
433 EUXFH N1 GULYHU|

91 Ixelql*v Wkhruhp

Wklv qh{w h{dpsoh jlyhv d �uhdo zruog� h{dpsoh ri wkh idfw wkdw lw lv qrw dozd|v
srvvleoh wr lqwhufkdqjh rughu ri lqwhjudwlrq1
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Lq wkh uhpdlqghu ri wklv vhfwlrq zh zloo ohw +[>P> �, dqg +\>Q > �, eh �{hg
phdvxuh vsdfhv1 Rxu pdlq jrdov duh wr vkrz=

41 Wkhuh h{lvwv d xqltxh phdvxuh � � rq PQ vxfk wkdw � �+D � E, @
�+D,�+E, iru doo D 5P dqg E 5 Q dqg

51 Iru doo i = [ � \ $ ^3>4` zklfk duh PQ � phdvxudeoh/]
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Ehiruh surylqj vxfk dvvhuwlrqv/ zh zloo qhhg d ihz pruh whfkqlfdo phdvxuh
wkhruhwlf dujxphqwv zklfk duh ri lqghshqghqw lqwhuhvw1

9141 Phdvxuh Wkhruhwlf Dujxphqwv1

Gh�qlwlrq 9151 Ohw F � S+[, eh d froohfwlrq ri vhwv1 Zh vd|=
41 F lv d prqrwrqh fodvv li lw lv forvhg xqghu frxqwdeoh lqfuhdvlqj xqlrqv dqg

frxqwdeoh ghfuhdvlqj lqwhuvhfwlrqv/
51 F lv d � � fodvv li lw lv forvhg xqghu �qlwh lqwhuvhfwlrqv dqg
61 F lv d ��fodvv li F vdwlv�hv wkh iroorzlqj surshuwlhv=

+d, [ 5 F
+e, Li D>E 5 F dqg D _ E @ >/ wkhq D ^ E 5 F= +Forvhg xqghu glvmrlqw

xqlrqv1,
+f, Li D>E 5 F dqg D � E/ wkhq DqE 5 F1 +Forvhg xqghu surshu gl�huhqfhv1,
+g, Li Dq 5 F dqg Dq % D/ wkhq D 5 F= +Forvhg xqghu frxqwdeoh lqfuhdvlqj

xqlrqv1,
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71 Zh zloo vd| F lv d �3 � fodvv li F vdwlv�hv frqglwlrqv d, � f, exw qrw qhfhvvdulo|
g,1

Uhpdun 9161 Qrwlfh wkdw hyhu| � � fodvv lv dovr d prqrwrqh fodvv1

+Wkh uhdghu zlvklqj wr vkruwfxw wklv vhfwlrq pd| mxps wr Wkhruhp 91: zkhuh
kh2vkh vkrxog wkhq rqo| uhdg wkh vhfrqg surri1,

Ohppd 917 +Prqrwrqh Fodvv Wkhruhp,1 Vxssrvh D � S+[, lv dq dojheud dqg F
lv wkh vpdoohvw prqrwrqh fodvv frqwdlqlqj D1 Wkhq F @ �+D,1
Surri1 Iru F 5 F ohw

F+F, @ iE 5 F = F _E>F _Ef>E _Ff 5 Fj>
wkhq F+F, lv d prqrwrqh fodvv1 Lqghhg/ li Eq 5 F+F, dqg Eq % E> wkhq Ef

q & Ef

dqg vr

F 6 F _Eq % F _E
F 6 F _Ef

q & F _Ef dqg

F 6 Eq _Ff % E _Ff=

Vlqfh F lv d prqrwrqh fodvv/ lw iroorzv wkdw F_E>F_Ef>E_Ff 5 F> l1h1 E 5 F+F,=
Wklv vkrzv wkdw F+F, lv forvhg xqghu lqfuhdvlqj olplwv dqg d vlplodu dujxphqw vkrzv
wkdw F+F, lv forvhg xqghu ghfuhdvlqj olplwv1 Wkxv zh kdyh vkrzq wkdw F+F, lv d
prqrwrqh fodvv iru doo F 5 F=

Li D 5 D � F> wkhq D _ E>D _ Ef>E _ Df 5 D � F iru doo E 5 D dqg khqfh
lw iroorzv wkdw D � F+D, � F= Vlqfh F lv wkh vpdoohvw prqrwrqh fodvv frqwdlqlqj
D dqg F+D, lv d prqrwrqh fodvv frqwdlqlqj D> zh frqfoxgh wkdw F+D, @ F iru dq|
D 5 D=

Ohw E 5 F dqg qrwlfh wkdw D 5 F+E, kdsshqv l� E 5 F+D,= Wklv revhuydwlrq dqg
wkh idfw wkdw F+D, @ F iru doo D 5 D lpsolhv D � F+E, � F iru doo E 5 F= Djdlq
vlqfh F lv wkh vpdoohvw prqrwrqh fodvv frqwdlqlqj D dqg F+E, lv d prqrwrqh fodvv zh
frqfoxgh wkdw F+E, @ F iru doo E 5 F= Wkdw lv wr vd|/ li D>E 5 F wkhq D 5 F @ F+E,
dqg khqfh D _ E> D _ Ef> Df _ E 5 F= Vr F lv forvhg xqghu frpsohphqwv +vlqfh
[ 5 D � F, dqg �qlwh lqwhuvhfwlrqv dqg lqfuhdvlqj xqlrqv iurp zklfk lw hdvlo|
iroorzv wkdw F lv d � � dojheud1

Ohw H � S+[ � \ , eh jlyhq e|

H @P�Q @ iD�E = D 5P> E 5 Qj
dqg uhfdoo iurp H{huflvh 715 wkdw H lv dq hohphqwdu| idplo|1 Khqfh wkh dojheud
D @ D+H, jhqhudwhg e| H frqvlvwv ri vhwv zklfk pd| eh zulwwhq dv glvmrlqw xqlrqv
ri vhwv iurp H =
Wkhruhp 918 +Xqltxhqhvv,1 Vxssrvh wkdw H � S+[, lv dq hohphqwdu| fodvv dqg
P @ �+H, +wkh � � dojheud jhqhudwhg e| H,= Li � dqg � duh wzr phdvxuhv rq P
zklfk duh � � �qlwh rq H dqg vxfk wkdw � @ � rq H wkhq � @ � rq P=

Surri1 Ohw D =@ D+H, eh wkh dojheud jhqhudwhg e| H = Vlqfh hyhu| hohphqw ri D
lv d glvmrlqw xqlrq ri hohphqwv iurp H > lw lv fohdu wkdw � @ � rq D= Khqfhiruwk zh
pd| dvvxph wkdw H @ D= Zh ehjlq �uvw zlwk wkh vshfldo fdvh zkhuh �+[, ?4 dqg
khqfh �+[, @ �+[, ?4= Ohw

F @ iD 5P = �+D, @ �+D,j
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Wkh uhdghu pd| hdvlo| fkhfn wkdw F lv d prqrwrqh fodvv1 Vlqfh D � F> wkh prqrwrqh
fodvv ohppd dvvhuwv wkdwP @ �+D, � F �P vkrzlqj wkdw F @P dqg khqfh wkdw
� @ � rq P=

Iru wkh � � �qlwh fdvh/ ohw [q 5 D eh vhwv vxfk wkdw �+[q, @ �+[q, ? 4 dqg
[q % [ dv q$4= Iru q 5 Q> ohw

�q+D, =@ �+D _[q, dqg �q+D, @ �+D _[q,+914,

iru doo D 5 P= Wkhq rqh hdvlo| fkhfnv wkdw �q dqg �q duh �qlwh phdvxuh rq P
vxfk wkdw �q @ �q rq D= Wkhuhiruh/ e| zkdw zh kdyh mxvw suryhg/ �q @ �q rq P=
Khqfh ru doo D 5P/ xvlqj wkh frqwlqxlw| ri phdvxuhv/

�+D, @ olp
q$4

�+D _[q, @ olp
q$4

�+D _[q, @ �+D,=

Ohppd 9191 Li G lv d �3 � fodvv zklfk frqwdlqv d �0fodvv/ F> wkhq G frqwdlqv
D +F, � wkh dojheud jhqhudwhg e| F=
Surri1 Zh zloo jlyh wzr surriv ri wklv ohppd1 Wkh �uvw surri lv �frqvwuxfwlyh�

dqg pdnhv xvh ri Sursrvlwlrq 71< zklfk whoov krz wr frqvwuxfw D+F, iurp F= Wkh
nh| wr wkh �uvw surri lv wkh iroorzlqj fodlp zklfk zloo eh suryhg e| lqgxfwlrq1
Fodlp1 Ohw �F3 @ F dqg �Fq ghqrwh wkh froohfwlrq ri vxevhwv ri [ ri wkh irup

Df
4 _ � � � _Df

q _E @ E qD4 qD5 q � � � qDq=+915,

zlwk Dl 5 F dqg E 5 F ^ i[j = Wkhq �Fq � G iru doo q> l1h1 �F =@ ^4q@3
�Fq � G=

E| dvvxpswlrq �F3 � G dqg zkhq q @ 4>

E qD4 @ E q +D4 _E, 5 G
zkhq D4> E 5 F � G vlqfh D4 _E 5 F � G= Wkhuhiruh/ �F4 � G= Iru wkh lqgxfwlrq
vwhs/ ohw E 5 F ^ i[j dqg Dl 5 F ^ i[j dqg ohw Hq ghqrwh wkh vhw lq Ht1 +915, Zh
qrz dvvxph �Fq � G dqg zlvk wr vkrz Hq.4 5 G> zkhuh

Hq.4 @ Hq qDq.4 @ Hq q +Dq.4 _Hq,=
Ehfdxvh

Dq.4 _Hq @ Df
4 _ � � � _Df

q _ +E _Dq.4, 5 �Fq � G
dqg +Dq.4 _ Hq, � Hq 5 �Fq � G> zh kdyh Hq.4 5 G dv zhoo1 Wklv �qlvkhv wkh
surri ri wkh fodlp1

Qrwlfh wkdw �F lv vwloo d pxowlsolfdwlyh fodvv dqg iurp Sursrvlwlrq 71< +xvlqj wkh
idfw wkdw F lv d pxowlsolfdwlyh fodvv,/ D+F, frqvlvwv ri �qlwh xqlrqv ri hohphqwv iurp
�F= E| dsso|lqj wkh fodlp wr �F> Df

4 _ � � � _Df
q 5 G iru doo Dl 5 �F dqg khqfh

D4 ^ � � � ^Dq @ +Df
4 _ � � � _Df

q,
f 5 G=

Wkxv zh kdyh vkrzq D+F, � G zklfk frpsohwhv wkh surri1
+Vhfrqg Surri1, Zlwk rxw orvv ri jhqhudolw|/ zh pd| dvvxph wkdw G lv wkh

vpdoohvw �3 � fodvv frqwdlqlqj F iru li qrw mxvw uhsodfh G e| wkh lqwhuvhfwlrq ri doo
�3 � fodvvhv frqwdlqlqj F= Ohw

G4 =@ iD 5 G = D _F 5 G ; F 5 Fj=
Wkhq F � G4 dqg G4 lv dovr d �3�fodvv dv zh qrz fkhfn1 d, [ 5 G4= e, Li D>E 5 G4

zlwk D _ E @ >> wkhq +D ^ E, _ F @ +D _F,c +E _F, 5 G iru doo F 5 F= f, Li
D>E 5 G4 zlwk E � D> wkhq +D qE,_F @ D_F q +E_F, 5 G iru doo F 5 F= Vlqfh
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F � G4 � G dqg G lv wkh vpdoohvw �3 � fodvv frqwdlqlqj F lw iroorzv wkdw G4 @ G=
Iurp wklv zh frqfoxgh wkdw li D 5 G dqg E 5 F wkhq D _E 5 G=

Ohw

G5 =@ iD 5 G = D _G 5 G ; G 5 Gj=
WkhqG5 lv d �3�fodvv +dv |rx vkrxog fkhfn, zklfk/ e| wkh deryh sdudjudsk/ frqwdlqv
F= Dv deryh wklv lpsolhv wkdw G @ G5> l1h1 zh kdyh vkrzq wkdw G lv forvhg xqghu
�qlwh lqwhuvhfwlrqv1 Vlqfh �3 � fodvvhv duh forvhg xqghu frpsohphqwdwlrq/ G lv dq
dojheud dqg khqfh D +F, � G= Lq idfw G @ D+F,=

Wklv Ohppd dorqj zlwk wkh prqrwrqh fodvv wkhruhp lpphgldwho| lpsolhv
G|qnlq*v yhu| xvhixo �� � � wkhruhp1�

Wkhruhp 91: +� � � Wkhruhp,1 Li G lv d � fodvv zklfk frqwdlqv d frqwdlqv d �0
fodvv/ F> wkhq �+F, � G=
Surri1 Vlqfh G lv d �3 � fodvv/ Ohppd 919 lpsolhv wkdw D+F, � G dqg vr e|

Uhpdun 916 dqg Ohppd 917/ �+F, � G= Ohw xv sdxvh wr jlyh d vhfrqg vwdqg0dorqh
surri ri wklv Wkhruhp1

+Vhfrqg Surri1, Zlwk rxw orvv ri jhqhudolw|/ zh pd| dvvxph wkdw G lv wkh
vpdoohvw � � fodvv frqwdlqlqj F iru li qrw mxvw uhsodfh G e| wkh lqwhuvhfwlrq ri doo �
� fodvvhv frqwdlqlqj F= Ohw

G4 =@ iD 5 G = D _F 5 G ; F 5 Fj=
Wkhq F � G4 dqg G4 lv dovr d ��fodvv ehfdxvh dv zh qrz fkhfn1 d, [ 5 G4= e,
Li D>E 5 G4 zlwk D _E @ >> wkhq +D ^E, _ F @ +D _F,c +E _F, 5 G iru doo
F 5 F= f, Li D>E 5 G4 zlwk E � D> wkhq +D qE, _ F @ D _ F q +E _ F, 5 G iru
doo F 5 F= g, Li Dq 5 G4 dqg Dq % D dv q $ 4> wkhq Dq _ F 5 G iru doo F 5 G
dqg khqfh Dq _ F % D _F 5 G= Vlqfh F � G4 � G dqg G lv wkh vpdoohvw � � fodvv
frqwdlqlqj F lw iroorzv wkdw G4 @ G= Iurp wklv zh frqfoxgh wkdw li D 5 G dqg
E 5 F wkhq D _E 5 G=

Ohw

G5 =@ iD 5 G = D _G 5 G ; G 5 Gj=
Wkhq G5 lv d ��fodvv +dv |rx vkrxog fkhfn, zklfk/ e| wkh deryh sdudjudsk/ frqwdlqv
F= Dv deryh wklv lpsolhv wkdw G @ G5> l1h1 zh kdyh vkrzq wkdw G lv forvhg xqghu
�qlwh lqwhuvhfwlrqv1

Vlqfh � � fodvvhv duh forvhg xqghu frpsohphqwdwlrq/ G lv dq dojheud zklfk lv
forvhg xqghu lqfuhdvlqj xqlrqv dqg khqfh lv forvhg xqghu duelwudu| frxqwdeoh xqlrqv/
l1h1 G lv d � � dojheud1 Vlqfh F � G zh pxvw kdyh �+F, � G dqg lq idfw �+F, @ G=

Xvlqj wklv wkhruhp zh pd| vwuhqjwkhq Wkhruhp 918 wr wkh iroorzlqj1

Wkhruhp 91; +Xqltxhqhvv,1 Vxssrvh wkdw F � S+[, lv d � � fodvv vxfk wkdwP @
�+F,= Li � dqg � duh wzr phdvxuhv rq P dqg wkhuh h{lvwv [q 5 F vxfk wkdw [q % [
dqg �+[q, @ �+[q, ?4 iru hdfk q> wkhq � @ � rq P=

Surri1 Dv lq wkh surri ri Wkhruhp 918/ lw vx!fhv wr frqvlghu wkh fdvh zkhuh �
dqg � duh �qlwh phdvxuh vxfk wkdw �+[, @ �+[, ?4= Lq wklv fdvh wkh uhdghu pd|
hdvlo| yhuli| iurp wkh edvlf surshuwlhv ri phdvxuhv wkdw

G @ iD 5P = �+D, @ �+D,j
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lv d � � fodvv1 E| dvvxpswlrq F � G dqg khqfh e| wkh �� � wkhruhp/ G frqwdlqv
P @ �+F,=

Dv dq lpphgldwh frqvhtxhqfh zh kdyh wkh iroorzlqj fruroodulhv1

Fruroodu| 91<1 Vxssrvh wkdw +[> �, lv d wrsrorjlfdo vsdfh/ E[ @ �+�, lv wkh Eruho
� � dojheud rq [ dqg � dqg � duh wzr phdvxuhv rq E[ zklfk duh � � �qlwh rq �=
Li � @ � rq � wkhq � @ � rq E[ > l1h1 � � �=

Fruroodu| 91431 Vxssrvh wkdw � dqg � duh wzr phdvxuhv rq EUq zklfk duh �qlwh
rq erxqghg vhwv dqg vxfk wkdw �+D, @ �+D, iru doo vhwv D ri wkh irup

D @ +d> e` @ +d4> e4`� � � � � +dq> eq`

zlwk d> e 5 Uq dqg d � e> l1h1 dl � el iru doo l= Wkhq � @ � rq EUq =
Wr hqg wklv vhfwlrq zh zlvk wr uhirupxodwh wkh � � � wkhruhp lq d ixqfwlrq

wkhruhwlf vhwwlqj1

Gh�qlwlrq 9144 +Erxqghg Frqyhujhqfh,1 Ohw [ eh d vhw1 Zh vd| wkdw d vh0
txhqfh ri ixqfwlrqv iq iurp [ wr U ru F frqyhujhv erxqghgo| wr d ixqfwlrq i
li olpq$4 iq+{, @ i+{, iru doo { 5 [ dqg

vxsimiq+{,m = { 5 [ dqg q @ 4> 5> = = = j ?4=

Wkhruhp 91451 Ohw [ eh d vhw dqg K eh d vxevsdfh ri E+[>U, � wkh vsdfh ri
erxqghg uhdo ydoxhg ixqfwlrqv rq [= Dvvxph=

41 4 5 K> l1h1 wkh frqvwdqw ixqfwlrqv duh lq K dqg
51 K lv forvhg xqghu erxqghg frqyhujhqfh/ l1h1 li iiqj4q@4 � K dqg iq $ i

erxqghgo| wkhq i 5 K=
Li F � S+[, lv d pxowlsolfdwlyh fodvv vxfk wkdw 4D 5 K iru doo D 5 F> wkhq K

frqwdlqv doo erxqghg �+F, � phdvxudeoh ixqfwlrqv1

Surri1 Ohw G =@ iD � [ = 4D 5 Kj= Wkhq e| dvvxpswlrq F � G dqg vlqfh
4 5 K zh nqrz [ 5 G= Li D>E 5 G duh glvmrlqw wkhq 4D^E @ 4D . 4E 5 K vr
wkdw D ^ E 5 G dqg li D>E 5 G dqg D � E> wkhq 4EqD @ 4E � 4D 5 K= Ilqdoo|
li Dq 5 G dqg Dq % D dv q $ 4 wkhq 4Dq $ 4D erxqghgo| vr 4D 5 K dqg
khqfh D 5 G= Vr G lv � � fodvv frqwdlqlqj F dqg khqfh G frqwdlqv �+F,= Iurp wklv
lw iroorzv wkdw K frqwdlqv 4D iru doo D 5 �+F, dqg khqfh doo �+F, � phdvxudeoh
vlpsoh ixqfwlrqv e| olqhdulw|1 Wkh surri lv qrz frpsohwh zlwk dq dssolfdwlrq ri
wkh dssur{lpdwlrq Wkhruhp 8145 dorqj zlwk wkh dvvxpswlrq wkdw K lv forvhg xqghu
erxqghg frqyhujhqfh1

Fruroodu| 91461 Vxssrvh wkdw +[> g, lv d phwulf vsdfh dqg E[ @ �+�g, lv wkh
Eruho � � dojheud rq [ dqg K lv d vxevsdfh ri E+[>U, vxfk wkdw EF+[>U, � K
+EF+[>U, � wkh erxqghg frqwlqxrxv ixqfwlrqv rq [, dqg K lv forvhg xqghu
erxqghg frqyhujhqfh1 Wkhq K frqwdlqv doo erxqghg E[ � phdvxudeoh uhdo ydo0
xhg ixqfwlrqv rq [= +Wklv pd| eh sdudskudvhg dv iroorzv1 Wkh vpdoohvw yhfwru
vsdfh ri erxqghg ixqfwlrqv zklfk lv forvhg xqghu erxqghg frqyhujhqfh dqg frqwdlqv
EF+[>U, lv wkh vsdfh ri erxqghg E[ � phdvxudeoh uhdo ydoxhg ixqfwlrqv rq [=,

Surri1 Ohw Y 5 �g eh dq rshq vxevhw ri [ dqg iru q 5 Q ohw

iq+{, =@ plq+q � gY f+{,> 4, iru doo { 5 [=

Qrwlfh wkdw iq @ !q � gY f zkhuh !q+w, @ plq+qw> 4, zklfk lv frqwlqxrxv dqg khqfh
iq 5 EF+[>U, iru doo q= Ixuwkhupruh/ iq frqyhujhv erxqghgo| wr 4Y dv q $ 4
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dqg wkhuhiruh 4Y 5 K iru doo Y 5 �= Vlqfh � lv d � � fodvv wkh fruroodu| iroorzv e|
dq dssolfdwlrq ri Wkhruhp 91451

Khuh lv d edvlf dssolfdwlrq ri wklv fruroodu|1

Sursrvlwlrq 91471 Vxssrvh wkdw +[> g, lv d phwulf vsdfh/ � dqg � duh wzr phdvxuhv
rq E[ @ �+�g, zklfk duh �qlwh rq erxqghg phdvxudeoh vxevhwv ri [ dqg]

[

ig� @

]
[

ig�+916,

iru doo i 5 EFe+[>U, zkhuh

EFe+[>U, @ ii 5 EF+[>U, = vxss+i, lv erxqghgj=
Wkhq � � �=

Surri1 Wr suryh wklv �{ d r 5 [ dqg ohw

#U+{, @ +^U. 4� g+{> r,` a 4, b 3

vr wkdw #U 5 EFe+[> ^3> 4`,> vxss+#U, � E+r>U . 5, dqg #U % 4 dv U $ 4= Ohw
KU ghqrwh wkh vsdfh ri erxqghg phdvxudeoh ixqfwlrqv i vxfk wkdw]

[

#Uig� @

]
[

#Uig�=+917,

Wkhq KU lv forvhg xqghu erxqghg frqyhujhqfh dqg ehfdxvh ri Ht1 +916, frqwdlqv
EF+[>U,= Wkhuhiruh e| Fruroodu| 9146/ KU frqwdlqv doo erxqghg phdvxudeoh ixqf0
wlrqv rq [= Wdnh i @ 4D lq Ht1 +917, zlwk D 5 E[ > dqg wkhq xvh wkh prqrwrqh
frqyhujhqfh wkhruhp wr ohw U$4= Wkh uhvxow lv �+D, @ �+D, iru doo D 5 E[ =
Fruroodu| 91481 Ohw +[> g, eh d phwulf vsdfh/ E[ @ �+�g, eh wkh Eruho � � dojheud
dqg � = E[ $ ^3>4` eh d phdvxuh vxfk wkdw �+N, ? 4 zkhq N lv d frpsdfw
vxevhw ri [= Dvvxph ixuwkhu wkhuh h{lvwv frpsdfw vhwv Nn � [ vxfk wkdw Nr

n % [=
Vxssrvh wkdw K lv d vxevsdfh ri E+[>U, vxfk wkdw Ff+[>U, � K +Ff+[>U, lv wkh
vsdfh ri frqwlqxrxv ixqfwlrqv zlwk frpsdfw vxssruw, dqg K lv forvhg xqghu erxqghg
frqyhujhqfh1 Wkhq K frqwdlqv doo erxqghg E[ � phdvxudeoh uhdo ydoxhg ixqfwlrqv
rq [=

Surri1 Ohw n dqg q eh srvlwlyh lqwhjhuv dqg vhw #q>n+{, @ plq+4> q � g+Nr
n,

f+{,,=

Wkhq #q>n 5 Ff+[>U, dqg i#q>n 9@ 3j � Nr
n = Ohw Kq>n ghqrwh wkrvh erxqghg

E[ � phdvxudeoh ixqfwlrqv/ i = [ $ U> vxfk wkdw #q>ni 5 K= Lw lv hdvlo| vhhq
wkdw Kq>n lv forvhg xqghu erxqghg frqyhujhqfh dqg wkdw Kq>n frqwdlqv EF+[>U,
dqg wkhuhiruh e| Fruroodu| 9146/ #q>ni 5 K iru doo erxqghg phdvxudeoh ixqfwlrqv
i = [ $ U= Vlqfh #q>ni $ 4Nr

n
i erxqghgo| dv q $ 4> 4Nr

n
i 5 K iru doo n dqg

vlploduo| 4Nr
n
i $ i erxqghgo| dv n$4 dqg wkhuhiruh i 5 K=

Khuh lv dqrwkhu yhuvlrq ri Sursrvlwlrq 91471

Sursrvlwlrq 91491 Vxssrvh wkdw +[> g, lv d phwulf vsdfh/ � dqg � duh wzr phdvxuhv
rq E[ @ �+�g, zklfk duh erwk �qlwh rq frpsdfw vhwv1 Ixuwkhu dvvxph wkhuh h{lvwv
frpsdfw vhwv Nn � [ vxfk wkdw Nr

n % [= Li]
[

ig� @

]
[

ig�+918,

iru doo i 5 Ff+[>U, wkhq � � �=
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Surri1 Ohw #q>n eh gh�qhg dv lq wkh surri ri Fruroodu| 9148 dqg ohw Kq>n ghqrwh
wkrvh erxqghg E[ � phdvxudeoh ixqfwlrqv/ i = [ $ U vxfk wkdw]

[

i#q>ng� @

]
[

i#q>ng�=

E| dvvxpswlrq EF+[>U, � Kq>n dqg rqh hdvlo| fkhfnv wkdw Kq>n lv forvhg xqghu
erxqghg frqyhujhqfh1 Wkhuhiruh/ e| Fruroodu| 9146/ Kq>n frqwdlqv doo erxqghg
phdvxudeoh ixqfwlrq1 Lq sduwlfxodu iru D 5 E[ >]

[

4D #q>ng� @

]
[

4D #q>ng�=

Ohwwlqj q $ 4 lq wklv htxdwlrq/ xvlqj wkh grplqdwhg frqyhujhqfh wkhruhp/ rqh
vkrzv ]

[

4D 4Nr
n
g� @

]
[

4D 4Nr
n
g�

krogv iru n= Ilqdoo| xvlqj wkh prqrwrqh frqyhujhqfh wkhruhp zh pd| ohw n $ 4
wr frqfoxgh

�+D, @

]
[

4D g� @

]
[

4D g� @ �+D,

iru doo D 5 E[ =
9151 Ixelql0Wrqhool*v Wkhruhp dqg Surgxfw Phdvxuh1 Uhfdoo wkdw +[>P> �,
dqg +\>Q > �, duh �{hg phdvxuh vsdfhv1

Qrwdwlrq 914:1 Vxssrvh wkdw i = [ $ F dqg j = \ $ F duh ixqfwlrqv/ ohw i  j
ghqrwh wkh ixqfwlrq rq [ � \ jlyhq e|

i  j+{> |, @ i+{,j+|,=

Qrwlfh wkdw li i> j duh phdvxudeoh/ wkhq i  j lv +PQ >EF, � phdvxudeoh1
Wr suryh wklv ohw I +{> |, @ i+{, dqg J+{> |, @ j+|, vr wkdw i  j @ I � J zloo
eh phdvxudeoh surylghg wkdw I dqg J duh phdvxudeoh1 Qrz I @ i � �4 zkhuh
�4 = [ � \ $ [ lv wkh surmhfwlrq pds1 Wklv vkrzv wkdw I lv wkh frpsrvlwlrq
ri phdvxudeoh ixqfwlrqv dqg khqfh phdvxudeoh1 Vlploduo| rqh vkrzv wkdw J lv
phdvxudeoh1

Wkhruhp 914;1 Vxssrvh +[>P> �, dqg +\>Q > �, duh �0�qlwh phdvxuh vsdfhv dqg
i lv d qrqqhjdwlyh +PQ >EU, � phdvxudeoh ixqfwlrq/ wkhq iru hdfk | 5 \>

{$ i+{> |, lv P � E^3>4` phdvxudeoh/+919,

iru hdfk { 5 [>

| $ i+{> |, lv Q � E^3>4` phdvxudeoh/+91:,

{$
]
\

i+{> |,g�+|, lv P � E^3>4` phdvxudeoh/+91;,

|$
]
[

i+{> |,g�+{, lv Q � E^3>4` phdvxudeoh/+91<,

dqg ]
[

g�+{,

]
\

g�+|,i+{> |, @

]
\

g�+|,

]
[

g�+{,i+{> |,=+9143,



UHDO DQDO\VLV OHFWXUH QRWHV 43:

Surri1 Vxssrvh wkdw H @ D�E 5 H =@P�Q dqg i @ 4H = Wkhq

i+{> |, @ 4D�E+{> |, @ 4D+{,4E+|,

dqg rqh vhhv wkdw Htv1 +919, dqg +91:, krog1 Pruhryhu]
\

i+{> |,g�+|, @

]
\

4D+{,4E+|,g�+|, @ 4D+{,�+E,>

vr wkdw Ht1 +91;, krogv dqg zh kdyh]
[

g�+{,

]
\

g�+|,i+{> |, @ �+E,�+D,=+9144,

Vlploduo|/ ]
[

i+{> |,g�+{, @ �+D,4E+|, dqg]
\

g�+|,

]
[

g�+{,i+{> |, @ �+E,�+D,

iurp zklfk lw iroorzv wkdw Htv1 +91<, dqg +9143, krog lq wklv fdvh dv zhoo1
Iru wkh prphqw ohw xv ixuwkhu dvvxph wkdw �+[, ?4 dqg �+\ , ?4 dqg ohw K

eh wkh froohfwlrq ri doo erxqghg +PQ >EU, � phdvxudeoh ixqfwlrqv rq[�\ vxfk
wkdw Htv1 +919, � +9143, krog1 Xvlqj wkh idfw wkdw phdvxudeoh ixqfwlrqv duh forvhg
xqghu srlqwzlvh olplwv dqg wkh grplqdwhg frqyhujhqfh wkhruhp +wkh grplqdwlqj
ixqfwlrq dozd|v ehlqj d frqvwdqw,/ rqh hdvlo| vkrzv wkdw K forvhg xqghu erxqghg
frqyhujhqfh1 Vlqfh zh kdyh mxvw yhul�hg wkdw 4H 5 K iru doo H lq wkh � � fodvv/ H >
lw iroorzv wkdw K lv wkh vsdfh ri doo erxqghg +PQ >EU, � phdvxudeoh ixqfwlrqv
rq [ � \= Ilqdoo| li i = [ � \ $ ^3>4` lv d +PQ >E�U, � phdvxudeoh ixqfwlrq/
ohw iP @ P a i vr wkdw iP % i dv P $ 4 dqg Htv1 +919, � +9143, krog zlwk i
uhsodfhg e| iP iru doo P 5 Q= Uhshdwhg xvh ri wkh prqrwrqh frqyhujhqfh wkhruhp
doorzv xv wr sdvv wr wkh olplw P $4 lq wkhvh htxdwlrqv wr ghgxfh wkh wkhruhp lq
wkh fdvh � dqg � duh �qlwh phdvxuhv1

Iru wkh � � �qlwh fdvh/ fkrrvh [q 5 P> \q 5 Q vxfk wkdw [q % [> \q % \>
�+[q, ?4 dqg �+\q, ?4 iru doo p>q 5 Q= Wkhq gh�qh �p+D, @ �+[p _D, dqg
�q+E, @ �+\q _ E, iru doo D 5 P dqg E 5 Q ru htxlydohqwo| g�p @ 4[p

g� dqg
g�q @ 4\qg�= E| zkdw zh kdyh mxvw suryhg Htv1 +919, � +9143, zlwk � uhsodfhg e|
�p dqg � e| �q iru doo +PQ >E�U, � phdvxudeoh ixqfwlrqv/ i = [ � \ $ ^3>4`=
Wkh ydolglw| ri Htv1 +919, � +9143, wkhq iroorzv e| sdvvlqj wr wkh olplwv p $ 4
dqg wkhq q$4 xvlqj wkh prqrwrqh frqyhujhqfh wkhruhp djdlq wr frqfoxgh]

[

ig�p @

]
[

i4[p
g� %

]
[

ig� dv p$4
dqg ]

\

jg�q @

]
\

j4\qg� %
]
\

jg� dv q$4

iru doo i 5 O.+[>P, dqg j 5 O.+\>Q ,=

Fruroodu| 914<1 Vxssrvh +[>P> �, dqg +\>Q > �, duh �0�qlwh phdvxuh vsdfhv1
Wkhq wkhuh h{lvwv d xqltxh phdvxuh � rq PQ vxfk wkdw �+D�E, @ �+D,�+E,
iru doo D 5P dqg E 5 Q = Pruhryhu � lv jlyhq e|

�+H, @

]
[

g�+{,

]
\

g�+|,4H+{> |, @

]
\

g�+|,

]
[

g�+{,4H+{> |,+9145,
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iru doo H 5PQ dqg � lv � � �qlwh1

Qrwdwlrq 91531 Wkh phdvxuh � lv fdoohg wkh surgxfw phdvxuh ri � dqg � dqg zloo
eh ghqrwhg e| � �=

Surri1 Qrwlfh wkdw dq| phdvxuh � vxfk wkdw �+D�E, @ �+D,�+E, iru doo D 5P
dqg E 5 Q lv qhfhvvdulo| � � �qlwh1 Lqghhg/ ohw [q 5 P dqg \q 5 Q eh fkrvhq
vr wkdw �+[q, ? 4> �+\q, ? 4> [q % [ dqg \q % \> wkhq [q � \q 5 PQ >
[q � \q % [ � \ dqg �+[q � \q, ? 4 iru doo q= Wkh xqltxhqhvv dvvhuwlrq lv
d frqvhtxhqfh ri hlwkhu Wkhruhp 918 ru e| Wkhruhp 91; zlwk H @ P�Q 1 Iru
wkh h{lvwhqfh/ lw vx!fhv wr revhuyh/ xvlqj wkh prqrwrqh frqyhujhqfh wkhruhp/ wkdw
� gh�qhg lq Ht1 +9145, lv d phdvxuh rq PQ = Pruhryhu wklv phdvxuh vdwlv�hv
�+D�E, @ �+D,�+E, iru doo D 5P dqg E 5 Q iurp Ht1 +9144,1

Wkhruhp 9154 +Wrqhool*v Wkhruhp,1 Vxssrvh +[>P> �, dqg +\>Q > �, duh �0�qlwh
phdvxuh vsdfhv dqg � @ � � lv wkh surgxfw phdvxuh rq PQ = Li i 5 O.+[ �
\>PQ ,> wkhq i+�> |, 5 O.+[>P, iru doo | 5 \> i+{> �, 5 O.+\>Q , iru doo { 5 [>]

\

i+�> |,g�+|, 5 O.+[>P,>

]
[

i+{> �,g�+{, 5 O.+\>Q ,

dqg ]
[�\

i g� @

]
[

g�+{,

]
\

g�+|,i+{> |,+9146,

@

]
\

g�+|,

]
[

g�+{,i+{> |,=+9147,

Surri1 E| Wkhruhp 914; dqg Fruroodu| 914</ wkh wkhruhp krogv zkhq i @ 4H
zlwk H 5 P  Q = Xvlqj wkh olqhdulw| ri doo ri wkh vwdwhphqwv/ wkh wkhruhp lv
dovr wuxh iru qrq0qhjdwlyh vlpsoh ixqfwlrqv1 Wkhq xvlqj wkh prqrwrqh frqyhujhqfh
wkhruhp uhshdwhgo| dorqj zlwk Wkhruhp 8145/ rqh ghgxfhv wkh wkhruhp iru jhqhudo
i 5 O.+[ � \>PQ ,=

Wkhruhp 9155 +Ixelql*v Wkhruhp,1 Vxssrvh +[>P> �, dqg +\>Q > �, duh �0�qlwh
phdvxuh vsdfhv dqg � @ �� eh wkh surgxfw phdvxuh rq PQ = Li i 5 O4+�, wkhq
iru � d1h1 {> i+{> �, 5 O4+�, dqg iru � d1h1 |> i+�> |, 5 O4+�,= Pruhryhu/

j+{, @

]
\

i+{> |,gy+|, dqg k+|, @

]
[

i+{> |,g�+{,

duh lq O4+�, dqg O4+�, uhvshfwlyho| dqg Ht1 +9147, krogv1

Surri1 Li i 5 O4+[ � \ , _O. wkhq e| Ht1 +9146,/]
[

�]
\

i+{> |,g�+|,

�
g�+{, ?4

vr
U
\ i+{> |,g�+|, ?4 iru � d1h1 {/ l1h1 iru � d1h1 {> i+{> �, 5 O4+�,1 Vlploduo| iru

� d1h1 |> i+�> |, 5 O4+�,= Ohw i eh d uhdo ydoxhg ixqfwlrq lq i 5 O4+[ � \ , dqg ohw
i @ i. � i�= Dsso| wkh uhvxowv mxvw suryhg wr i	 wr frqfoxgh/ i	+{> �, 5 O4+�, iru
� d1h1 { dqg wkdw ]

\

i	+�> |,g�+|, 5 O4+�,=

Wkhuhiruh iru � d1h1 ={/

i+{> �, @ i.+{> �,� i�+{> �, 5 O4+�,
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dqg

{$
]

i+{> |,g�+|, @

]
i.+{> �,g�+|,�

]
i�+{> �,g�+|,

lv d � � doprvw hyhu|zkhuh gh�qhg ixqfwlrq vxfk wkdw
U
i+�> |,g�+|, 5 O4+�,= Eh0

fdxvh ]
i	+{> |,g +� �, @

]
g�+{,

]
g�+|,i	+{> |,>

]
i g+� �, @

]
i.g+� �,�

]
i�g+� �,

@

]
g�

]
g�i. �

]
g�

]
g�i�

@

]
g�

�]
i.g� �

]
i�g�

�

@

]
g�

]
g�+i. � i�, @

]
g�

]
g�i=

Wkh surri wkdw ]
i g+� �, @

]
g�+|,

]
g�+{,i+{> |,

lv dqdorjrxv1 Dv xvxdo wkh frpsoh{ fdvh iroorzv e| dsso|lqj wkh uhdo uhvxowv mxvw
suryhg wr wkh uhdo dqg lpdjlqdu| sduwv ri i=

