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441 Frqvwuxfwlrq ri Phdvxuhv

Qrz wkdw zh kdyh ghyhorshg lqwhjudwlrq wkhru| uhodwlyh wr d phdvxuh rq d � �
dojheud/ lw lv wlph wr vkrz krz wr frqvwuxfw wkh phdvxuhv wkdw zh kdyh ehhq xvlqj1
Wklv lv d elw whfkqlfdo ehfdxvh wkhuh whqgv wr eh qr �h{solflw� ghvfulswlrq ri wkh
jhqhudo hohphqw ri wkh w|slfdo � � dojheudv1 Rq wkh rwkhu kdqg/ zh gr nqrz krz
wr h{solflwo| ghvfuleh dojheudv zklfk duh jhqhudwhg e| vrph fodvv ri vhwv H � S+[,=
Wkhuhiruh/ zh pljkw wu| wr gh�qh phdvxuhv rq �+H, e| wkhuh uhvwulfwlrqv wr D+H,=
Wkhruhp 918 vkrzv wklv lv d sodxvleoh phwkrg1

Vr wkh vwudwhj| ri wklv vhfwlrq lv dv iroorzv= 4, frqvwuxfw �qlwho| dgglwlyh phd0
vxuh rq dq dojheud/ 5, frqvwuxfw �lqwhjudov� dvvrfldwhg wr vxfk �qlwho| dgglwlyh
phdvxuhv/ 6, h{whqg wkhvh lqwhjudov +Gdqlhoo*v phwkrg, zkhq srvvleoh wr d odujhu
fodvv ri ixqfwlrqv/ 7, frqvwuxfw d phdvxuh iurp wkh h{whqghg lqwhjudo +Gdqlhoo �
Vwrqh frqvwuxfwlrq wkhruhp,1

44141 Ilqlwho| Dgglwlyh Phdvxuhv dqg Dvvrfldwhg Lqwhjudov1

Gh�qlwlrq 44141 Vxssrvh wkdw H � S+[, lv d froohfwlrq ri vxevhwv ri d vhw [ dqg
� = H $ ^3>4` lv d ixqfwlrq1 Wkhq

41 � lv dgglwlyh rq H li �+H, @
Sq

l@4 �+Hl, zkhqhyhu H @
cq
l@4Hl 5 H zlwk

Hl 5 H iru l @ 4> 5> = = = > q ?4=
51 � lv � � dgglwlyh +ru frxqwdeoh dgglwlyh, rq H li Lwhp 41 krogv hyhq zkhq

q @4=
61 � lv vxedgglwlyh rq H li �+H, � Sq

l@4 �+Hl, zkhqhyhu H @
cq
l@4Hl 5 H

zlwk Hl 5 H dqg q 5 Q^i4j =
71 � lv � � �qlwh rq H li wkhuh h{lvw Hq 5 H vxfk wkdw [ @ ^qHq dqg �+Hq, ?
4=

Wkh uhdghu vkrxog fkhfn li H @ D lv dq dojheud dqg � lv dgglwlyh rq D> wkhq �
lv � � �qlwh rq D l� wkhuh h{lvwv [q 5 D vxfk wkdw [q % [ dqg �+[q, ? 4 iru
doo q=

Sursrvlwlrq 44151 Vxssrvh H � S+[, lv dq hohphqwdu| idplo| +vhh Gh�qlwlrq
7144, dqg D @ D+H, lv wkh dojheud jhqhudwhg e| H = Wkhq hyhu| dgglwlyh ixqfwlrq
� = H $ ^3>4` h{whqgv xqltxho| wr dq dgglwlyh phdvxuh +zklfk zh vwloo ghqrwh e| �,
rq D=
Surri1 Vlqfh e| Sursrvlwlrq 7145/ hyhu| hohphqw D 5 D lv ri wkh irup D @

c
lHl

zlwk Hl 5 H > lw lv fohdu wkdw li � h{whqgv wr d phdvxuh wkh h{whqvlrq lv xqltxh dqg
pxvw eh jlyhq e|

�+D, @
[
l

�+Hl,=+4414,

Wr suryh wkh h{lvwhqfh ri wkh h{whqvlrq/ wkh pdlq srlqw lv wr vkrz wkdw gh�qlqj
�+D, e| Ht1 +4414, lv zhoo gh�qhg/ l1h1 li zh dovr kdyh D @

c
m Im zlwk Im 5 H > wkhq

zh pxvw vkrz [
l

�+Hl, @
[
m

�+Im,=+4415,
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Exw Hl @
c
m +Hl _ Im, dqg wkh surshuw| wkdw � lv dgglwlyh rq H lpsolhv �+Hl, @S

m �+Hl _ Im, dqg khqfh[
l

�+Hl, @
[
l

[
m

�+Hl _ Im, @
[
l>m

�+Hl _ Im,=

E| v|pphwu| ru dq dqdorjrxv dujxphqw/[
m

�+Im, @
[
l>m

�+Hl _ Im,

zklfk frpelqhg zlwk wkh suhylrxv htxdwlrq vkrzv wkdw Ht1 +4415, krogv1 Lw lv qrz
hdv| wr yhuli| wkdw � h{whqghg wr D dv lq Ht1 +4414, lv dq dgglwlyh phdvxuh rq D=

Sursrvlwlrq 44161 Ohw [ @ U dqg H eh wkh hohphqwdu| fodvv

H @ i+d> e` _U = �4 � d � e � 4j>
dqg D @ D+H, eh wkh dojheud ri glvmrlqw xqlrq ri hohphqwv iurp H = Vxssrvh wkdw
� = D $ ^3>4` lv dq dgglwlyh phdvxuh vxfk wkdw �++d> e`, ? 4 iru doo 04 ? d ?
e ?4= Wkhq wkhuh lv d xqltxh lqfuhdvlqj ixqfwlrq I = �U$ �U vxfk wkdw I +3, @ 3>
I�4+i�4j, � i�4j > I�4+i4j, � i4j dqg

�++d> e` _U, @ I +e,� I +d, ; d � e lq �U=+4416,

Frqyhuvho|/ jlyhq dq lqfuhdvlqj ixqfwlrq I = �U$ �U vxfk wkdw I�4+i�4j, �
i�4j > I�4+i4j, � i4j wkhuh lv d xqltxh phdvxuh � @ �I rq D vxfk wkdw
wkh uhodwlrq lq Ht1 +4416, krogv1

Vr wkh �qlwho| dgglwlyh phdvxuhv � rq D+H, zklfk duh �qlwh rq erxqghg vhwv
duh lq rqh wr rqh fruuhvsrqghqfh zlwk lqfuhdvlqj ixqfwlrqv I = �U$ �U vxfk wkdw
I +3, @ 3> I�4+i�4j, � i�4j > I�4+i4j, � i4j =
Surri1 Li I lv jrlqj wr h{lvw/ wkhq

�++3> e` _U, @ I +e,� I +3, @ I +e, li e 5 ^3>4`>

�++d> 3`, @ I +3,� I +d, @ �I +d, li d 5 ^�4> 3`

iurp zklfk zh ohduq

I +{, @

� ��++{> 3`, li { � 3
�++3> {` _U, li { � 3=

Pruhryhu/ rqh hdvlo| fkhfnv xvlqj wkh dgglwlylw| ri � wkdw Ht1 +4416, krogv iru wklv
I=

Frqyhuvho|/ vxssrvh I = �U$ �U lv dq lqfuhdvlqj ixqfwlrq vxfk wkdw I�4+i�4j, �
i�4j> I�4+i4j, � i4j= Gh�qh � rq H xvlqj wkh irupxod lq Ht1 +4416,1 L fodlp
wkdw � lv dgglwlyh rq H dqg khqfh kdv d xqltxh h{whqvlrq wr D zklfk zloo �qlvk wkh
dujxphqw1 Vxssrvh wkdw

+d> e` @
qd
l@4

+dl> el`=

E| uhrughulqj +dl> el` li qhfhvvdu|/ zh pd| dvvxph wkdw

d @ d4 A e4 @ d5 ? e5 @ d6 ? � � � ? dq ? eq @ e=
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Wkhuhiruh/

�++d> e`, @ I +e,� I +d, @
q[
l@4

^I +el,� I +dl,` @
q[
l@4

�++dl> el`,

dv ghvluhg1

4414141 Lqwhjudov dvvrfldwhg wr �qlwho| dgglwlyh phdvxuhv1

Gh�qlwlrq 44171 Ohw � eh d �qlwho| dgglwlyh phdvxuh rq dq dojheud D � S+[,>
V @ Vi +D> �, eh wkh froohfwlrq ri vlpsoh ixqfwlrqv gh�qhg lq Qrwdwlrq <14 dqg iru
i 5 V gh�qhg wkh lqwhjudo L+i, @ L�+i, e|

L�+i, @
[
|5U

|�+i @ |,=+4417,

Wkh vdph surri xvhg iru Sursrvlwlrq 8147 vkrzv L� = V$ U lv olqhdu dqg srvlwlyh/
l1h1 L+i, � 3 li i � 3= Wdnlqj devroxwh ydoxhv ri Ht1 +4417, jlyhv

mL+i,m �
[
|5U

m|m�+i @ |, � nin4 �+i 9@ 3,+4418,

zkhuh nin4 @ vxs{5[ mi+{,m = Iru D 5 D> ohw VD =@ ii 5 V = ii 9@ 3j � Dj= Wkh
hvwlpdwh lq Ht1 +4418, lpsolhv

mL+i,m � �+D, nin4 iru doo i 5 VD=+4419,

Wkh E1O1W1 wkhruhp wkhq lpsolhv wkdw L kdv d xqltxh h{whqvlrq LD wr �VD � E+[,
iru dq| D 5 D vxfk wkdw �+D, ?4= Wkh h{whqvlrq LD lv vwloo srvlwlyh1 Lqghhg/ ohw
i 5 �VD zlwk i � 3 dqg ohw iq 5 VD eh d vhtxhqfh vxfk wkdw ni � iqn4 $ 3 dv
q$4= Wkhq iq b 3 5 VD dqg

ni � iq b 3n4 � ni � iqn4 $ 3 dv q$4=

Wkhuhiruh/ LD+i, @ olpq$4 LD+iq b 3, � 3=
Vxssrvh wkdwD>E 5 D duh vhwv vxfk wkdw �+D,.�+E, ?4> wkhq VD^VE � VD^E

dqg vr �VD ^ �VE � �VD^E= Wkhuhiruh LD+i, @ LD^E+i, @ LE+i, iru doo i 5 �VD _ �VE=
Wkh qh{w sursrvlwlrq vxppdul}hv wkhvh uhpdunv1

Sursrvlwlrq 44181 Ohw +D> �> L @ L�, eh dv lq Gh�qlwlrq 4417/ wkhq zh pd| h{whqg
L wr

�V =@ ^i�VD = D 5 D zlwk �+D, ?4j
e| gh�qlqj L+i, @ LD+i, zkhq i 5 �VD zlwk �+D, ?4= Pruhryhu wklv h{whqvlrq lv
vwloo srvlwlyh1

Qrwdwlrq 44191 Vxssrvh [ @ U> D@D+H,> I dqg � duh dv lq Sursrvlwlrq 44161
Iru i 5 �V> zh zloo zulwh L+i, dv

U4
�4 igI ru

U4
�4 i+{,gI +{, dqg uhihu wr

U4
�4 igI

dv wkh Ulhpdqq Vwlhomwhv lqwhjudo ri i uhodwlyh wr I=

Ohppd 441:1 Xvlqj wkh qrwdwlrq deryh/ wkh pds i 5 �V$ U4
�4 igI lv olqhdu/

srvlwlyh dqg vdwlv�hv wkh hvwlpdwh����
] 4

�4

igI

���� � +I +e,� I +d,, nin4+441:,

li vxss+i, � +d> e,= Pruhryhu Ff+U>U, � �V=
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Surri1 Wkh rqo| qhz srlqw ri wkh ohppd lv wr suryh Ff+U>U, � �V> wkh uhpdlqlqj
dvvhuwlrqv iroorz gluhfwo| iurp Sursrvlwlrq 44181 Wkh idfw wkdw Ff+U>U, � �V kdv
hvvhqwldoo| douhdg| ehhq grqh lq H{dpsoh 81571 Lq pruh ghwdlo/ ohw i 5 Ff+U>U,
dqg fkrrvh d ? e vxfk wkdw vxss+i, � +d> e,= Wkhq gh�qh in 5 V dv lq H{dpsoh
8157/ l1h1

in+{, @
qn�4[
o@3

plq
�
i+{, = dno � { � dno.4

�
4+dn

o
>dn
o.4

`+{,

zkhuh �n @ id @ dn3 ? dn4 ? � � � ? dnqn @ ej> iru n @ 4> 5> 6> = = = > lv d vhtxhqfh ri
uh�qlqj sduwlwlrqv vxfk wkdw phvk+�n, $ 3 dv n $ 4= Vlqfh vxss+i, lv frpsdfw
dqg i lv frqwlqxrxv/ i lv xqlirupo| frqwlqxrxv rq U= Wkhuhiruh ni � inn4 $ 3 dv
n$4> vkrzlqj i 5 �V= Lqflghqwo|/ iru i 5 Ff+U>U,> lw iroorzv wkdw] 4

�4

igI @ olp
n$4

qn�4[
o@3

plq
�
i+{, = dno � { � dno.4

� �
I +dno.4,� I +dno ,

�
=+441;,

Wkh prvw lpsruwdqw vshfldo fdvh ri d Ulhpdqq Vwlhomwhv lqwhjudo lv zkhq I +{, @ {
lq zklfk fdvh

U4
�4

i+{,gI +{, @
U4
�4

i+{,g{ lv wkh ruglqdu| Ulhpdqq lqwhjudo1 Wkh
iroorzlqj H{huflvh lv dq devwudfwlrq ri Ohppd 441:1

H{huflvh 44141 Frqwlqxh wkh qrwdwlrq ri Gh�qlwlrq 4417 dqg Sursrvlwlrq 44181
Ixuwkhu dvvxph wkdw [ lv d phwulf vsdfh/ wkhuh h{lvwv rshq vhwv [q �r [ vxfk
wkdw [q % [ dqg iru hdfk q 5 Q dqg � A 3 wkhuh h{lvwv d �qlwh froohfwlrq ri
vhwv iDljnl@4 � D vxfk wkdw gldp+Dl, ? �> �+Dl, ? 4 dqg [q � ^nl@4Dl= Wkhq
Ff+[>U, � �V dqg vr L lv zhoo gh�qhg rq Ff+[>U,=

Sursrvlwlrq 441;1 Vxssrvh wkdw +[> �, lv orfdoo| frpsdfw Kdxvgru� vsdfh dqg L
lv d srvlwlyh olqhdu ixqfwlrqdo rq Ff+[>U,= Wkhq iru hdfk frpsdfw vxevhw N � [
wkhuh lv d frqvwdqw FN ?4 vxfk wkdw mL+i,m � FN nin4 iru doo i 5 Ff+[>U, zlwk
vxss+i, � N= Pruhryhu/ li iq 5 Ff+[> ^3>4,, dqg iq & 3 +srlqwzlvh, dv q$4>
wkhq L+iq, & 3 dv q$4=

Surri1 Ohw i 5 Ff+[>U, zlwk vxss+i, � N= E| Ohppd ;148 wkhuh h{lvwv
#N ! [ vxfk wkdw #N @ 4 rq N= Vlqfh nin4 #N 	 i � 3>

3 � L+nin4 #N 	 i, @ nin4 L+#N,	 L+i,

iurp zklfk lw iroorzv wkdw mL+i,m � L+#N, nin4 = Vr wkh �uvw dvvhuwlrq krogv zlwk
FN @ L+#N, ?4=

Qrz vxssrvh wkdw iq 5 Ff+[> ^3>4,, dqg iq & 3 dv q $4= Ohw N @ vxss+i4,
dqg qrwlfh wkdw vxss+iq, � N iru doo q= E| Glql*v Wkhruhp +vhh H{huflvh 6144,/
niqn4 & 3 dv q$4 dqg khqfh

3 � L+iq, � FN niqn4 & 3 dv q$4=

Wklv uhvxow dssolhv wr wkh Ulhpdqq Vwlhomwhv lqwhjudo lq Ohppd 441: uhvwulfwhg wr
Ff+U>U,= Krzhyhu lw lv qrw jhqhudoo| wuxh lq wklv fdvh wkdw L+iq, & 3 iru doo iq 5 V
vxfk wkdw iq & 3= Sursrvlwlrq 44143 ehorz dgguhvvhv wklv txhvwlrq1

Gh�qlwlrq 441<1 D frxqwdeo| dgglwlyh ixqfwlrq � rq dq dojheud D � 5[ lv fdoohg
d suhphdvxuh1
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Dv iru phdvxuhv +vhh Uhpdun 815 dqg Sursrvlwlrq 816,/ rqh hdvlo| vkrzv li � lv d
suhphdvxuh rq D> iDqj4q@4 � D dqg li Dq % D 5 D wkhq � +Dq, % �+D, dv q$4
ru li �+D4, ? 4 dqg Dq & > wkhq �+Dq, & 3 dv q $ 4 Qrz vxssrvh wkdw � lq
Sursrvlwlrq 4416 zhuh d suhphdvxuh rq D+H,= Ohwwlqj Dq @ +d> eq` zlwk eq & e dv
q$4 zh ohduq/

I +eq,� I +d, @ �++d> eq`, & �++d> e`, @ I +e,� I +d,

iurp zklfk lw iroorzv wkdw olp|&e I +|, @ I +e,> l1h1 I lv uljkw frqwlqxrxv1 Zh zloo
vhh ehorz wkdw lq idfw � lv d suhphdvxuh rq D+H, l� I lv uljkw frqwlqxrxv1

Sursrvlwlrq 441431 Ohw +D> �>V @ Vi +D> �,> L @ L�, eh dv lq Gh�qlwlrq 44171 Li
� lv d suhphdvxuh rq D> wkhq

; iq 5 V zlwk iq & 3 @, L+iq, & 3 dv q$4=+441<,

Surri1 Ohw � A 3 eh jlyhq1 Wkhq

iq @ iq4iqA�i4 . iq4iq��i4 � i44iqA�i4 . �i4>

L+iq, � L +i44iqA�i4, . �L+i4, @
[
dA3

d� +i4 @ d> iq A �d, . �L+i4,>

dqg khqfh

olp vxs
q$4

L+iq, �
[
dA3

d olp vxs
q$4

� +i4 @ d> iq A �d, . �L+i4,=+44143,

Ehfdxvh/ iru d A 3>

D 6 ii4 @ d> iq A �dj =@ ii4 @ dj _ i iq A �dj & > dv q$4
dqg � +i4 @ d, ? 4> olp vxsq$4 � +i4 @ d> iq A �d, @ 3= Frpelqlqj wklv zlwk
Ht1 +44143, dqg pdnlqj xvh ri wkh idfw wkdw � A 3 lv duelwudu| zh ohduq
olp vxsq$4 L+iq, @ 3=

44151 Wkh Gdqlhoo0Vwrqh Frqvwuxfwlrq Wkhruhp1

Gh�qlwlrq 441441 D yhfwru vxevsdfh V ri uhdo ydoxhg ixqfwlrqv rq d vhw [ lv d
odwwlfh li lw lv forvhg xqghu wkh odwwlfh rshudwlrqv> i b j @ pd{+i> j, dqg i a j @
plq+i> j,=

Uhpdun 441451 Qrwlfh wkdw d odwwlfh V lv forvhg xqghu wkh devroxwh ydoxh rshudwlrq
vlqfh mi m @ i b 3� i a3= Ixuwkhupruh li V lv d yhfwru vsdfh ri uhdo ydoxhg ixqfwlrqv/
wr vkrz wkdw V lv d odwwlfh lw vx!fhv wr vkrz i. @ i b 3 5 V iru doo i 5 V= Wklv lv
ehfdxvh

mi m @ i. . +�i,.>
i b j @

4

5
+i . j . mi � jm, dqg

i a j @
4

5
+i . j � mi � jm, =

Qrwdwlrq 441461 Jlyhq d froohfwlrq ri h{whqghg uhdo ydoxhg ixqfwlrqv F rq [> ohw
F. =@ ii 5 F = i � 3j � ghqrwh wkh vxevhw ri srvlwlyh ixqfwlrqv i 5 F=
Gh�qlwlrq 441471 D olqhdu ixqfwlrqdo L rq V lv vdlg wr eh srvlwlyh +l1h1 qrq0
qhjdwlyh, li L+i, � 3 iru doo i 5 V.= +Wklv lv htxlydohqw wr wkh vwdwhphqw wkh
L+i, � L+j, li i> j 5 V dqg i � j=,
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Gh�qlwlrq 44148 +Surshuw| +G,,1 D qrq0qhjdwlyh olqhdu ixqfwlrqdo L rq V lv vdlg
wr eh frqwlqxrxv xqghu prqrwrqh olplwv li L+iq, & 3 iru doo iiqj4q@4 � V. vdwlvi|lqj
+srlqwzlvh, iq & 3= D srvlwlyh olqhdu ixqfwlrqdo rq V vdwlvi|lqj surshuw| +G, lv
fdoohg d Gdqlhoo lqwhjudo rq V= Zh zloo dovr zulwh V dv G+L, � wkh grpdlq ri L=

H{dpsoh 441491 Ohw +[> �, eh d orfdoo| frpsdfw Kdxvgru� vsdfh dqg L eh d
srvlwlyh olqhdu ixqfwlrqdo rq V =@ Ff+[>U,= Lw lv hdvlo| fkhfnhg wkdw V lv d odwwlfh
dqg Sursrvlwlrq 441; vkrzv L lv dxwrpdwlfdoo| d Gdqlhoo lqwhjudo1 Lq sduwlfxodu li
[ @ U dqg I lv dq lqfuhdvlqj ixqfwlrq rq U> wkhq wkh fruuhvsrqglqj Ulhpdqq
Vwlhomwhv lqwhjudo uhvwulfwhg wr V =@ Ff+U>U, +i 5 Ff+U>U, $

U
U
igI , lv d Gdqlhoo

lqwhjudo1

H{dpsoh 4414:1 Ohw +D> �>V @ Vi +D> �,> L @ L�, eh dv lq Gh�qlwlrq 44171 Lw lv
hdvlo| fkhfnhg wkdw V lv d odwwlfh1 Sursrvlwlrq 44143 jxdudqwhhv wkdw L lv d Gdqlhoo
lqwhjudo rq V zkhq � lv d suhphdvxuh rq D=
Ohppd 4414;1 Ohw L eh d qrq0qhjdwlyh olqhdu ixqfwlrqdo rq d odwwlfh V= Wkhq surs0
huw| +G, lv htxlydohqw wr hlwkhu ri wkh iroorzlqj wzr surshuwlhv=

G4= Li !> !q 5 V vdwlvi|> !q � !q.4 iru doo q dqg ! � olpq$4 !q> wkhq L+!, �
olpq$4 L+!q,=

G5= Li xm 5 V. dqg ! 5 V lv vxfk wkdw ! �S4
m@4 xm wkhq L+!, �S4

m@4 L+xm,=

Surri1 +G,@, +G4, Ohw !> !q 5 V eh dv lq G4= Wkhq !a!q % ! dqg !�+!a!q, &
3 zklfk lpsolhv

L+!,� L+! a !q, @ L+!� +! a !q,, & 3=
Khqfh

L+!, @ olp
q$4

L+! a !q, � olp
q$4

L+!q,=

+G4, @, +G5, Dsso| +G4, zlwk !q @
Sq

m@4 xm =

+G5, @, +G, Vxssrvh !q 5 V zlwk !q & 3 dqg ohw xq @ !q � !q.4= WkhqSQ
q@4 xq @ !4 � !Q.4 % !4 dqg khqfh

L+!4, �
4[
q@4

L+xq, @ olp
Q$4

Q[
q@4

L+xq, @ olp
Q$4

L+!4 � !Q.4, @ L+!4,� olp
Q$4

L+!Q.4,

iurp zklfk lw iroorzv wkdw olpQ$4 L+!Q.4, � 3= Vlqfh L+!Q.4, � 3 iru doo Q zh
frqfoxgh wkdw olpQ$4 L+!Q.4, @ 3=

Lq wkh uhpdlqghu ri wklv vhfwlrq/ V zloo ghqrwh d odwwlfh ri erxqghg uhdo ydoxhg
ixqfwlrqv rq d vhw [ dqg L = V$ U zloo eh d Gdqlhoo lqwhjudo rq V=

Ohppd 4414<1 Vxssrvh wkdw iiqj > ijqj � V=
41 Li iq % i dqg jq % j zlwk i> j = [ $ +�4>4` vxfk wkdw i � j> wkhq

olp
q$4

L+iq, � olp
q$4

L+jq,=+44144,

51 Li iq & i dqg jq & j zlwk i> j = [ $ ^�4>4, vxfk wkdw i � j> wkhq Ht1
+44144, vwloo krogv1

Lq sduwlfxodu/ lq hlwkhu fdvh li i @ j> wkhq olpq$4 L+iq, @ olpq$4 L+jq,=

Surri1
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41 Il{ q 5 Q> wkhq jn a iq % iq dv n$4 dqg jn a iq � jn dqg khqfh

L+iq, @ olp
n$4

L+jn a iq, � olp
n$4

L+jn,=

Sdvvlqj wr wkh olplw q$4 lq wklv htxdwlrq suryhv Ht1 +44144,1
51 Vlqfh �iq % +�i, dqg �jq % +�j, dqg �j � +�i,> zkdw zh mxvw suryhg vkrzv

� olp
q$4

L+jq, @ olp
q$4

L+�jq, � olp
q$4

L+�iq, @ � olp
q$4

L+iq,

zklfk lv htxlydohqw wr Ht1 +44144,1

Gh�qlwlrq 441531 Ohw

V% @ ii = [ $ +�4>4` = < iq 5 V vxfk wkdw iq % ij
dqg iru i 5 V% ohw L+i, @ olpq$4 L+iq, 5 +�4>4`=

Ohppd 4414< vkrzv wklv h{whqvlrq ri L wr V% lv zhoo gh�qhg dqg srvlwlyh/ l1h1
L+i, � L+j, li i � j=

Gh�qlwlrq 441541 Ohw V& @ ii = [ $ ^�4>4, = < iq 5 V vxfk wkdw iq & ij dqg
gh�qh L+i, @ olpq$4 L+iq, rq V&=

H{huflvh 44151 Vkrz V& @ �V% dqg iru i 5 V& ^ V% wkdw L+�i, @ �L+i, 5 �U=

Zh duh qrz lq d srvlwlrq wr vwdwh wkh pdlq frqvwuxfwlrq wkhruhp1 Wkh wkhruhp
zh vwdwh khuh lv qrw dv jhqhudo dv srvvleoh exw lw zloo vx!fh iru rxu suhvhqw sxusrvhv1
Vhh Vhfwlrq 45 iru d pruh jhqhudo yhuvlrq dqg wkh ixoo surri1

Wkhruhp 44155 +Gdqlhoo0Vwrqh,1 Ohw V eh d odwwlfh ri erxqghg ixqfwlrqv rq d vhw
[ vxfk wkdw 4 a ! 5 V dqg ohw L eh d Gdqlho lqwhjudo rq V= Ixuwkhu dvvxph wkhuh
h{lvwv " 5 V% vxfk wkdw L+", ?4 dqg "+{, A 3 iru doo { 5 [= Wkhq wkhuh h{lvwv d
xqltxh phdvxuh � rq P =@ �+V, vxfk wkdw

L+i, @

]
[

ig� iru doo i 5 V=+44145,

Pruhryhu/ iru doo j 5 O4+[>P> �,>

vxs iL+i, = V& 6 i � jj @
]
[

jg� @ lqi iL+k, = j � k 5 V%j =+44146,

Surri1 Rqo| d vnhwfk ri wkh surri zloo eh jlyhq khuh1 Ixoo ghwdlov pd| eh irxqg
lq Vhfwlrq 45 ehorz1
H{lvwhqfh1 Iru j = [ $ �U> gh�qh

�L+j, =@ lqiiL+k, = j � k 5 V%j>

L+j, =@ vxsiL+i, = V& 6 i � jj
dqg vhw

O4+L, =@ ij = [ $ �U = �L+j, @ L+j, 5 Uj=
Iru j 5 O4+L,> ohw aL+j, @ �L+j, @ L+j,= Wkhq/ dv vkrzq lq Sursrvlwlrq 45143/ O4+L,

lv d �h{whqghg� yhfwru vsdfh dqg aL = O4+L, $ U lv olqhdu dv gh�qhg lq Gh�qlwlrq
4514 ehorz1 E| Sursrvlwlrq 4519/ li i 5 V% zlwk L+i, ? 4 wkhq i 5 O4+L,=

Pruhryhu/ aL reh|v wkh prqrwrqh frqyhujhqfh wkhruhp/ Idwrx*v ohppd/ dqg wkh
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grplqdwhg frqyhujhqfh wkhruhp/ vhh Wkhruhp 45144/ Ohppd 45145 dqg Wkhruhp
45148 uhvshfwlyho|1

Ohw

U =@
�
D � [ = 4D a i 5 O4+L, iru doo i 5 V�

dqg iru D 5 U vhw �+D, =@ �L+4D,= Lw fdq wkhq eh vkrzq= 4,U lv d � dojheud +Ohppd
45156, frqwdlqlqj �+V, +Ohppd 45157,/ � lv d phdvxuh rq U +Ohppd 45158,/ dqg
wkdw Ht1 +44145, krogv1 Lq idfw lw lv vkrzq lq Wkhruhp 4515; dqg Sursrvlwlrq 4515<
ehorz wkdw O4+[>P> �, � O4+L, dqg

aL+j, @

]
[

jg� iru doo j 5 O4+[>P> �,=

Wkh dvvhuwlrq lq Ht1 +44146, lv d frqvhtxhqfh ri wkh gh�qlwlrq ri O4+L, dqg aL dqg
wklv odvw htxdwlrq1
Xqltxhqhvv1 Vxssrvh wkdw � lv dqrwkhu phdvxuh rq �+V, vxfk wkdw

L+i, @

]
[

ig� iru doo i 5 V=

E| wkh prqrwrqh frqyhujhqfh wkhruhp dqg wkh gh�qlwlrq ri L rq V%>

L+i, @

]
[

ig� iru doo i 5 V%=

Wkhuhiruh li D 5 �+V, � U>
�+D, @ �L+4D, @ lqiiL+k, = 4D � k 5 V%j

@ lqii
]
[

kg� = 4D � k 5 V%j �
]
[

4Dg� @ �+D,

zklfk vkrzv� � �= Li D 5 �+V, � U zlwk �+D, ?4> wkhq/ e| Uhpdun 45155 ehorz/
4D 5 O4+L, dqg wkhuhiruh

�+D, @ �L+4D, @ aL+4D, @ L+4D, @ vxsiL+i, = V& 6 i � 4Dj
@ vxsi

]
[

ig� = V& 6 i � 4Dj � �+D,=

Khqfh �+D, � �+D, iru doo D 5 �+V, dqg �+D, @ �+D, zkhq �+D, ?4=
Wr suryh �+D, @ �+D, iru doo D 5 �+V,> ohw [q =@ i" � 4@qj 5 �+V,= Vlqfh

4[q
� q">

�+[q, @

]
[

4[q
g� �

]
[

q"g� @ qL+", ?4=

Vlqfh " A 3 rq [> [q % [ dqg wkhuhiruh e| frqwlqxlw| ri � dqg �>

�+D, @ olp
q$4

�+D _[q, @ olp
q$4

�+D _[q, @ �+D,

iru doo D 5 �+V,=
Wkh uhvw ri wklv fkdswhu lv ghyrwhg wr dssolfdwlrqv ri wkh Gdqlhoo � Vwrqh frq0

vwuxfwlrq wkhruhp1

Uhpdun 441561 Wr fkhfn wkh k|srwkhvlv lq Wkhruhp 44155 wkdw wkhuh h{lvwv " 5 V%
vxfk wkdw L+", ? 4 dqg "+{, A 3 iru doo { 5 [> lw vx!fhv wr �qg !q 5 V. vxfk
wkdw

S4
q@4 !q A 3 rq [= Wr vhh wklv ohw Pq =@ pd{ +n!qnx > L+!q, > 4, dqg gh�qh

" =@
S4

q@4
4

Pq5q
!q> wkhq " 5 V%> 3 ? " � 4 dqg L+", � 4 ?4=
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44161 H{whqvlrqv ri suhphdvxuhv wr phdvxuhv L1 Lq wklv vhfwlrq ohw [ eh d
vhw/ D eh d vxedojheud ri 5[ dqg �3 = D$ ^3>4` eh d suhphdvxuh rq D=
Gh�qlwlrq 441571 Ohw H eh d froohfwlrq ri vxevhwv ri[> ohw H� ghqrwh wkh froohfwlrq
ri vxevhwv ri [ zklfk duh �qlwh ru frxqwdeoh xqlrqv ri vhwv iurp H = Vlploduo| ohw H�
ghqrwh wkh froohfwlrq ri vxevhwv ri [ zklfk duh �qlwh ru frxqwdeoh lqwhuvhfwlrqv ri
vhwv iurp H = Zh dovr zulwh H�� @ +H�,� dqg H�� @ +H�,� > hwf1
Uhpdun 441581 Ohw �3 eh d suhphdvxuh rq dq dojheud D= Dq| D @ ^4q@4D

3
q 5 D�

zlwk D3q 5 D pd| eh zulwwhq dv D @
4c
q@4

Dq> zlwk Dq 5 D e| vhwwlqj Dq =@

D3q q +D34 ^ � � � ^ D3q�4,= Li zh dovr kdyh D @
4c
q@4

Eq zlwk Eq 5 D> wkhq Dq @c4
n@4+Dq _En, dqg wkhuhiruh ehfdxvh �3 lv d suhphdvxuh/

�3+Dq, @
4[
n@4

�3+Dq _En,=

Vxpplqj wklv htxdwlrq rq q vkrzv/
4[
q@4

�3+Dq, @
4[
q@4

4[
n@4

�3+Dq _En,

E| v|pphwu| +l1h1 wkh vdph dujxphqw zlwk wkh D*v dqg E*v lqwhufkdqjhg, dqg
Ixelql*v wkhruhp iru vxpv/

4[
n@4

�3+En, @
4[
n@4

4[
q@4

�3+Dq _En, @
4[
q@4

4[
n@4

�3+Dq _En,

dqg khqfh
S4

q@4 �3+Dq, @
S4

n@4 �3+En,= Wkhuhiruh zh pd| h{whqg �3 wr D� e|
vhwwlqj

�3+D, =@
4[
q@4

�3+Dq,

li D @
4c
q@4

Dq> zlwk Dq 5 D= Lq ixwxuh zh zloo wdflwo| dvvxph wklv h{whqvlrq kdv

ehhq pdgh1

Wkhruhp 441591 Ohw [ eh d vhw/ D eh d vxedojheud ri 5[ dqg �3 eh d suhphdvxuh
rq D zklfk lv � � �qlwh rq D> l1h1 wkhuh h{lvwv [q 5 D vxfk wkdw �3+[q, ? 4
dqg [q % [ dv q $ 4= Wkhq �3 kdv d xqltxh h{whqvlrq wr d phdvxuh/ �> rq
P =@ �+D,= Pruhryhu/ li D 5P dqg � A 3 lv jlyhq/ wkhuh h{lvwv E 5 D� vxfk wkdw
D � E dqg �+E qD, ? �= Lq sduwlfxodu/

�+D, @ lqii�3+E, = D � E 5 D�j+44147,

@ lqii
4[
q@4

�3+Dq, = D �
4d
q@4

Dq zlwk Dq 5 Dj=+44148,

Surri1 Ohw +D> �3> L @ L�3, eh dv lq Gh�qlwlrq 44171 Dv phqwlrqhg lq H{dpsoh
4414:/ L lv d Gdqlhoo lqwhjudo rq wkh odwwlfh V @ Vi +D> �3,= Lw lv fohdu wkdw 4 a ! 5 V
iru doo ! 5 V= Vlqfh 4[q

5 V. dqg
S4

q@4 4[q
A 3 rq [>e| Uhpdun 44156 wkhuh

h{lvwv " 5 V% vxfk wkdw L+", ?4 dqg " A 3= Vr wkh k|srwkhvlv ri Wkhruhp 44155
krog dqg khqfh wkhuh h{lwv d xqltxh phdvxuh � rq P vxfk wkdw L+i, @

U
[
ig� iru
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doo i 5 V= Wdnlqj i @ 4D zlwk D 5 D dqg �3+D, ? 4 vkrzv �+D, @ �3+D,= Iru
jhqhudo D 5 D> zh kdyh

�+D, @ olp
q$4

�+D _[q, @ olp
q$4

�3+D _[q, @ �3+D,=

Wkh idfw wkdw � lv wkh rqo| h{whqvlrq ri �3 wr P iroorzv iurp Wkhruhp 918 ru
Wkhruhp 91;1 Lw lv dovr fdq eh suryhg xvlqj Wkhruhp 441551 Lqghhg/ li � lv dqrwkhu
phdvxuh rqP vxfk wkdw � @ � rq D> wkhq L� @ L rq V= Wkhuhiruh e| wkh xqltxhqhvv
dvvhuwlrq lq Wkhruhp 44155/ � @ � rq P=

E| Ht1 +44146,/ iru D 5P>

�+D, @ �L+4D, @ lqi iL+i, = i 5 V% zlwk 4D � ij

@ lqi

�]
[

ig� = i 5 V% zlwk 4D � i

�
=

Iru wkh prphqw vxssrvh �+D, ? 4 dqg � A 3 lv jlyhq1 Fkrrvh i 5 V% vxfk wkdw
4D � i dqg

� +i � 4, �
]
[

ig� @ L+i, ? �+D, . �=

Ohw iq 5 V eh d vhtxhqfh vxfk wkdw iq % i dv q $ 4 dqg vhw Ep =@
^4q@4 iiq � 4� 4@pj 5 D�= Wkhq Ep & ii � 4j dv p$4>

D � ii � 4j � Ep � ii � 4� 4@pj
dqg � +i � 4� 4@p, ? 4 iru p A 4 e| Fkhe|vkhy*v lqhtxdolw|1 Wkhuhiruh
�+Ep, & � +i � 4, dvp$4 dqg khqfh/ irup vx!flhqwo| odujh/ �+Ep, ? �+D,.�=
Wkhuhiruh/ wkhuh h{lvwv E @ Ep 5 D� vxfk wkdw D � E dqg �+E qD, ? �=

Iru jhqhudo D 5 D> fkrrvh [q % [ zlwk [q 5 D= Wkhq wkhuh h{lvwv Eq 5 D�

vxfk wkdw �+Eq q +Dq _[q,, ? �5�q= Gh�qh E =@ ^4q@4Eq 5 D�= Wkhq

�+E qD, @ � +^4q@4 +Eq qD,, �
4[
q@4

� ++Eq qD,,

�
4[
q@4

� ++Eq q +D _[q,, ? �=

Ht1 +44147, lv dq hdv| frqvhtxhqfh ri wklv uhvxow dqg wkh idfw wkdw �+E, @ �3+E,=

Fruroodu| 4415: +Uhjxodulw| ri �,1 Ohw D � S+[, eh dq dojheud ri vhwv/ P @
�+D, dqg � =P$ ^3>4` eh d phdvxuh rq P zklfk lv � � �qlwh rq D= Wkhq

41 Iru doo D 5P>

�+D, @ lqi i�+E, = D � E 5 D�j =+44149,

51 Li D 5 P dqg � A 3 duh jlyhq/ wkhuh h{lvwv E 5 D� vxfk wkdw D � E dqg
�+E qD, ? �=

61 Iru doo D 5P dqg � A 3 wkhuh h{lvwv E 5 D� vxfk wkdw E � D dqg �+DqE, ?
�=

71 Iru dq| E 5 P wkhuh h{lvwv D 5 D�� dqg F 5 D�� vxfk wkdw D � E � F
dqg �+F qD, @ 3=

81 Wkh olqhdu vsdfh V =@ Vi +D> �, lv ghqvh lq Os+�, iru doo s 5 ^4>4,> eulh |

sxw/ Vi +D> �,O
s+�,

@ Os+�,=
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Surri1 Lwhpv 41 dqg 51 iroorz e| dsso|lqj Wkhruhp 44159 wr �3 @ �mD= Lwhpv
61 dqg 71 iroorz iurp Lwhpv 41 dqg 51 dv lq wkh surri ri Fruroodu| 9174 deryh1

Lwhp 81 Wklv kdv douhdg| ehhq suryhg lq Wkhruhp <16 exw zh zloo jlyh |hw
dqrwkhu surri khuh1 Zkhq s @ 4 dqg j 5 O4+�>U,> wkhuh h{lvwv/ e| Ht1 +44146,/
k 5 V% vxfk wkdw j � k dqg nk� jn4 @

U
[
+k � j,g� ? �= Ohw ikqj4q@4 � V eh

fkrvhq vr wkdw kq % k dv q $ 4= Wkhq e| wkh grplqdwhg frqyhujhqfh wkhruhp/
nkq � jn4 $ nk� jn4 ? � dv q $ 4= Wkhuhiruh iru q odujh zh kdyh kq 5 V zlwk

nkq � jn4 ? �= Vlqfh � A 3 lv duelwudu| wklv vkrzv/ Vi +D> �,O
4+�,

@ O4+�,=
Qrz vxssrvh s A 4> j 5 Os+�>U, dqg [q 5 D duh vhwv vxfk wkdw [q % [ dqg

�+[q, ?4= E| wkh grplqdwhg frqyhujhqfh wkhruhp/ 4[q
� ^+j a q, b +�q,`$ j lq

Os+�, dv q $ 4> vr lw vx!fhv wr frqvlghu j 5 Os+�>U, zlwk ij 9@ 3j � [q dqg
mjm � q iru vrph odujh q 5 Q= E| Kùoghu*v lqhtxdolw|/ vxfk d j lv lq O4+�,= Vr li
� A 3> e| wkh s @ 4 fdvh/ zh pd| �qg k 5 V vxfk wkdw nk� jn4 ? �= E| uhsodflqj
k e| +k a q, b +�q, 5 V> zh pd| dvvxph k lv erxqghg e| q dv zhoo dqg khqfh

nk� jnss @
]
[

mk� jms g� @

]
[

mk� jms�4 mk� jm g�

� +5q,s�4
]
[

mk� jm g� ? +5q,s�4 �=

Vlqfh � A 3 zdv duelwudu|/ wklv vkrzv V lv ghqvh lq Os+�>U,=

Uhpdun 4415;1 Li zh gurs wkh � � �qlwhqhvv dvvxpswlrq rq �3 zh pd| orrvh xqltxh0
qhvv dvvhuwlrq lq Wkhruhp 441591 Iru h{dpsoh/ ohw [ @ U> EU dqg D eh wkh dojheud
jhqhudwhg e| H =@ i+d> e` _ U = �4 � d ? e � 4j= Uhfdoo EU @ �+H,= Ohw G � U

eh d frxqwdeoh ghqvh vhw dqg gh�qh �G+D, =@ &+G _ D,= Wkhq �G+D, @ 4 iru
doo D 5 D vxfk wkdw D 9@ >= Vr li G3 � U lv dqrwkhu frxqwdeoh ghqvh vxevhw ri U>
�G3 @ �G rq D zkloh �G 9@ �G3 rq EU= Dovr qrwlfh wkdw �G lv � � �qlwh rq EU exw
qrw rq D=

Lw lv qrz srvvleoh wr xvh Wkhruhp 44159 wr jlyh d surri ri Wkhruhp 81;/ vhh vxe0
vhfwlrq 441; ehorz1 Krzhyhu udwkhu wkdq gr wklv qrz ohw xv jlyh dqrwkhu dssolfdwlrq
ri Wkhruhp 44159 edvhg rq H{dpsoh 44149 dqg xvh wkh uhvxow wr suryh Wkhruhp 81;1

44171 Ulhv} Uhsuhvhqwdwlrq Wkhruhp1

Gh�qlwlrq 4415<1 Jlyhq d vhfrqg frxqwdeoh orfdoo| frpsdfw Kdxvgru� vsdfh
+[> �,> ohwP. ghqrwh wkh froohfwlrq ri srvlwlyh phdvxuhv/ �> rq E[ =@ �+�, zlwk wkh
surshuw| wkdw �+N, ?4 iru doo frpsdfw vxevhwv N � [= Vxfk d phdvxuh � zloo eh
fdoohg d Udgrq phdvxuh rq [= Iru � 5P. dqg i 5 Ff+[>U, ohw L�+i, =@

U
[
ig�=

Wkhruhp 44163 +Ulhv} Uhsuhvhqwdwlrq Wkhruhp,1 Ohw +[> �, eh d vhfrqg frxqw0
deoh59 orfdoo| frpsdfw Kdxvgru� vsdfh1 Wkhq wkh pds �$ L� wdnlqjP. wr srvlwlyh
olqhdu ixqfwlrqdov rq Ff+[>U, lv elmhfwlyh1 Pruhryhu hyhu| phdvxuh � 5 P. kdv
wkh iroorzlqj surshuwlhv=

41 Iru doo � A 3 dqg E 5 E[ > wkhuh h{lvwv I � E � X vxfk wkdw X lv rshq dqg
I lv forvhg dqg �+X q I , ? �= Li �+E, ?4> I pd| eh wdnhq wr eh d frpsdfw
vxevhw ri [=

2SWkh vhfrqg frxqwdelolw| lv dvvxphg khuh lq rughu wr dyrlg fhuwdlq whfkqlfdo lvvxhv1 Uhfdoo iurp
Ohppd ;14: wkdw xqghu wkhvh dvvxpswlrqv/ jEV� ' �f � Dovr uhfdoo iurp Xu|vkrq*v phwul}dwrlq
wkhruhp wkdw f lv phwul}deoh1 Zh zloo odwhu uhpryh wkh vhfrqg frxqwdelolw| dvvxpswlrq1
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51 Iru doo E 5 E[ wkhuh h{lvwv D 5 I� dqg F 5 �� +�� lv pruh frqyhqwlrqdoo|
zulwwhq dv J�, vxfk wkdw D � E � F dqg �+F qD, @ 3=

61 Iru doo E 5 E[ >
�+E, @ lqii�+X, = E � X dqg X lv rshqj+4414:,

@ vxsi�+N, = N � E dqg N lv frpsdfwj=+4414;,

71 Iru doo rshq vxevhwv/ X � [>

�+X, @ vxsi
]
[

ig� = i ! [j @ vxsiL�+i, = i ! [j=+4414<,

81 Iru doo frpsdfw vxevhwv N � [>

�+N, @ lqiiL�+i, = 4N � i ! [j=+44153,

91 Li nL�n ghqrwhv wkh gxdo qrup rq Ff+[>U,
�> wkhq nL�n @ �+[,= Lq sduwlfxodu

L� lv erxqghg l� �+[, ?4=
:1 Ff+[>U, lv ghqvh lq Os+�>U, iru doo 4 � s ?4=

Surri1 Iluvw qrwlfh wkdw L� lv d srvlwlyh olqhdu ixqfwlrqdo rq V =@ Ff+[>U, iru
doo � 5 P. dqg V lv d odwwlfh vxfk wkdw 4 a i 5 V iru doo i 5 V= H{dpsoh 44149
vkrzv wkdw dq| srvlwlyh olqhdu ixqfwlrqdo/ L> rq V =@ Ff+[>U, lv d Gdqlhoo lqwhjudo
rq V= E| Ohppd ;143/ wkhuh h{lvwv frpsdfw vhwv Nq � [ vxfk wkdw Nq % [= E|
Xu|vrkq*v ohppd/ wkhuh h{lvwv !q ! [ vxfk wkdw !q @ 4 rq Nq= Vlqfh !q 5 V.
dqg

S4
q@4 !q A 3 rq [ lw iroorzv iurp Uhpdun 44156 wkdw wkhuh h{lvwv " 5 V% vxfk

wkdw " A 3 rq [ dqg L+", ?4= Vr wkh k|srwkhvlv ri wkh Gdqlhoo � Vwrqh Wkhruhp
44155 krog dqg khqfh wkhuh h{lvwv d xqltxh phdvxuh � rq �+V, @E[ +Ohppd ;14:,
vxfk wkdw L @ L�= Khqfh wkh pds �$ L� wdnlqj P. wr srvlwlyh olqhdu ixqfwlrqdov
rq Ff+[>U, lv elmhfwlyh1 Zh zloo qrz suryh wkh uhpdlqlqj vhyhq dvvhuwlrqv ri wkh
wkhruhp1

41 Vxssrvh � A 3 dqg E 5 E[ vdwlv�hv �+E, ? 4= Wkhq 4E 5 O4+�, vr wkhuh
h{lvwv ixqfwlrqv iq 5 Ff+[>U, vxfk wkdw iq % i> 4E � i> dqg

U
[
ig� ?

�+E, . �= Wkh frqglwlrq 4E � i> lpsolhv 4E � 4ii�4j � i dqg khqfh

�+E, � �+i � 4, � L+i, ? �+E, . �=+44154,

Ohwwlqj Xp =@ ^4q@4 iiq A 4� 4@pj 5 �g> wkhq Xp � ii A 4� 4@pj zklfk
kdv �qlwh phdvxuh e| Fkhe|vkhy*v lqhtxdolw|/ Xp & ii � 4j � E dqg khqfh
�+Xp, & �+i � 4, � �+E, dv p $ 4= Frpelqlqj wklv revhuydwlrq zlwk Ht1
+44154,/ zh pd| fkrrvh p vx!flhqwo| odujh vr wkdw E � Xp dqg

�+Xp qE, @ �+Xp,� �+E, ? �=

Khqfh wkhuh h{lvwv X 5 � vxfk wkdw E � X dqg �+X qE, ? �=
Iru jhqhudo E 5 E[ > e| zkdw zh kdyh mxvw suryhg/ wkhuh h{lvwv rshq vhwv

Xq � [ vxfk wkdw E _Nq � Xq dqg �+Xq q +E _Nq,, ? �5�q iru doo q= Ohw
X @ ^4q@4Xq> wkhq E � X 5 � dqg

�+X qE, @ �+^4q@4 +Xq qE,, �
4[
q@4

�+Xq qE,

�
4[
q@4

�+Xq q +E _Nq,, �
4[
q@4

�5�q @ �=
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Dsso|lqj wklv uhvxow wr Ef vkrzv wkhuh h{lvwv d forvhg vhw I C [ vxfk wkdw
Ef � I f dqg

�+E q I , @ �+I f qEf, ? �=

Vr zh kdyh surgxfhg I � E � X vxfk wkdw �+X qI , @ �+X qE,.�+E qI , ?
5�=

Li �+E, ? 4> xvlqj E q +Nq _ I , % E q I dv q $ 4> zh pd| fkrrvh q
vx!flhqwo| odujh vr wkdw �+E q +Nq _ I ,, ? �= Khqfh zh pd| uhsodfh I e|
wkh frpsdfw vhw I _Nq li qhfhvvdu|1

51 Fkrrvh Iq � E � Xq vxfk Iq lv forvhg/ Xq lv rshq dqg �+Xq q Iq, ? 4@q=
Ohw E @ ^qIq 5 I� dqg F =@ _Xq 5 ��= Wkhq D � E � F dqg

�+F qD, � �+Iq q Xq, ? 4

q
$ 3 dv q$4=

61 Iurp Lwhp 4/ rqh hdvlo| frqfoxghv wkdw

�+E, @ lqi i�+X, = E � X �r [j
iru doo E 5 E[ dqg

�+E, @ vxs i�+N, = N CC Ej
iru doo E 5 E[ zlwk �+E, ? 4= Vr qrz vxssrvh E 5 E[ dqg �+E, @ 4=
Xvlqj wkh qrwdwlrq dw wkh hqg ri wkh surri ri Lwhp 41/ zh kdyh �+I , @4 dqg
�+I _Nq, % 4 dv q $ 4= Wklv vkrzv vxs i�+N, = N CC Ej @ 4 @ �+E,
dv ghvluhg1

71 Iru X �r [> ohw

�+X, =@ vxsiL�+i, = i ! Xj=
Lw lv hylghqw wkdw �+X, � �+X, ehfdxvh i ! X lpsolhv i � 4X = Ohw N eh d
frpsdfw vxevhw ri X= E| Xu|vrkq*v Ohppd ;148/ wkhuh h{lvwv i ! X vxfk wkdw
i @ 4 rq N= Wkhuhiruh/

�+N, �
]
[

ig� � �+X,+44155,

dqg zh kdyh

�+N, � �+X, � �+X, iru doo X �r [ dqg N CC X=+44156,

E| Lwhp 61/

�+X, @ vxsi�+N, = N CC Xj � �+X, � �+X,

zklfk vkrzv wkdw �+X, @ �+X,> l1h1 Ht1 +4414<, krogv1
81 Qrz vxssrvh N lv d frpsdfw vxevhw ri [= Iurp Ht1 +44155,/

�+N, � lqiiL�+i, = 4N � i ! [j � �+X,

iru dq| rshq vxevhw X vxfk wkdw N � X= Frqvhtxhqwo| e| Ht1 +4414:,/

�+N, � lqiiL�+i, = 4N � i ! [j � lqii�+X, = N � X �r [j @ �+N,

zklfk suryhv Ht1 +44153,1
91 Iru i 5 Ff+[>U,>

mL�+i,m �
]
[

mi m g� � ninx �+vxss+i,, � ninx �+[,+44157,
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zklfk vkrzv nL�n � �+[,= Ohw N CC [ dqg i ! [ vxfk wkdw i @ 4 rq N=
E| Ht1 +44155,/

�+N, �
]
[

ig� @ L�+i, � nL�n ninx @ nL�n
dqg wkhuhiruh/

�+[, @ vxsi�+N, = N CC [j � nL�n =
:1 Wklv kdv douhdg| ehhq suryhg e| wzr phwkrgv lq Sursrvlwlrq <19 exw zh zloo

jlyh |hw dqrwkhu surri khuh1 Zkhq s @ 4 dqg j 5 O4+�>U,> wkhuh h{lvwv/ e| Ht1
+44146,/ k 5 V% @ Ff+[>U,% vxfk wkdw j � k dqg nk� jn4 @

U
[
+k�j,g� ? �=

Ohw ikqj4q@4 � V @ Ff+[>U, eh fkrvhq vr wkdw kq % k dv q$4= Wkhq e| wkh
grplqdwhg frqyhujhqfh wkhruhp +qrwlfh wkdw mkqm � mk4m. mkm,/ nkq � jn4 $
nk� jn4 ? � dv q $ 4= Wkhuhiruh iru q odujh zh kdyh kq 5 Ff+[>U, zlwk

nkq � jn4 ? �= Vlqfh � A 3 lv duelwudu| wklv vkrzv/ Vi +D> �,O
4+�,

@ O4+�,=
Qrz vxssrvh s A 4> j 5 Os+�>U, dqg iNqj4q@4 duh dv deryh1 E| wkh

grplqdwhg frqyhujhqfh wkhruhp/ 4Nq
+j a q,b +�q,$ j lq Os+�, dv q$4>

vr lw vx!fhv wr frqvlghu j 5 Os+�>U, zlwk vxss+j, � Nq dqg mjm � q iru
vrph odujh q 5 Q= E| Kùoghu*v lqhtxdolw|/ vxfk d j lv lq O4+�,= Vr li � A 3> e|
wkh s @ 4 fdvh/ wkhuh h{lvwv k 5 V vxfk wkdw nk� jn4 ? �= E| uhsodflqj k e|
+k a q, b +�q, 5 V> zh pd| dvvxph k lv erxqghg e| q lq zklfk fdvh

nk� jnss @
]
[

mk� jms g� @

]
[

mk� jms�4 mk� jm g�

� +5q,s�4
]
[

mk� jm g� ? +5q,s�4 �=

Vlqfh � A 3 zdv duelwudu|/ wklv vkrzv V lv ghqvh lq Os+�>U,=

Uhpdun 441641 Zh pd| jlyh d gluhfw surri ri wkh idfw wkdw �$ L� lv lqmhfwlyh1 Lq0
ghhg/ vxssrvh �> � 5P. vdwlvi| L�+i, @ L�+i, iru doo i 5 Ff+[>U,= E| Sursrvlwlrq
<19/ li D 5 E[ lv d vhw vxfk wkdw �+D,. �+D, ?4> wkhuh h{lvwv iq 5 Ff+[>U, vxfk
wkdw iq $ 4D lq O4+�. �,= Vlqfh iq $ 4D lq O4+�, dqg O4+�,>

�+D, @ olp
q$4

L�+iq, @ olp
q$4

L�+iq, @ �+D,=

Iru jhqhudo D 5 E[ > fkrrvh frpsdfw vxevhwv Nq � [ vxfk wkdw Nq % [= Wkhq
�+D, @ olp

q$4
�+D _Nq, @ olp

q$4
�+D _Nq, @ �+D,

vkrzlqj � @ �= Wkhuhiruh wkh pds �$ L� lv lqmhfwlyh1

Wkhruhp 44165 +Oxvlq*v Wkhruhp,1 Vxssrvh +[> �, lv d orfdoo| frpsdfw dqg vhf0
rqg frxqwdeoh Kdxvgru� vsdfh/ E[ lv wkh Eruho � � dojheud rq [> dqg � lv d
phdvxuh rq +[>E[, zklfk lv �qlwh rq frpsdfw vhwv ri [= Dovr ohw � A 3 eh jlyhq1 Li
i = [ $ F lv d phdvxudeoh ixqfwlrq vxfk wkdw �+i 9@ 3, ?4> wkhuh h{lvwv d frpsdfw
vhw N � ii 9@ 3j vxfk wkdw i mN lv frqwlqxrxv dqg �+ii 9@ 3j qN, ? �= Pruhryhu
wkhuh h{lvwv ! 5 Ff+[, vxfk wkdw �+i 9@ !, ? � dqg li i lv erxqghg wkh ixqfwlrq !
pd| eh fkrvhq vr wkdw n!nx � ninx =@ vxs{5[ mi+{,m =
Surri1 Vxssrvh �uvw wkdw i lv erxqghg/ lq zklfk fdvh]

[

mi m g� � nin� �+i 9@ 3, ?4=
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E| Sursrvlwlrq <19 ru Lwhp :1 ri Wkhruhp 44163/ wkhuh h{lvwv iq 5 Ff+[, vxfk wkdw
iq $ i lq O4+�, dv q $ 4= E| sdvvlqj wr d vxevhtxhqfh li qhfhvvdu|/ zh pd|
dvvxph ni � iqn4 ? �q�45�q iru doo q dqg wkxv �

�mi � iqm A q�4
�
? �5�q iru doo

q= Ohw H =@ ^4q@4

�mi � iqm A q�4
�
> vr wkdw �+H, ? �= Rq Hf> mi � iqm � 4@q> l1h1

iq $ i xqlirupo| rq Hf dqg khqfh i mHf lv frqwlqxrxv1
Ohw D =@ i9 i 9@ 3j q H= E| Wkhruhp 44163 +ru vhh H{huflvhv 917 dqg 918, wkhuh

h{lvwv d frpsdfw vhwN dqg rshq vhw Y vxfk wkdwN � D � Y vxfk wkdw �+Y qN, ? �=
Qrwlfh wkdw

�+ii 9@ 3j qN, � �+D qN, . �+H, ? 5�=

E| wkh Wlhw}h h{whqvlrq Wkhruhp ;149/ wkhuh h{lvwv I 5 F+[, vxfk wkdw i @ I mN =
E| Xu|vrkq*v Ohppd ;148 wkhuh h{lvwv # ! Y vxfk wkdw # @ 4 rq N= Vr ohwwlqj ! @
#I 5 Ff+[,> zh kdyh ! @ i rq N> n!nx � ninx dqg vlqfh i! 9@ ij � H ^ +Y qN,>
�+! 9@ i, ? 6�= Wklv suryhv wkh dvvhuwlrqv lq wkh wkhruhp zkhq i lv erxqghg1

Vxssrvh wkdw i = [ $ F lv +srvvleo|, xqerxqghg1 E| Ohppdv ;14: dqg ;143/
wkhuh h{lvwv frpsdfw vhwv iNQj4Q@4 ri [ vxfk wkdw NQ % [= Khqfh EQ =@ NQ _
i3 ? mi m � Qj % ii 9@ 3j dv Q $4= Wkhuhiruh li � A 3 lv jlyhq wkhuh h{lvwv dq Q
vxfk wkdw �+ii 9@ 3jqEQ , ? �=Zh qrz dsso| zkdw zh kdyh mxvw suryhg wr 4EQ i wr
�qg d frpsdfw vhw N � i4EQ i 9@ 3j > dqg rshq vhw Y � [ dqg ! 5 Ff+Y , � Ff+[,
vxfk wkdw �+Y qN, ? �> �+i4EQ

i 9@ 3j qN, ? � dqg ! @ i rq N= Wkh surri lv qrz
frpsohwh vlqfh

i! 9@ ij � +ii 9@ 3j qEQ , ^ +i4EQ i 9@ 3j qN, ^ +Y qN,

vr wkdw �+! 9@ i, ? 6�=
Wr looxvwudwh Wkhruhp 44165/ vxssrvh wkdw[ @ +3> 4,> � @p lv Ohehvjxh phdvxuh

dqg i @ 4+3>4,_T= Wkhq Oxvlq*v wkhruhp dvvhuwv iru dq| � A 3 wkhuh h{lvwv d frpsdfw
vhwN � +3> 4, vxfk wkdwp++3> 4,qN, ? � dqg i mN lv frqwlqxrxv1 Wr vhh wklv gluhfwo|/
ohw iuqj4q@4 eh dq hqxphudwlrq ri wkh udwlrqdohv lq +3> 4,>

Mq @ +uq � �5�q> uq . �5�q, _ +3> 4, dqg Z @ ^4q@4Mq=

Wkhq Z lv dq rshq vxevhw ri [ dqg �+Z , ? �= Wkhuhiruh Nq =@ ^4@q> 4� 4@q` qZ
lv d frpsdfw vxevhw ri [ dqg p+[ qNq, � 5

q
. �+Z ,= Wdnlqj q vx!flhqwo| odujh

zh kdyh p+[ qNq, ? � dqg i mNq
� 3 lv frqwlqxrxv1

4417141 Wkh Ulhpdqq � Vwlhomwhv � Ohehvjxh Lqwhjudo1

Qrwdwlrq 441661 Jlyhq dq lqfuhdvlqj ixqfwlrq I = U$ U> ohw I +{�, @
olp|%{ I +|,> I +{., @ olp|&{ I +|, dqg I +	4, @ olp{$	4 I +{, 5 �U= Vlqfh I
lv lqfuhdvlqj doo ri wkhvhv olplwv h{lvwv1

Wkhruhp 441671 Ohw I = U$ U eh lqfuhdvlqj dqg gh�qh J+{, @ I +{.,= Wkhq

41 Wkh ixqfwlrq J lv lqfuhdvlqj dqg uljkw frqwlqxrxv1
51 Iru { 5 U> J+{, @ olp|&{ I +|�,=
61 Wkh vhw i{ 5 U = I +{., A I +{�,j lv frxqwdeoh dqg iru hdfk Q A 3> dqg

pruhryhu/ [
{5+�Q>Q `

^I +{.,� I +{�,` � I +Q,� I +�Q, ?4=+44158,

Surri1
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41 Wkh iroorzlqj revhuydwlrq vkrzv J lv lqfuhdvlqj= li { ? | wkhq

I +{�, � I +{, � I +{., @ J+{, � I +|�, � I +|, � I +|., @ J+|,=+44159,

Vlqfh J lv lqfuhdvlqj/ J+{, � J+{.,= Li | A { wkhq J+{., � I +|, dqg khqfh
J+{., � I +{., @ J+{,> l1h1 J+{., @ J+{,=

51 Vlqfh J+{, � I +|�, � I +|, iru doo | A {> lw iroorzv wkdw

J+{, � olp
|&{

I +|�, � olp
|&{

I +|, @ J+{,

vkrzlqj J+{, @ olp|&{ I +|�,=
61 E| Ht1 +44159,/ li { 9@ | wkhq

+I +{�,> I +{.,` _ +I +|�,> I +|.,` @ >=
Wkhuhiruh/ i+I +{�,> I +{.,`j{5U duh glvmrlqw srvvleoh hpsw| lqwhuydov lq U1
Ohw Q 5 Q dqg � �� +�Q>Q, eh d �qlwh vhw/ wkhqd

{5�

+I +{�,> I +{.,` � +I +�Q,> I +Q,`

dqg wkhuhiruh/[
{5�

^I +{.,� I +{�,` � I +Q,� I +�Q, ?4=

Vlqfh wklv lv wuxh iru doo � �� +�Q>Q `> Ht1 +44158, krogv1 Ht1 +44158, vkrzv

�Q =@ i{ 5 +�Q>Q,mI +{.,� I +{�, A 3j
lv frxqwdeoh dqg khqfh vr lv

� =@ i{ 5 UmI +{.,� I +{�, A 3j @ ^4Q@4�Q =

Wkhruhp 441681 Li I = U$ U lv dq lqfuhdvlqj ixqfwlrq/ wkhuh h{lvwv d xqltxh
phdvxuh � @ �I rq EU vxfk wkdw] 4

�4

igI @

]
U

ig� iru doo i 5 Ff+U>U,=+4415:,

Wklv phdvxuh pd| dovr eh fkdudfwhul}hg dv wkh xqltxh phdvxuh rq EU vxfk wkdw

� ++d> e`, @ I +e.,� I +d., iru doo �4 ? d ? e ?4=+4415;,

Pruhryhu/ li D 5 EU wkhq

�I +D, @ lqi

+
4[
l@4

+I +el.,� I +dl.,, = D � ^4l@4+dl> el`

,

@ lqi

+
4[
l@4

+I +el.,� I +dl.,, = D �
4d
l@4

+dl> el`

,
=

Surri1 Dq dssolfdwlrq ri Wkhruhp 44163 lpsolhv wkhuh h{lvwv d xqltxh phdvxuh
� rq EU vxfk Ht1 +4415:, lv ydolg1 Ohw �4 ? d ? e ? 4> � A 3 eh vpdoo dqg
!�+{, eh wkh ixqfwlrq gh�qhg lq Iljxuh 5;/ l1h1 !� lv rqh rq ^d. 5�> e. �`> olqhduo|
lqwhusrodwhv wr }hur rq ^e. �> e.5�` dqg rq ^d. �> d.5�` dqg lv }hur rq +d> e.5�,f=
Vlqfh !� $ 4+d>e` lw iroorzv e| wkh grplqdwhg frqyhujhqfh wkhruhp wkdw

�++d> e`, @ olp
�&3

]
U

!�g� @ olp
�&3

]
U

!�gI=+4415<,
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Iljxuh 5;1 1

Rq wkh rwkhu kdqg zh kdyh 4+d.5�>e.�` � !� � 4+d.�>e.5�` dqg wkhuhiruh/

I +e. �,� I +d. 5�, @

]
U

4+d.5�>e.�`gI

�
]
U

!�gI �
]
U

4+d.�>e.5�,gI @ I +e. 5�,� I +d. �,=

Ohwwlqj � & 3 lq wklv htxdwlrq dqg xvlqj Ht1 +4415<, vkrzv

I +e.,� I +d., � �++d> e`, � I +e.,� I +d.,=

Wkh odvw dvvhuwlrq lq wkh wkhruhp lv qrz d frqvhtxhqfh ri Fruroodu| 4415:1

44181 Phwulf vsdfh uhjxodulw| uhvxowv uhvlvwhg1

Sursrvlwlrq 441691 Ohw +[> g, eh d phwulf vsdfh dqg � eh d phdvxuh rqP @ E[
zklfk lv � � �qlwh rq � =@ �g=

41 Iru doo � A 3 dqg E 5 P wkhuh h{lvwv dq rshq vhw Y 5 � dqg d forvhg vhw I
vxfk wkdw I � E � Y dqg �+Y q I , � �=

51 Iru doo E 5 P> wkhuh h{lvwv D 5 I� dqg F 5 J� vxfk wkdw D � E � F dqg
�+F q D, @ 3= Khuh I� ghqrwhv wkh froohfwlrq ri vxevhwv ri [ zklfk pd| eh
zulwwhq dv d frxqwdeoh xqlrq ri forvhg vhwv dqg J� @ �� lv wkh froohfwlrq ri
vxevhwv ri [ zklfk pd| eh zulwwhq dv d frxqwdeoh lqwhuvhfwlrq ri rshq vhwv1

61 Wkh vsdfh EFi +[, ri erxqghg frqwlqxrxv ixqfwlrqv rq [ vxfk wkdw �+i 9@
3, ?4 lv ghqvh lq Os+�,=

Surri1 Ohw V =@ EFi +[,> L+i, =@
U
[
ig� iru i 5 V dqg [q 5 � eh fkrvhq

vr wkdw �+[q, ? 4 dqg [q % [ dv q $ 4= Wkhq 4 a i 5 V iru doo i 5 V dqg
li !q @ 4 a �qg[f

q

� 5 V.> wkhq !q % 4 dv q $ 4 dqg vr e| Uhpdun 44156 wkhuh
h{lvwv " 5 V% vxfk wkdw " A 3 rq [ dqg L+", ?4= Vlploduo| li Y 5 �> wkh ixqfwlrq
jq =@ 4 a �qg+[q_Y ,f

� 5 V dqg jq $ 4Y dv q$4 vkrzlqj �+V, @E[ = Li iq 5 V.
dqg iq & 3 dv q $ 4> lw iroorzv e| wkh grplqdwhg frqyhujhqfh wkhruhp wkdw
L+iq, & 3 dv q$4= Vr wkh k|srwkhvlv ri wkh Gdqlhoo � Vwrqh Wkhruhp 44155 krog
dqg khqfh � lv wkh xqltxh phdvxuh rq E[ vxfk wkdw L @ L� dqg iru E 5 E[ dqg

�+E, @ �L+4E, @ lqi iL+i, = i 5 V% zlwk 4E � ij

@ lqi

�]
[

ig� = i 5 V% zlwk 4E � i

�
=
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Vxssrvh � A 3 dqg E 5 E[ duh jlyhq1 Wkhuh h{lvwv iq 5 EFi +[, vxfk wkdw iq %
i> 4E � i> dqg �+i, ? �+E, . �= Wkh frqglwlrq 4E � i> lpsolhv 4E � 4ii�4j � i
dqg khqfh wkdw

�+E, � �+i � 4, � �+i, ? �+E, . �=+44163,

Pruhryhu/ ohwwlqj Yp =@ ^4q@4 iiq � 4� 4@pj 5 �g> zh kdyh Yp & ii � 4j � E
khqfh �+Yp, & �+i � 4, � �+E, dv p$4= Frpelqlqj wklv revhuydwlrq zlwk Ht1
+44163,/ zh pd| fkrrvh p vx!flhqwo| odujh vr wkdw E � Yp dqg

�+Yp qE, @ �+Yp,� �+E, ? �=

Khqfh wkhuh h{lvwv Y 5 � vxfk wkdw E � Y dqg �+Y qE, ? �= Dsso|lqj wklv uhvxow
wr Ef vkrzv wkhuh h{lvwv I C [ vxfk wkdw Ef � I f dqg

�+E q I , @ �+I f qEf, ? �=

Vr zh kdyh surgxfhg I � E � Y vxfk wkdw �+Y q I , @ �+Y qE, . �+E qI , ? 5�=
Wkh vhfrqg dvvhuwlrq lv dq hdv| frqvhtxhqfh ri wkh �uvw dqg wkh wklug iroorzv lq

vlplodu pdqqhu wr dq| ri wkh surriv ri Lwhp :1 lq Wkhruhp 441631

44191 Phdvxuh rq Surgxfwv ri Phwulf vsdfhv1 Ohw i+[q> gq,jq5Q eh d vh0
txhqfh ri frpsdfw phwulf vsdfhv/ iru Q 5 Q ohw[Q =@

TQ
q@4[q dqg �Q = [ $ [Q

eh wkh surmhfwlrq pds �Q +{, @ {mi4>5>===>Qj= Uhfdoo iurp H{huflvh 615: dqg H{0
huflvh 7148 wkdw wkhuh lv d phwulf g rq [ =@

T
q5Q

[q vxfk wkdw �g @ 4q@4�gq

+@ �+�q = q 5 Q, � wkh surgxfw wrsrorj| rq [, dqg [ lv frpsdfw lq wklv wrsrorj|1
Dovr uhfdoo wkdw frpsdfw phwulf vsdfhv duh vhfrqg frxqwdeoh/ H{huflvh ;171

Sursrvlwlrq 4416:1 Frqwlqxlqj wkh qrwdwlrq deryh/ vxssrvh wkdw i�QjQ5Q duh
jlyhq suredelolw| phdvxuhv5: rq EQ =@ E[Q

vdwlvi|lqj wkh frpsdwlelolw| frqglwlrqv/
+�Q ,� �P @ �Q iru doo Q � P= Wkhq wkhuh h{lvwv d xqltxh phdvxuh � rq E[ @
�+�g, @ �+�q = q 5 Q, vxfk wkdw +�Q ,� � @ �Q iru doo Q 5 Q> l1h1]

[

i+�Q +{,,g�+{, @

]
[Q

i+|,g�Q +|,+44164,

iru doo Q 5 Q dqg i = [Q $ U erxqghg d phdvxudeoh1

Surri1 Dq dssolfdwlrq ri wkh Vwrqh Zhlhuvwudvv Wkhruhp <176 vkrzv wkdw

G @ ii 5 F+[, = i @ I � �Q zlwk I 5 F+[Q , dqg Q 5 Qj
lv ghqvh lq F+[,= Iru i @ I � �Q 5 G ohw

L+i, @

]
[Q

I � �Q +{,g�Q +{,=

Ohw xv yhuli| wkdw L lv zhoo gh�qhg1 Vxssrvh wkdw i pd| dovr eh h{suhvvhg dv
i @ J ��P zlwk P 5 Q dqg J 5 F+[P,= E| lqwhufkdqjlqj P dqg Q li qhfhvvdu|
zh pd| dvvxph P � Q= E| wkh frpsdwlelolw| dvvxpswlrq/]

[P

J+},g�P +}, @

]
[P

I � �Q +{,g�P +{, @

]
[Q

Ig ^+�Q ,� �P `

@

]
[Q

I � �Qg�Q =

2.D w|slfdo h{dpsoh ri vxfk phdvxuhv/ >� c lv wr vhw >� G' >� 	 u u u 	 >� zkhuh >? lv d
suredeolw| phdvxuh rq �fq iru hdfk ? M Q�
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Vlqfh mL+i,m � nin4> wkh E1O1W1 wkhruhp doorzv xv wr h{whqg L xqltxho| wr d
frqwlqxrxv olqhdu ixqfwlrqdo rq F+[, zklfk zh vwloo ghqrwh e| L= Ehfdxvh L zdv
srvlwlyh rq G> lw lv hdv| wr fkhfn wkdw L lv srvlwlyh rq F+[, dv zhoo1 Vr e| wkh Ulhv}
Wkhruhp 44163/ wkhuh h{lvwv d suredelolw| phdvxuh � rq E[ vxfk wkdw L+i, @

U
[

ig�

iru doo i 5 F+[,= E| wkh gh�qlwlrq ri L lq qrz iroorzv wkdw]
[Q

Ig +�Q ,� � @

]
[Q

I � �Qg� @ L+I � �Q , @

]
[Q

Ig�Q

iru doo I 5 F+[Q , dqg Q 5 Q= Lw qrz iroorzv iurp Wkhruhp <176 ru wkh xqltxhqhvv
dvvhuwlrq lq wkh Ulhv} wkhruhp 44163 +dssolhg zlwk[ uhsodfhg e| [Q , wkdw �Q�� @
�Q =

Fruroodu| 4416;1 Nhhslqj wkh vdph dvvxpswlrqv iurp Sursrvlwlrq 4416:1 Ixuwkhu
dvvxph/ iru hdfk q 5 Q> wkhuh h{lvwv phdvxudeoh vhw \q � [q vxfk wkdw �Q +\Q , @ 4
zlwk \Q =@ \4 � � � � � \Q = Wkhq �+\ , @ 4 zkhuh \ @

T4
l@4 \l � [=

Surri1 Vlqfh \ @ _4Q@4�
�4
Q +\Q ,> zh kdyh [ q \ @ ^4Q@4�

�4
Q +[Q q \Q , dqg

wkhuhiruh/

�+[ q \ , �
4[
Q@4

�
�
��4Q +[Q q \Q ,

�
@

4[
Q@4

�Q +[Q q \Q , @ 3=

Fruroodu| 4416<1 Vxssrvh wkdw i�qjq5Q duh suredelolw| phdvxuhv rq EUg iru doo

q 5 Q> [ =@
�
Ug
�Q

dqg E =@ 4q@4 +EUg, = Wkhq wkhuh h{lvwv d xqltxh phdvxuh �
rq +[>E, vxfk wkdw]

[

i+{4> {5> = = = > {Q ,g�+{, @

]
+Ug,Q

i+{4> {5> = = = > {Q ,g�4+{4, = = = g�Q +{Q ,+44165,

iru doo Q 5 Q dqg erxqghg phdvxudeoh ixqfwlrqv i =
�
Ug
�Q $ U=

Surri1 Ohw
�
Ug
��

ghqrwh wkh Doh{dqgury frpsdfwl�fdwlrq ri Ug= Uhfdoo irup
H{huflvh ;144 wkdw

�
U
g
��

lv krphrprusklf wr Vg.4 dqg khqfh
�
U
g
��

lv d frpsdfw
phwulf vsdfh1 +Dowhuqdwlyho| vhh H{huflvh ;1471, Ohw ��q =@ l��q @ �q � l�4 zkhuh
l = Ug $ �

U
g
��

lv wkh lqfoxvlrq pds1 Wkhq ��q lv d suredelolw| phdvxuh rq E+Ug,�
vxfk wkdw ��q +i4j, @ 3= Dq dssolfdwlrq ri Sursrvlwlrq 4416: dqg Fruroodu| 4416;
frpsohwhv wkh surri1

H{huflvh 44161 H{whqg Fruroodu| 4416< wr frqvwuxfw duelwudu| +qrw qhfhvvdulo|
frxqwdeoh, surgxfwv ri Ug=

441:1 Phdvxuhv rq jhqhudo lq�qlwh surgxfw vsdfhv1 Lq wklv vhfwlrq zh gurs
wkh wrsrorjlfdo dvvxpswlrqv xvhg lq wkh odvw vhfwlrq1

Sursrvlwlrq 441731 Ohw i+[�>P�> ��,j�5D eh d froohfwlrq ri suredelolw| vsdfhv/
wkdw lv ��+[d, @ 4 iru doo � 5 D= Ohw [ � T

�5D
[�> P @ �+�� = � 5 D, dqg iru

� �� D ohw [� =@
T
�5�[� dqg �� = [ $ [� eh wkh surmhfwlrq pds ��+{, @ {m�

dqg �� =@
T
�5� �� eh surgxfw phdvxuh rq P� =@ �5�P�= Wkhq wkhuh h{lvwv d
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xqltxh phdvxuh � rqP vxfk wkdw +��,� � @ �� iru doo � �� D> l1h1 li i = [� $ U

lv d erxqghg phdvxudeoh ixqfwlrq wkhq]
[

i+��+{,,g�+{, @

]
[�

i+|,g��+|,=+44166,

Surri1 Ohw V ghqrwh wkh froohfwlrq ri ixqfwlrqv i = [ $ U vxfk wkdw wkhuh h{lvwv
� �� D dqg d erxqghg phdvxudeoh ixqfwlrq I = [� $ U vxfk wkdw i @ I � ��=
Iru i @ I � �� 5 V> ohw L+i, @

U
[�

Ig��=
Ohw xv yhuli| wkdw L lv zhoo gh�qhg1 Vxssrvh wkdw i pd| dovr eh h{suhvvhg dv

i @ J � �� zlwk � �� D dqg J = [� $ U erxqghg dqg phdvxudeoh1 E| uhsodflqj
� e| �^� li qhfhvvdu|/ zh pd| dvvxph wkdw � � �=Pdnlqj xvh ri Ixelql*v wkhruhp
zh ohduq]

[�

J+},g��+}, @

]
[��[�q�

I � ��+{,g��+{,g��q�+|,

@

]
[�

I � ��+{,g��+{, �
]
[�q�

g��q�+|,

@ ��q�
�
[�q�

� � ]
[�

I � ��+{,g��+{, @
]
[�

I � ��+{,g��+{,>

zkhuhlq zh kdyh xvhg wkh idfw wkdw ��+[�, @ 4 iru doo � �� D vlqfh ��+[�, @ 4
iru doo � 5 D= Lw lv qrz hdv| wr fkhfn wkdw L lv d srvlwlyh olqhdu ixqfwlrqdo rq wkh
odwwlfh V= Zh zloo qrz vkrz wkdw L lv d Gdqlho lqwhjudo1

Vxssrvh wkdw iq 5 V. lv d ghfuhdvlqj vhtxhqfh vxfk wkdw lqiq L+iq, @ � A 3= Zh
qhhg wr vkrz i =@ olpq$4 iq lv qrw lghqwlfdoo| }hur1 Dv lq wkh surri wkdw L lv zhoo
gh�qhg/ wkhuh h{lwv �q �� D dqg erxqghg phdvxudeoh ixqfwlrqv Iq = [�q $ ^3>4,
vxfk wkdw �q lv lqfuhdvlqj lq q dqg iq @ Iq � ��q iru hdfk q= Iru n � q> ohw
I n
q = [�n $ ^3>4, eh wkh erxqghg phdvxudeoh ixqfwlrq

I n
q +{, @

]
[�qq�n

Iq+{� |,g��qq�n+|,

zkhuh {�| 5 [�q lv gh�qhg e| +{� |, +�, @ {+�, li � 5 �n dqg +{� |, +�, @ |+�,
iru � 5 �q q �n= E| frqyhqwlrq zh vhw Iq

q @ Iq= Vlqfh iq lv ghfuhdvlqj lw iroorzv
wkdw I n

q.4 � I n
q iru doo n dqg q � n dqg wkhuhiruh I n =@ olpq$4 I n

q h{lvwv1 E|
Ixelql*v wkhruhp/

I n
q +{, @

]
[�qq�n

I n.4
q +{� |,g��n.4q�n+|, zkhq n . 4 � q

dqg khqfh ohwwlqj q$4 lq wklv htxdwlrq vkrzv

I n+{, @

]
[�qq�n

I n.4+{� |,g��n.4q�n+|,+44167,

iru doo n= Qrz]
[�4

I 4+{,g��4+{, @ olp
q$4

]
[�4

I 4
q+{,g��4+{, @ olp

q$4
L+iq, @ � A 3

vr wkhuh h{lvwv

{4 5 [�4 vxfk wkdw I 4+{4, � �=
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Iurp Ht1 +44167, zlwk n @ 4 dqg { @ {4 lw iroorzv wkdw

