq j ydqlvkhv dw 4=

Frqyhuvho| li j 5 F3+[,> h{whqg j wr [� e| vhwwlqj j+4, @ 3= Jlyhq � A 3> wkh
vhwN @ imjm � �j lv frpsdfw/ khqfh [�qN lv rshq lq[�= Vlqfh j+[�qN, � +��> �,
zh kdyh vkrzq wkdw j lv frqwlqxrxv dw 4= Vlqfh j lv dovr frqwlqxrxv dw doo srlqwv
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lq [ lw iroorzv wkdw j lv frqwlqxrxv rq [�= Qrz lw i @ j . f zlwk f 5 F dqg
j 5 F3+[,> lw iroorzv e| zkdw zh mxvw suryhg wkdw gh�qlqj i+4, @ f h{whqgv i wr
d frqwlqxrxv ixqfwlrq rq [�=

;161 Pruh rq Vhsdudwlrq D{lrpv= Qrupdo Vsdfhv1 +Wkh uhdghu pd| vnls wr
Gh�qlwlrq ;165 li kh2vkh zlvkhv1 Wkh iroorzlqj pdwhuldo zloo qrw eh xvhg lq wkh uhvw
ri wkh errn1,

Gh�qlwlrq ;163 +W3 � W5 Vhsdudwlrq D{lrpv,1 Ohw +[> �, eh d wrsrorjlfdo vsdfh1
Wkh wrsrorj| � lv vdlg wr eh=

41 W3 li iru { 9@ | lq [ wkhuh h{lvwv Y 5 � vxfk wkdw { 5 Y dqg | @5 Y ru Y vxfk
wkdw | 5 Y exw { @5 Y=

51 W4 li iru hyhu| {> | 5 [ zlwk { 9@ | wkhuh h{lvwv Y 5 � vxfk wkdw { 5 Y dqg
| @5 Y= Htxlydohqwo|/ � lv W4 l� doo rqh srlqw vxevhwv ri [ duh forvhg14;

61 W5 li lw lv Kdxvgru�1

Qrwh W5 lpsolhv W4 zklfk lpsolhv W3= Wkh wrsrorj| lq H{dpsoh ;16 lv W3 exw qrw
W4= Li [ lv d �qlwh vhw dqg � lv d W4 � wrsrorj| rq [ wkhq � @ 5[ = Wr suryh wklv
ohw { 5 [ eh �{hg1 Wkhq iru hyhu| | 9@ { lq [ wkhuh h{lvwv Y| 5 � vxfk wkdw { 5 Y|
zkloh | @5 Y|= Wkxv i{j @ _| 9@{Y| 5 � vkrzlqj � frqwdlqv doo rqh srlqw vxevhwv ri
[ dqg wkhuhiruh doo vxevhwv ri [= Vr zh kdyh wr orrn wr lq�qlwh vhwv iru dq h{dpsoh
ri W4 wrsrorj| zklfk lv qrw W5=

H{dpsoh ;1641 Ohw [ eh dq| lq�qlwh vhw dqg ohw � @ iD � [ = &+Df, ?4j^i>j
� wkh vr fdoohg fr�qlwh wrsrorj|1 Wklv wrsrorj| lv W4 ehfdxvh li { 9@ | lq [> wkhq
Y @ i{jf 5 � zlwk { 95 Y zkloh | 5 Y= Wklv wrsrorj| krzhyhu lv qrw W5= Lqghhg li
X> Y 5 � duh rshq vhwv vxfk wkdw { 5 X> | 5 Y dqg X _ Y @ > wkhq X � Y f= Exw
wklv lpsolhv &+X, ?4 zklfk lv lpsrvvleoh xqohvv X @ > zklfk lv lpsrvvleoh vlqfh
{ 5 X=

Wkh xqltxhqhvv ri olplwv ri vhtxhqfhv zklfk rffxuv iru Kdxvgru� wrsrorjlhv +vhh
Uhpdun ;18, qhhg qrw rffxu iru W4 � vsdfhv1 Iru h{dpsoh/ ohw [ @ Q dqg � eh
wkh fr�qlwh wrsrorj| rq [ dv lq H{dpsoh ;1641 Wkhq {q @ q lv d vhtxhqfh lq [
vxfk wkdw {q $ { dv q $4 iru doo { 5 Q= Iru wkh prvw sduw zh zloo dyrlg wkhvh
sdwkrorjlhv lq wkh ixwxuh e| rqo| frqvlghulqj Kdxvgru� wrsrorjlhv1

Gh�qlwlrq ;165 +Qrupdo Vsdfhv= W7 � Vhsdudwlrq D{lrp,1 D wrsrorjlfdo vsdfh
+[> �, lv vdlg wr eh qrupdo ru W7 li=

41 [ lv Kdxvgru� dqg
51 li iru dq| wzr forvhg glvmrlqw vxevhwv D>E � [ wkhuh h{lvwv glvmrlqw rshq vhwv

Y>Z � [ vxfk wkdw D � Y dqg E �Z=

H{dpsoh ;1661 E| Ohppd ;14 dqg Fruroodu| ;159 lw iroorzv wkdw phwulf vsdfh dqg
orfdoo| frpsdfw dqg � � frpsdfw Kdxvgru� vsdfh +lq sduwlfxodu frpsdfw Kdxvgru�
vsdfhv, duh qrupdo1 Lqghhg/ lq hdfk fdvh li D>E duh glvmrlqw forvhg vxevhwv ri [>
wkhuh h{lvwv i 5 F+[> ^3> 4`, vxfk wkdw i @ 4 rq D dqg i @ 3 rq E= Qrz ohw
X @

�
i A 4

5

�
dqg Y @ ii ? 4

5
j=

�HLi rqh srlqw vxevhwv duh forvhg dqg % �' + lq f wkhq T G' t%�S lv dq rshq vhw frqwdlqlqj +
exw qrw %� Frqyhuvho| li � lv A� dqg % M f wkhuh h{lvwv T+ M � vxfk wkdw + M T+ dqg % *M T+ iru

doo + �' %� Wkhuhiruh/ t%�S ' �+ �'%T+ M ��


