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71 Dojheudv/ � � Dojheudv dqg Phdvxudelolw|

7141 Lqwurgxfwlrq= Zkdw duh phdvxuhv dqg zk| �phdvxudeoh� vhwv1

Gh�qlwlrq 714 +Suholplqdu|,1 Vxssrvh wkdw [ lv d vhw dqg S+[, ghqrwhv wkh fro0
ohfwlrq ri doo vxevhwv ri [= D phdvxuh � rq [ lv d ixqfwlrq � = S+[,$ ^3>4` vxfk
wkdw

41 �+>, @ 3

51 Li iDljQl@4 lv d �qlwh +Q ?4, ru frxqwdeoh +Q @4, froohfwlrq ri vxevhwv ri
[ zklfk duh sdlu0zlvh glvmrlqw +l1h1 Dl _Dm @ > li l 9@ m, wkhq

�+^Ql@4Dl, @
Q[
l@4

�+Dl,=

H{dpsoh 7151 Vxssrvh wkdw [ lv dq| vhw dqg { 5 [ lv d srlqw1 Iru D � [> ohw

�{+D, @

�
4 li { 5 D
3 rwkhuzlvh1

Wkhq � @ �{ lv d phdvxuh rq [ fdoohg wkh Gludf ghowd ixqfwlrq dw {=

H{dpsoh 7161 Vxssrvh wkdw � lv d phdvxuh rq [ dqg � A 3> wkhq � � � lv dovr d
phdvxuh rq [= Pruhryhu/ li i��j�5M duh doo phdvxuhv rq [> wkhq � @

S
�5M ��>

l1h1

�+D, @
[
�5M

��+D, iru doo D � [

lv d phdvxuh rq [= +Vhh Vhfwlrq 5 iru wkh phdqlqj ri wklv vxp1, Wr suryh wklv zh
pxvw vkrz wkdw � lv frxqwdeo| dgglwlyh1 Vxssrvh wkdw iDlj4l@4 lv d froohfwlrq ri
sdlu0zlvh glvmrlqw vxevhwv ri [> wkhq

�+^4l@4Dl, @
4[
l@4

�+Dl, @
4[
l@4

[
�5M

��+Dl,

@
[
�5M

4[
l@4

��+Dl, @
[
�5M

��+^4l@4Dl,

@ �+^4l@4Dl,

zkhuhlq wkh wklug htxdolw| zh xvhg Wkhruhp 5154 dqg lq wkh irxuwk zh xvhg wkdw
idfw wkdw �� lv d phdvxuh1

H{dpsoh 7171 Vxssrvh wkdw [ lv d vhw � = [ $ ^3>4` lv d ixqfwlrq1 Wkhq

� =@
[
{5[

�+{,�{

lv d phdvxuh/ h{solflwo|

�+D, @
[
{5D

�+{,

iru doo D � [=
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7151 Wkh sureohp zlwk Ohehvjxh �phdvxuh�1

Txhvwlrq 41 Grhv wkhuh h{lvw d phdvxuh � = S+U,$^3>4` vxfk wkdw

41 �+^d> e,, @ +e� d, iru doo d ? e dqg
51 +Wudqvodwlrq lqyduldqw, �+D.{, @ �+D, iru doo { 5 UB +Khuh D.{ =@ i|.{ =

| 5 Dj � U=,
Wkh dqvzhu lv qr zklfk zh qrz ghprqvwudwh1 Lq idfw wkh dqvzhu lv qr hyhq li zh

uhsodfh +4, e| wkh frqglwlrq wkdw 3 ? �++3> 4`, ?4=

Ohw xv lghqwli| ^3> 4, zlwk wkh xqlw flufoh V4 =@ i} 5 F = m}m @ 4j e| wkh pds
!+w, @ hl5�w 5 V4 iru w 5 ^3> 4,= Xvlqj wklv lghqwl�fdwlrq zh pd| xvh � wr gh�qh d
ixqfwlrq � rq S+V4, e| �+!+D,, @ �+D, iru doo D � ^3> 4,= Wklv qhz ixqfwlrq lv d
phdvxuh rq V4 zlwk wkh surshuw| wkdw 3 ? �++3> 4`, ?4= Iru } 5 V4 dqg Q � V4

ohw

}Q =@ i}q 5 V4 = q 5 Qj>+714,

wkdw lv wr vd| hl�Q lv Q urwdwhg frxqwhu forfnzlvh e| dqjoh �= Zh qrz fodlp wkdw
� lv lqyduldqw xqghu wkhvh urwdwlrqv/ l1h1

�+}Q, @ �+Q,+715,

iru doo } 5 V4 dqg Q � V4= Wr yhuli| wklv/ zulwh Q @ !+D, dqg } @ !+w, iru vrph
w 5 ^3> 4, dqg D � ^3> 4,= Wkhq

!+w,!+D, @ !+w.Dprg4,

zkhuh iru D � ^3> 4, dqg � 5 ^3> 4,> ohw

w.Dprg4 @ id. wprg4 5 ^3> 4, = d 5 Qj
@ +d.D _ id ? 4� wj, ^ ++w� 4, . D _ id � 4� wj, =

Wkxv

�+!+w,!+D,, @ �+w.Dprg4,

@ � ++d.D _ id ? 4� wj, ^ ++w� 4, .D _ id � 4� wj,,
@ � ++d.D _ id ? 4� wj,, . � +++w� 4, .D _ id � 4� wj,,
@ � +D _ id ? 4� wj, . � +D _ id � 4� wj,
@ � ++D _ id ? 4� wj, ^ +D _ id � 4� wj,,
@ �+D, @ �+!+D,,=

Wkhuhiruh lw vx!fhv wr suryh wkdw qr �qlwh phdvxuh � rq V4 vxfk wkdw Ht1 +715,
krogv1 Wr gr wklv zh zloo �frqvwuxfw� d qrq0phdvxudeoh vhw Q @ !+D, iru vrph
D � ^3> 4,=

Wr gr wklv ohw

U =@ i} @ hl5�w = w 5 Tj @ i} @ hl5�w = w 5 ^3> 4, _Tj>
d frxqwdeoh vxejurxs ri V4= Dv deryh U dfwv rq V4 e| urwdwlrqv dqg glylghv V4 xs
lqwr htxlydohqfh fodvvhv/ zkhuh }> z 5 V4 duh htxlydohqw li } @ uz iru vrph u 5 U=
Fkrrvh +xvlqj wkh d{lrp ri fkrlfh, rqh uhsuhvhqwdwlyh srlqw q iurp hdfk ri wkhvh
htxlydohqfh fodvvhv dqg ohw Q � V4 eh wkh vhw ri wkhvh uhsuhvhqwdwlyh srlqwv1 Wkhq
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hyhu| srlqw } 5 V4 pd| eh xqltxho| zulwwhq dv } @ qu zlwk q 5 Q dqg u 5 U= Wkdw
lv wr vd|

V4 @
d
u5U

+uQ,+716,

zkhuh
c

�D� lv xvhg wr ghqrwh wkh xqlrq ri sdlu0zlvh glvmrlqw vhwv iD�j = E| Htv1
+715, dqg +716,/

�+V4, @
[
u5U

�+uQ, @
[
u5U

�+Q,=

Wkh uljkw phpehu iurp wklv htxdwlrq lv hlwkhu 3 ru 4/ 3 li �+Q, @ 3 dqg 4 li
�+Q, A 3= Lq hlwkhu fdvh lw lv qrw htxdo �+V4, 5 +3> 4,= Wkxv zh kdyh uhdfkhg wkh
ghvluhg frqwudglfwlrq1
Surri1 +Vhfrqg surri ri Dqvzhu wr Txhvwlrq 4, Iru Q � ^3> 4, dqg � 5 ^3> 4,>

ohw

Q� @ Q . �prg4

@ id. �prg4 5 ^3> 4, = d 5 Qj
@ +�.Q _ id ? 4� �j, ^ ++�� 4, .Q _ id � 4� �j, =

Li � lv d phdvxuh vdwlvi|lqj wkh surshuwlhv ri wkh Txhvwlrq zh zrxog kdyh

� +Q�, @ � +�.Q _ id ? 4� �j, . � ++�� 4, .Q _ id � 4� �j,
@ � +Q _ id ? 4� �j, . � +Q _ id � 4� �j,
@ � +Q _ id ? 4� �j ^ +Q _ id � 4� �j,,
@ �+Q,=+717,

Zh zloo qrz frqvwuxfw d edg vhw Q zklfk frxsohg zlwk Ht1 +717, zloo ohdg wr d
frqwudglfwlrq1

Vhw

T{ � i{. u 5 U = u5 Tj @{.T=
Qrwlfh wkdw T{ _T| 9@ > lpsolhv wkdw T{ @ T|= Ohw R @ iT{ = { 5 Uj � wkh ruelw
vsdfh ri wkh T dfwlrq1 Iru doo D 5 R fkrrvh i+D, 5 ^3> 4@6,_D=< Gh�qh Q @ i+R,=
Wkhq revhuyh=

41 i+D, @ i+E, lpsolhv wkdw D _E 9@ > zklfk lpsolhv wkdw D @ E vr wkdw i lv
lqmhfwlyh1

51 R @ iTq = q 5 Qj=
Ohw U eh wkh frxqwdeoh vhw/

U � T _ ^3> 4,=

Zh qrz fodlp wkdw

Qu _Qv @ > li u 9@ v dqg+718,

^3> 4, @ ^u5UQu=+719,

Lqghhg/ li { 5 Qu _ Qv 9@ > wkhq { @ u . qprg4 dqg { @ v . q3prg4> wkhq
q � q3 5 T> l1h1 Tq @ Tq3 1 Wkdw lv wr vd|/ q @ i+Tq, @ i+Tq3, @ q3 dqg khqfh
wkdw v @ uprg4> exw v> u 5 ^3> 4, lpsolhv wkdw v @ u= Ixuwkhupruh/ li { 5 ^3> 4, dqg
q =@ i+T{,> wkhq {� q @ u 5 T dqg { 5 Quprg4=

bZh kdyh xvhg wkh D{lrp ri fkrlfh khuh/ l1h1
T
�M5

E� K dfc �*�o� �' �
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Qrz wkdw zh kdyh frqvwuxfwhg Q> zh duh uhdg| iru wkh frqwudglfwlrq1 E| Htxd0
wlrqv +717�719, zh �qg

4 @ �+^3> 4,, @
[
u5U

�+Qu, @
[
u5U

�+Q,

@

� 4 li �+Q, A 3
3 li �+Q, @ 3

=

zklfk lv fhuwdlqo| lqfrqvlvwhqw1 Lqflghqwdoo| zh kdyh mxvw surgxfhg dq h{dpsoh ri
vr fdoohg �qrq � phdvxudeoh� vhw1

Ehfdxvh ri wklv h{dpsoh dqg rxu ghvluh wr kdyh d phdvxuh � rq U vdwlvi|lqj wkh
surshuwlhv lq Txhvwlrq 4/ zh qhhg wr prgli| rxu gh�qlwlrq ri d phdvxuh1 Zh zloo
jlyh xs rq wu|lqj wr phdvxuh doo vxevhwv D � U> l1h1 zh zloo rqo| wu| wr gh�qh � rq d
vpdoohu froohfwlrq ri �phdvxudeoh� vhwv1 Vxfk froohfwlrqv zloo eh fdoohg � � dojheudv
zklfk zh qrz lqwurgxfh1 Wkh irupdo gh�qlwlrq ri d phdvxuh dsshduv lq Gh�qlwlrq
814 ri Vhfwlrq 8 ehorz1

7161 Dojheudv dqg � � dojheudv1

Gh�qlwlrq 7181 D froohfwlrq ri vxevhwv D ri [ lv dq Dojheud li
41 >> [ 5 D
51 D 5 D lpsolhv wkdw Df 5 D
61 D lv forvhg xqghu �qlwh xqlrqv/ l1h1 li D4> = = = > Dq 5 D wkhq D4^ � � � ^Dq 5 D=

Lq ylhz ri frqglwlrqv 41 dqg 51/ 61 lv htxlydohqw wr
631 D lv forvhg xqghu �qlwh lqwhuvhfwlrqv1

Gh�qlwlrq 7191 D froohfwlrq ri vxevhwv P ri [ lv d � � dojheud +� � �hog, li P
lv dq dojheud zklfk dovr forvhg xqghu frxqwdeoh xqlrqv/ l1h1 li iDlj4l@4 � P> wkhq
^4l@4Dl 5P= +Qrwlfh wkdw vlqfh P lv dovr forvhg xqghu wdnlqj frpsohphqwv/ P lv
dovr forvhg xqghu wdnlqj frxqwdeoh lqwhuvhfwlrqv1, D sdlu +[>P,> zkhuh [ lv d vhw
dqg P lv d � � dojheud rq [> lv fdoohg d phdvxudeoh vsdfh1

Wkh uhdghu vkrxog frpsduh wkhvh gh�qlwlrqv zlwk wkdw ri d wrsrorj|/ vhh Gh�ql0
wlrq 61471 Uhfdoo wkdw wkh hohphqwv ri d wrsrorj| duh fdoohg rshq vhwv1 Dqdorjrxvo|/
zh zloo riwhq uhihu wr hohphqwv ri dqg dojheud D ru d � � dojheudP dvphdvxudeoh
vhwv1

H{dpsoh 71:1 Khuh duh vrph h{dpsohv1
41 � @P @ S+[, lq zklfk fdvh doo vxevhwv ri [ duh rshq/ forvhg/ dqg phdvxu0

deoh1
51 Ohw [ @ i4> 5> 6j> wkhq � @ i>> [> i5> 6jj lv d wrsrorj| rq [ zklfk lv qrw dq

dojheud1
61 � @ D @ ii4j> i5> 6j> >> [j lv d wrsrorj|/ dq dojheud/ dqg d � � dojheud rq [=

Wkh vhwv [> i4j> i5> 6j> > duh rshq dqg forvhg1 Wkh vhwv i4> 5j dqg i4> 6j duh
qhlwkhu rshq qru forvhg dqg duh qrw phdvxudeoh1

Sursrvlwlrq 71;1 Ohw H eh dq| froohfwlrq ri vxevhwv ri [1 Wkhq wkhuh h{lvwv d
xqltxh vpdoohvw wrsrorj| �+H,/ dojheud D+H, dqg �0dojheud �+H, zklfk frqwdlqv H =
Surri1 Qrwh S+[, lv d wrsrorj| dqg dq dojheud dqg d �0dojheud dqg H � S+[,/

vr H lv dozd|v d vxevhw ri d wrsrorj|/ dojheud/ dqg � � dojheud1 Rqh pd| qrz hdvlo|
fkhfn wkdw

�+H, �
_
i� = � lv d wrsrorj| dqg H � �j
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lv d wrsrorj| zklfk lv fohduo| wkh vpdoohvw wrsrorj| frqwdlqlqj H = Wkh dqdorjrxv
frqvwuxfwlrq zrunv iru wkh rwkhu fdvhv dv zhoo1

Zh pd| jlyh h{solflw ghvfulswlrqv ri �+H, dqg D+H,= Krzhyhu �+H, w|slfdoo| grhv
qrw dgplw d vlpsoh frqfuhwh ghvfulswlrq1

Sursrvlwlrq 71<1 Ohw [ eh d vhw dqg H � S+[,= Iru vlpsolflw| ri qrwdwlrq/ dv0
vxph wkdw [> > 5 H +rwkhuzlvh dgmrlq wkhp wr H li qhfhvvdu|, dqg ohw Hf � iDf =
D 5 Hj dqg Hf @ H ^ i[> >j ^ Hf Wkhq �+H, @ � dqg D+H, @ D zkhuh

� =@ iduelwudu| xqlrqv ri �qlwh lqwhuvhfwlrqv ri hohphqwv iurp Hj+71:,

dqg

D =@ i�qlwh xqlrqv ri �qlwh lqwhuvhfwlrqv ri hohphqwv iurp Hfj=+71;,

Surri1 Iurp wkh gh�qlwlrq ri d wrsrorj| dqg dq dojheud/ lw lv fohdu wkdw H �
� � �+H, dqg H � D � D+H,= Khqfh wr �qlvk wkdw surri lw vx!fhv wr vkrz � lv d
wrsrorj| dqg D lv dq dojheud1 Wkh surri ri wkhvh dvvhuwlrqv duh urxwlqh h{fhsw iru
srvvleo| vkrzlqj wkdw � lv forvhg xqghu wdnlqj �qlwh lqwhuvhfwlrqv dqg D lv forvhg
xqghu frpsohphqwdwlrq1

Wr fkhfn D lv forvhg xqghu frpsohphqwdwlrq/ ohw ] 5 D eh h{suhvvhg dv

] @
Q̂

l@4

N_
m@4

Dlm

zkhuh Dlm 5 Hf= Wkhuhiruh/ zulwlqj Elm @ Df
lm 5 Hf> zh �qg wkdw

]f @
Q_
l@4

N̂

m@4

Elm @
N̂

m4>===>mQ@4

+E4m4 _E5m5 _ � � � _EQmQ , 5 D

zkhuhlq zh kdyh xvhg wkh idfw wkdw E4m4 _E5m5 _ � � � _EQmQ lv d �qlwh lqwhuvhfwlrq
ri vhwv iurp Hf=

Wr vkrz � lv forvhg xqghu �qlwh lqwhuvhfwlrqv lw vx!fhv wr vkrz iru Y>Z 5 �
wkdw Y _Z 5 �= Zulwh

Y @ ^�5DY� dqg Z @ ^�5EZ�

zkhuh Y� dqg Z� duh vhwv zklfk duh �qlwh lqwhuvhfwlrq ri hohphqwv iurp H = Wkhq
Y _Z @ +^�5DY�, _ +^�5EZ�, @

^
+�>�,5D�E

Y� _Z� 5 �

vlqfh iru hdfk +�> �, 5 D�E> Y� _Z� lv vwloo d �qlwh lqwhuvhfwlrq ri hohphqwv iurp
H =
Uhpdun 71431 Rqh pljkw wklqn wkdw lq jhqhudo �+H, pd| eh ghvfulehg dv wkh frxqw0
deoh xqlrqv ri frxqwdeoh lqwhuvhfwlrqv ri vhwv lq Hf= Krzhyhu wklv lv idovh/ vlqfh li

] @
4̂

l@4

4_
m@4

Dlm

zlwk Dlm 5 Hf> wkhq

]f @
4̂

m4@4>m5@4>===mQ@4>===

#
4_
c@4

Df
c>mc

$
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zklfk lv qrz dq xqfrxqwdeoh xqlrq1 Wkxv wkh deryh ghvfulswlrq lv qrw fruuhfw1 Lq
jhqhudo lw lv frpsolfdwhg wr h{solflwo| ghvfuleh �+H,> vhh Sursrvlwlrq 4156 rq sdjh
6< ri Iroodqg iru ghwdlov1

H{huflvh 7141 Ohw � eh d wrsrorj| rq d vhw [ dqg D @ D+�, eh wkh dojheud
jhqhudwhg e| �= Vkrz D lv wkh froohfwlrq ri vxevhwv ri [ zklfk pd| eh zulwwhq dv
�qlwh xqlrq ri vhwv ri wkh irup I _ Y zkhuh I lv forvhg dqg Y lv rshq1

Wkh iroorzlqj qrwlrq zloo eh xvhixo lq wkh vhtxho1

Gh�qlwlrq 71441 D vhw H � S+[, lv vdlg wr eh dq hohphqwdu| idplo| ru hoh0
phqwdu| fodvv surylghg wkdw

� > 5 H
� H lv forvhg xqghu �qlwh lqwhuvhfwlrqv
� li H 5 H > wkhq Hf lv d �qlwh glvmrlqw xqlrq ri vhwv iurp H = +Lq sduwlfxodu[ @ >f
lv d glvmrlqw xqlrq ri hohphqwv iurp H =,

Sursrvlwlrq 71451 Vxssrvh H � S+[, lv dq hohphqwdu| idplo|/ wkhq D @ D+H,
frqvlvwv ri vhwv zklfk pd| eh zulwwhq dv �qlwh glvmrlqw xqlrqv ri vhwv iurp H =
Surri1 Wklv frxog eh suryhg pdnlqj xvh ri Sursrvlwlrq 71451 Krzhyhu lw lv

hdvlhu wr jlyh d gluhfw surri1
Ohw D ghqrwh wkh froohfwlrq ri vhwv zklfk pd| eh zulwwhq dv �qlwh glvmrlqw xqlrqv

ri vhwv iurp H = Fohduo| H � D � D+H, vr lw vx!fhv wr vkrz D lv dq dojheud vlqfh
D+H, lv wkh vpdoohvw dojheud frqwdlqlqj H =

E| wkh surshuwlhv ri H > zh nqrz wkdw >> [ 5 D= Qrz vxssrvh wkdw Dl @c
I5�l

I 5 D zkhuh/ iru l @ 4> 5> = = = > q=> �l lv d �qlwh froohfwlrq ri glvmrlqw vhwv
iurp H = Wkhq

q_
l@4

Dl @
q_
l@4

# d
I5�l

I

$
@

^
+I4>>===>Iq,5�4������q

+I4 _ I5 _ � � � _ Iq,

dqg wklv lv d glvmrlqw +|rx fkhfn, xqlrq ri hohphqwv iurp H = Wkhuhiruh D lv forvhg
xqghu �qlwh lqwhuvhfwlrqv1 Vlploduo|/ li D @

c
I5� I zlwk � ehlqj d �qlwh froohfwlrq

ri glvmrlqw vhwv iurp H > wkhq Df @
W
I5� I

f= Vlqfh e| dvvxpswlrq I f 5 D iru
I 5 � � H dqg D lv forvhg xqghu �qlwh lqwhuvhfwlrqv/ lw iroorzv wkdw Df 5 D=
H{huflvh 7151 Ohw D � S+[, dqg E � S+\ , eh hohphqwdu| idplolhv1 Vkrz wkh
froohfwlrq

H @ D�E @ iD�E = D 5 D dqg E 5 Ej
lv dovr dq hohphqwdu| idplo|1

Wkh dqdorjrxv qrwlrq ri hohphqwdu| fodvv H iru wrsrorjlhv lv d edvlv Y gh�qhg
ehorz1

Gh�qlwlrq 71461 Ohw +[> �, eh d wrsrorjlfdo vsdfh1 Zh vd| wkdw V � � lv d vxe0
edvlv iru wkh wrsrorj| � l� � @ �+V, dqg [ @ ^V =@ ^Y 5VY= Zh vd| Y � � lv d
edvlv iru wkh wrsrorj| � l� Y lv d vxe0edvlv zlwk wkh surshuw| wkdw hyhu| hohphqw
Y 5 � pd| eh zulwwhq dv

Y @ ^iE 5 Y = E � Y j=



UHDO DQDO\VLV OHFWXUH QRWHV 8:

{

|

}δ

ε

g�{�}�

δ−g�{�}�

Iljxuh 441 Ilwwlqj edoov lq wkh lqwhuvhfwlrq1

H{huflvh 7161 Vxssrvh wkdw V lv d vxe0edvlv iru d wrsrorj| � rq d vhw[= Vkrz Y =@
Vi frqvlvwlqj ri �qlwh lqwhuvhfwlrqv ri hohphqwv iurp V lv d edvlv iru �= Pruhryhu/ V
lv lwvhoi d edvlv iru � l�

Y4 _ Y5 @ ^iV 5 V = V � Y4 _ Y5j=
iru hyhu| sdlu ri vhwv Y4> Y5 5 V=
Uhpdun 71471 Ohw +[> g, eh d phwulf vsdfh/ wkhq H @ iE{+�, = { 5 [ dqg � A 3j
lv d edvlv iru �g � wkh wrsrorj| dvvrfldwhg wr wkh phwulf g= Wklv lv wkh frqwhqw ri
H{huflvh 6161

Ohw xv fkhfn gluhfwo| wkdw H lv d edvlv iru d wrsrorj|1 Vxssrvh wkdw {> | 5 [ dqg
�> � A 3= Li } 5 E+{> �, _E+|> �,> wkhq

E+}> �, � E+{> �, _E+|> �,+71<,

zkhuh � @ plqi��g+{> },> ��g+|> },j> vhh Iljxuh 441 Wklv lv d irupdo frqvhtxhqfh
ri wkh wuldqjoh lqhtxdolw|1 Iru h{dpsoh ohw xv vkrz wkdw E+}> �, � E+{> �,= E| wkh
gh�qlwlrq ri �> zh kdyh wkdw � � � � g+{> }, ru wkdw g+{> }, � � � �= Khqfh li
z 5 E+}> �,> wkhq

g+{>z, � g+{> }, . g+}> z, � � � �. g+}> z, ? � � �. � @ �

zklfk vkrzv wkdw z 5 E+{> �,= Vlploduo| zh vkrz wkdw z 5 E+|> �, dv zhoo1
Rzlqj wr H{huflvh 716/ wklv vkrzv H lv d edvlv iru d wrsrorj|1 Zh gr qrw qhhg

wr xvh H{huflvh 716 khuh vlqfh lq idfw Htxdwlrq +71<, pd| eh jhqhudol}hg wr �qlwh
lqwhuvhfwlrq ri edoov1 Qdpho| li {l 5 [> �l A 3 dqg } 5 _ql@4E+{l> �l,> wkhq

E+}> �, � _ql@4E+{l> �l,+7143,

zkhuh qrz � =@ plq i�l � g+{l> }, = l @ 4> 5> = = = > qj = E| Ht1 +7143, lw iroorzv wkdw
dq| �qlwh lqwhuvhfwlrq ri rshq edoov pd| eh zulwwhq dv d xqlrq ri rshq edoov1

H{dpsoh 71481 Vxssrvh [ @ i4> 5> 6j dqg H @ i>> [> i4> 5j> i4> 6jj> vhh Iljxuh
45 ehorz1

Wkhq

�+H, @ i>> [> i4j> i4> 5j> i4> 6jj
D+H, @ �+H, @ S+[,=
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Iljxuh 451 D froohfwlrq ri vxevhwv1

Gh�qlwlrq 71491 Ohw [ eh d vhw1 Zh vd| wkdw d idplo| ri vhwv I � S+[, lv d
sduwlwlrq ri [ li [ lv wkh glvmrlqw xqlrq ri wkh vhwv lq I =
H{dpsoh 714:1 Ohw [ eh d vhw dqg H @ iD4> = = = > Dqj zkhuh D4> = = = > Dq lv d
sduwlwlrq ri [= Lq wklv fdvh

D+H, @ �+H, @ �+H, @ i^l5�Dl = � � i4> 5> = = = > qjj
zkhuh ^l5�Dl =@ > zkhq � @ >= Qrwlfh wkdw

&D+H, @ &+S+i4> 5> = = = > qj,, @ 5q=

Sursrvlwlrq 714;1 Vxssrvh wkdw P� S+[, lv d � � dojheud dqg P lv dw prvw d
frxqwdeoh vhw1 Wkhq wkhuh h{lvwv d xqltxh �qlwh sduwlwlrq I ri [ vxfk wkdw I �P
dqg hyhu| hohphqw D 5P lv ri wkh irup

D @ ^i� 5 I = � � Dj =+7144,

Lq sduwlfxodu P lv dfwxdoo| d �qlwh vhw1

Surri1 Iru hdfk { 5 [ ohw

D{ @ +_{5D5PD, 5P=

Wkdw lv/ D{ lv wkh vpdoohvw vhw lq P zklfk frqwdlqv {= Vxssrvh wkdw F @ D{ _D|

lv qrq0hpsw|1 Li { @5 F wkhq { 5 D{ q F 5 P dqg khqfh D{ � D{ q F zklfk
vkrzv wkdw D{ _F @ > zklfk lv d frqwudglfwlrq1 Khqfh { 5 F dqg vlploduo| | 5 F>
wkhuhiruh D{ � F @ D{ _ D| dqg D| � F @ D{ _ D| zklfk vkrzv wkdw D{ @ D|=
Wkhuhiruh/ I @ iD{ = { 5 [j lv d sduwlwlrq ri [ +zklfk lv qhfhvvdulo| frxqwdeoh,
dqg Ht1 +7144, krogv iru doo D 5 P= Ohw I @ iSqjQq@4 zkhuh iru wkh prphqw
zh doorz Q @ 4= Li Q @ 4> wkhq P lv rqh wr rqh fruuhvsrqghqfh zlwk i3> 4jQ =
Lqghhg wr hdfk d 5 i3> 4jQ > ohw Dd 5P eh gh�qhg e|

Dd @ ^iSq = dq @ 4j=
Wklv vkrzv wkdw P lv xqfrxqwdeoh vlqfh i3> 4jQ lv xqfrxqwdeoh> wklqn ri wkh edvh
wzr h{sdqvlrq ri qxpehuv lq ^3> 4` iru h{dpsoh1 Wkxv dq| frxqwdeoh � � dojheud lv
qhfhvvdulo| �qlwh1 Wklv �qlvkhv wkh surri prgxor wkh xqltxhqhvv dvvhuwlrq zklfk lv
ohiw dv dq h{huflvh wr wkh uhdghu1
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H{dpsoh 714<1 Ohw [ @ U dqg

H @ i+d>4, = d 5 Uj ^ iU> >j @ i+d>4, _U = d 5 �Uj � S+U,=
Qrwlfh wkdw Hi @ H dqg wkdw H lv forvhg xqghu xqlrqv/ zklfk vkrzv wkdw
�+H, @ H / l1h1 H lv douhdg| d wrsrorj|1 Vlqfh +d>4,f @ +�4> d` zh �qg wkdw
Hf @ i+d>4,> +�4> d`>�4 � d ?4j ^ iU> >j1 Qrwlqj wkdw

+d>4, _ +�4> e` @ +d> e`

lw lv hdv| wr yhuli| wkdw wkh dojheud D+H, jhqhudwhg e| H pd| eh ghvfulehg dv ehlqj
wkrvh vhwv zklfk duh �qlwh glvmrlqw xqlrqv ri vhwv iurp wkh iroorzlqj olvw

�H =@
�
+d> e` _U = d> e 5 �U

�
=

+Wklv iroorzv iurp Sursrvlwlrq 7145 dqg wkh idfw wkdw �H lv dq hohphqwdu| idplo| ri
vxevhwv ri U=, Wkh � � dojheud/ �+H,> jhqhudwhg e| H lv yhu| frpsolfdwhg1 Khuh
duh vrph vhwv lq �+H, � prvw ri zklfk duh qrw lq D+H,=
+d, +d> e, @

4V
q@4

+d> e� 4
q
` 5 �+H,=

+e, Doo ri wkh vwdqgdug rshq vxevhwv ri U duh lq �+H,=
+f, i{j @ W

q

�
{� 4

q
> {
� 5 �+H,

+g, ^d> e` @ idj ^ +d> e` 5 �+H,
+h, Dq| frxqwdeoh vxevhw ri U lv lq �+H,1

Uhpdun 71531 Lq wkh deryh h{dpsoh/ rqh pd| uhsodfh H e| H @ i+d>4, = d 5
Tj ^ iU> >j> lq zklfk fdvh D+H, pd| eh ghvfulehg dv ehlqj wkrvh vhwv zklfk duh
�qlwh glvmrlqw xqlrqv ri vhwv iurp wkh iroorzlqj olvw

i+d>4,> +�4> d`> +d> e` = d> e 5 Tj ^ i>>Uj =
Wklv vkrzv wkdw D+H, lv d frxqwdeoh vhw � d idfw zh zloo xvh odwhu rq1
Gh�qlwlrq 71541 D wrsrorjlfdo vsdfh/ +[> �,> lv vhfrqg frxqwdeoh li wkhuh h{lvwv
d frxqwdeoh edvh Y iru �> l1h1 Y � � lv d frxqwdeoh vhw vxfk wkdw iru hyhu| Z 5 �>

Z @ ^iY = Y 5 Y 6Y �Zj=
H{huflvh 7171 Vxssrvh H � S+[, lv d frxqwdeoh froohfwlrq ri vxevhwv ri [> wkhq
� @ �+H, lv d vhfrqg frxqwdeoh wrsrorj| rq [=

Sursrvlwlrq 71551 Hyhu| vhsdudeoh phwulf vsdfh/ +[> �, lv vhfrqg frxqwdeoh1

Surri1 Ohw i{qj4q@4 eh d frxqwdeoh ghqvh vxevhw ri [1 Ohw Y �
i[> >j

4V
p>q@4

iE{q+up,j � ��/ zkhuh iupj4p@4 lv ghqvh lq +3>4,1 Wkhq Y lv d

frxqwdeoh edvh iru ��= Wr vhh wklv ohw Y � [ eh rshq dqg { 5 Y 1 Fkrrvh
� A 3 vxfk wkdw E{+�, � Y dqg wkhq fkrrvh {q 5 E{+�@6,= Fkrrvh up qhdu
�@6 vxfk wkdw �+{> {q, ? up ? �@6 vr wkdw { 5 E{q+up, � Y 1 Wklv vkrzv
Y @

V iE{q+up, = E{q+up, � Y j =
Qrwdwlrq 71561 Iru d jhqhudo wrsrorjlfdo vsdfh +[> �,/ wkh Eruho � � dojheud lv
wkh � � dojheud/ E[ @ �+�,= Zh zloo xvh EU wr ghqrwh wkh Eruho � 0 dojheud rq U=

Sursrvlwlrq 71571 Li � lv d vhfrqg frxqwdeoh wrsrorj| rq [ dqg H � S+[, lv d
frxqwdeoh vhw vxfk wkdw � @ �+H,> wkhq E[ =@ �+�, @ �+H,> l1h1 �+�+H,, @ �+H,=
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Surri1 Ohw Hi ghqrwh wkh froohfwlrq ri vxevhwv ri [ zklfk duh �qlwh lqwhuvhfwlrq
ri hohphqwv iurp H dorqj zlwk[ dqg >= Qrwlfh wkdw Hi lv vwloo frxqwdeoh +|rx suryh,1
D vhw ] lv lq �+H, l� ] lv dq duelwudu| xqlrq ri vhwv iurp Hi = Wkhuhiruh ] @

V
D5I

D

iru vrph vxevhw I � Hi zklfk lv qhfhvvdulo| frxqwdeoh1 Vlqfh Hi � �+H, dqg �+H, lv
forvhg xqghu frxqwdeoh xqlrqv lw iroorzv wkdw ] 5 �+H, dqg khqfh wkdw �+H, � �+H,=
Iru wkh odvw dvvhuwlrq/ vlqfh H � �+H, � �+H, lw iroorzv wkdw �+H, � �+�+H,, � �+H,=

H{huflvh 7181 Yhuli| wkh iroorzlqj lghqwlwlhv

EU @ �+i+d>4, = d 5 Uj @ �+i+d>4, = d 5 Tj @ �+i^d>4, = d 5 Tj,=
7171 Frqwlqxrxv dqg Phdvxudeoh Ixqfwlrqv1 Rxu qrwlrq ri d �phdvxudeoh�
ixqfwlrq zloo eh dqdorjrxv wr wkdw iru d frqwlqxrxv ixqfwlrq1 Iru prwlydwlrqdo sxu0
srvhv/ vxssrvh +[>P> �, lv d phdvxuh vsdfh dqg i = [ $ U.1 Urxjko| vshdnlqj/
lq wkh qh{w vhfwlrq zh duh jrlqj wr gh�qh

U
[

ig� e|

]
[

ig� @ olp
phvk$3

4[
3?d4?d5?d6?===

dl�+i
�4+dl> dl.4`,=

Iru wklv wr pdnh vhqvh zh zloo qhhg wr uhtxluh i�4++d> e`, 5P iru doo d ? e= Ehfdxvh
ri Ohppd 7163 ehorz/ wklv odvw frqglwlrq lv htxlydohqw wr wkh frqglwlrq

i�4+EU, �P>

zkhuh zh duh xvlqj wkh iroorzlqj qrwdwlrq1

Qrwdwlrq 71581 Li i = [ $ \ lv d ixqfwlrq dqg H � S+\ , ohw

i�4H � i�4 +H, � ii�4+H,mH 5 Hj=
Li J � S+[,> ohw

i�J � iD 5 S+\ ,mi�4+D, 5 Jj=
H{huflvh 7191 Vkrz i�4H dqg i�J duh � � dojheudv +wrsrorjlhv, surylghg H dqg
J duh � � dojheudv +wrsrorjlhv,1

Gh�qlwlrq 71591 Ohw +[>P, dqg +\>I, eh phdvxudeoh +wrsrorjlfdo, vsdfhv1 D
ixqfwlrq i = [ $ \ lv phdvxudeoh +frqwlqxrxv, li i�4+I, �P1 Zh zloo dovr
vd| wkdw i lvP@I � phdvxudeoh +frqwlqxrxv, ru +P>I, � phdvxudeoh +frqwlqxrxv,1
H{dpsoh 715: +Fkdudfwhulvwlf Ixqfwlrqv,1 Ohw +[>P, eh d phdvxudeoh vsdfh dqg
D � [= Zh gh�qh wkh fkdudfwhulvwlf ixqfwlrq 4D = [ $ U e|

4D+{, @

�
4 li { 5 D
3 li { @5 D=

Li D 5P> wkhq 4D lv +P>S+U,, � phdvxudeoh ehfdxvh 4�4D +Z , lv hlwkhu >> [> D ru
Df iru dq| X � U= Frqyhuvho|/ li I lv dq| � � dojheud rq U frqwdlqlqj d vhw Z � U
vxfk wkdw 4 5 Z dqg 3 5 Z f> wkhq D 5 P li 4D lv +P>I, � phdvxudeoh1 Wklv lv
ehfdxvh D @ 4�4D +Z , 5P=

Uhpdun 715;1 Ohw i = [ $ \ eh d ixqfwlrq1 Jlyhq d � � dojheud +wrsrorj|,
I � S+\ ,> wkh � � dojheud +wrsrorj|, P =@ i�4+I, lv wkh vpdoohvw � � dojheud
+wrsrorj|, rq [ vxfk wkdw i lv +P>I, 0 phdvxudeoh +frqwlqxrxv,1 Vlploduo|/ li P
lv d � 0 dojheud +wrsrorj|, rq[ wkhq I @ i�P lv wkh odujhvw � � dojheud +wrsrorj|,
rq \ vxfk wkdw i lv +P>I, 0 phdvxudeoh +frqwlqxrxv,1
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Ohppd 715<1 Vxssrvh wkdw +[>P,> +\>I, dqg +]>J, duh phdvxudeoh +wrsrorjlfdo,
vsdfhv1 Li i = +[>P,$ +\>I, dqg j = +\>I,$ +]>J, duh phdvxudeoh +frqwlqxrxv,
ixqfwlrqv wkhq j � i = +[>P,$ +]>J, lv phdvxudeoh +frqwlqxrxv, dv zhoo1

Surri1 Wklv lv hdv| vlqfh e| dvvxpswlrq j�4+J, � I dqg i�4 +I, �P vr wkdw

+j � i,�4 +J, @ i�4
�
j�4 +J,� � i�4 +I, �P=

Ohppd 71631 Vxssrvh wkdw i = [ $ \ lv d ixqfwlrq dqg H � S+\ ,> wkhq

�
�
i�4+H,� @ i�4+�+H,, dqg+7145,

�
�
i�4+H,� @ i�4+�+H,,=+7146,

Pruhryhu/ li I @ �+H, +ru I @ �+H,, dqg P lv d � � dojheud +wrsrorj|, rq [>
wkhq i lv +P>I, � phdvxudeoh +frqwlqxrxv, l� i�4+H, �P=

Surri1 Zh zloo suryh Ht1 +7145,/ wkh surri ri Ht1 +7146, ehlqj dqdorjrxv1
Li H � I > wkhq i�4+H, � i�4+�+H,, dqg wkhuhiruh/ +ehfdxvh i�4+�+H,, lv d � �
dojheud,

J =@ �+i�4+H,, � i�4+�+H,,
zklfk suryhv kdoi ri Ht1 +7145,1 Iru wkh uhyhuvh lqfoxvlrq qrwlfh wkdw

i�J @
�
E � \ = i�4+E, 5 J�

lv d � � dojheud zklfk frqwdlqv H dqg wkxv �+H, � i�J= Khqfh li E 5 �+H, zh
nqrz wkdw i�4+E, 5 J> l1h1 i�4+�+H,, � J= Wkh odvw dvvhuwlrq ri wkh Ohppd lv
dq hdv| frqvhtxhqfh ri Htv1 +7145, dqg +7146,1 Iru h{dpsoh/ li i�4H � P> wkhq
i�4� +H, @ �

�
i�4H� �P zklfk vkrzv i lv +P>I, � phdvxudeoh1

Gh�qlwlrq 71641 D ixqfwlrq i = [ $ \ ehwzhhq wr wrsrorjlfdo vsdfhv lv Eruho
phdvxudeoh li i�4+E\ , � E[ 1
Sursrvlwlrq 71651 Ohw [ dqg \ eh wzr wrsrorjlfdo vsdfhv dqg i = [ $ \ eh d
frqwlqxrxv ixqfwlrq1 Wkhq i lv Eruho phdvxudeoh1

Surri1 Xvlqj Ohppd 7163 dqg E\ @ �+�\ ,>

i�4+E\ , @ i�4+�+�\ ,, @ �+i�4+�\ ,, � �+�[, @ E[ =

Fruroodu| 71661 Vxssrvh wkdw +[>P, lv d phdvxudeoh vsdfh1 Wkhq i = [ $ U

lv +P>EU, � phdvxudeoh l� i�4++d>4,, 5 P iru doo d 5 U l� i�4++d>4,, 5 P
iru doo d 5 T l� i�4++�4> d`, 5 P iru doo d 5 U> hwf1 Vlploduo|/ li +[>P, lv
d wrsrorjlfdo vsdfh/ wkhq i = [ $ U lv +P> �U, 0 frqwlqxrxv l� i�4++d> e,, 5 P
iru doo �4 ? d ? e ? 4 l� i�4++d>4,, 5 P dqg i�4++�4> e,, 5 P iru doo
d> e 5 T= +Zh duh xvlqj �U wr ghqrwh wkh vwdqgdug wrsrorj| rq U lqgxfhg e| wkh
phwulf g+{> |, @ m{� |m=,
Surri1 Wklv lv dq h{huflvh +H{huflvh 71:, lq xvlqj Ohppd 71631
Zh zloo riwhq ghdo zlwk ixqfwlrqv i = [ $ �U @ U^i	4j = Ohw

E�U =@ � +i^d>4` = d 5 Uj, =+7147,

Wkh iroorzlqj Fruroodu| ri Ohppd 7163 lv d gluhfw dqdorjxh ri Fruroodu| 71661
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Fruroodu| 71671 i = [ $ �U lv +P>E�U, 0 phdvxudeoh l� i�4++d>4`, 5 P iru doo
d 5 U l� i�4++�4> d`, 5P iru doo d 5 U> hwf1
Sursrvlwlrq 71681 Ohw EU dqg E�U eh dv deryh/ wkhq

E�U @ iD � �U = D _U 5EUj=+7148,

Lq sduwlfxodu i4j > i�4j 5 E�U dqg EU � E�U=
Surri1 Ohw xv �uvw revhuyh wkdw

i�4j @ _4q@4^�4>�q, @ _4q@4^�q>4`f 5 E�U>
i4j @ _4q@4^q>4` 5 E�U dqg U @ �Uq i	4j 5 E�U=

Ohwwlqj l = U$ �U eh wkh lqfoxvlrq pds/

l�4 +E�U, @ �
�
l�4
��
^d>4` = d 5 �U

���
@ �

��
l�4 +^d>4`, = d 5 �U

��
@ �

��
^d>4` _U = d 5 �U

��
@ � +i^d>4, = d 5 Uj, @ EU=

Wkxv zh kdyh vkrzq

EU @ l�4 +E�U, @ iD _U = D 5 E�Uj=
Wklv lpsolhv=

41 D 5 E�U @, D _U 5EU dqg
51 li D � �U lv vxfk wkdw D_U 5EU wkhuh h{lvwv E 5 E�U vxfk wkdw D_U @ E_U=

Ehfdxvh D�E � i	4j dqg i4j > i�4j 5 E�U zh pd| frqfoxgh wkdw D 5 E�U
dv zhoo1

Wklv suryhv Ht1 +7148,1

Sursrvlwlrq 7169 +Forvxuh xqghu vxsv/ lqiv dqg olplwv,1 Vxssrvh wkdw +[>P, lv
d phdvxudeoh vsdfh dqg im = +[>P, $ U lv d vhtxhqfh ri P@E

U
� phdvxudeoh

ixqfwlrqv1 Wkhq

vxsmim > lqimim > olp vxs
m$4

im dqg olp lqi
m$4

im

duh doo P@E
U
� phdvxudeoh ixqfwlrqv1 +Qrwh wkdw wklv uhvxow lv lq jhqhudoo| idovh

zkhq +[>P, lv d wrsrorjlfdo vsdfh dqg phdvxudeoh lv uhsodfhg e| frqwlqxrxv lq wkh
vwdwhphqw1,

Surri1 Gh�qh j.+{, =@ vxs mim+{,> wkhq

i{ = j.+{, � dj @ i{ = im+{, � d ; mj
@ _mi{ = im+{, � dj 5 P

vr wkdw j. lv phdvxudeoh1 Vlploduo| li j�+{, @ lqim im+{, wkhq

i{ = j�+{, � dj @ _mi{ = im+{, � dj 5 P=

Vlqfh

olp vxs
m$4

im @ lqi
q
vxs iim = m � qj dqg

olp lqi
m$4

im @ vxs
q

lqi iim = m � qj

zh duh grqh e| zkdw zh kdyh douhdg| suryhg1
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717141 Pruh jhqhudo srlqwzlvh olplwv1

Ohppd 716:1 Vxssrvh wkdw +[>P, lv d phdvxudeoh vsdfh/ +\> g, lv d phwulf vsdfh
dqg im = [ $ \ lv +P>E\ , � phdvxudeoh iru doo m= Dovr dvvxph wkdw iru hdfk { 5 [>
i+{, @ olpq$4 iq+{, h{lvwv1 Wkhq i = [ $ \ lv dovr +P>E\ , � phdvxudeoh1

Surri1 Ohw Y 5 �g dqg Zp =@ i| 5 \ = gY f+|, A 4@pj iru p @ 4> 5> = = = = Wkhq
Zp 5 �g>

Zp � �Zp � i| 5 \ = gY f+|, � 4@pj � Y

iru doo p dqg Zp % Y dv p $ 4= Wkh surri zloo eh frpsohwhg e| yhuli|lqj wkh
lghqwlw|/

i�4+Y , @ ^4p@4 ^4Q@4 _q�Qi�4q +Zp, 5P=

Li { 5 i�4+Y , wkhq i+{, 5 Y dqg khqfh i+{, 5Zp iru vrphp= Vlqfh iq+{,$ i+{,>
iq+{, 5 Zp iru doprvw doo q= Wkdw lv { 5 ^4p@4 ^4Q@4 _q�Qi�4q +Zp,= Frqyhuvho|
zkhq { 5 ^4p@4 ^4Q@4 _q�Qi�4q +Zp, wkhuh h{lvwv dq p vxfk wkdw iq+{, 5 Zp �
�Zp iru doprvw doo q= Vlqfh iq+{,$ i+{, 5 �Zp � Y> lw iroorzv wkdw { 5 i�4+Y ,=

Uhpdun 716;1 Lq wkh suhylrxv Ohppd 716: lw lv srvvleoh wr ohw +\> �, eh dq| wrsr0
orjlfdo vsdfh zklfk kdv wkh �uhjxodulw|� surshuw| wkdw li Y 5 � wkhuh h{lvwv Zp 5 �
vxfk wkdw Zp � �Zp � Y dqg Y @ ^4p@4Zp= Pruhryhu/ vrph h{wud frqglwlrq lv
qhfhvvdu| rq wkh wrsrorj| � lq rughu iru Ohppd 716: wr eh fruuhfw1 Iru h{dpsoh li
\ @ i4> 5> 6j dqg � @ i\> >> i4> 5j> i5> 6j> i5jj dv lq H{dpsoh 615; dqg [ @ id> ej
zlwk wkh wulyldo � � dojheud1 Ohw im+d, @ im+e, @ 5 iru doo m> wkhq im lv frqvwdqw dqg
khqfh phdvxudeoh1 Ohw i+d, @ 4 dqg i+e, @ 5> wkhq im $ i dv m $4 zlwk i ehlqj
qrq0phdvxudeoh1 Qrwlfh wkdw wkh Eruho � � dojheud rq \ lv S+\ ,=

7181 Wrsrorjlhv dqg � � Dojheudv Jhqhudwhg e| Ixqfwlrqv1

Gh�qlwlrq 716<1 Ohw H � S+[, eh d froohfwlrq ri vhwv/ D � [> lD = D $ [ eh
wkh lqfoxvlrq pds +lD+{, @ {, iru doo { 5 D> dqg

HD @ l�4D +H, @ iD _H = H 5 Hj =
Zkhq H @ � lv d wrsrorj| ru H @P lv d � � dojheud zh fdoo �D wkh uhodwlyh wrsrorj|
dqg PD wkh uhodwlyh � � dojheud rq D=

Sursrvlwlrq 71731 Vxssrvh wkdw D � [> P � S+[, lv d � � dojheud dqg � �
S+[, lv d wrsrorj|/ wkhqPD � S+D, lv d � � dojheud dqg �D � S+D, lv d wrsrorj|1
Pruhryhu li H � S+[, lv vxfk wkdw P @ �+H, +� @ �+H,, wkhq PD @ �+HD,
+�D @ �+HD,,=
Surri1 Wkh �uvw dvvhuwlrq lv H{huflvh 719 dqg wkh vhfrqg dvvhuwlrq lv d frqvh0

txhqfh ri Ohppd 71631 Lqghhg/

PD @ l�4D +P, @ l�4D +�+H,, @ �+l�4D +H,, @ �+HD,
dqg vlploduo|

�D @ l�4D +�, @ l�4D +�+H,, @ �+l�4D +H,, @ �+HD,=

H{dpsoh 71741 Vxssrvh wkdw +[> g, lv d phwulf vsdfh dqg D � [ lv d vhw1 Ohw
� @ �g dqg gD =@ gmD�D eh wkh phwulf g uhvwulfwhg wr D= Wkhq �D @ �gD > l1h1
wkh uhodwlyh wrsrorj|/ �D/ ri �g rq D lv wkh vdph dv wkh wrsrorj| lqgxfhg e| wkh
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uhvwulfwlrq ri wkh phwulf g wr D= Lqghhg/ li Y 5 �D wkhuh h{lvwv Z 5 � vxfk wkdw
Y _ D @ Z= Wkhuhiruh iru doo { 5 D wkhuh h{lvwv � A 3 vxfk wkdw E{+�, � Z dqg
khqfh E{+�, _ D � Y= Vlqfh E{+�, _ D @ EgD

{ +�, lv d gD � edoo lq D> wklv vkrzv
Y lv gD � rshq/ l1h1 �D � �gD = Frqyhuvho|/ li Y 5 �gD > wkhq iru hdfk { 5 D wkhuh
h{lvwv �{ A 3 vxfk wkdw EgD

{ +�, @ E{+�, _ D � Y= Wkhuhiruh Y @ D _ Z zlwk
Z =@ ^{5DE{+�, 5 �= Wklv vkrzv �gD � �D=

Gh�qlwlrq 71751 Ohw D � [> i = D$ F eh d ixqfwlrq/ P� S+[, eh d � � dojh0
eud dqg � � S+[, eh d wrsrorj|/ wkhq zh vd| wkdw i mD lv phdvxudeoh +frqwlqxrxv,
li i mD lv PD � phdvxudeoh +�D frqwlqxrxv,1

Sursrvlwlrq 71761 Ohw D � [> i = [ $ F eh d ixqfwlrq/ P � S+[, eh d � �
dojheud dqg � � S+[, eh d wrsrorj|1 Li i lv P � phdvxudeoh +� frqwlqxrxv, wkhq
i mD lv PD phdvxudeoh +�D frqwlqxrxv,1 Pruhryhu li Dq 5 P +Dq 5 �, vxfk wkdw
[ @ ^4q@4Dq dqg i mDq lv PDq phdvxudeoh +�Dq frqwlqxrxv, iru doo q> wkhq i lv
P � phdvxudeoh +� frqwlqxrxv,1

Surri1 Qrwlfh wkdw lD lv +PD>P, � phdvxudeoh +�D> �, � frqwlqxrxv, khqfh
i mD @ i � lD lv PD phdvxudeoh +�D � frqwlqxrxv,1 Ohw E � F eh d Eruho vhw dqg
frqvlghu

i�4+E, @ ^4q@4
�
i�4+E, _Dq

�
@ ^4q@4i m�4Dq+E,=

Li D 5P +D 5 �,> wkhq lw lv hdv| wr fkhfn wkdw

PD @ iE 5P = E � Dj �P dqg

�D @ iE 5 � = E � Dj � �=

Wkh vhfrqg dvvhuwlrq lv qrz dq hdv| frqvhtxhqfh ri wkh suhylrxv wkuhh htxdwlrqv1

Gh�qlwlrq 71771 Ohw [ dqg D eh vhwv/ dqg vxssrvh iru � 5 D zh duh jlyh d
phdvxudeoh +wrsrorjlfdo, vsdfh +\�>I�, dqg d ixqfwlrq i� = [ $ \�= Zh zloo zulwh
�+i� = � 5 D, +�+i� = � 5 D,, iru wkh vpdoohvw �0dojheud +wrsrorj|, rq [ vxfk wkdw
hdfk i� lv phdvxudeoh +frqwlqxrxv,/ l1h1

�+i� = � 5 D, @ �+^�i�4� +I�,, dqg
�+i� = � 5 D, @ �+^�i�4� +I�,,1

Sursrvlwlrq 71781 Dvvxplqj wkh qrwdwlrq lq Gh�qlwlrq 7177 dqg dgglwlrqdoo| ohw
+]>P, eh d phdvxudeoh +wrsrorjlfdo, vsdfh dqg j = ] $ [ eh d ixqfwlrq1 Wkhq j
lv +P> �+i� = � 5 D,, � phdvxudeoh ++P> �+i� = � 5 D,, � frqwlqxrxv, l� i� � j lv
+P>I�,�phdvxudeoh +frqwlqxrxv, iru doo � 5 D=

Surri1 +,, Li j lv +P> �+i� = � 5 D,, � phdvxudeoh/ wkhq wkh frpsrvlwlrq i��j
lv +P>I�, � phdvxudeoh e| Ohppd 715<1

++, Ohw

J @ �+i� = � 5 D, @ �
�^�5Di�4� +I�,

�
=

Li i� � j lv +P>I�, � phdvxudeoh iru doo �> wkhq
j�4i�4� +I�, �P;� 5 D

dqg wkhuhiruh

j�4
�^�5Di�4� +I�,

�
@ ^�5Dj�4i�4� +I�, �P=
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Khqfh

j�4 +J, @ j�4
�
�
�^�5Di�4� +I�,

��
@ �+j�4

�^�5Di�4� +I�,
� �P

zklfk vkrzv wkdw j lv +P>J, � phdvxudeoh1
Wkh wrsrorjlfdo fdvh lv suryhg lq wkh vdph zd|1

7191 Surgxfw Vsdfhv1 Lq wklv vhfwlrq zh frqvlghu surgxfw wrsrorjlhv dqg � �
dojheudv1 Zh zloo vwduw zlwk d �qlwh qxpehu ri idfwruv �uvw dqg wkhq odwhu phqwlrq
zkdw kdsshqv iru dq lq�qlwh qxpehu ri idfwruv1

719141 Surgxfwv zlwk d Ilqlwh Qxpehu ri Idfwruv1 Ohw i[ljql@4 eh d froohfwlrq ri vhwv/
[ =@ [4�[5�� � ��[q dqg �l = [ $ [l eh wkh surmhfwlrq pds �+{4> {5> = = = > {q, @
{l iru hdfk 4 � l � q= Ohw xv dovr vxssrvh wkdw �l lv d wrsrorj| rq [l dqg Pl lv d
� � dojheud rq [l iru hdfk l=

Qrwdwlrq 71791 Ohw Hl � S+[l, eh d froohfwlrq ri vxevhwv ri [l iru l @ 4> 5> = = = > q
zh zloo zulwh/ e| dexvh ri qrwdwlrq/ H4 � H5 � � � � � Hq iru wkh froohfwlrq ri vxevhwv
ri [4 � � � � �[q ri wkh irup D4 �D5 � � � � �Dq zlwk Dl 5 Hl iru doo l= Wkdw lv zh
duh lghqwli|lqj +D4> D5> = = = > Dq, zlwk D4 �D5 � � � � �Dq=

Gh�qlwlrq 717:1 Wkh surgxfw wrsrorj| rq [/ ghqrwhg e| �4  �5  � � �  �q lv
wkh vpdoohvw wrsrorj| rq [ vr wkdw hdfk pds �l = [ $ [l lv frqwlqxrxv1 Vlploduo|/
wkh surgxfw � � dojheud rq [/ ghqrwhg e|P4P5� � �Pq> lv wkh vpdoohvw
� � dojheud rq [ vr wkdw hdfk pds �l = [ $ [l lv phdvxudeoh1

Uhpdun 717;1 Wkh surgxfw wrsrorj| pd| dovr eh ghvfulehg dv wkh vpdoohvw wrsrorj|
frqwdlqlqj vhwv iurp �4 � � � � � �q> l1h1

�4  �5  � � �  �q @ �+�4 � � � � � �q,=

Lqghhg/

�4  �5  � � �  �q @ �+�4> �5> = = = > �q,

@ �+
�_ql@4��4l +Yl, = Yl 5 �l iru l @ 4> 5> = = = > q

�
,

@ �+iY4 � Y5 � � � � � Yq = Yl 5 �l iru l @ 4> 5> = = = > qj,=
Vlploduo|/

P4 P5  � � � Pq @ �+P4 �P5 � � � � �Pq,=

Ixuwkhupruh li El � �l lv d edvlv iru wkh wrsrorj| �l iru hdfk l> wkhq E4�� � ��Eq lv
d edvlv iru �4 �5� � � �q= Lqghhg/ �4�� � ���q lv forvhg xqghu �qlwh lqwhuvhfwlrqv
dqg jhqhudwhv �4  �5  � � �  �q> wkhuhiruh �4 � � � � � �q lv d edvlv iru wkh surgxfw
wrsrorj|1 Khqfh iru Z 5 �4  �5  � � �  �q dqg { @ +{4> = = = > {q, 5 Z> wkhuh h{lvwv
Y4 � Y5 � � � � � Yq 5 �4 � � � � � �q vxfk wkdw

{ 5 Y4 � Y5 � � � � � Yq �Z=

Vlqfh El lv d edvlv iru �l> zh pd| qrz fkrrvh Xl 5 El vxfk wkdw {l 5 Xl � Yl iru
hdfk l= Wkxv

{ 5 X4 � X5 � � � � � Xq �Z

dqg zh kdyh vkrzq Z pd| eh zulwwhq dv d xqlrq ri vhwv iurp E4� � � � � Eq= Vlqfh
E4 � � � � � Eq � �4 � � � � � �q � �4  �5  � � �  �q>

wklv vkrzv E4 � � � � � Eq lv d edvlv iru �4  �5  � � �  �q=
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Ohppd 717<1 Ohw +[l> gl, iru l @ 4> = = = > q eh phwulf vsdfhv/ [ =@ [4 � � � � �[q

dqg iru { @ +{4> {5> = = = > {q, dqg | @ +|4> |5> = = = > |q, lq [ ohw

g+{> |, @
q[
l@4

gl+{l> |l,=+7149,

Wkhq wkh wrsrorj|/ �g> dvvrfldwhg wr wkh phwulf g lv wkh surgxfw wrsrorj| rq [> l1h1

�g @ �g4  �g5  � � �  �gq =

Surri1 Ohw �+{> |, @ pd{igl+{l> |l, = l @ 4> 5> = = = > qj= Wkhq � lv htxlydohqw wr g
dqg khqfh �� @ �g= Pruhryhu li � A 3 dqg { @ +{4> {5> = = = > {q, 5 [> wkhq

E�
{+�, @ Eg4

{4
+�,� � � � �Egq

{q
+�,=

E| Uhpdun 7147/

H =@ iE�
{+�, = { 5 [ dqg � A 3j

lv d edvlv iru �� dqg e| Uhpdun 717; H lv dovr d edvlv iru �g4  �g5  � � �  �gq =
Wkhuhiruh/

�g4  �g5  � � �  �gq @ �+H, @ �� @ �g=

Uhpdun 71831 Ohw +]>P, eh d phdvxudeoh +wrsrorjlfdo, vsdfh/ wkhq e| Sursrvlwlrq
7178/ d ixqfwlrq i = ] $ [ lv phdvxudeoh +frqwlqxrxv, l� �l�i = ] $ [l lv +P>Pl,
� phdvxudeoh ++�> �l, � frqwlqxrxv, iru l @ 4> 5> = = = > q= Vr li zh zulwh

i+}, @ +i4+},> i5+},> = = = > iq+},, 5 [4 �[5 � � � � �[q>

wkhq i = ] $ [ lv phdvxudeoh +frqwlqxrxv, l� il = ] $ [l lv phdvxudeoh +frqwlqx0
rxv, iru doo l=

Wkhruhp 71841 Iru l @ 4> 5> = = = > q> ohw Hl � S+[l, eh d froohfwlrq ri vxevhwv ri [l

vxfk wkdw [l 5 Hl dqg Pl @ �+Hl, +ru �l @ �+Hl,, iru l @ 4> 5> = = = > q> wkhq

P4 P5  � � � Pq @ �+H4 � H5 � � � � � Hq, dqg
�4  �5  � � �  �q @ �+H4 � H5 � � � � � Hq,=

Zulwwhq rxw pruh h{solflwo|/ wkhvh htxdwlrqv vwdwh

�+�+H4,� �+H5,� � � � � �+Hq,, @ �+H4 � H5 � � � � � Hq, dqg+714:,

�+�+H4,� �+H5,� � � � � �+Hq,, @ �+H4 � H5 � � � � � Hq,=+714;,

Pruhryhu li i+[l> �l,jql@4 lv d vhtxhqfh ri vhfrqg frxqwdeoh wrsrorjlfdo vsdfhv/ � @
�4  �5  � � �  �q lv wkh surgxfw wrsrorj| rq [ @ [4 � � � � �[q> wkhq

E[ =@ �+�4  �5  � � �  �q, @ �+E[4
� � � � � E[q, @= E[4

 � � �  E[q
=

Wkdw lv wr vd| wkh Eruho � � dojheud dqg wkh surgxfw � � dojheud rq [ duh wkh vdph1

