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The results in Eq. (18.8) now follow from Eq. (18.6) and item 5 of Theorem 18.3.
For example, since p;(z) = t~"/?p1(z/V/1),

F)(€) =172 (V) pu(Vig) = e 3P

This may also be written as (p;)(€) = t*"/2p% (€). Using this and the fact that p;
is an even function,

(Pr)"(z) = Fpe(—x) = tin/2fp%(*$) =t "2 Ppy(—x) = py(a).
18.2. Schwartz Test Functions.

Definition 18.5. A function f € C'(R",C) is said to have rapid decay or rapid
decrease if

sup (14 |z))V | f(z)| < 0o for N =1,2,....

rER™

Equivalently, for each N € N there exists constants Cy < oo such that |f(z)] <
Cn(1+ |z|)~% for all z € R™. A function f € C(R",C) is said to have (at most)
polynomial growth if there exists N < oo such

sup (1 + [2) ™ | f(2)] < oc,
i.e. there exists N € N and C < oo such that |f(z)| < C(1 + |z|)V for all x € R™.

Definition 18.6 (Schwartz Test Functions). Let S denote the space of functions
f € C°(R™) such that f and all of its partial derivatives have rapid decay and let

1130 = sup |(1+[a])¥ 0% f(z)]
IGR"L
so that
S = {f € C(R") : || f[l .o < oo forall N and a}.

Also let P denote those functions g € C*°(R™) such that g and all of its derivatives
have at most polynomial growth, i.e. g € C*°(R") is in P iff for all multi-indices
«, there exists N, < oo such

sup (14 |z|) "N |8%g(z)| < oo.
(Notice that any polynomial function on R™ is in P.)
Remark 18.7. Since C°(R") C S C L? (R"), it follows that S is dense in L*(R™).
Exercise 18.1. Let

(18.10) L= aa(z)d

la|<k
with a, € P. Show L(S) C S and in particular 0% f and z®f are back in S for all
multi-indices a.

Notation 18.8. Suppose that p(z,&) = ¥|q)<na(7){* Where each function a, ()
is a smooth function. We then set

p(:L', Dac) = E|a\§Naa(m)Dg
and if each a, () is also a polynomial in & we will let
p(—De,§) := Zjaj<naa(—De) Mo
where M¢a is the operation of multiplication by £<.
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Proposition 18.9. Let p(x,£) be as above and assume each ay(x) is a polynomial
in x. Then for f € S,

(18.11) (p(z, D2) £)" (€) = p(—De, &) f (€)
and
(18.12) p(&, De) f(€) = [p(Da, —2) f ()] (€).

Proof. The identities (—Dg)® e™™¢ = %% and DZe'™¢ = (%€ imply,
for any polynomial function g on R"”,
(18.13) qg(—Dg)e” ™% = g(x)e™ ™ and ¢(D,)e™* = q(£)e™*.
Therefore using Eq. (18.13) repeatedly,
0. D1 (€)= [ Sajenan(@)D2 (@) - " dg

R

= /n Yjaj<n Dy f(z) - a@(—Dg)e*”fdf

= | F@Bjaizn (-D2)* [aa(~Do)e™*] ag

=/ F(@)S|a)<naa(—De) [€e 7] dE = p(—De, €) f (€)
wherein the third inequality we have used Lemma 9.26 to do repeated integration
by parts, the fact that mixed partial derivatives commute in the fourth, and in the
last we have repeatedly used Corollary 5.43 to differentiate under the integral. The
proof of Eq. (18.12) is similar:

P(E DS =p(€.De) | @) bdr= [ flalple, ~z)e” ar

= 2)(—2) % (§)e ™ E¢d = 2)(—2)%an(—D,)e ™ ¢dx
S [ e a@ =3 [ fe-ara D

=Y [ e D) (0 f(e)] ds = (D2 <) f(@)"(6)

]
Corollary 18.10. The Fourier transform preserves the space S, i.e. F(S) C S.

Proof. Let p(z,&) = Xjqj<naq ()€™ with each an(x) being a polynomial func-

tion in z. If f € S then p(D,,—z)f € S C L' and so by Eq. (18.12), p(&, D¢) f(€)
is bounded in ¢, i.e.

sup [p(§, De) f(€)] < Clp, f) < oo.
EER™

Taking p(z,€) = (1+ |¢[*)V¢™ with N € Z, in this estimate shows f(€) and all of
its derivatives have rapid decay, i.e. fisin S. m

18.3. Fourier Inversion Formula .

Theorem 18.11 (Fourier Inversion Theorem). Suppose that f € L' and f €L,
then

(1) there exists fo € Co(R™) such that f = fy a.e.

(2) fo=F'Ff and fo = FF'f,