� �
]
[�5q�4

I 5+{4 � |,g��5q�4+|,

dqg khqfh wkhuh h{lvwv

{5 5 [�5q�4 vxfk wkdw I 5+{4 � {5, � �=

Zrunlqj wklv zd| lqgxfwlyho| xvlqj Ht1 +44167, lpsolhv wkhuh h{lvwv

{l 5 [�lq�l�4 vxfk wkdw Iq+{4 � {5 � � � � � {q, � �

iru doo q= Qrz Iq
n � Iq iru doo n � q dqg lq sduwlfxodu iru n @ q> wkxv

Iq+{4 � {5 � � � � � {q, @ Iq
q +{4 � {5 � � � � � {q,

� Iq+{4 � {5 � � � � � {q, � �+44168,

iru doo q= Ohw { 5 [ eh dq| srlqw vxfk wkdw

��q+{, @ {4 � {5 � � � � � {q

iru doo q= Iurp Ht1 +44168, lw iroorzv wkdw

iq+{, @ Iq � ��q+{, @ Iq+{4 � {5 � � � � � {q, � �

iru doo q dqg wkhuhiruh i+{, =@ olpq$4 iq+{, � � vkrzlqj i lv qrw }hur1
Wkhuhiruh/ L lv d Gdqlho lqwhjudo dqg wkhuh h{lvwv e| Wkhruhp 44163 d xqltxh

phdvxuh � rq +[>�+V, @P, vxfk wkdw

L+i, @

]
[

ig� iru doo i 5 V=

Wdnlqj i @ 4D � �� lq wklv htxdwlrq lpsolhv

��+D, @ L+i, @ � � ��4� +D,

dqg wkh uhvxow lv suryhg1

Uhpdun 441741 +Qrwlrq ri nhuqho qhhgv pruh h{sodqdwlrq khuh1, Wkh deryh wkhruhp
pd| eh Md}}hg xs dv iroorzv1 Ohw i+[�>P�,j�5D eh d froohfwlrq ri phdvxudeoh
vsdfhv1 Vxssrvh iru hdfk sdlu � � � �� D wkhuh lv d nhuqho ��>�+{> g|, iru { 5 [�

dqg | 5 [�q� vxfk wkdw li � � � � N �� D wkhq

��>N+{> g| � g}, @ ��>�+{> g|,��>N+{� |> g},=

Wkhq wkhuh h{lvwv d xqltxh phdvxuh � rq P vxfk wkdw]
[

i+��+{,,g�+{, @

]
[�

i+|,g�>>�+|,

iru doo � �� D dqg i = [� $ U erxqghg dqg phdvxudeoh1 Wr suryh wklv dvvhuwlrq/
mxvw xvh wkh surri ri Sursrvlwlrq 44173 uhsodflqj ��q�+g|, e| ��>�+{> g|, hyhu|zkhuh
lq wkh surri1
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441;1 H{whqvlrqv ri suhphdvxuhv wr phdvxuhv LL1

Sursrvlwlrq 441751 Vxssrvh wkdw D � S+[, lv dq dojheud ri vhwv dqg � = D $
^3>4` lv d �qlwho| dgglwlyh phdvxuh rq D= Wkhq li D>Dl 5 D dqg D @

4c
l@4

Dl zh

kdyh
4[
l@4

�+Dl, � �+D,=+44169,

Surri1 Vlqfh

D @

#
Qd
l@4

Dl

$
^
#
D q

Q̂

l@4

Dl

$

zh �qg xvlqj wkh �qlwh dgglwlylw| ri � wkdw

�+D, @
Q[
l@4

�+Dl, . �

#
D q

Q̂

l@4

Dl

$
�

Q[
l@4

�+Dl,=

Ohwwlqj Q $4 lq wklv odvw h{suhvvlrq vkrzv wkdw
4S
l@4

�+Dl, � �+D,=

Ehfdxvh ri Sursrvlwlrq 44175/ lq rughu wr suryh wkdw � lv d suhphdvxuh rq D> lw
vx!fhv wr vkrz � lv vxedgglwlyh rq D> qdpho|

�+D, �
4[
l@4

�+Dl,+4416:,

zkhqhyhu D @
4c
l@4

Dl zlwk D 5 D dqg hdfk iDlj4l@4 � D=

Sursrvlwlrq 441761 Vxssrvh wkdw H � S+[, lv dq hohphqwdu| idplo| +vhh Gh�0
qlwlrq 7144,/ D @ D+H, dqg � = D $ ^3>4` lv dq dgglwlyh phdvxuh1 Wkhq wkh
iroorzlqj duh htxlydohqw=

41 � lv d suhphdvxuh rq D=
51 � lv vxedgglwlylw| rq H > l1h1 zkhqhyhu H 5 H lv ri wkh irup H @

c4
l@4Hl 5 H

zlwk Hl 5 H wkhq

�+H, �
4[
l@4

�+Hl,=+4416;,

Surri1 Lwhp 41 wulyldoo| lpsolhv lwhp 51 Iru wkh frqyhuvh/ lw vx!fhv wr vkrz/

e| Sursrvlwlrq 44175/ wkdw li D @
4c
q@4

Dq zlwk D 5 D dqg hdfk Dq 5 D wkhq Ht1

+4416:, krogv1 Wr suryh wklv/ zulwh D @
cq
m@4Hm zlwk Hm 5 H dqg Dq @

cQq

l@4Hq>l
zlwk Hq>l 5 H = Wkhq

Hm @ D _Hm @
4d
q@4

Dq _Hm @
4d
q@4

Qqd
l@4

Hq>l _Hm

zklfk lv d frxqwdeoh xqlrq dqg khqfh e| dvvxpswlrq/

�+Hm, �
4[
q@4

Qq[
l@4

� +Hq>l _Hm, =
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Vxpplqj wklv htxdwlrq rq m dqg xvlqj wkh dgglwlylw| ri � vkrzv wkdw

�+D, @
q[
m@4

�+Hm, �
q[
m@4

4[
q@4

Qq[
l@4

� +Hq>l _Hm, @
4[
q@4

Qq[
l@4

q[
m@4

� +Hq>l _Hm,

@
4[
q@4

Qq[
l@4

� +Hq>l, @
4[
q@4

� +Dq,

dv ghvluhg1
Wkh iroorzlqj wkhruhp vxppdul}hv wkh uhvxowv ri Sursrvlwlrq 4415/ Sursrvlwlrq

44176 dqg Wkhruhp 44159 deryh1

Wkhruhp 441771 Vxssrvh wkdw H � S+[, lv dq hohphqwdu| idplo| dqg �3 = H $
^3>4` lv d ixqfwlrq1

41 Li �3 lv dgglwlyh rq H > wkhq �3 kdv d xqltxh h{whqvlrq wr d �qlwho| dgglwlyh
phdvxuh �3 rq D @ D+H,=

51 Li zh ixuwkhu dvvxph wkdw �3 lv frxqwdeo| vxedgglwlyh rq H > wkhq �3 lv d suh0
phdvxuh rq D=

61 Li zh ixuwkhu dvvxph wkdw �3 lv � � �qlwh rq H > wkhq wkhuh h{lvwv d xqltxh
phdvxuh � rq �+H, vxfk wkdw �mH @ �3= Pruhryhu/ iru D 5 �+H,>

�+D, @ lqii�3+E, = D � E 5 D�j

@ lqii
4[
q@4

�3+Hq, = D �
4d
q@4

Hq zlwk Hq 5 Hj=

441;141 �Udgrq� phdvxuhv rq +U>EU, Uhylvlwhg1 Khuh zh zloo xvh Wkhruhp 44177
wr jlyh dqrwkhu surri ri Wkhruhp 81;1 Wkh pdlq srlqw lv wr vkrz wkdw wr hdfk
uljkw frqwlqxrxv ixqfwlrq I = U$ U wkhuh h{lvwv d xqltxh phdvxuh �I vxfk wkdw
�I ++d> e`, @ I +e, � I +d, iru doo �4 ? d ? e ? 4= Zh ehjlq e| h{whqglqj I
wr d ixqfwlrq iurp �U $ �U e| gh�qlqj I +	4, =@ olp{$	4 I +{,= Dv deryh ohw
H @ i+d> e`_U = �4 � d � e �4j dqg vhw �3 ++d> e`, @ I +e,�I +d, iru doo d> e 5 �U
zlwk d � e= Wkh surri zloo eh �qlvkhg e| Wkhruhp 44177 li zh fdq vkrz wkdw �3 lv
vxe0dgglwlyh rq H =

Iluvw vxssrvh wkdw �4 ? d ? e ? 4> M @ +d> e`> Mq @ +dq> eq` vxfk wkdw

M @
4c
q@4

Mq= Zh zlvk wr vkrz

�3+M, �
4[
l@4

�3+Ml,=+4416<,

Wr gr wklv fkrrvh qxpehuv �d A d> �eq A eq dqg vhw L @ +�d> e` � M> �Mq @ +dq>�eq` � Mq

dqg �Mrq @ +dq>�eq,= Vlqfh �L lv frpsdfw dqg �L � M �
4V
q@4

�Mrq wkhuh h{lvwv Q ? 4
vxfk wkdw

L � �L �
Q̂

q@4

�Mrq �
Q̂

q@4

�Mq=

Khqfh e| �qlwh vxe0dgglwlylw| ri �3>

I +e,� I +�d, @ �3+L, �
Q[
q@4

�3+ �Mq, �
4[
q@4

�3+ �Mq,=
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Xvlqj wkh uljkw frqwlqxlw| ri I dqg ohwwlqj �d & d lq wkh deryh lqhtxdolw| vkrzv wkdw

�3++d> e`, @ I +e,� I +d, �
4[
q@4

�3
�
�Mq
�

@
4[
q@4

�3 +Mq, .
4[
q@4

�3+ �Mq q Mq,+44173,

Jlyhq � A 3 zh pd| xvh wkh uljkw frqwlqxlw| ri I wr fkrrvh �eq vr wkdw

�3+ �Mq q Mq, @ I +�eq,� I +eq, � �5�q ;q=
Xvlqj wklv lq Ht1 +44173v wkdw

�3+M, @ �3++d> e`, �
4[
q@4

�3 +Mq, . �

dqg vlqfh � A 3 zh kdyh yhul�hg Ht1 +4416<,1
Zh kdyh qrz grqh wkh kdug zrun1 Zh vwloo kdyh wr fkhfn wkh fdvhv zkhuh d @ �4

ru e @4 ru erwk1 Iru h{dpsoh/ vxssrvh wkdw e @4 vr wkdw

M @ +d>4, @
4d
q@4

Mq

zlwk Mq @ +dq> eq` _U= Wkhq ohw LP =@ +d>P `> dqg qrwlfh wkdw

LP @ M _ LP @
4d
q@4

Mq _ LP

Vr e| zkdw zh kdyh douhdg| suryhg/

I +P,� I +d, @ �3+LP , �
4[
q@4

�3+Mq _ LP, �
4[
q@4

�3+Mq,

Qrz ohw P $4 lq wklv odvw lqhtxdolw| wr �qg wkdw

�3++d>4,, @ I +4,� I +d, �
4[
q@4

�3+Mq,=

Wkh rwkhu fdvhv zkhuh d @ �4 dqg e 5 U dqg d @ �4 dqg e @ 4 duh kdqgohg
vlploduo|1

441<1 Vxssohphqw= Jhqhudol}dwlrqv ri Wkhruhp 44168 wr Uq1

Wkhruhp 441781 Ohw D � S+[, dqg E � S+\ , eh dojheudv1 Vxssrvh wkdw

� = D�E $ F

lv d ixqfwlrq vxfk wkdw iru hdfk D 5 D> wkh ixqfwlrq
E 5 E $ �+D�E, 5 F

lv dq dgglwlyh phdvxuh rq E dqg iru hdfk E 5 E> wkh ixqfwlrq
D 5 D $ �+D�E, 5 F

lv dq dgglwlyh phdvxuh rq D= Wkhq � h{whqgv xqltxho| wr dq dgglwlyh phdvxuh rq
wkh surgxfw dojheud F jhqhudwhg e| D�E=
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Surri1 Wkh froohfwlrq

H @ D�E @ iD�E = D 5 D dqg E 5 Ej
lv dq hohphqwdu| idplo|/ vhh H{huflvh 7151 Wkhuhiruh/ lw vx!fhv wr vkrz � lv dgglwlyh
rq H = Wr fkhfn wklv vxssrvh wkdw D�E 5 H dqg

D�E @
qd

n@4

+Dn �En,

zlwk Dn �En 5 H = Zh zlvk wr vkrzv

�+D�E, @
q[

n@4

�+Dn �En,=

Iru wklv frqvlghu wkh �qlwh dojheudv D3 � S+D, dqg E3 � S+E, jhqhudwhg e|
iDnjqn@4 dqg iEnjqn@4 uhvshfwlyho|1 Ohw E � D3 dqg J � E3 eh sduwlwlrq ri D dqg
E uhvshfwlyho| dv irxqg Sursrvlwlrq 714;1 Wkhq iru hdfk n zh pd| zulwh

Dn @
d

�5I>��Dn

� dqg En @
d

�5J>��En

�=

Wkhuhiruh/

�+Dn �En, @ �+Dn �
^

��En

�, @
[
��En

�+Dn � �,

@
[
��En

�+

# ^
��Dn

�

$
� �, @

[
��Dn>��En

�+�� �,

vr wkdw [
n

�+Dn �En, @
[
n

[
��Dn>��En

�+�� �, @
[

��D>��E

�+�� �,

@
[
��E

�+D� �, @ �+D�E,

dv ghvluhg1

Sursrvlwlrq 441791 Vxssrvh wkdw D � S+[, lv dq dojheud dqg iru hdfk w 5 U>
�w = D $ F lv d �qlwho| dgglwlyh phdvxuh1 Ohw \ @ +x> y` � U eh d �qlwh lqwhuydo
dqg E � S+\ , ghqrwh wkh dojheud jhqhudwhg e| H =@ i+d> e` = +d> e` � \ j = Wkhq wkhuh
lv d xqltxh dgglwlyh phdvxuh � rq F> wkh dojheud jhqhudwhg e| D�E vxfk wkdw

�+D� +d> e`, @ �e+D,� �d+D, ; +d> e` 5 H dqg D 5 D=
Surri1 E| Sursrvlwlrq 4416/ iru hdfk D 5 D/ wkh ixqfwlrq +d> e`$ �+D� +d> e`,

h{whqgv wr d xqltxh phdvxuh rq E zklfk zh frqwlqxh wr ghqrwh e| �= Qrz li E 5 E>
wkhq E @

c
n Ln zlwk Ln 5 H > wkhq

�+D�E, @
[
n

�+D� Ln,

iurp zklfk zh ohduq wkdw D $ �+D � E, lv vwloo �qlwho| dgglwlyh1 Wkh surri lv
frpsohwh zlwk dq dssolfdwlrq ri Wkhruhp 441781

Iru d> e 5 Uq> zulwh d ? e +d � e, li dl ? el +dl � el, iru doo l= Iru d ? e> ohw +d> e`
ghqrwh wkh kdoi rshq uhfwdqjoh=

+d> e` @ +d4> e4`� +d5> e5`� � � � � +dq> eq`>
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H @ i+d> e` = d ? ej ^ iUqj
dqg D +Uq, � S+Uq, ghqrwh wkh dojheud jhqhudwhg e| H = Vxssrvh wkdw I = Uq $ F

lv d ixqfwlrq/ zh zlvk wr gh�qh d �qlwho| dgglwlyh frpsoh{ ydoxhg phdvxuh �I rq
D+Uq, dvvrfldwhg wr I= Lqwxlwlyho| wkh gh�qlwlrq lv wr eh

�I ++d> e`, @

]
+d>e`

I +gw4> gw5> = = = > gwq,

@

]
+d>e`

+C4C5 = = = CqI , +w4> w5> = = = > wq,gw4> gw5> = = = > gwq

@

]
+�d>�e`

+C4C5 = = = Cq�4I , +w4> w5> = = = > wq,mwq@eqwq@dq gw4> gw5> = = = > gwq�4>

zkhuh

+�d>�e` @ +d4> e4`� +d5> e5`� � � � � +dq�4> eq�4`=

Xvlqj wklv h{suhvvlrq dv prwlydwlrq zh duh ohg wr gh�qh �I e| lqgxfwlrq rq q= Iru
q @ 4> ohw

�I ++d> e`, @ I +e,� I +d,

dqg wkhq lqgxfwlyho| xvlqj

�I ++d> e`, @ �I +�>w,++�d>�e`,mw@eqw@dq =

Sursrvlwlrq 4417:1 Wkh ixqfwlrq �I h{whqgv xqltxho| wr dq dgglwlyh ixqfwlrq rq
D+Uq,= Pruhryhu/

�I ++d> e`, @
[
��V

+�4,m�mI +d� � e�f,+44174,

zkhuh V @ i4> 5> = = = > qj dqg

+d� � e�f, +l, @

�
d+l, li l 5 �
e+l, li l @5 �=

Surri1 Erwk vwdwhphqwv ri wkh surri zloo eh e| lqgxfwlrq1 Iru q @ 4 zh
kdyh �I ++d> e`, @ I +e, � I +d, vr wkdw Ht1 +44174, krogv dqg zh kdyh douhdg|
vhhq wkdw �I h{whqgv wr d dgglwlyh phdvxuh rq D +U, = Iru jhqhudo q> qrwlfh wkdw
D+Uq, @ D+Uq�4,D+U,= Iru w 5 U dqg D 5 D+Uq�4,> ohw

�w+D, @ �I +�>w,+D,

zkhuh �I +�>w, lv gh�qhg e| wkh lqgxfwlrq k|srwkhvlv1 Wkhq

�I +D� +d> e`, @ �e+D,� �d+D,

dqg e| Sursrvlwlrq 44179 kdv d xqltxh h{whqvlrq wr D+Uq�4, D+U, dv d �qlwho|
dgglwlyh phdvxuh1

Iru q @ 4> Ht1 +44174, vd|v wkdw

�I ++d> e`, @ I +e,� I +d,

zkhuh wkh �uvw whup fruuhvsrqgv wr � @ > dqg vhfrqg wr � @ i4j= Wklv djuhhv zlwk
wkh gh�qlwlrq ri �I iru q @ 4= Qrz iru wkh lqgxfwlrq vwhs1 Ohw W @ i4> 5> = = = > q�4j
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dqg vxssrvh wkdw d> e 5 Uq> wkhq
�I ++d> e`, @ �I +�>w,++�d>�e`,mw@eqw@dq

@
[
��W

+�4,m�mI +�d� � �e�f > w,mw@eqw@dq

@
[
��W

+�4,m�mI +�d� � �e�f > eq,�
[
��W

+�4,m�mI +�d� � �e�f > dq,

@
[

��V=q5�f

+�4,m�mI +d� � e�f, .
[

��V=q5�

+�4,m�mI +d� � e�f,

@
[
��V

+�4,m�mI +d� � e�f,

dv ghvluhg1

441431 H{huflvhv1

H{huflvh 44171 Ohw +[>D> �, eh dv lq Gh�qlwlrq 4417 dqg Sursrvlwlrq 4418/ \ eh d
Edqdfk vsdfh dqg V+\ , =@ Vi +[>D> �>\ , eh wkh froohfwlrq ri ixqfwlrqv i = [ $ \
vxfk wkdw &+i+[,, ? 4> i�4+i|j, 5 D iru doo | 5 \ dqg �+i @ |, ? 4 li | 9@ 3=
Zh pd| gh�qh d olqhdu ixqfwlrqdo L = V+\ ,$ \ e|

L+i, @
[
|5\

|�+i @ |,=

Yhuli| wkh iroorzlqj vwdwhphqwv1

41 Ohw nin4 @ vxs{5[ ni+{,n\ eh wkh vxs qrup rq c4+[>\ ,> wkhq iru i 5
V+\ ,>

nL+i,n\ � nin4 �+i 9@ 3,=

Khqfh li �+[, ? 4> L h{whqgv wr d erxqghg olqhdu wudqvirupdwlrq iurp
�V+\ , � c4+[>\ , wr \=