Qrwdwlrq 91561 Jlyhq H � [ � \ dqg { 5 [> ohw

{H =@ i| 5 \ = +{> |, 5 Hj=
Vlploduo| li | 5 \ lv jlyhq ohw

H| =@ i{ 5 [ = +{> |, 5 Hj=
Li i = [ �\ $ F lv d ixqfwlrq ohw i{ @ i+{> �, dqg i| =@ i+�> |, vr wkdw i{ = \ $ F

dqg i| = [ $ F=

Wkhruhp 91571 Vxssrvh +[>P> �, dqg +\>Q > �, duh frpsohwh �0�qlwh phdvxuh
vsdfhv1 Ohw +[ � \>O> �, eh wkh frpsohwlrq ri +[ � \>P Q > �  �,1 Li i lv
O0phdvxudeoh dqg +d, i � 3 ru +e, i 5 O4+�, wkhq i{ lv Q 0phdvxudeoh iru � d1h1
{ dqg i| lv P0phdvxudeoh iru � d1h1 | dqg lq fdvh +e, i{ 5 O4+�, dqg i| 5 O4+�,
iru � d1h1 { dqg � d1h1 | uhvshfwlyho|1 Pruhryhu/

{$
]

i{g� dqg | $
]

i|g�

duh phdvxudeoh dqg ]
ig� @

]
g�

]
g�i @

]
g�

]
g� i=

Surri1 Li H 5PQ lv d � � qxoo vhw ++� �,+H, @ 3,> wkhq

3 @ +� �,+H, @

]
[

�+{H,g�+{, @

]
[

�+H|,g�+|,=

Wklv vkrzv wkdw

�+i{ = �+{H, 9@ 3j, @ 3 dqg �+i| = �+H|, 9@ 3j, @ 3>
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l1h1 �+{H, @ 3 iru � d1h1 { dqg �+H|, @ 3 iru � d1h1 |=
Li k lv O phdvxudeoh dqg k @ 3 iru �0 d1h1/ wkhq wkhuh h{lvwv H 5 P  Q 6

i+{> |, = k+{> |, 9@ 3j � H dqg +� �,+H, @ 31 Wkhuhiruh mk+{> |,m � 4H+{> |, dqg
+� �,+H, @ 31 Vlqfh

ik{ 9@ 3j @ i| 5 \ = k+{> |, 9@ 3j � {H dqg

ik| 9@ 3j @ i{ 5 [ = k+{> |, 9@ 3j � H|

zh ohduq wkdw iru � d1h1 { dqg � d1h1 | wkdw ik{ 9@ 3j 5 P> ik| 9@ 3j 5 Q >
�+ik{ 9@ 3j, @ 3 dqg d1h1 dqg �+ik| 9@ 3j, @ 3= Wklv lpsolhv

iru � d1h1 |>
]
k+{> |,g�+|, h{lvwv dqg htxdov 3

dqg

iru � d1h1 {>
]

k+{> |,g�+|, h{lvwv dqg htxdov 3=

Wkhuhiruh

3 @

]
kg� @

] �]
kg�

�
g� @

] �]
kg�

�
g�=

Iru jhqhudo i 5 O4+�,> zh pd| fkrrvh j 5 O4+PQ > � �, vxfk wkdw i+{> |, @
j+{> |, iru �� d1h1 +{> |,= Gh�qh k � i � j= Wkhq k @ 3> �� d1h1 Khqfh e| zkdw
zh kdyh mxvw suryhg dqg Wkhruhp 9154 i @ j . k kdv wkh iroorzlqj surshuwlhv=

41 Iru � d1h1 {> |$ i+{> |, @ j+{> |, . k+{> |, lv lq O4+�, dqg]
i+{> |,g�+|, @

]
j+{> |,g�+|,=

51 Iru � d1h1 |> {$ i+{> |, @ j+{> |, . k+{> |, lv lq O4+�, dqg]
i+{> |,g�+{, @

]
j+{> |,g�+{,=

Iurp wkhvh dvvhuwlrqv dqg Wkhruhp 9154/ lw iroorzv wkdw]
g�+{,

]
g�+|,i+{> |, @

]
g�+{,

]
g�+|,j+{> |,

@

]
g�+|,

]
g�+{,j+{> |,

@

]
j+{> |,g+� �,+{> |,

@

]
i+{> |,g�+{> |,

dqg vlploduo| zh vkrzv]
g�+|,

]
g�+{,i+{> |, @

]
i+{> |,g�+{> |,=

Wkh suhylrxv wkhruhpv kdyh reylrxv jhqhudol}dwlrqv wr surgxfwv ri dq| �qlwh
qxpehu ri � � frpsdfw phdvxuh vsdfhv1 Iru h{dpsoh wkh iroorzlqj wkhruhp krogv1



UHDO DQDO\VLV OHFWXUH QRWHV 444

Wkhruhp 91581 Vxssrvh i+[l>Pl> �l,jql@4 duh � � �qlwh phdvxuh vsdfhv dqg [ =@
[4�� � ��[q= Wkhq wkhuh h{lvwv d xqltxh phdvxuh/ �> rq +[>P4  � � � Pq, vxfk
wkdw �+D4 � � � � �Dq, @ �4+D4, = = = �q+Dq, iru doo Dl 5Pl= +Wklv phdvxuh dqg lwv
frpsohwlrq zloo eh ghqrwh e| �4  � � �  �q=, Li i = [ $ ^3>4` lv d phdvxudeoh
ixqfwlrq wkhq

]
[

ig� @
q\
l@4

]
[�+l,

g��+l,+{�+l,, i+{4> = = = > {q,

zkhuh � lv dq| shupxwdwlrq ri i4> 5> = = = > qj= Wklv htxdwlrq dovr krogv iru dq| i 5
O4+[>�, dqg pruhryhu/ i 5 O4+[>�, l�

q\
l@4

]
[�+l,

g��+l,+{�+l,, mi+{4> = = = > {q,m ?4

iru vrph +dqg khqfh doo, shupxwdwlrq/ �=

Wklv wkhruhp fdq eh suryhg e| wkh vdph phwkrgv dv lq wkh wzr idfwru fdvh1
Dowhuqdwlyho|/ rqh fdq xvh lqgxfwlrq rq q> vhh H{huflvh 9191

H{dpsoh 91591 Zh kdyh

] 4

3

vlq{

{
h��{g{ @

4

5
� � dufwdq� iru doo � A 3+9148,

dqg iru�>P 5 ^3>4,>

�����
] P

3

vlq{

{
h��{g{� 4

5
� . dufwdq�

����� � F
h�P�

P
+9149,

zkhuh F @ pd{{�3 4.{
4.{5 @ 4

5
s
5�5

�@ 4=5= Lq sduwlfxodu/

olp
P$4

] P

3

vlq{

{
g{ @ �@5=+914:,

Wr yhuli| wkhvh dvvhuwlrqv/ �uvw qrwlfh wkdw e| wkh ixqgdphqwdo wkhruhp ri fdo0
fxoxv/

mvlq{m @
����
] {

3

frv |g|

���� �
����
] {

3

mfrv |m g|
���� �

����
] {

3

4g|

���� @ m{m

vr
�� vlq{

{

�� � 4 iru doo { 9@ 3= Pdnlqj xvh ri wkh lghqwlw|

] 4

3

h�w{gw @ 4@{
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dqg Ixelql*v wkhruhp/] P

3

vlq{

{
h��{g{ @

] P

3

g{ vlq{h��{
] 4

3

h�w{gw

@

] 4

3

gw

] P

3

g{ vlq{h�+�.w,{

@

] 4

3

4� +frvP . +� . w, vlqP, h�P+�.w,

+� . w,5 . 4
gw

@

] 4

3

4

+� . w,5 . 4
gw�

] 4

3

frvP . +� . w, vlqP

+� . w,5 . 4
h�P+�.w,gw

@
4

5
� � dufwdq�� �+P>�,+914;,

zkhuh

�+P>�, @

] 4

3

frvP . +� . w, vlqP

+� . w,5 . 4
h�P+�.w,gw=

Vlqfh �����frvP . +� . w, vlqP

+� . w,5 . 4

����� � 4 . +� . w,

+� . w,5 . 4
� F>

m�+P>�,m �
] 4

3

h�P+�.w,gw @ F
h�P�

P
=

Wklv hvwlpdwh dorqj zlwk Ht1 +914;, suryhv Ht1 +9149, iurp zklfk Ht1 +914:,
iroorzv e| wdnlqj �$4 dqg Ht1 +9148, iroorzv +xvlqj wkh grplqdwhg frqyhujhqfh
wkhruhp djdlq, e| ohwwlqj P $4=

9161 Ohehvjxh phdvxuh rq Ug1

Qrwdwlrq 915:1 Ohw

pg =@

g wlphv} �� ~
p � � � p rq EUg @

g wlphv} �� ~
EU  � � �  EU

eh wkh g � irog surgxfw ri Ohehvjxh phdvxuhp rq EU=Zh zloo dovr xvhpg wr ghqrwh
lwv frpsohwlrq dqg ohw Og eh wkh frpsohwlrq ri EUg uhodwlyh wr p= D vxevhw D 5 Og
lv fdoohg d Ohehvjxh phdvxudeoh vhw dqg pg lv fdoohg g � glphqvlrqdo Ohehvjxh
phdvxuh/ ru mxvw Ohehvjxh phdvxuh iru vkruw1

Gh�qlwlrq 915;1 D ixqfwlrq i = Ug $ U lv Ohehvjxh phdvxudeoh li i�4+EU, �
Og=
Wkhruhp 915<1 Ohehvjxh phdvxuh pg lv wudqvodwlrq lqyduldqw1 Pruhryhu pg lv
wkh xqltxh wudqvodwlrq lqyduldqw phdvxuh rq EUg vxfk wkdw pg++3> 4`g, @ 4=