Surri1 Zh zloo suryh Ht1 +714:,1 Wkh surri ri Ht1 +714;, lv frpsohwho| dqdor0
jrxv1 Ohw xv �uvw gr wkh fdvh ri wzr idfwruv1 Vlqfh

H4 � H5 � �+H4,� �+H5,
lw iroorzv wkdw

� +H4 � H5, � � +�+H4,� �+H5,, @ �+�4> �5,=
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Wr suryh wkh uhyhuvh lqhtxdolw| lw vx!fhv wr vkrz �l = [4�[5 $ [l lv � +H4 � H5,
� Pl @ �+Hl, phdvxudeoh iru l @ 4> 5= Wr suryh wklv vxssrvh wkdw H 5 H4> wkhq

��44 +H, @ H �[5 5 H4 � H5 � � +H4 � H5,
zkhuhlq zh kdyh xvhg wkh idfw wkdw [5 5 H5= Vlploduo|/ iru H 5 H5 zh kdyh

��45 +H, @ [4 �H 5 H4 � H5 � � +H4 � H5, =
Wklv suryhv wkh ghvluhg phdvxudelolw|/ dqg khqfh

�+�4> �5, � � +H4 � H5, � �+�4> �5,=

Wr suryh wkh odvw dvvhuwlrq zh pd| dvvxph hdfk Hl lv frxqwdeoh iru l @ 4> 5= Vlqfh
H4 � H5 lv frxqwdeoh/ d frxsoh ri dssolfdwlrqv ri Sursrvlwlrq 7157 dorqj zlwk wkh
�uvw wzr dvvhuwlrqv ri wkh wkhruhpv jlyhv

�+�4  �5, @ �+� +�4 � �5,, @ �+� +�+H4,� �+H5,,, @ �+� +H4 � H5,,
@ �+H4 � H5, @ � +�+H4,� �+H5,, @ � +P4 �P5, @P4 P5=

Wkh surri iru q idfwruv zrunv wkh vdph zd|1 Lqghhg/

H4 � H5 � � � � � Hq � �+H4,� �+H5,� � � � � �+Hq,
lpsolhv

� +H4 � H5 � � � � � Hq, � � +�+H4,� �+H5,� � � � � �+Hq,, @ �+�4> = = = > �q,

dqg iru H 5 Hl>
��4l +H, @ [4 �[5 � � � � �[l�4 �H �[l.4 � � � �[q 5 H4 � H5 � � � � � Hq

� � +H4 � H5 � � � � � Hq, =
Wklv vkrz �l lv � +H4 � H5 � � � � � Hq, � Pl @ �+Hl, phdvxudeoh dqg wkhuhiruh/

�+�4> = = = > �q, � � +H4 � H5 � � � � � Hq, � �+�4> = = = > �q,=

Li wkh Hl duh frxqwdeoh/ wkhq
�+�4  �5  � � �  �q, @ �+� +�4 � �5 � � � � � �q,,

@ �+� +�+H4,� �+H5,� � � � � �+Hq,,,
@ �+� +H4 � H5 � � � � � Hq,,
@ �+H4 � H5 � � � � � Hq,
@ � +�+H4,� �+H5,� � � � � �+Hq,,
@ � +P4 �P5 � � � � �Pq,

@P4 P5  � � � Pq=

Uhpdun 71851 Rqh fdq qrw uhod{ wkh dvvxpswlrq wkdw [l 5 Hl lq Wkhruhp 71841
Iru h{dpsoh/ li [4 @ [5 @ i4> 5j dqg H4 @ H5 @ ii4jj > wkhq �+H4 � H5, @
i>> [4 �[5> i+4> 4,jj zkloh �+�+H4,� �+H5,, @ S+[4 �[5,=

Sursrvlwlrq 71861 Li +[l> gl, duh vhsdudeoh phwulf vsdfhv iru l @ 4> = = = > q> wkhq

E[4
 � � �  E[q

@ E+[4�����[q,

zkhuh E[l
lv wkh Eruho � � dojheud rq [l dqg E+[4�����[q, lv wkh Eruho � � dojheud

rq [4 � � � � �[q htxlsshg zlwk wkh surgxfw wrsrorj|1
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Surri1 Wklv iroorzv gluhfwo| iurp Sursrvlwlrq 7155 dqg Wkhruhp 71841
Ehfdxvh doo qrupv rq �qlwh glphqvlrqdo vsdfhv duh htxlydohqw/ wkh xvxdo Hx0

folghdq qrup rq Up �Uq lv htxlydohqw wr wkh �surgxfw� qrup gh�qhg e|

n+{> |,n
Up�Uq @ n{n

Up
. n|n

Uq
=

Khqfh e| Ohppd 717</ wkh Hxfolghdq wrsrorj| rq Up.q lv wkh vdph dv wkh surgxfw
wrsrorj| rq Up.q �@ Up�Uq Khuh zh duh lghqwli|lqj Up�Uq zlwk Up.q e| wkh
pds

+{> |, 5 Up �Uq $ +{4> = = = > {p> |4> = = = > |q, 5 Up.q=

Sursrvlwlrq 7186 dqg wkhvh frpphqwv ohdgv wr wkh iroorzlqj fruroodulhv1

Fruroodu| 71871 Diwhu lghqwli|lqj Up � Uq zlwk Up.q dv deryh dqg ohwwlqj EUq
ghqrwh wkh Eruho � �dojheud rq Uq> zh kdyh

EUp.q @ EUq EUp dqg EUq @

q�wlphv} �� ~
EU  � � �  EU=

Fruroodu| 71881 Li +[>P, lv d phdvxudeoh vsdfh/ wkhq

i @ +i4> i5> = = = > iq, = [ $ Uq

lv +P>EUq, � phdvxudeoh l� il = [ $ U lv +P>EU, � phdvxudeoh iru hdfk l= Lq
sduwlfxodu/ d ixqfwlrq i = [ $ F lv +P>EF, � phdvxudeoh l� Uh i dqg Lp i duh
+P>EU, � phdvxudeoh1

Fruroodu| 71891 Ohw +[>P, eh d phdvxudeoh vsdfh dqg i> j = [ $ F eh +P>EF,
� phdvxudeoh ixqfwlrqv1 Wkhq i 	 j dqg i � j duh dovr +P>EF, � phdvxudeoh1

Surri1 Gh�qh I = [ $ F � F> D	 = F � F $ F dqg P = F � F �$ F e|
I +{, @ +i+{,> j+{,,> D	+z> }, @ z 	 } dqg P+z> }, @ z}= Wkhq D	 dqg P duh
frqwlqxrxv dqg khqfh +EF5 >EF, � phdvxudeoh1 Dovr I lv +P>EF EF, @ +P>EF5,
� phdvxudeoh vlqfh �4 �I @ i dqg �5 �I @ j duh +P>EF, � phdvxudeoh1 Wkhuhiruh
D	 �I @ i 	 j dqg P �I @ i � j> ehlqj wkh frpsrvlwlrq ri phdvxudeoh ixqfwlrqv/
duh dovr phdvxudeoh1

Ohppd 718:1 Ohw � 5 F> +[>P, eh d phdvxudeoh vsdfh dqg i = [ $ F eh d
+P>EF, � phdvxudeoh ixqfwlrq1 Wkhq

I +{, =@

� 4
i+{, li i+{, 9@ 3

� li i+{, @ 3

lv phdvxudeoh1

Surri1 Gh�qh l = F$ F e|

l+}, @

�
4
}

li } 9@ 3
� li } @ 3=

Iru dq| rshq vhw Y � F zh kdyh

l�4+Y , @ l�4+Y q i3j, ^ l�4+Y _ i3j,
Ehfdxvh l lv frqwlqxrxv h{fhsw dw } @ 3> l�4+Y q i3j, lv dq rshq vhw dqg khqfh
lq EF= Pruhryhu/ l�4+Y _ i3j, 5 EF vlqfh l�4+Y _ i3j, lv hlwkhu wkh hpsw| vhw ru
wkh rqh srlqw vhw i�j = Wkhuhiruh l�4+�F, � EF dqg khqfh l�4+EF, @ l�4+�+�F,, @
�+l�4+�F,, � EF zklfk vkrzv wkdw l lv Eruho phdvxudeoh1 Vlqfh I @ l � i lv wkh
frpsrvlwlrq ri phdvxudeoh ixqfwlrqv/ I lv dovr phdvxudeoh1
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719151 Jhqhudo Surgxfw vsdfhv 1

Gh�qlwlrq 718;1 Vxssrvh+[�>P�,�5D lv d froohfwlrq ri phdvxudeoh vsdfhv dqg
ohw [ eh wkh surgxfw vsdfh

[ @
\
�5D

[�

dqg �� = [ $ [� eh wkh fdqrqlfdo surmhfwlrq pdsv1 Wkhq wkh surgxfw � � dojheud/Q
�

P�> lv gh�qhg e|

R
�5D

P� � �+�� = � 5 D, @ �

#^
�

��4� +P�,

$
=

Vlploduo| li +[�>P�,�5D lv d froohfwlrq ri wrsrorjlfdo vsdfhv/ wkh surgxfw wrsrorj|Q
�

P�> lv gh�qhg e|

R
�5D

P� � �+�� = � 5 D, @ �

#^
�

��4� +P�,

$
=

Uhpdun 718<1 Ohw +]>P, eh d phdvxudeoh +wrsrorjlfdo, vsdfh dqg#
[ @

\
�5D

[�>
R
�5D

P�

$

eh dv lq Gh�qlwlrq 718;1 E| Sursrvlwlrq 7178/ d ixqfwlrq i = ] $ [ lv phdvxudeoh
+frqwlqxrxv, l� �� � i lv +P>P�, � phdvxudeoh +frqwlqxrxv, iru doo � 5 D=

Sursrvlwlrq 71931 Vxssrvh wkdw +[�>P�,�5D lv d froohfwlrq ri phdvxudeoh +wrsr0
orjlfdo, vsdfhv dqg H� �P� jhqhudwhv P� iru hdfk � 5 D> wkhq

�5DP� @ �
�^�5D��4� +H�,

� �
�
�^�5D��4� +H�,

��
+714<,

Pruhryhu/ vxssrvh wkdw D lv hlwkhu �qlwh ru frxqwdeo| lq�qlwh/ [� 5 H� iru hdfk
� 5 D> dqg P� @ �+H�, iru hdfk � 5 D= Wkhq wkh surgxfw � � dojheud vdwlv�hv