51 Dvvxplqj +[>D> �, vdwlv�hv wkh k|srwkhvlv lq H{huflvh 4414/ wkhq F+[>\ , �
�V+\ ,=

61 Qrz dvvxph wkh qrwdwlrq lq Vhfwlrq 441714/ l1h1 [ @ ^�P>P ` iru vrph
P 5 U dqg � lv ghwhuplqhg e| dq lqfuhdvlqj ixqfwlrq I= Ohw � � i�P @
w3 ? w4 ? � � � ? wq @ Pj ghqrwh d sduwlwlrq ri M =@ ^�P>P ` dorqj zlwk d
fkrlfh fl 5 ^wl> wl.4` iru l @ 3> 4> 5 = = = > q� 4= Iru i 5 F+^�P>P `> \ ,> vhw

i� � i+f3,4^w3>w4` .
q�4[
l@4

i+fl,4+wl>wl.4`=

Vkrz wkdw i� 5 V dqg

ni � i�nI $ 3 dv m�m � pd{i+wl.4 � wl, = l @ 3> 4> 5 = = = > q� 4j $ 3=

Frqfoxgh iurp wklv wkdw

L+i, @ olp
m�m$3

q�4[
l@3

i+fl,+I +wl.4,� I +wl,,=

Dv xvxdo zh zloo zulwh wklv lqwhjudo dv
UP
�P igI dqg dv

UP
�P i+w,gw li I +w, @ w=

H{huflvh 44181 Iroodqg sureohp 415;1
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H{huflvh 44191 Vxssrvh wkdw I 5 F4+U, lv dq lqfuhdvlqj ixqfwlrq dqg �I lv wkh
xqltxh Eruho phdvxuh rq U vxfk wkdw �I ++d> e`, @ I +e,� I +d, iru doo d � e= Vkrz
wkdw g�I @ �gp iru vrph ixqfwlrq � � 3= Ilqg � h{solflwo| lq whupv ri I=

H{huflvh 441:1 Vxssrvh wkdw I +{, @ h4{�6 . �4{�: dqg �I lv wkh lv wkh xqltxh
Eruho phdvxuh rq U vxfk wkdw �I ++d> e`, @ I +e, � I +d, iru doo d � e= Jlyh dq
h{solflw ghvfulswlrq ri wkh phdvxuh �I =

H{huflvh 441;1 Ohw H 5 EU zlwk p+H, A 3= Wkhq iru dq| � 5 +3> 4, wkhuh h{lvwv
dq rshq lqwhuydo M � U vxfk wkdw p+H _ M, � �p+M,= Klqwv= 41 Uhgxfh wr wkh
fdvh zkhuh p+H, 5 +3>4,= 5, Dssur{lpdwh H iurp wkh rxwvlgh e| dq rshq vhw
Y � U= 61 Pdnh xvh ri H{huflvh 6176/ zklfk vwdwhv wkdw Y pd| eh zulwwhq dv d
glvmrlqw xqlrq ri rshq lqwhuydov1

44143141 Wkh Odzv ri Odujh Qxpehu H{huflvhv1 Iru wkh uhvw ri wkh sureohpv ri wklv
vhfwlrq/ ohw � eh d suredelolw| phdvxuh rq EU vxfk wkdw

U
U
m{m g�+{, ?4> �q =@ �

iru q 5 Q dqg � ghqrwh wkh lq�qlwh surgxfw phdvxuh dv frqvwuxfwhg lq Fruroodu|
4416<1 Vr � lv wkh xqltxh phdvxuh rq +[ =@ UQ>E =@ EUQ, vxfk wkdw]

[

i+{4> {5> = = = > {Q ,g�+{, @

]
UQ

i+{4> {5> = = = > {Q ,g�+{4, = = = g�+{Q ,+44175,

iru doo Q 5 Q dqg erxqghg phdvxudeoh ixqfwlrqv i = UQ $ U= Zh zloo dovr xvh wkh
iroorzlqj qrwdwlrq=

Vq+{, =@
4

q

q[
n@4

{n iru { 5 [>

p =@

]
U

{g�+{, wkh dyhudjh ri � dqg

�5 =@

]
U

+{�p,5g�+{, wkh yduldqfh ri �=

Wkh yduldqfh pd| dovr eh zulwwhq dv �5 @
U
U
{5g�+{,�p5=

H{huflvh 441< +Zhdn Odz ri Odujh Qxpehuv,1 Vxssrvh ixuwkhu wkdw �5 ? 4>
vkrz

U
[
Vqg� @p>

nVq �pn55 @

]
[

+Vq �p,5 g� @
�5

q

dqg �+mVq �pm A �, � �5

q�5
iru doo � A 3 dqg q 5 Q=

H{huflvh 44143 +D vlpsoh irup ri wkh Vwurqj Odz ri Odujh Qxpehuv,1 Vxssrvh qrz
wkdw � =@

U
U
{7g�+{, ?4> vkrz iru doo � A 3 dqg q 5 Q wkdw

nVq �pn77 @

]
[

+Vq �p,7 g� @ q�5
�
6
�
4� q�4

�
�7 . q�4�

�
dqg

�+mVq �pm A �, � 6
�
4� q�4

�
�7 . q�4�

�7q5
=

Frqfoxgh iurp wkh odvw hvwlpdwh dqg wkh �uvw Eruho Fdqwhool Ohppd 8155 wkdw
olpq$4 Vq+{, @ p iru � � d1h1 { 5 [=
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H{huflvh 441441 Vxssrvh p 9@ 3 dqg djdlq dvvxph � =@
U
U
{7g�+{, ? 4= Iru

� 5 U ohw W� = UQ $ UQ eh gh�qhg e| W�+{, @ +�{4> �{5> = = = > �{q> = = = ,> �� @ ��W�4�

dqg

[� =@

;?
={ 5 UQ = olp

q$4

4

q

q[
m@4

{m @ �

<@
> =

Vkrz

��+[�3, @ ��>�3 @

�
4 li � @ �3

3 li � 9@ �3

dqg xvh wklv wr vkrz li � 9@ 3> wkdw g�� 9@ �g� iru dq| phdvxudeoh ixqfwlrq � =
UQ $ ^3>4`=



UHDO DQDO\VLV OHFWXUH QRWHV 576

451 Gdqlhoo Lqwhjudo Surriv

+Wklv vhfwlrq iroorzv wkh h{srvlwlrq lq Ur|ghq dqg Orrplv1, Lq wklv vhfwlrq zh
ohw [ eh d jlyhq vhw1 Zh zloo eh lqwhuhvwhg lq fhuwdlq vsdfhv ri h{whqghg uhdo ydoxhg
ixqfwlrqv i = [ $ �U rq [=
Frqyhqwlrq= Jlyhq ixqfwlrqv i> j = [ $ �U> ohw i . j ghqrwh wkh froohfwlrq ri

ixqfwlrqv k = [ $ �U vxfk wkdw k+{, @ i+{, . j+{, iru doo { iru zklfk i+{, . j+{,
lv zhoo gh�qhg/ l1h1 qrw ri wkh irup 4 � 4= Iru h{dpsoh/ li [ @ i4> 5> 6j dqg
i+4, @ 4> i+5, @ 5 dqg i+6, @ 8 dqg j+4, @ j+5, @ �4 dqg j+6, @ 7> wkhq
k 5 i . j l� k+5, @ �4 dqg k+6, @ := Wkh ydoxh k+4, pd| eh fkrvhq iuhho|1 Pruh
jhqhudoo| li d> e 5 U dqg i> j = [ $ �U zh zloo zulwh di . ej iru wkh froohfwlrq
ri ixqfwlrqv k = [ $ �U vxfk wkdw k+{, @ di+{, . ej+{, iru wkrvh { 5 [ zkhuh
di+{, . ej+{, lv zhoo gh�qhg zlwk wkh ydoxhv ri k+{, dw wkh uhpdlqlqj srlqwv ehlqj
duelwudu|1 Lw zloo dovr eh xvhixo wr kdyh vrph h{solflw uhsuhvhqwdwlyhv iru di . ej
zklfk zh gh�qh/ iru � 5 �U> e|

+di . ej,�+{, @

�
di+{, . ej+{, zkhq gh�qhg

� rwkhuzlvh1
+4514,

Zh zloo pdnh xvh ri wklv gh�qlwlrq zlwk � @ 3 dqg � @4 ehorz1

Gh�qlwlrq 45141 D vhw/ O> ri h{whqghg uhdo ydoxhg ixqfwlrqv rq[ lv dq h{whqghg
yhfwru vsdfh +ru d yhfwru vsdfh iru vkruw, li O lv forvhg xqghu vfdodu pxowlsolfdwlrq
dqg dgglwlrq lq wkh iroorzlqj vhqvh= li i> j 5 O dqg � 5 U wkhq +i . �j, � O= D
yhfwru vsdfh O lv vdlg wr eh dq h{whqghg odwwlfh +ru d odwwlfh iru vkruw, li lw lv
dovr forvhg xqghu wkh odwwlfh rshudwlrqv> i b j @ pd{+i> j, dqg i a j @ plq+i> j,=
D olqhdu ixqfwlrqdo L rq O lv d ixqfwlrq L = O$ U vxfk wkdw

L+i . �j, @ L+i, . �L+j, iru doo i> j 5 O dqg � 5 U=+4515,

Ht1 +4515, lv wr eh lqwhusuhwhg dv L+k, @ L+i, . �L+j, iru doo k 5 +i . �j,> dqg
lq sduwlfxodu L lv uhtxluhg wr wdnh wkh vdph ydoxh rq doo phpehuv ri +i . �j,= D
olqhdu ixqfwlrqdo L lv srvlwlyh li L+i, � 3 zkhq i 5 O.> zkhuh O. ghqrwhv wkh
qrq0qhjdwlyh hohphqwv ri O dv lq Qrwdwlrq 441461

Uhpdun 45151 Qrwlfh wkdw dq h{whqghg odwwlfh O lv forvhg xqghu wkh devroxwh ydoxh
rshudwlrq vlqfh mi m @ i b 3 � i a 3 @ i b +�i,= Dovr li L lv srvlwlyh rq O wkhq
L+i, � L+j, zkhq i> j 5 O dqg i � j= Lqghhg/ i � j lpsolhv +j � i,3 � 3> vr
3 @ L+3, @ L++j � i,3, @ L+j,� L+i, dqg khqfh L+i, � L+j,=

Lq wkh uhpdlqghu ri wklv fkdswhu zh �{ d odwwlfh/ V> ri erxqghg ixqfwlrqv/ i =
[ $ U> dqg d srvlwlyh olqhdu ixqfwlrqdo L = V $ U vdwlvi|lqj Surshuw| +G, ri
Gh�qlwlrq 441481

45141 H{whqvlrq ri Lqwhjudov1

Sursrvlwlrq 45161 Wkh vhw V% dqg wkh h{whqvlrq ri L wr V% lq Gh�qlwlrq 44153
vdwlv�hv=

41 +Prqrwrqlflw|, L+i, � L+j, li i> j 5 V% zlwk i � j=
51 V% lv forvhg xqghu wkh odwwlfh rshudwlrqv/ l1h1 li i> j 5 V% wkhq i a j 5 V% dqg

i b j 5 V%= Pruhryhu/ li L+i, ? 4 dqg L+j, ? 4> wkhq L+i b j, ? 4 dqg
L+i a j, ?4=

61 +Srvlwlyh Olqhdulw|, L +i . �j, @ L+i, . �L+j, iru doo i> j 5 V% dqg � � 3=
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71 i 5 V.% l� wkhuh h{lvwv !q 5 V. vxfk wkdw i @
S4

q@4 !q= Pruhryhu/ L+i, @S4
p@4 L+!p,=

81 Li iq 5 V.% > wkhq
S4

q@4 iq @= i 5 V.% dqg L+i, @
S4

q@4 L+iq,=

Uhpdun 45171 Vlplodu uhvxowv krog iru wkh h{whqvlrq ri L wr V& lq Gh�qlwlrq 441541

Surri1
41 Prqrwrqlflw| iroorzv gluhfwo| iurp Ohppd 4414<1
51 Li iq> jq 5 V duh fkrvhq vr wkdw iq % i dqg jq % j> wkhq iq a jq % i a j dqg

iqbjq % i bj= Li zh ixuwkhu dvvxph wkdw L+j, ?4> wkhq i aj � j dqg khqfh
L+i a j, � L+j, ? 4= Lq sduwlfxodu lw iroorzv wkdw L+i a 3, 5 +�4> 3` iru doo
i 5 V%= Frpelqlqj wklv zlwk wkh lghqwlw|/

L+i, @ L +i a 3 . i b 3, @ L +i a 3, . L+i b 3, >

vkrzv L+i, ?4 l� L+i b3, ?4= Vlqfh i bj � i b3.jb3> li erwk L+i, ?4
dqg L+j, ?4 wkhq

L+i b j, � L +i b 3, . L +j b 3, ?4=

61 Ohw iq> jq 5 V eh fkrvhq vr wkdw iq % i dqg jq % j> wkhq +iq . �jq, % +i . �j,
dqg wkhuhiruh

L +i . �j, @ olp
q$4

L +iq . �jq, @ olp
q$4

L+iq, . � olp
q$4

L+jq,

@ L+i, . �L+j,=

71 Ohw i 5 V.% dqg iq 5 V eh fkrvhq vr wkdw iq % i= E| uhsodflqj iq e| iq b 3

li qhfhvvdu| zh pd| dvvxph wkdw iq 5 V.= Qrz vhw !q @ iq � iq�4 5 V iru
q @ 4> 5> 6> = = = zlwk wkh frqyhqwlrq wkdw i3 @ 3 5 V= WkhqS4

q@4 !q @ i dqg

L+i, @ olp
q$4

L+iq, @ olp
q$4

L+
q[

p@4

!p, @ olp
q$4

q[
p@4

L+!p, @
4[
p@4

L+!p,=

Frqyhuvho|/ li i @
S4

p@4 !p zlwk !p 5 V.> wkhq iq =@
Sq

p@4 !p % i dv
q$4 dqg iq 5 V.=

81 Xvlqj Lwhp 71/ iq @
S4

p@4 !q>p zlwk !q>p 5 V.= Wkxv

i @
4[
q@4

4[
p@4

!q>p @ olp
Q$4

[
p>q�Q

!q>p 5 V%

dqg

L+i, @ olp
Q$4

L+
[

p>q�Q

!q>p, @ olp
Q$4

[
p>q�Q

L+!q>p,

@
4[
q@4

4[
p@4

L+!q>p, @
4[
q@4

L+iq,=

Gh�qlwlrq 45181 Jlyhq dq duelwudu| ixqfwlrq j = [ $ �U> ohw
�L+j, @ lqi iL+i, = j � i 5 V%j 5 �U dqg

L+j, @ vxs iL+i, = V& 6 i � jj 5 �U=

zlwk wkh frqyhqwlrq wkdw vxs > @ �4 dqg lqi > @ .4=
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Sursrvlwlrq 45191 Jlyhq ixqfwlrqv i> j = [ $ �U> wkhq=
41 �L+�i, @ ��L+i, iru doo � � 3=
51 +Fkhe|vkhy*v Lqhtxdolw|1, Vxssrvh i = [ $ ^3>4` lv d ixqfwlrq dqg � 5

+3>4,> wkhq �L+4ii��j, � 4
�
�L+i, dqg li �L+i, ?4 wkhq �L+4ii@4j, @ 3=

61 �L lv vxedgglwlyh/ l1h1 li �L+i, . �L+j, lv qrw ri wkh irup 4�4 ru �4 .4>
wkhq

�L+i . j, � �L+i, . �L+j,=+4516,

Wklv lqhtxdolw| lv wr eh lqwhusuhwhg wr phdq/
�L+k, � �L+i, . �L+j, iru doo k 5 +i . j,=

71 L+�j, @ ��L+j,=
81 L+j, � �L+j,=
91 Li i � j wkhq �L+i, � �L+j, dqg L+i, � L+j,=
:1 Li j 5 V% dqg L+j, ?4 ru j 5 V& dqg L+j, A �4 wkhq L+j, @ �L+j, @ L+j,=

Surri1
41 Vxssrvh wkdw � A 3 +wkh � @ 3 fdvh ehlqj wulyldo,/ wkhq

�L+�i, @ lqi iL+k, = �i � k 5 V%j @ lqi
�
L+k, = i � ��4k 5 V%

�
@ lqi iL+�j, = i � j 5 V%j @ � lqi iL+j, = i � j 5 V%j @ ��L+i,=

51 Iru � 5 +3>4,> �4ii��j � i dqg wkhuhiruh/

��L+4ii��j, @ �L+�4ii��j, � �L+i,=

Vlqfh Q4ii@4j � i iru doo Q 5 +3>4,>

Q �L+4ii@4j, @ �L+Q4ii@4j, � �L+i,=

Vr li �L+i, ?4> wklv lqhtxdolw| lpsolhv �L+4ii@4j, @ 3 ehfdxvh Q lv duelwudu|1
61 Li �L+i,. �L+j, @4 wkh lqhtxdolw| lv wulyldo vr zh pd| dvvxph wkdw �L+i,> �L+j, 5

^�4>4,= Li �L+i, . �L+j, @ �4 wkhq zh pd| dvvxph/ e| lqwhufkdqjlqj i dqg
j li qhfhvvdu|/ wkdw �L+i, @ �4 dqg �L+j, ?4= E| gh�qlwlrq ri �L> wkhuh h{lvwv
iq 5 V% dqg jq 5 V% vxfk wkdw i � iq dqg j � jq dqg L+iq, & �4 dqg
L+jq, & �L+j,1 Vlqfh i . j � iq . jq 5 V%> +l1h1 k � iq. jq iru doo k 5 +i . j,
zklfk krogv ehfdxvh iq> jq A �4, dqg

L+iq . jq, @ L+iq, . L+jq, & �4. �L+j, @ �4>

lw iroorzv wkdw �L+i.j, @ �4> l1h1 �L+k, @ �4 iru doo k 5 i.j= Khqfhiruwk zh
pd| dvvxph �L+i,> �L+j, 5 U= Ohw n 5 +i . j, dqg i � k4 5 V% dqg j � k5 5 V%=
Wkhq n � k4 . k5 5 V% ehfdxvh li +iru h{dpsoh, i+{, @ 4 dqg j+{, @ �4>
wkhq k4+{, @4 dqg k5+{, A �4 vlqfh k5 5 V%= Wkxv k4+{, . k5+{, @4 �
n+{, qr pdwwhu wkh ydoxh ri n+{,= Lw qrz iroorzv iurp wkh gh�qlwlrqv wkdw
�L+n, � L+k4, . L+k5, iru doo i � k4 5 V% dqg j � k5 5 V%= Wkhuhiruh/

�L+n, � lqi iL+k4, . L+k5, = i � k4 5 V% dqg j � k5 5 V%j
@ �L+i, . �L+j,

dqg vlqfh n 5 +i . j, lv duelwudu| zh kdyh suryhq Ht1 +4516,1
71 Iurp wkh gh�qlwlrqv dqg H{huflvh 4415/

L+�j, @ vxs iL+i, = i � �j 5 V&j @ vxs iL+i, = j � �i 5 V%j
@ vxs iL+�k, = j � k 5 V%j @ � lqi iL+k, = j � k 5 V%j @ ��L+j,=
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81 Wkh dvvhuwlrq lv wulyldoo| wuxh li �L+j, @ L+j, @ 4 ru �L+j, @ L+j, @ �4= Vr
zh qrz dvvxph wkdw �L+j, dqg L+j, duh qrw erwk 4 ru �4= Vlqfh 3 5 +j � j,
dqg �L+j � j, � �L+j, . �L+�j, +e| Lwhp 4,/

3 @ �L+3, � �L+j, . �L+�j, @ �L+j,� L+j,

surylghg wkh uljkw vlgh lv zhoo gh�qhg zklfk lw lv e| dvvxpswlrq1 Vr djdlq zh
ghgxfh wkdw L+j, � �L+j,=

91 Li i � j wkhq

�L+i, @ lqi iL+k, = i � k 5 V%j � lqi iL+k, = j � k 5 V%j @ �L+j,

dqg

L+i, @ vxs iL+k, = V& 6 k � ij � vxs iL+k, = V& 6 k � jj @ L+j,=

:1 Ohw j 5 V% zlwk L+j, ?4 dqg fkrrvh jq 5 V vxfk wkdw jq % j= Wkhq
�L+j, � L+j, � L+jq,$ L+j, dv q$4=

Frpelqlqj wklv zlwk

�L+j, @ lqi iL+i, = j � i 5 V%j @ L+j,

vkrzv

�L+j, � L+j, � L+j, @ �L+j,

dqg khqfh L+j, @ L+j, @ �L+j,= Li j 5 V& dqg L+j, A �4> wkhq e| zkdw zh
kdyh mxvw suryhg/