Surri1 Ohw D @ M4 � � � � � Mg zlwk Ml 5 EU dqg { 5 Ug= Wkhq
{.D @ +{4 . M4,� +{5 . M5,� � � � � +{g . Mg,

dqg wkhuhiruh e| wudqvodwlrq lqyduldqfh ri p rq EU zh �qg wkdw

pg+{.D, @ p+{4 . M4, = = =p+{g . Mg, @ p+M4, = = =p+Mg, @ pg+D,

dqg khqfh pg+{ . D, @ pg+D, iru doo D 5 EUg e| Fruroodu| 91431 Iurp wklv idfw
zh vhh wkdw wkh phdvxuh pg+{ . �, dqg pg+�, kdyh wkh vdph qxoo vhwv1 Xvlqj wklv
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lw lv hdvlo| vhhq wkdw p+{ . D, @ p+D, iru doo D 5 Og= Wkh surri ri wkh vhfrqg
dvvhuwlrq lv H{huflvh 91:1

Qrwdwlrq 91631 L zloo riwhq eh vorss| lq wkh vhtxho dqg zulwh p iru pg dqg g{
iru gp+{, @ gpg+{,= Krshixoo| wkh uhdghu zloo xqghuvwdqg wkh phdqlqj iurp wkh
frqwh{w1

Wkh iroorzlqj fkdqjh ri yduldeoh wkhruhp lv dq lpsruwdqw wrro lq xvlqj Ohehvjxh
phdvxuh1

Wkhruhp 9164 +Fkdqjh ri Yduldeohv Wkhruhp,1 Ohw  �r Ug eh dq rshq vhw dqg
W = $ W +, �r Ug eh d F4 � gl�hrprusklvp461 Wkhq iru dq| Eruho phdvxudeoh
ixqfwlrq/ i = W +,$ ^3>4`>]



i � W mghwW 3mgp @

]
W +,

i gp>+914<,

zkhuh W 3+{, lv wkh olqhdu wudqvirupdwlrq rq Ug gh�qhg e| W 3+{,y =@ g
gw m3W +{. wy,=

Dowhuqdwlyho|/ wkh lm � pdwul{ hqwu| ri W 3+{, lv jlyhq e| W 3+{,lm @ CWm+{,@C{l zkhuh
W +{, @ +W4+{,> = = = > Wg+{,,=

Zh zloo srvwsrqh wkh ixoo surri ri wklv wkhruhp xqwlo Vhfwlrq 541 Krzhyhu zh zloo
jlyh khuh wkh surri lq wkh fdvh wkdw W lv olqhdu1 Wkh iroorzlqj hohphqwdu| uhpdun
zloo eh xvhg lq wkh surri1

Uhpdun 91651 Vxssrvh wkdw


W$ W +,

V$ V+W +,,

duh wzr F4 � gl�hrprusklvpv dqg Wkhruhp 9164 krogv iru W dqg V vhsdudwho|/ wkhq
lw krogv iru wkh frpsrvlwlrq V � W= Lqghhg]



i � V � W mghw +V � W ,3 mgp @

]


i � V � W mghw +V3 � W ,W 3mgp

@

]


+mghwV3m i � V, � W mghwW 3mgp

@

]
W +,

mghwV3m i � Vgp @

]
V+W +,,

igp=

Wkhruhp 91661 Vxssrvh W 5 JO+g>U, @ O�+Ug, � wkh vsdfh ri g � g lqyhuwleoh
pdwulfhv1

41 Li i = Ug $ U lv Eruho � phdvxudeoh wkhq vr lv i � W dqg li i � 3 ru i 5 O4

wkhq ]
i+|,g| @ mghwW m

]
i � W +{,g{=+9153,

51 Li H 5 Og wkhq W +H, 5 Og dqg p+W +H,, @ mghwW mp+H,=

��Wkdw lv A G l < A El� aJ U_ lv d frqwlqxrxvo| gl�huhqwldeoh elmhfwlrq dqg wkh lqyhuvh pds

A
3� G A El�< l lv dovr frqwlqxrxvo| gl�huhqwldeoh1
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Surri1 Vlqfh i lv Eruho phdvxudeoh dqg W = Ug $ Ug lv frqwlqxrxv dqg khqfh
Eruho phdvxudeoh/ i � W lv dovr Eruho phdvxudeoh1 Zh qrz euhdn wkh surri ri Ht1
+9153, lqwr d qxpehu ri fdvhv1 Lq hdfk fdvh zh pdnh xvh Wrqhool*v wkhruhp dqg wkh
edvlf surshuwlhv ri rqh glphqvlrqdo Ohehvjxh phdvxuh1

41 Vxssrvh wkdw l ? n dqg

W +{4> {5 = = = > {g, @ +{4> = = = > {l�4> {n> {l.4 = = = > {n�4> {l> {n.4> = = = {g,

wkhq e| Wrqhool*v wkhruhp/]
i � W +{4> = = = > {g, @

]
i+{4> = = = > {n> = = = {l> = = = {g,g{4 = = = g{g

@

]
i+{4> = = = > {g,g{4 = = = g{g

zklfk suryh Ht1 +9153, lq wklv fdvh vlqfh mghwW m @ 4=
51 Vxssrvh wkdw f 5 U dqg W +{4> = = = {n> = = = > {g, @ +{4> = = = > f{n> = = = {g,> wkhq]

i � W +{4> = = = > {g,gp @

]
i+{4> = = = > f{n> = = = > {g,g{4 = = = g{n = = = g{g

@ mfm�4
]

i+{4> = = = > {g,g{4 = = = g{g

@ mghwW m�4
]

i gp

zklfk djdlq suryhv Ht1 +9153, lq wklv fdvh1
61 Vxssrvh wkdw

W +{4> {5 = = = > {g, @ +{4> = = = >
l*wk vsrw

{l . f{n> = = = {n> = = = {g,=

Wkhq]
i � W +{4> = = = > {g,gp @

]
i+{4> = = = > {l . f{n> = = = {n> = = = {g,g{4 = = = g{l = = = g{n = = = g{g

@

]
i+{4> = = = > {l> = = = {n> = = = {g,g{4 = = = g{l = = = g{n = = = g{g

@

]
i+{4> = = = > {g,g{4 = = = g{g

zkhuh lq wkh vhfrqg lqhtxdolw| zh glg wkh {l lqwhjudo �uvw dqg xvhg wudqvodwlrq
lqyduldqfh ri Ohehvjxh phdvxuh1 Djdlq wklv suryhv Ht1 +9153, lq wklv fdvh vlqfh
ghw+W , @ 4=

Vlqfh hyhu| lqyhuwleoh pdwul{ lv d surgxfw ri pdwulfhv ri wkh w|sh rffxuulqj lq
vwhsv 41 � 61 deryh/ lw iroorzv e| Uhpdun 9165 wkdw Ht1 +9153, krogv lq jhqhudo1 Iru
wkh vhfrqg dvvhuwlrq/ ohw H 5 EUg dqg wdnh i @ 4H lq Ht1 +9153, wr �qg

mghwW mp+W�4+H,, @ mghwW m
]

4W�4+H,gp @ mghwW m
]

4H � Wgp @

]
4Hgp @p+H,=

Uhsodflqj W e| W�4 lq wklv htxdwlrq vkrzv wkdw

p+W +H,, @ mghwW mp+H,

iru doo H 5 EUg = Lq sduwlfxodu wklv vkrzv wkdw p � W dqg p kdyh wkh vdph qxoo vhwv
dqg wkhuhiruh wkh frpsohwlrq ri EUg lv Og iru erwk phdvxuhv1 Xvlqj Sursrvlwlrq
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819 rqh qrz hdvlo| vkrzv

p+W +H,, @ mghwW mp+H, ; H 5 Og=

9171 Srodu Frruglqdwhv dqg Vxuidfh Phdvxuh1 Ohw

Vg�4 @ i{ 5 Ug = m{m5 =@
g[
l@4

{5l @ 4j

eh wkh xqlw vskhuh lq Ug= Ohw � = Ug q +3,$ +3>4,� Vg�4 dqg ��4 eh wkh lqyhuvh
pds jlyhq e|

�+{, =@ +m{m > {m{m , dqg ��4+u> $, @ u$+9154,

uhvshfwlyho|1 Vlqfh � dqg ��4 duh frqwlqxrxv/ wkh| duh Eruho phdvxudeoh1
Frqvlghu wkh phdvxuh ��p rq E+3>4, EVg�4 jlyhq e|

��p+D, =@p
�
��4+D,

�
iru doo D 5 E+3>4, EVg�4 = Iru H 5 EVg�4 dqg d A 3> ohw

Hd =@ iu$ = u 5 +3> d` dqg $ 5 Hj @ ��4++3> d`�H, 5 EUg =
Qrwlqj wkdw Hd @ dH4> zh kdyh iru 3 ? d ? e> H 5 EVg�4 > H dqg D @ +d> e` � H
wkdw

��4+D, @ iu$ = u 5 +d> e` dqg $ 5 Hj+9155,

@ eH4 q dH4=+9156,

Wkhuhiruh/

+��p, ++d> e`�H, @ p +eH4 q dH4, @ p+eH4,�p+dH4,

@ egp+H4,� dgp+H4,

@ g �p+H4,

] e

d

ug�4gu=+9157,

Ohw � ghqrwh wkh xqltxh phdvxuh rq E+3>4, vxfk wkdw

�+M, @

]
M

ug�4gu+9158,

iru doo M 5 E+3>4,> l1h1 g�+u, @ ug�4gu=

Gh�qlwlrq 91671 Iru H 5 EVg�4 / ohw �+H, =@ g � p+H4,= Zh fdoo � wkh vxuidfh
phdvxuh rq V=