R
�5D

P� @ �

#+\
�5D

H� = H� 5 H� iru doo � 5 D

,$
=+7153,

Vlploduo| li D lv �qlwh dqg P� @ �+H�,> wkhq wkh surgxfw wrsrorj| vdwlv�hv

R
�5D

P� @ �

#+\
�5D

H� = H� 5 H� iru doo � 5 D

,$
=+7154,

Surri1 Zh zloo suryh Ht1 +714<, lq wkh phdvxuh wkhruhwlf fdvh vlqfh d vlplodu
surri zrunv lq wkh wrsrorjlfdo fdwhjru|1 Vlqfh

V
�

��4� +H�, � ^���4� +P�,> lw iroorzv

wkdw

I =@ �

#^
�

��4� +H�,
$
� �

#^
�

��4� +P�,

$
@
R
�

P�=

Frqyhuvho|/

I � �+��4� +H�,, @ ��4� +�+H�,, @ ��4� +P�,
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krogv iru doo � lpsolhv wkdw ^
�

��4� +P�, � I

dqg khqfh wkdw
Q
�

P� � I 1
Zh qrz suryh Ht1 +7153,1 Vlqfh zh duh dvvxplqj wkdw [� 5 H� iru hdfk � 5 D>

zh vhh wkdw ^
�

��4� +H�, �
+\
�5D

H� = H� 5 H� iru doo � 5 D

,

dqg wkhuhiruh e| Ht1 +714<,

R
�5D

P� @ �

#^
�

��4� +H�,
$
� �

#+\
�5D

H� = H� 5 H� iru doo � 5 D

,$
=

Wklv odvw vwdwhphqw lv wuxh lqghshqghqw dv wr zkhwkhu D lv frxqwdeoh ru qrw1 Iru
wkh uhyhuvh lqfoxvlrq lw vx!fhv wr qrwlfh wkdw vlqfh D lv frxqwdeoh/\

�5D

H� @ _�5D��4� +H�, 5
R
�5D

P�

dqg khqfh

�

#+\
�5D

H� = H� 5 H� iru doo � 5 D

,$
�
R
�5D

P�=

Khuh lv d jhqhudol}dwlrq ri Wkhruhp 7184 wr wkh fdvh ri frxqwdeoh qxpehu ri idfwruv1

Sursrvlwlrq 71941 Ohw i[�j�5D eh d vhtxhqfh ri vhwv zkhuh D lv dw prvw frxqw0
deoh1 Vxssrvh iru hdfk � 5 D zh duh jlyhq d frxqwdeoh vhw H� � S+[�,1 Ohw
�� @ �+H�, eh wkh wrsrorj| rq [� jhqhudwhg e| H� dqg [ eh wkh surgxfw vsdfhT

�5D[� zlwk htxlsshg zlwk wkh surgxfw wrsrorj| � =@ �5D�+H�,= Wkhq wkh Eruho
� � dojheud E[ @ �+�, lv wkh vdph dv wkh surgxfw � � dojheud=

E[ @ �5DE[� >
zkhuh E[� @ �+�+H�,, @ �+H�, iru doo � 5 D=

Surri1 E| Sursrvlwlrq 7193/ wkh wrsrorj| � pd| eh ghvfulehg dv wkh vpdoohvw
wrsrorj| frqwdlqlqj H @ ^�5D��4� +H�,= Qrz H lv wkh frxqwdeoh xqlrq ri frxqwdeoh
vhwv vr lv vwloo frxqwdeoh1 Wkhuhiruh e| Sursrvlwlrq 7157 dqg Sursrvlwlrq 7193 zh
kdyh

E[ @ �+�, @ �+�+H,, @ �+H, @ �5D�+H�, @ �5D�+��, @ �5DE[�
=

Ohppd 71951 Vxssrvh wkdw +\>I, lv d phdvxudeoh vsdfh dqg I = [ $ \ lv d
pds1 Wkhq wr hyhu| +�+I ,>E�U, � phdvxudeoh ixqfwlrq/ K iurp [ $ �U> wkhuh lv d
+I >E�U, � phdvxudeoh ixqfwlrq k = \ $ �U vxfk wkdw K @ k � I=
Surri1 Iluvw vxssrvh wkdw K @ 4D zkhuh D 5 �+I , @ I�4+E�U,= Ohw M 5 E�U

vxfk wkdw D @ I�4+M, wkhq 4D @ 4I�4+M, @ 4M � I dqg khqfh wkh Ohppd lv ydolg
lq wklv fdvh zlwk k @ 4M = Pruh jhqhudoo| li K @

S
dl4Dl lv d vlpsoh ixqfwlrq/ wkhq
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wkhuh h{lvwv Ml 5 E�U vxfk wkdw 4Dl @ 4Ml �I dqg khqfh K @ k�I zlwk k =@
S

dl4Ml
� d vlpsoh ixqfwlrq rq �U=

Iru jhqhudo +�+I ,>E�U, � phdvxudeoh ixqfwlrq/ K> iurp [ $ �U> fkrrvh vlpsoh
ixqfwlrqv Kq frqyhujlqj wr K= Ohw kq eh vlpsoh ixqfwlrqv rq �U vxfk wkdw Kq @
kq � I= Wkhq lw iroorzv wkdw

K @ olp
q$4

Kq @ olp vxs
q$4

Kq @ olp vxs
q$4

kq � I @ k � I

zkhuh k =@ olp vxsq$4 kq � d phdvxudeoh ixqfwlrq iurp \ wr �U=
Wkh iroorzlqj lv dq lpphgldwh fruroodu| ri Sursrvlwlrq 7178 dqg Ohppd 71951

Fruroodu| 71961 Ohw [ dqg D eh vhwv/ dqg vxssrvh iru � 5 D zh duh jlyh d
phdvxudeoh vsdfh +\�>I�, dqg d ixqfwlrq i� = [ $ \�= Ohw \ =@

T
�5D \�> I =@

�5DI� eh wkh surgxfw � � dojheud rq \ dqg P =@ �+i� = � 5 D, eh wkh vpdoohvw
�0dojheud rq [ vxfk wkdw hdfk i� lv phdvxudeoh1 Wkhq wkh ixqfwlrq I = [ $ \
gh�qhg e| ^I +{,`� =@ i�+{, iru hdfk � 5 D lv +P>I, � phdvxudeoh dqg d ixqfwlrq
K = [ $ �U lv +P>E�U, � phdvxudeoh l� wkhuh h{lvwv d +I >E�U, � phdvxudeoh ixqfwlrq
k iurp \ wr �U vxfk wkdw K @ k � I=
71:1 H{huflvhv1

H{huflvh 71:1 Suryh Fruroodu| 71661 Klqw= Vhh H{huflvh 7181

H{huflvh 71;1 Iroodqg/ Sureohp 418 rq s1571 LiP lv wkh � � dojheud jhqhudwhg e|
H � S+[,> wkhqP lv wkh xqlrq ri wkh � � dojheudv jhqhudwhg e| frxqwdeoh vxevhwv
I � H =
H{huflvh 71<1 Ohw +[>P, eh d phdvxuh vsdfh dqg iq = [ $ I eh d vhtxhqfh ri
phdvxudeoh ixqfwlrqv rq [= Vkrz wkdw i{ = olpq$4 iq+{, h{lvwvj 5P=

H{huflvh 71431 Vkrz wkdw hyhu| prqrwrqh ixqfwlrq i = U$ U lv +EU>EU, � phd0
vxudeoh1

H{huflvh 71441 Iroodqg sureohp 519 rq s1 7;1

H{huflvh 71451 Vxssrvh wkdw [ lv d vhw/ i+\�> ��, = � 5 Dj lv d idplo| ri wrsr0
orjlfdo vsdfhv dqg i� = [ $ \� lv d jlyhq ixqfwlrq iru doo � 5 D= Dvvxplqj wkdw
V� � �� lv d vxe0edvlv iru wkh wrsrorj| �� iru hdfk � 5 D> vkrz V =@ ^�5Di�4� +V�,
lv d vxe0edvlv iru wkh wrsrorj| � =@ �+i� = � 5 D,=

Qrwdwlrq 71971 Ohw [ eh d vhw dqg s =@ isqj4q@3 eh d idplo| ri vhpl0phwulfv rq
[> l1h1 sq = [ � [ $ ^3>4, duh ixqfwlrqv vdwlvi|lqj wkh dvvxpswlrqv ri phwulf
h{fhsw iru wkh dvvhuwlrq wkdw sq+{> |, @ 3 lpsolhv { @ |= Ixuwkhu dvvxph wkdw
sq+{> |, � sq.4+{> |, iru doo q dqg li sq+{> |, @ 3 iru doo q 5 Q wkhq { @ |= Jlyhq
q 5 Q dqg { 5 [ ohw

Eq+{> �, =@ i| 5 [ = sq+{> |, ? �j =
Zh zloo zulwh �+s, irup wkh vpdoohvw wrsrorj| rq [ vxfk wkdw sq+{> �, = [ $ ^3>4,
lv frqwlqxrxv iru doo q 5 Q dqg { 5 [> l1h1 �+s, =@ �+sq+{�, = q 5 Q dqg { 5 [,=

H{huflvh 71461 Xvlqj Qrwdwlrq 7197/ vkrz wkdw froohfwlrq ri edoov/

E =@ iEq+{> �, = q 5 Q> { 5 [ dqg � A 3j >
irupv d edvlv iru wkh wrsrorj| �+s,= Klqw= Xvh H{huflvh 7145 wr vkrz E lv d vxe0
edvlv iru wkh wrsrorj| �+s, dqg wkhq xvh H{huflvh 716 wr vkrz E lv lq idfw d edvlv
iru wkh wrsrorj| �+s,=
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H{huflvh 71471 Xvlqj wkh qrwdwlrq lq 7197/ ohw

g+{> |, @
4[
q@3

5�q
sq+{> |,

4 . sq+{> |,
=

Vkrz g lv d phwulf rq [ dqg �g @ �+s,= Frqfoxgh wkdw d vhtxhqfh i{nj4n@4 � [
frqyhujhv wr { 5 [ l�

olp
n$4

sq+{n> {, @ 3 iru doo q 5 Q=

H{huflvh 71481 Ohw i+[q> gq,j4q@4 eh d vhtxhqfh ri phwulf vsdfhv/ [ =@
T4

q@4[q>
dqg iru { @ +{+q,,4q@4 dqg | @ +|+q,,4q@4 lq [ ohw

g+{> |, @
4[
q@4

5�q
gq+{+q,> |+q,,

4 . gq+{+q,> |+q,,
=

+Vhh H{huflvh 61591, Pruhryhu/ ohw �l = [ $ [l eh wkh surmhfwlrq pdsv/ vkrz

�g @ 4q@4�gl =@ �+i�l = l 5 Qj,=
Wkdw lv vkrz wkh g � phwulf wrsrorj| lv wkh vdph dv wkh surgxfw wrsrorj| rq [=