L+�j, @ L+�j, @ �L+�j,=
Wklv �qlvkhv wkh surri vlqfh L+�j, @ ��L+j, dqg L+�j, @ �L+j,=

Ohppd 451:1 Ohw iq = [ $ ^3>4` eh d vhtxhqfh ri ixqfwlrqv dqg I =@
S4

q@4 iq=
Wkhq

�L+I , @ �L+
4[
q@4

iq, �
4[
q@4

�L+iq,=+4517,

Surri1 Vxssrvh
S4

q@4
�L+iq, ?4> iru rwkhuzlvh wkh uhvxow lv wulyldo1 Ohw � A 3

eh jlyhq dqg fkrrvh jq 5 V
.
% vxfk wkdw iq � jq dqg L+jq, @ �L+iq, . �q zkhuhS4

q@4 �q � �= +Iru h{dpsoh wdnh �q � 5�q�=, Wkhq
S4

q@4 jq @= J 5 V.% > I � J
dqg vr

�L+I , � �L+J, @ L+J, @
4[
q@4

L+jq, @
4[
q@4

�
�L+iq, . �q

� � 4[
q@4

�L+iq, . �=

Vlqfh � A 3 lv duelwudu|/ wkh surri lv frpsohwh1

Gh�qlwlrq 451;1 D ixqfwlrq j = [ $ �U lv lqwhjudeoh li L+j, @ �L+j, 5 U= Ohw
O4+L, =@

�
j = [ $ �U = L+j, @ �L+j, 5 U�

dqg iru j 5 O4+L,> ohw aL+j, ghqrwh wkh frpprq ydoxh L+j, @ �L+j,=
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Uhpdun 451<1 D ixqfwlrq j = [ $ �U lv lqwhjudeoh l� wkhuh h{lvwv i 5 V&_O4+L, dqg
k 5 V% _ O4+L,5; vxfk wkdw i � j � k dqg L+k � i, ? �= Lqghhg li j lv lqwhjudeoh/
wkhq L+j, @ �L+j, dqg wkhuh h{lvwv i 5 V& _ O4+L, dqg k 5 V% _ O4+L, vxfk wkdw
i � j � k dqg 3 � L+j, � L+i, ? �@5 dqg 3 � L+k, � �L+j, ? �@5= Dgglqj wkhvh
wzr lqhtxdolwlhv lpsolhv 3 � L+k,� L+i, @ L+k� i, ? �= Frqyhuvho|/ li wkhuh h{lvwv
i 5 V& _ O4+L, dqg k 5 V% _O4+L, vxfk wkdw i � j � k dqg L+k� i, ? �> wkhq

L+i, @ L+i, � L+j, � L+k, @ L+k, dqg

L+i, @ �L+i, � �L+j, � �L+k, @ L+k,

dqg wkhuhiruh

3 � �L+j,� L+j, � L+k,� L+i, @ L+k� i, ? �=

Vlqfh � A 3 lv duelwudu|/ wklv vkrzv �L+j, @ L+j,=

Sursrvlwlrq 451431 Wkh vsdfh O4+L, lv dq h{whqghg odwwlfh dqg aL = O4+L, $ U lv
olqhdu lq wkh vhqvh ri Gh�qlwlrq 45141

Surri1 Ohw xv ehjlq e| vkrzlqj wkdw O4+L, lv d yhfwru vsdfh1 Vxssrvh wkdw
j4> j5 5 O4+L,> dqg j 5 +j4 . j5,= Jlyhq � A 3 wkhuh h{lvwv il 5 V& _ O4+L, dqg
kl 5 V% _ O4+L, vxfk wkdw il � jl � kl dqg L+kl � il, ? �@5= Ohw xv qrz vkrz

i4+{, . i5+{, � j+{, � k4+{, . k5+{, ;{ 5 [=+4518,

Wklv lv fohdu dw srlqwv { 5 [ zkhuh j4+{,. j5+{, lv zhoo gh�qhg1 Wkh rwkhu fdvh wr
frqvlghu lv zkhuh j4+{, @4 @ �j5+{, lq zklfk fdvh k4+{, @ 4 dqg i5+{, @ �4
zkloh > k5+{, A �4 dqg i4+{, ? 4 ehfdxvh k5 5 V% dqg i4 5 V&= Wkhuhiruh/
i4+{, . i5+{, @ �4 dqg k4+{, . k5+{, @4 vr wkdw Ht1 +4518, lv ydolg qr pdwwhu
krz j+{, lv fkrvhq1

Vlqfh i4 . i5 5 V& _ O4+L,> k4 . k5 5 V% _ O4+L, dqg

aL+jl, � L+il, . �@5 dqg � �@5 . L+kl, � aL+jl,>

zh �qg
aL+j4, . aL+j5,� � � L+i4, . L+i5, @ L+i4 . i5, � L+j, � �L+j,

� L+k4 . k5, @ L+k4, . L+k5, � aL+j4, . aL+j5, . �=

Ehfdxvh � A 3 lv duelwudu|/ zh kdyh vkrzq wkdw j 5 O4+L, dqg aL+j4,. aL+j5, @ aL+j,>

l1h1 aL+j4 . j5, @ aL+j4, . aL+j5,=

Lw lv d vlpsoh pdwwhu wr vkrz �j 5 O4+L, dqg aL+�j, @ �aL+j, iru doo j 5 O4+L, dqg
� 5 U= Iru h{dpsoh li � @ �4 +wkh prvw lqwhuhvwlqj fdvh,/ fkrrvh i 5 V& _ O4+L,
dqg k 5 V% _ O4+L, vxfk wkdw i � j � k dqg L+k� i, ? �= Wkhuhiruh/

V& _ O4+L, 6 �k � �j � �i 5 V% _ O4+L,

zlwk L+�i � +�k,, @ L+k � i, ? � dqg wklv vkrzv wkdw �j 5 O4+L, dqg aL+�j, @
�aL+j,= Zh kdyh qrz vkrzq wkdw O4+L, lv d yhfwru vsdfh ri h{whqghg uhdo ydoxhg
ixqfwlrqv dqg aL = O4+L,$ U lv olqhdu1

Wr vkrz O4+L, lv d odwwlfh/ ohw j4> j5 5 O4+L, dqg il 5 V& _ O4+L, dqg kl 5
V% _ O4+L, vxfk wkdw il � jl � kl dqg L+kl � il, ? �@5 dv deryh1 Wkhq xvlqj
Sursrvlwlrq 4516 dqg Uhpdun 4517/

V& _ O4+L, 6 i4 a i5 � j4 a j5 � k4 a k5 5 V% _O4+L,=

2HHtxlydohqwo|/ s M V� zlwk UEs� : 3" dqg � M V� zlwk UE�� 	"�
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Pruhryhu/

3 � k4 a k5 � i4 a i5 � k4 � i4 . k5 � i5>

ehfdxvh/ iru h{dpsoh/ li k4 a k5 @ k4 dqg i4 a i5 @ i5 wkhq

k4 a k5 � i4 a i5 @ k4 � i5 � k5 � i5=

Wkhuhiruh/

L +k4 a k5 � i4 a i5, � L +k4 � i4 . k5 � i5, ? �

dqg khqfh e| Uhpdun 451</ j4 a j5 5 O4+L,= Vlploduo|

3 � k4bk5 � i4bi5 � k4 � i4 . k5 � i5>

ehfdxvh/ iru h{dpsoh/ li k4bk5 @ k4 dqg i4bi5 @ i5 wkhq

k4bk5 � i4bi5 @ k4 � i5 � k4 � i4=

Wkhuhiruh/

L +k4bk5 � i4bi5, � L +k4 � i4 . k5 � i5, ? �

dqg khqfh e| Uhpdun 451</ j4bj5 5 O4+L,=

Wkhruhp 45144 +Prqrwrqh frqyhujhqfh wkhruhp,1 Li iq 5 O4+L, dqg iq % i>

wkhq i 5 O4+L, l� olpq$4
aL+iq, @ vxsq aL+iq, ? 4 lq zklfk fdvh aL+i, @

olpq$4
aL+iq,=

Surri1 Li i 5 O4+L,> wkhq e| prqrwrqlflw| aL+iq, � aL+i, iru doo q dqg wkhuhiruh
olpq$4

aL+iq, � aL+i, ? 4= Frqyhuvho|/ vxssrvh c =@ olpq$4
aL+iq, ? 4 dqg ohw

j =@
S4

q@4+iq.4 � iq,3= Wkh uhdghu vkrxog fkhfn wkdw i � +i4 . j,4 5 +i4 . j, =
Vr e| Ohppd 451:/

�L+i, � �L++i4 . j,4, � �L+i4, . �L+j,

� �L+i4, .
4[
q@4

�L ++iq.4 � iq,3, @ aL+i4, .
4[
q@4

aL +iq.4 � iq,

@ aL+i4, .
4[
q@4

k
aL+iq.4,� aL+iq,

l
@ aL+i4, . c� aL+i4, @ c=+4519,

Ehfdxvh iq � i> lw iroorzv wkdw aL+iq, @ L+iq, � L+i, zklfk xsrq sdvvlqj wr olplw
lpsolhv c � L+i,= Wklv lqhtxdolw| dqg wkh rqh lq Ht1 +4519, vkrzv �L+i, � c � L+i,

dqg wkhuhiruh/ i 5 O4+L, dqg aL+i, @ c @ olpq$4
aL+iq,=

Ohppd 45145 +Idwrx*v Ohppd,1 Vxssrvh iiqj �
�
O4+L,

�.
> wkhq lqi iq 5 O4+L,=

Li olp lqiq$4
aL+iq, ?4> wkhq olp lqiq$4 iq 5 O4+L, dqg lq wklv fdvh

aL+olp lqi
q$4

iq, � olp lqi
q$4

aL+iq,=

Surri1 Ohw jn =@ i4 a � � � a in 5 O4+L,> wkhq jn & j =@ lqiq iq= Vlqfh �jn % �j>
�jn 5 O4+L, iru doo n dqg aL+�jn, � aL+3, @ 3> lw iroorz iurp Wkhruhp 45144 wkdw
�j 5 O4+L, dqg khqfh vr lv lqiq iq @ j 5 O4+L,=

E| zkdw zh kdyh mxvw suryhg/ xn =@ lqiq�n iq 5 O4+L, iru doo n= Qrwlfh wkdw
xn % olp lqiq$4 iq> dqg e| prqrwrqlflw| wkdw aL+xn, � aL+in, iru doo n= Wkhuhiruh/

olp
n$4

aL+xn, @ olp lqi
n$4

aL+xn, � olp lqi
n$4

aL+iq, ?4
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dqg e| wkh prqrwrqh frqyhujhqfh Wkhruhp 45144/ olp lqiq$4 iq @ olpn$4 xn 5
O4+L, dqg

aL+olp lqi
q$4

iq, @ olp
n$4

aL+xn, � olp lqi
q$4

aL+iq,=

Ehiruh vwdwlqj wkh grplqdwhg frqyhujhqfh wkhruhp/ lw lv khosixo wr uhpryh vrph
ri wkh dqqr|dqfhv ri ghdolqj zlwk h{whqghg uhdo ydoxhg ixqfwlrqv1 Dv zh kdyh
grqh zkhq vwxg|lqj lqwhjudov dvvrfldwhg wr d phdvxuh/ zh fdq gr wklv e| prgli|lqj
lqwhjudeoh ixqfwlrqv e| d �qxoo� ixqfwlrq1

Gh�qlwlrq 451461 D ixqfwlrq q = [ $ �U lv d qxoo ixqfwlrq li �L+mqm, @ 3= D
vxevhw H � [ lv vdlg wr eh d qxoo vhw li 4H lv d qxoo ixqfwlrq1 Jlyhq wzr ixqfwlrqv
i> j = [ $ �U zh zloo zulwh i @ j d1h1 li ii 9@ jj lv d qxoo vhw1

Khuh duh vrph edvlf surshuwlhv ri qxoo ixqfwlrqv dqg qxoo vhwv1

Sursrvlwlrq 451471 Vxssrvh wkdw q = [ $ �U lv d qxoo ixqfwlrq dqg i = [ $ �U lv
dq duelwudu| ixqfwlrq1 Wkhq

41 q 5 O4+L, dqg aL+q, @ 3=
51 Wkh ixqfwlrq q � i lv d qxoo ixqfwlrq1
61 Wkh vhw i{ 5 [ = q+{, 9@ 3j lv d qxoo vhw1
71 Li H lv d qxoo vhw dqg i 5 O4+L,> wkhq 4Hfi 5 O4+L, dqg aL+i, @ aL+4Hfi,=

81 Li j 5 O4+L, dqg i @ j d1h1 wkhq i 5 O4+L, dqg aL+i, @ aL+j,=
91 Li i 5 O4+L,> wkhq imi m @4j lv d qxoo vhw1

Surri1

41 Li q lv qxoo/ xvlqj 	q � mqm zh �qg �L+	q, � �L+mqm, @ 3> l1h1 �L+q, � 3 dqg
�L+q, @ �L+�q, � 3= Wkxv lw iroorzv wkdw �L+q, � 3 � L+q, dqg wkhuhiruh
q 5 O4+L, zlwk aL +q, @ 3=

51 Vlqfh mq � i m � 4 � mqm > �L +mq � i m, � �L +4 � mqm, = Iru n 5 Q> n mqm 5 O4+L,

dqg aL+n mqm, @ nL +mqm, @ 3> vr n mqm lv d qxoo ixqfwlrq1 E| wkh prqrwrqh
frqyhujhqfh Wkhruhp 45144 dqg wkh idfw n mqm % 4 � mqm 5 O4+L, dv n % 4>
aL +4 � mqm, @ olpn$4

aL +n mqm, @ 3= Wkhuhiruh 4 � mqm lv d qxoo ixqfwlrq dqg
khqfh vr lv q � i=

61 Vlqfh 4iq9@3j � 4 � 4iq9@3j @ 4 � mqm > �L
�
4iq9@3j

� � �L +4 � mqm, @ 3 vkrzlqj
iq 9@ 3j lv d qxoo vhw1

71 Vlqfh 4Hi 5 O4+L, dqg aL +4Hi, @ 3>

i4Hf @ +i � 4Hi,3 5 +i � 4Hi, � O4+L,

dqg aL+i4Hf, @ aL+i,� aL+4Hi, @ aL+i,=
81 Ohwwlqj H eh wkh qxoo vhw ii 9@ jj > wkhq 4Hfi @ 4Hfj 5 O4+L, dqg 4Hi lv d

qxoo ixqfwlrq dqg wkhuhiruh/ i @ 4Hi . 4Hfi 5 O4+L, dqg

aL+i, @ aL+4Hi, . aL+i4Hf, @ aL+4Hfi, @ aL+4Hfj, @ aL+j,=

91 E| Sursrvlwlrq 45143/ mi m 5 O4+L, dqg vr e| Fkhe|vkhy*v lqhtxdolw| +Lwhp 5
ri Sursrvlwlrq 4519,/ imi m @4j lv d qxoo vhw1
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Wkhruhp 45148 +Grplqdwhg Frqyhujhqfh Wkhruhp,1 Vxssrvh wkdw iiq = q 5 Qj �
O4+L, vxfk wkdw i =@ olp iq h{lwv srlqwzlvh dqg wkhuh h{lvwv j 5 O4+L, vxfk wkdw
miqm � j iru doo q= Wkhq i 5 O4+L, dqg

olp
q$4

aL+iq, @ aL+ olp
q$4

iq, @ aL+i,=

Surri1 E| Sursrvlwlrq 45147/ wkh vhw H =@ ij @4j lv d qxoo vhw dqg aL+4Hfiq, @
aL+iq, dqg aL+4Hfj, @ aL+j,= Vlqfh

aL+4Hf+j 	 iq,, � 5aL+4Hfj, @ 5aL+j, ?4>

zh pd| dsso| Idwrx*v Ohppd 45145 wr �qg 4Hf +j 	 i, 5 O4+L, dqg

aL+4Hf +j 	 i,, � olp lqi
q$4

aL+4Hf +j 	 iq,,

@ olp lqi
q$4

q
aL+4Hfj,	 aL+4Hfiq,

r
@ olp lqi

q$4

q
aL+j,	 aL+iq,

r
=

Vlqfh i @ 4Hfi d1h1 dqg 4Hfi @ 4
54Hf +j . i � +j . i,, 5 O4+L,> Sursrvlwlrq 45147

lpsolhv i 5 O4+L,= Vr wkh suhylrxv lqhtxdolw| pd| eh zulwwhq dv

aL+j,	 aL+i, @ aL+4Hfj,	 aL+4Hfi,

@ aL+4Hf +j 	 i,, � aL+j, .

�
olp lqiq$4

aL+iq,

� olp vxsq$4
aL+iq,>

zkhuhlq zh kdyh xvhg olp lqiq$4+�dq, @ � olp vxsdq= Wkhvh wzr lqhtxdolwlhv lp0
so| olp vxsq$4

aL+iq, � aL+i, � olp lqiq$4
aL+iq, zklfk vkrzv wkdw olp

q$4
aL+iq,

h{lvwv dqg lv htxdo wr aL+i,=

45151 Wkh Vwuxfwxuh ri O4+L,1 Ohw V%& ghqrwh wkh froohfwlrqv ri ixqfwlrqv i =
[ $ �U iru zklfk wkhuh h{lvwv iq 5 V% _ O4+L, vxfk wkdw iq & i dv q $ 4 dqg
olpq$4

aL+iq, A �4= Dsso|lqj wkh prqrwrqh frqyhujhqfh wkhruhp wr i4 � iq> lw
iroorzv wkdw i4 � i 5 O4+L, dqg khqfh �i 5 O4+L, vr wkdw V%& � O4+L,=

Ohppd 451491 Ohw i = [ $ �U eh d ixqfwlrq1 Li �L+i, 5 U> wkhq wkhuh h{lvwv j 5 V%&
vxfk wkdw i � j dqg �L+i, @ aL+j,= +Frqvhtxhqwo|/ q = [ $ ^3> >4, lv d srvlwlyh qxoo
ixqfwlrq l� wkhuh h{lvwv j 5 V%& vxfk wkdw j � q dqg aL+j, @ 3=, Pruhryhu/ i 5 O4+L,
l� wkhuh h{lvwv j 5 V%& vxfk wkdw j � i dqg i @ j d1h1

Surri1 E| gh�qlwlrq ri �L+i, zh pd| fkrrvh d vhtxhqfh ri ixqfwlrqv jn 5 V% _
O4+L, vxfk wkdw jn � i dqg aL+jn, & �L+i,= E| uhsodflqj jn e| j4a� � �ajn li qhfhvvdu|
+j4a� � �ajn 5 V%_O4+L, e| Sursrvlwlrq 4516,/ zh pd| dvvxph wkdw jn lv d ghfuhdvlqj
vhtxhqfh1 Wkhq olpn$4 jn @= j � i dqg/ vlqfh olpn$4

aL+jn, @ �L+i, A �4>
j 5 V%&= E| wkh prqrwrqh frqyhujhqfh wkhruhp dssolhg wr j4 � jn>

aL+j4 � j, @ olp
n$4

aL+j4 � jn, @ aL+j4,� �L+i,>

vr aL+j, @ �L+i,=
Qrz vxssrvh wkdw i 5 O4+L,> wkhq +j � i,3 � 3 dqg

aL ++j � i,3, @ aL +j,� aL+i, @ aL+j,� �L+i, @ 3=

Wkhuhiruh +j � i,3 lv d qxoo ixqfwlrqv dqg khqfh vr lv 4 � +j � i,3= Ehfdxvh

4ii 9@jj @ 4ii?jj �4 � +j � i,3>
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ii 9@ jj lv d qxoo vhw vr li i 5 O4+L, wkhuh h{lvwv j 5 V%& vxfk wkdw i @ j d1h1 Wkh
frqyhuvh vwdwhphqw kdv douhdg| ehhq suryhg lq Sursrvlwlrq 451471

Sursrvlwlrq 4514:1 Vxssrvh wkdw L dqg V duh dv deryh dqg M lv dqrwkhu Gdqlhoo
lqwhjudo rq d yhfwru odwwlfh W vxfk wkdw V � W dqg L @ M mV= +Zh deeuhyldwh wklv e|
zulwlqj L � M=, Wkhq O4+L, � O4+M, dqg aL @ aM rq O4+L,> ru lq deeuhyldwhg irup=
li L � M wkhq aL � aM=