Lw lv hdv| wr fkhfn wkdw � lv d phdvxuh1 Lqghhg li H 5 EVg�4 > wkhq H4 @
��4 ++3> 4`�H, 5 EUg vr wkdw p+H4, lv zhoo gh�qhg1 Pruhryhu li H @

c4
l@4Hl>

wkhq H4 @
c4
l@4 +Hl,4 dqg

�+H, @ g �p+H4, @
4[
l@4

p ++Hl,4, @
4[
l@4

�+Hl,=

Wkh lqwxlwlrq ehklqg wklv gh�qlwlrq lv dv iroorzv1 Li H � Vg�4 lv d vhw dqg � A 3 lv
d vpdoo qxpehu/ wkhq wkh yroxph ri

+4> 4 . �` �H @ iu$ = u 5 +4> 4 . �` dqg $ 5 Hj



449 EUXFH N1 GULYHU|

vkrxog eh dssur{lpdwho| jlyhq e| p ++4> 4 . �` � H, �@ �+H,�> vhh Iljxuh 47 ehorz1

Iljxuh 471 Prwlydwlqj wkh gh�qlwlrq ri vxuidfh phdvxuh iru d vskhuh1

Rq wkh rwkhu kdqg

p ++4> 4 . �`H, @ p +H4.� qH4, @
�
+4 . �,g � 4

�
p+H4,=

Wkhuhiruh zh h{shfw wkh duhd ri H vkrxog eh jlyhq e|

�+H, @ olp
�&3

�
+4 . �,g � 4

�
p+H4,

�
@ g �p+H4,=

Dffruglqj wr wkhvh gh�qlwlrqv dqg Ht1 +9157, zh kdyh vkrzq wkdw

��p++d> e`�H, @ �++d> e`, � �+H,=+9159,

Ohw

H @ i+d> e`�H = 3 ? d ? e>H 5 EVg�4j >
wkhq H lv dq hohphqwdu| fodvv1 Vlqfh �+H, @ E+3>4, EVg�4 > zh frqfoxgh iurp Ht1
+9159, wkdw

��p @ � �

dqg wklv lpsolhv wkh iroorzlqj wkhruhp1

Wkhruhp 91681 Li i = Ug $ ^3>4` lv d +EUg >E,�phdvxudeoh ixqfwlrq wkhq]
i+{,gp+{, @

]
^3>4,�Vg�4

i+u $, g�+$,ug�4gu=+915:,

Ohw xv qrz zrun rxw vrph lqwhjudov xvlqj Ht1 +915:,1

Ohppd 91691 Ohw d A 3 dqg

Lg+d, =@

]
Ug

h�dm{m
5

gp+{,=

Wkhq Lg+d, @ +�@d,g@5=
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Surri1 E| Wrqhool*v wkhruhp dqg lqgxfwlrq/

Lg+d, @

]
Ug�4�U

h�dm|m
5

h�dw
5

pg�4+g|, gw

@ Lg�4+d,L4+d, @ Lg4 +d,=+915;,

Vr lw vx!fhv wr frpsxwh=

L5+d, @

]
U5

h�dm{m
5

gp+{, @

]
U5qi3j

h�d+{
5
4.{

5
5,g{4g{5=

Zh qrz pdnh wkh fkdqjh ri yduldeohv/

{4 @ u frv � dqg {5 @ u vlq � iru 3 ? u ?4 dqg 3 ? � ? 5�=

Lq yhfwru irup wklv wudqvirup lv

{ @ W +u> �, @

�
u frv �
u vlq �

�

dqg wkh gl�huhqwldo dqg wkh Mdfreldq ghwhuplqdqw duh jlyhq e|

W 3+u> �, @
�

frv � �u vlq �
vlq � u frv �

�
dqg ghwW 3+u> �, @ u frv5 � . u vlq5 � @ u=

Qrwlfh wkdw W = +3>4, � +3> 5�, $ U5 q c zkhuh c lv wkh ud|/ c =@ i+{> 3, = { � 3j
zklfk lv d p5 � qxoo vhw1 Khqfh e| Wrqhool*v wkhruhp dqg wkh fkdqjh ri yduldeoh
wkhruhp/ iru dq| Eruho phdvxudeoh ixqfwlrq i = U5 $ ^3>4` zh kdyh]

U5

i+{,g{ @

] 5�

3

] 4

3

i+u frv �> u vlq �, ugug�=

Lq sduwlfxodu/

L5+d, @

] 4

3

gu u

] 5�

3

g� h�du
5

@ 5�

] 4

3

uh�du
5

gu

@ 5� olp
P$4

] P

3

uh�du
5

gu @ 5� olp
P$4

h�du
5

�5d
] P

3

@
5�

5d
@ �@d=

Wklv vkrzv wkdw L5+d, @ �@d dqg wkh uhvxow qrz iroorzv iurp Ht1 +915;,1

Fruroodu| 916:1 Wkh vxuidfh duhd �+Vg�4, ri wkh xqlw vskhuh Vg�4 � Ug lv

�+Vg�4, @
5�g@5

�+g@5,
+915<,

zkhuh � lv wkh jdppd ixqfwlrq jlyhq e|

�+{, =@

] 4

3

u{�4h�ugu+9163,

Pruhryhu/ �+4@5, @
s
� dqg �+4, @ 4=

Surri1 Zh pd| dowhuqdwlyho| frpsxwh Lg+4, @ �g@5 xvlqj Wkhruhp 9168>

Lg+4, @

] 4

3

gu ug�4h�u
5

]
Vg�4

g�

@ �+Vg�4,
] 4

3

ug�4h�u
5

gu=
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Zh vlpsoli| wklv odvw lqwhjudo e| pdnlqj wkh fkdqjh ri yduldeohv x @ u5 vr wkdw
u @ x4@5 dqg gu @ 4

5x
�4@5gx= Wkh uhvxow lv] 4

3

ug�4h�u
5

gu @

] 4

3

x
g�4
5 h�x

4

5
x�4@5gx

@
4

5

] 4

3

x
g
5�4h�xgx

@
4

5
�+g@5,=+9164,

Froohfwlqj wkhvh revhuydwlrqv lpsolhv wkdw

�g@5 @ Lg+4, @
4

5
�+Vg�4,�+g@5,

zklfk suryhv Ht1 +915<,1
Wkh frpsxwdwlrq ri �+4, lv hdv| dqg lv ohiw wr wkh uhdghu1 E| Ht1 +9164,/

�+4@5, @ 5

] 4

3

h�u
5

gu @

] 4

�4
h�u

5

gu

@ L4+4, @
s
�=

9181 Uhjxodulw| ri Phdvxuhv1

Gh�qlwlrq 916;1 Vxssrvh wkdw H lv d froohfwlrq ri vxevhwv ri [> ohw H� ghqrwh
wkh froohfwlrq ri vxevhwv ri [ zklfk duh �qlwh ru frxqwdeoh xqlrqv ri vhwv iurp H =
Vlploduo| ohw H� ghqrwh wkh froohfwlrq ri vxevhwv ri [ zklfk duh �qlwh ru frxqwdeoh
lqwhuvhfwlrqv ri vhwv iurp H = Zh dovr zulwh H�� @ +H�,� dqg H�� @ +H�,� > hwf1
Uhpdun 916<1 Qrwlfh wkdw li D lv dq dojheud dqg F @ ^Fl dqg G @ ^Gm zlwk
Fl>Gm 5 D�> wkhq

F _G @ ^l>m +Fl _Gm, 5 D�

vr wkdw D� lv forvhg xqghu �qlwh lqwhuvhfwlrqv1

Wkh iroorzlqj wkhruhp vkrzv krz uhfryhu d phdvxuh � rq �+D, iurp lwv ydoxhv
rq dq dojheud D=
Wkhruhp 9173 +Uhjxodulw| Wkhruhp,1 Ohw D � S+[, eh dq dojheud ri vhwv/ P @
�+D, dqg � = P$ ^3>4` eh d phdvxuh rq P zklfk lv � � �qlwh rq D= Wkhq iru
doo D 5P>

�+D, @ lqi i�+E, = D � E 5 D�j =+9165,

Pruhryhu/ li D 5P dqg � A 3 duh jlyhq/ wkhq wkhuh h{lvwv E 5 D� vxfk wkdw D � E
dqg �+E qD, � �=

Surri1 Iru D � [> gh�qh

��+D, @ lqi i�+E, = D � E 5 D�j =
Zh duh wu|lqj wr vkrz �� @ � rq P= Zh zloo ehjlq e| �uvw dvvxplqj wkdw � lv d
�qlwh phdvxuh/ l1h1 �+[, ?4=

Ohw

I @ iE 5P = �� +E, @ �+E,j @ iE 5P = �� +E, � �+E,j=
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Lw lv fohdu wkdw D � I > vr wkh �qlwh fdvh zloo eh �qlvkhg e| vkrzlqj I lv d prqrwrqh
fodvv1 Vxssrvh Eq 5 I > Eq % E dv q$4 dqg ohw � A 3 eh jlyhq1 Vlqfh ��+Eq, @
�+Eq, wkhuh h{lvwv Dq 5 D� vxfk wkdw Eq � Dq dqg �+Dq, � �+Eq, . �5�q l1h1

�+Dq qEq, � �5�q=

Ohw D @ ^qDq 5 D�> wkhq E � D dqg

�+D qE, @ �+^q+Dq qE,, �
4[
q@4

�++Dq qE,,

�
4[
q@4

�++Dq qEq,, �
4[
q@4

�5�q @ �=

Wkhuhiruh/

��+E, � �+D, � �+E, . �

dqg vlqfh � A 3 zdv duelwudu| lw iroorzv wkdw E 5 I =
Qrz vxssrvh wkdw Eq 5 I dqg Eq & E dv q$4 vr wkdw