Surri1 Iurp wkh frqvwuxfwlrq ri wkh h{whqvlrqv/ lw iroorzv wkdw V% � W% dqg wkh
L @ M rq V%= Vlploduo|/ lw iroorzv wkdw V%& � W%& dqg aL @ aM rq V%&= Iurp Ohppd
45149 zh ohduq/ li q � 3 lv dq L � qxoo ixqfwlrq wkhq wkhuh h{lvwv j 5 V%& � W%& vxfk
wkdw q � j dqg 3 @ L+j, @ M+j,= Wklv vkrzv wkdw q lv dovr d M � qxoo ixqfwlrq dqg lq
sduwlfxodu hyhu| L � qxoo vhw lv d M � qxoo vhw1 Djdlq e| Ohppd 45149/ li i 5 O4+L,
wkhuh h{lvwv j 5 V%& � W%& vxfk wkdw ii 9@ jj lv dq L � qxoo vhw dqg khqfh d M � qxoo
vhw1 Vr e| Sursrvlwlrq 45147/ i 5 O4+M, dqg L+i, @ L+j, @ M+j, @ M+i,=

45161 Uhodwlrqvkls wr Phdvxuh Wkhru|1

Gh�qlwlrq 4514;1 D ixqfwlrq i = [ $ ^3>4` lv vdlg wr phdvxudeoh li iaj 5 O4+L,
iru doo j 5 O4+L,=

Ohppd 4514<1 Wkh vhw ri qrq0qhjdwlyh phdvxudeoh ixqfwlrqv lv forvhg xqghu sdlu0
zlvh plqlpxpv dqg pd{lpxpv dqg srlqwzlvh olplwv1

Surri1 Vxssrvh wkdw i> j = [ $ ^3>4` duh phdvxudeoh ixqfwlrqv1 Wkh idfw wkdw
i a j dqg i b j duh phdvxudeoh +l1h1 +i a j,a k dqg +i b j, b k duh lq O4+L, iru doo
k 5 O4+L,, iroorzv iurp wkh lghqwlwlhv

+i a j, a k @ i a +j a k, dqg +i b j, a k @ +i a k, b +j a k,
dqg wkh idfw wkdw O4+L, lv d odwwlfh1 Li iq = [ $ ^3>4` lv d vhtxhqfh ri phdvxudeoh
ixqfwlrqv vxfk wkdw i @ olpq$4 iq h{lvwv srlqwzlvh/ wkhq iru k 5 O4+L,> zh kdyh
k a iq $ k a i = E| wkh grplqdwhg frqyhujhqfh wkhruhp +xvlqj mk a iqm � mkm,
lw iroorzv wkdw k a i 5 O4+L,= Vlqfh k 5 O4+L, lv duelwudu| zh frqfoxgh wkdw i lv
phdvxudeoh dv zhoo1

Ohppd 451531 D qrq0qhjdwlyh ixqfwlrq i rq [ lv phdvxudeoh l� ! a i 5 O4+L,
iru doo ! 5 V1
Surri1 Vxssrvh i = [ $ ^3>4` lv d ixqfwlrq vxfk wkdw ! a i 5 O4+L, iru doo

! 5 V dqg ohw j 5 V% _ O4+L,= Fkrrvh !q 5 V vxfk wkdw !q % j dv q $ 4> wkhq
!q a i 5 O4+L, dqg e| wkh prqrwrqh frqyhujhqfh Wkhruhp 45144/ !q a i % j a i 5
O4+L,= Vlploduo|/ xvlqj wkh grplqdwhg frqyhujhqfh Wkhruhp 45148/ lw iroorzv wkdw
j a i 5 O4+L, iru doo j 5 V%&= Ilqdoo| iru dq| k 5 O4+L,> wkhuh h{lvwv j 5 V%& vxfk
wkdw k @ j d1h1 dqg khqfh k a i @ j a i d1h1 dqg wkhuhiruh e| Sursrvlwlrq 45147/
k a i 5 O4+L,= Wklv frpsohwhv wkh surri vlqfh wkh frqyhuvh gluhfwlrq lv wulyldo1

Gh�qlwlrq 451541 D vhw D � [ lv phdvxudeoh li 4D lv phdvxudeoh dqg D lqwh0
judeoh li 4D 5 O4+L,= Ohw U ghqrwh wkh froohfwlrq ri phdvxudeoh vxevhwv ri [=

Uhpdun 451551 Vxssrvh wkdw i � 3> wkhq i 5 O4+L, l� i lv phdvxudeoh dqg �L+i, ?
4= Lqghhg/ li i lv phdvxudeoh dqg �L+i, ?4> wkhuh h{lvwv j 5 V% _O4+L, vxfk wkdw
i � j= Vlqfh i lv phdvxudeoh/ i @ i a j 5 O4+L,= Lq sduwlfxodu li D 5 U> wkhq D lv
lqwhjudeoh l� �L+4D, ?4=
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Ohppd 451561 Wkh vhw U lv d ulqj zklfk lv d � � dojheud li 4 lv phdvxudeoh1
+Qrwlfh wkdw 4 lv phdvxudeoh l� 4 a ! 5 O4+L, iru doo ! 5 V= Wklv frqglwlrq lv
fohduo| lpsolhg e| dvvxplqj 4 a ! 5 V iru doo ! 5 V= Wklv zloo eh wkh w|slfdo fdvh lq
dssolfdwlrqv1,

Surri1 Vxssrvh wkdw D>E 5 U> wkhq D_E dqg D^E duh lq U e| Ohppd 4514<
ehfdxvh

4D_E @ 4D a 4E dqg 4D^E @ 4D b 4E =

Li Dn 5 U> wkhq wkh lghqwlwlhv/

4^4
n@4

Dn @ olp
q$4

4^q
n@4

Dn dqg 4_4
n@4

Dn @ olp
q$4

4_q
n@4

Dn

dorqj zlwk Ohppd 4514< vkrzv wkdw ^4n@4Dn dqg _4n@4Dn duh lq U dv zhoo1 Dovr li
D>E 5 U dqg j 5 V> wkhq

j a 4DqE @ j a 4D � j a 4D_E . j a 3 5 O4+L,+451:,

vkrzlqj wkh D qE 5 U dv zhoo15< Wkxv zh kdyh vkrzq wkdw U lv d ulqj1 Li 4 @ 4[
lv phdvxudeoh lw iroorzv wkdw [ 5 U dqg U ehfrphv d � � dojheud1

Ohppd 45157 +Fkhe|vkhy*v Lqhtxdolw|,1 Vxssrvh wkdw 4 lv phdvxudeoh1

41 Li i 5 �O4+L,
�.

wkhq/ iru doo � 5 U> wkh vhw ii A �j lv phdvxudeoh1 Pruhryhu/
li � A 3 wkhq ii A �j lv lqwhjudeoh dqg aL+4iiA�j, � ��4 aL+i,=

51 �+V, � U=
Surri1
41 Li � ? 3> ii A �j @ [ 5 U vlqfh 4 lv phdvxudeoh1 Vr qrz dvvxph wkdw � � 3=

Li � @ 3 ohw j @ i 5 O4+L, dqg li � A 3 ohw j @ ��4i����4i�a4= +Qrwlfh wkdw
j lv d gl�huhqfh ri wzr O4+L, � ixqfwlrqv dqg khqfh lq O4+L,=, Wkh ixqfwlrq
j 5 �O4+L,

�.
kdv ehhq pdqxidfwxuhg vr wkdw ij A 3j @ ii A �j= Qrz ohw

!q =@ +qj, a 4 5 �O4+L,
�.

wkhq !q % 4iiA�j dv q $ 4 vkrzlqj 4iiA�j lv
phdvxudeoh dqg khqfh wkdw ii A �j lv phdvxudeoh1 Ilqdoo| li � A 3>

4iiA�j @ 4iiA�j a
�
��4i

� 5 O4+L,

vkrzlqj wkh ii A �j lv lqwhjudeoh dqg
aL+4iiA�j, @ aL+4iiA�j a

�
��4i

�
, � aL+��4i, @ ��4 aL+i,=

51 Vlqfh i 5 V. lv U phdvxudeoh e| +4, dqg V @ V. � V.> lw iroorzv wkdw dq|
i 5 V lv U phdvxudeoh/ �+V, � U=

Ohppd 451581 Ohw 4 eh phdvxudeoh1 Gh�qh �	 = U$ ^3>4` e|

�.+D, @ �L+4D, dqg ��+D, @ L+4D,

Wkhq �	 duh phdvxuhv rq U vxfk wkdw �� � �. dqg ��+D, @ �.+D, zkhqhyhu
�.+D, ?4=

2bLqghhg/ iru % M � K�c % M � .� dqg % M �Sc Ht1 +451:, hydoxdwhg dw % vwdwhv/ uhvshfwlyho|/
wkdw

} 2 f ' } 2 �3 } 2 � n } 2 fc

} 2 � ' } 2 �3 } 2 f n } 2 f dqg

} 2 f ' } 2 f3 } 2 f n } 2 fc

doo ri zklfk duh wuxh1
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Qrwlfh e| Uhpdun 45155 wkdw

�.+D, @

�
aL+4D, li D lv lqwhjudeoh
4 li D 5 U exw D lv qrw lqwhjudeoh1

Surri1 Vlqfh 4> @ 3> �	+>, @ aL+3, @ 3 dqg li D>E 5 U> D � E wkhq �.+D, @
�L+4D, � �L+4E, @ �.+E, dqg vlploduo|/ ��+D, @ L+4D, � L+4E, @ ��+E,= Khqfh
�	 duh prqrwrqlf1 E| Uhpdun 45155 li �.+D, ?4 wkhq D lv lqwhjudeoh vr

��+D, @ L+4D, @ aL+4D, @ �L+4D, @ �.+D,=

Qrz vxssrvh wkdw iHmj4m@4 � U lv d vhtxhqfh ri sdluzlvh glvmrlqw vhwv dqg ohw
H =@ ^4m@4Hm 5 U= Li �.+Hl, @ 4 iru vrph l wkhq e| prqrwrqlflw| �.+H, @ 4
dv zhoo1 Li �.+Hm, ? 4 iru doo m wkhq iq =@

Sq
m@4 4Hm 5

�
O4+L,

�.
zlwk iq % 4H =

Wkhuhiruh/ e| wkh prqrwrqh frqyhujhqfh wkhruhp/ 4H lv lqwhjudeoh l�

olp
q$4

aL+iq, @
4[
m@4

�.+Hm, ?4

lq zklfk fdvh 4H 5 O4+L, dqg olpq$4
aL+iq, @ aL+4H, @ �.+H,= Wkxv zh kdyh

vkrzq wkdw �. lv d phdvxuh dqg ��+H, @ �.+H, zkhqhyhu �.+H, ?4= Wkh idfw
wkh �� lv d phdvxuh zloo eh vkrzq lq wkh frxuvh ri wkh surri ri Wkhruhp 4515;1

H{dpsoh 451591 Vxssrvh [ lv d vhw/ V @ i3j lv wkh wulyldo yhfwru vsdfh dqg
L+3, @ 3= Wkhq fohduo| L lv d Gdqlho lqwhjudo/

�L+j, @

� 4 li j+{, A 3 iru vrph {
3 li j � 3

dqg vlploduo|/

L+j, @

� �4 li j+{, ? 3 iru vrph {
3 li j � 3=

Wkhuhiruh/ O4+L, @ i3j dqg iru dq| D � [ zh kdyh 4Da3 @ 3 5 V vr wkdw U @ 5[ =
Vlqfh 4D @5 O4+L, @ i3j xqohvv D @ > vhw/ wkh phdvxuh �. lq Ohppd 45158 lv jlyhq
e| �.+D, @4 li D 9@ > dqg �.+>, @ 3> l1h1 �.+D, @ �L+4D, zkloh �� � 3=

Ohppd 4515:1 Iru D 5 U> ohw
�+D, =@ vxsi�.+E, = E 5 U> E � D dqg �.+E, ?4j>

wkhq � lv d phdvxuh rq U vxfk wkdw �+D, @ �.+D, zkhqhyhu �.+D, ? 4= Li �
lv dq| phdvxuh rq U vxfk wkdw �+E, @ �.+E, zkhq �.+E, ? 4> wkhq � � �=
Pruhryhu/ � � ��=

Surri1 Fohduo| �+D, @ �.+D, zkhqhyhu �.+D, ? 4= Qrz ohw D @ ^4q@4Dq

zlwkiDqj4q@4 � U ehlqj d froohfwlrq ri sdluzlvh glvmrlqw vxevhwv1 Ohw Eq � Dq

zlwk �.+Eq, ?4> wkhq EQ =@ ^Qq@4Eq � D dqg �.+E
Q , ?4 dqg khqfh

�+D, � �.+E
Q , @

Q[
q@4

�.+Eq,

dqg vlqfh Eq � Dq zlwk �.+Eq, ? 4 lv duelwudu| lw iroorzv wkdw �+D, �SQ
q@4 �+Dq, dqg khqfh ohwwlqj Q $ 4 lpsolhv �+D, � S4

q@4 �+Dq,= Frqyhuvho|/
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li E � D zlwk �.+E, ?4> wkhq E _Dq � Dq dqg �.+E _Dq, ?4= Wkhuhiruh/

�.+E, @
4[
q@4

�.+E _Dq, �
4[
q@4

�+Dq,

iru doo vxfk E dqg khqfh �+D, �S4
q@4 �+Dq,=

Xvlqj wkh gh�qlwlrq ri � dqg wkh dvvxpswlrq wkdw �+E, @ �.+E, zkhq �.+E, ?
4>

�+D, @ vxsi�+E, = E 5 U> E � D dqg �.+E, ?4j � �+D,>

vkrzlqj � � �= Vlploduo|/

�+D, @ vxsiaL+4E, = E 5 U> E � D dqg �.+E, ?4j
@ vxsiL+4E, = E 5 U> E � D dqg �.+E, ?4j � L+4D, @ ��+D,=

Wkhruhp 4515; +Vwrqh,1 Vxssrvh wkdw 4 lv phdvxudeoh dqg �. dqg �� duh dv
gh�qhg lq Ohppd 45158/ wkhq=

41 O4+L, @ O4+[>U> �., @ O4+�., dqg iru lqwhjudeoh i 5 O4+�.,>

aL+i, @

]
[

ig�.=+451;,

51 Li � lv dq| phdvxuh rq U vxfk wkdw V � O4+�, dqg

aL+i, @

]
[

ig� iru doo i 5 V+451<,

wkhq ��+D, � �+D, � �.+D, iru doo D 5 U zlwk ��+D, @ �+D, @ �.+D,
zkhqhyhu �.+D, ?4=

61 Ohwwlqj � eh dv gh�qhg lq Ohppd 4515:/ �� @ � dqg khqfh �� lv d phdvxuh1
+Vr �. lv wkh pd{lpdo dqg �� lv wkh plqlpdo phdvxuh iru zklfk Ht1 +451<,
krogv1,

71 Frqyhuvho| li � lv dq| phdvxuh rq �+V, vxfk wkdw �+D, @ �.+D, zkhq D 5
�+V, dqg �.+D, ?4> wkhq Ht1 +451<, lv ydolg1

Surri1
41 Vxssrvh wkdw i 5 �O4+L,

�.
> wkhq Ohppd 45157 lpsolhv wkdw i lv U phdvxu0

deoh1 Jlyhq q 5 Q> ohw

!q =@
55q[
n@4

n

5q
4i n

5q
?i�n.4

5q
j @ 5�q

55q[
n@4

4i n
5q
?ij=+45143,

Wkhq zh nqrz i n
5q ? ij 5 U dqg wkdw 4i n

5q
?ij @ 4i n

5q
?ij a

�
5q

n
i
� 5 O4+L,>

l1h1 �.
�
n
5q ? i

�
? 4= Wkhuhiruh !q 5

�
O4+L,

�.
dqg !q % i= Vxssrvh wkdw

� lv dq| phdvxuh vxfk wkdw �+D, @ �.+D, zkhq �.+D, ? 4> wkhq e| wkh
prqrwrqh frqyhujhqfh wkhruhpv iru aL dqg wkh Ohehvjxh lqwhjudo/

aL+i, @ olp
q$4

aL+!q, @ olp
q$4

5�q
55q[
n@4

aL+4i n
5q
?ij, @ olp

q$4
5�q

55q[
n@4

�.

�
n

5q
? i

�

@ olp
q$4

5�q
55q[
n@4

�

�
n

5q
? i

�
@ olp

q$4

]
[

!qg� @

]
[

ig�=+45144,
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Wklv vkrzv wkdw i 5 �O4+�,
�.

dqg wkdw aL+i, @
U
[
ig�= Vlqfh hyhu| i 5 O4+L,

lv ri wkh irup i @ i. � i� zlwk i	 5 �O4+L,
�.

> lw iroorzv wkdw O4+L, �
O4+�., � O4+�, � O4+�, dqg Ht1 +451<, krogv iru doo i 5 O4+L,=

Frqyhuvho| vxssrvh wkdw i 5 �
O4+�.,

�.
= Gh�qh !q dv lq Ht1 +45143,1

Fkhe|vkhy*v lqhtxdolw| lpsolhv wkdw �.+ n
5q ? i, ? 4 dqg khqfh i n

5q ? ij
lv L � lqwhjudeoh1 Djdlq e| wkh prqrwrqh frqyhujhqfh iru Ohehvjxh lqwhjudov
dqg wkh frpsxwdwlrqv lq Ht1 +45144,/

4 A

]
[

ig�. @ olp
q$4

aL+!q,

dqg wkhuhiruh e| wkh prqrwrqh frqyhujhqfh wkhruhp iru aL> i 5 O4+L, dqg]
[

ig�. @ olp
q$4

aL+!q, @ aL+i,=

51 Vxssrvh wkdw � lv dq| phdvxuh vxfk wkdw Ht1 +451<, krogv1 Wkhq e| wkh
prqrwrqh frqyhujhqfh wkhruhp/

L+i, @

]
[

ig� iru doo i 5 V% ^ V&=

Ohw D 5 U dqg dvvxph wkdw �.+D, ? 4> l1h1 4D 5 O4+L,= Wkhq wkhuh h{lvwv
i 5 V% _ O4+L, vxfk wkdw 4D � i dqg lqwhjudwlqj wklv lqhtxdolw| uhodwlyh wr �
lpsolhv

�+D, @

]
[

4Dg� �
]
[

ig� @ aL+i,=

Wdnlqj wkh lq�qxp ri wklv htxdwlrq ryhu wkrvh i 5 V% vxfk wkdw 4D � i lpsolhv
�+D, � �L+4D, @ �.+D,= Li �.+D, @4 lq wklv lqhtxdolw| krogv wulyldoo|1

Vlploduo|/ li D 5 U dqg i 5 V& vxfk wkdw 3 � i � 4D> wkhq

�+D, @

]
[

4Dg� �
]
[

ig� @ aL+i,=

Wdnlqj wkh vxsuhpxp ri wklv htxdwlrq ryhu wkrvh i 5 V& vxfk wkdw 3 � i � 4D
wkhq lpsolhv �+D, � ��+D,= Vr zh kdyh vkrzq wkdw �� � � � �.=

61 E| Ohppd 4515:/ � @ � lv d phdvxuh dv lq +5, vdwlvi|lqj � � �� dqg wkhuhiruh
�� � � dqg khqfh zh kdyh vkrzq wkdw � @ ��= Wklv dovr vkrzv wkdw �� lv d
phdvxuh1

71 Wklv fdq eh grqh e| wkh vdph w|sh ri dujxphqw xvhg lq wkh surri ri +4,1

Sursrvlwlrq 4515< +Xqltxhqhvv,1 Vxssrvh wkdw 4 lv phdvxudeoh dqg wkhuh h{lvwv d
ixqfwlrq " 5 O4+L, vxfk wkdw "+{, A 3 iru doo {= Wkhq wkhuh lv rqo| rqh phdvxuh �
rq �+V, vxfk wkdw

aL+i, @

]
[

ig� iru doo i 5 V=

Uhpdun 451631 Wkh h{lvwhqfh ri d ixqfwlrq " 5 O4+L, vxfk wkdw "+{, A 3 iru doo {
lv htxlydohqw wr wkh h{lvwhqfh ri d ixqfwlrq " 5 V% vxfk wkdw aL+", ?4 dqg "+{, A 3
iru doo { 5 [= Lqghhg e| Ohppd 45149/ li " 5 O4+L, wkhuh h{lvwv �" 5 V% _ O4+L,
vxfk �" � "=
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Surri1 Dv lq Uhpdun 45163/ zh pd| dvvxph " 5 V% _ O4+L,= Wkh vhwv [q =@

i" A 4@qj 5 �+V, � U vdwlvi| �+[q, � qaL+", ?4= Wkh surri lv frpsohwhg xvlqj
Wkhruhp 4515; wr frqfoxgh/ iru dq| D 5 �+V,> wkdw

�.+D, @ olp
q$4

�.+D _[q, @ olp
q$4

��+D _[q, @ ��+D,=

Vlqfh �� � � � �. @ ��> zh vhh wkdw � @ �. @ ��=