�+Eq, & �+E, dv q$4=

Dv deryh fkrrvh Dq 5 D� vxfk wkdw Eq � Dq dqg

3 � �+Dq,� �+Eq, @ �+Dq qEq, � 5�q=

Frpelqlqj wkh suhylrxv wzr htxdwlrqv vkrzv wkdw olpq$4 �+Dq, @ �+E,= Vlqfh
��+E, � �+Dq, iru doo q> zh frqfoxgh wkdw ��+E, � �+E,> l1h1 wkdw E 5 I =

Vlqfh I lv d prqrwrqh fodvv frqwdlqlqj wkh dojheud D> wkh prqrwrqh fodvv wkhr0
uhp dvvhuwv wkdw

P @ �+D, � I �P
vkrzlqj wkh I @P dqg khqfh wkdw �� @ � rq P=

Iru wkh � � �qlwh fdvh/ ohw [q 5 D eh vhwv vxfk wkdw �+[q, ?4 dqg [q % [ dv
q$4= Ohw �q eh wkh �qlwh phdvxuh rq P gh�qhg e| �q+D, =@ �+D_[q, iru doo
D 5 P= Vxssrvh wkdw � A 3 dqg D 5 P duh jlyhq1 E| zkdw zh kdyh mxvw suryhg/
iru doo D 5P> wkhuh h{lvwv Eq 5 D� vxfk wkdw D � Eq dqg

� ++Eq _[q, q +D _[q,, @ �q+Eq qD, � �5�q=

Qrwlfh wkdw vlqfh [q 5 D�> Eq _[q 5 D� dqg

E =@ ^4q@4 +Eq _[q, 5 D�=

Pruhryhu/ D � E dqg

�+E qD, �
4[
q@4

�++Eq _[q, qD, �
4[
q@4

�++Eq _[q, q +D _[q,,

�
4[
q@4

�5�q @ �=

Vlqfh wklv lpsolhv wkdw

�+D, � �+E, � �+D, . �

dqg � A 3 lv duelwudu|/ wklv htxdwlrq vkrzv wkdw Ht1 +9165, krogv1
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Fruroodu| 91741 Ohw D � S+[, eh dq dojheud ri vhwv/ P @ �+D, dqg � = P$
^3>4` eh d phdvxuh rq P zklfk lv � � �qlwh rq D= Wkhq iru doo D 5P dqg � A 3
wkhuh h{lvwv E 5 D� vxfk wkdw E � D dqg

�+D qE, ? �=

Ixuwkhupruh/ iru dq| E 5 P wkhuh h{lvwv D 5 D�� dqg F 5 D�� vxfk wkdw D �
E � F dqg �+F qD, @ 3=

Surri1 E| Wkhruhp 9173/ wkhuh h{lvw F 5 D� vxfk wkdw Df � F dqg �+F qDf, �
�= Ohw E @ Ff � D dqg qrwlfh wkdw E 5 D� dqg wkdw F qDf @ Ef _D @ D qE> vr
wkdw

�+D qE, @ �+F qDf, � �=

Ilqdoo|/ jlyhq E 5P> zh pd| fkrrvh Dq 5 D� dqg Fq 5 D� vxfk wkdw Dq � E �
Fq dqg �+FqqE, � 4@q dqg �+EqDq, � 4@q= E| uhsodflqj DQ e| ^Qq@4Dq dqg FQ
e| _Qq@4Fq> zh pd| dvvxph wkdw Dq % dqg Fq & dv q lqfuhdvhv1 Ohw D @ ^Dq 5 D��

dqg F @ _Fq 5 D��> wkhq D � E � F dqg

�+F qD, @ �+F qE, . �+E qD, � �+Fq qE, . �+E qDq,

� 5@q$ 3 dv q$4=

Fruroodu| 91751 Ohw D � S+[, eh dq dojheud ri vhwv/ P @ �+D, dqg � = P$
^3>4` eh d phdvxuh rq P zklfk lv � � �qlwh rq D= Wkhq iru hyhu| E 5 P vxfk
wkdw �+E, ?4 dqg � A 3 wkhuh h{lvwv G 5 D vxfk wkdw �+E7G, ? �=

Surri1 E| Fruroodu| 9174/ wkhuh h{lvwv F 5 D� vxfk E � F dqg �+F qE, ? �=
Qrz zulwh F @ ^4q@4Fq zlwk Fq 5 D iru hdfk q= E| uhsodflqj Fq e| ^qn@4Fn 5 D
li qhfhvvdu|/ zh pd| dvvxph wkdw Fq % F dv q $ 4= Vlqfh Fq q E % F q E dqg
E q Fq & E q F @ > dv q$4 dqg �+E q F4, � �+E, ?4> zh nqrz wkdw

olp
q$4�+Fq qE, @ �+F qE, ? � dqg olp

q$4�+E q Fq, @ �+E q F, @ 3

Khqfh iru q vx!flhqwo| odujh/

�+E7Fq, @ +�+Fq qE, . �+E q Fq, ? �=

Khqfh zh duh grqh e| wdnlqj G @ Fq 5 D iru dq q vx!flhqwo| odujh1

Uhpdun 91761 Zh kdyh wr dvvxph wkdw �+E, ?4 dv wkh iroorzlqj h{dpsoh vkrzv1
Ohw [ @ U> P @ E> � @ p> D eh wkh dojheud jhqhudwhg e| kdoi rshq lqwhuydov ri
wkh irup +d> e`> dqg E @ ^4q@4+5q> 5q.4`= Lw lv hdvlo| fkhfnhg wkdw iru hyhu| G 5 D>
wkdw p+E�G, @4=

Iru H{huflvhv 914 � 916 ohw � � S+[, eh d wrsrorj|/ P @ �+�, dqg � = P $
^3>4, eh d �qlwh phdvxuh/ l1h1 �+[, ?4=

H{huflvh 9141 Ohw

I =@ iD 5P = �+D, @ lqi i�+Y , = D � Y 5 �jj =+9166,

41 Vkrz I pd| eh ghvfulehg dv wkh froohfwlrq ri vhw D 5 P vxfk wkdw iru doo
� A 3 wkhuh h{lvwv Y 5 � vxfk wkdw D � Y dqg �+Y qD, ? �=

51 Vkrz I lv d prqrwrqh fodvv1

H{huflvh 9151 Jlyh dq h{dpsoh ri d wrsrorj| � rq [ @ i4> 5j dqg d phdvxuh �
rq P @ �+�, vxfk wkdw I gh�qhg lq Ht1 +9166, lv qrwP=
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H{huflvh 9161 Vxssrvh qrz � � S+[, lv d wrsrorj| zlwk wkh surshuw| wkdw wr
hyhu| forvhg vhw F � [> wkhuh h{lvwv Yq 5 � vxfk wkdw Yq & F dv q $ 4= Ohw
D @ D+�, eh wkh dojheud jhqhudwhg e| �=

41 Zlwk wkh dlg ri H{huflvh 714/ vkrz wkdw D � I = Wkhuhiruh e| h{huflvh 914 dqg
wkh prqrwrqh fodvv wkhruhp/ I @P> l1h1

�+D, @ lqi i�+Y , = D � Y 5 �j =
+Klqw= Uhfdoo wkh vwuxfwxuh ri D iurp H{huflvh 7141,

51 Vkrz wklv uhvxow lv htxlydohqw wr iroorzlqj vwdwhphqw= iru hyhu| � A 3 dqg
D 5 P wkhuh h{lvw d forvhg vhw F dqg dq rshq vhw Y vxfk wkdw F � D � Y
dqg �+Y q F, ? �= +Klqw= Dsso| sduw 41 wr erwk D dqg Df=,

H{huflvh 917 +Jhqhudol}dwlrq wr wkh � � �qlwh fdvh,1 Ohw � � S+[, eh d wrsrorj|
zlwk wkh surshuw| wkdw wr hyhu| forvhg vhw I � [> wkhuh h{lvwv Yq 5 � vxfk wkdw
Yq & I dv q $4= Dovr ohw P @ �+�, dqg � = P$ ^3>4` eh d phdvxuh zklfk lv
� � �qlwh rq �=

41 Vkrz wkdw iru doo � A 3 dqg D 5 P wkhuh h{lvwv dq rshq vhw Y 5 � dqg d
forvhg vhw I vxfk wkdw I � D � Y dqg �+Y q I , � �=

51 Ohw I� ghqrwh wkh froohfwlrq ri vxevhwv ri [ zklfk pd| eh zulwwhq dv d
frxqwdeoh xqlrq ri forvhg vhwv1 Xvh lwhp 41 wr vkrz iru doo E 5P> wkhuh h{lvwv
F 5 �� +�� lv fxvwrpdulo| zulwwhq dv J�, dqg D 5 I� vxfk wkdw D � E � F
dqg �+F qD, @ 3=

H{huflvh 918 +Phwulf Vsdfh H{dpsohv,1 Vxssrvh wkdw +[> g, lv d phwulf vsdfh dqg
�g lv wkh wrsrorj| ri g � rshq vxevhwv ri [= Wr hdfk vhw I � [ dqg � A 3 ohw

I� @ i{ 5 [ = gI +{, ? �j @ ^{5IE{+�, 5 �g=

Vkrz wkdw li I lv forvhg/ wkhq I� & I dv � & 3 dqg lq sduwlfxodu Yq =@ I4@q 5 �g duh
rshq vhwv ghfuhdvlqj wr I= Wkhuhiruh wkh uhvxowv ri H{huflvhv 916 dqg 917 dsso| wr
phdvxuhv rq phwulf vsdfhv zlwk wkh Eruho � � dojheud/ E @ �+�g,=

Fruroodu| 91771 Ohw [ � Uq eh dq rshq vhw dqg E @ E[ eh wkh Eruho � � dojheud
rq [ htxlsshg zlwk wkh vwdqgdug wrsrorj| lqgxfhg e| rshq edoov zlwk uhvshfw wr wkh
Hxfolghdq glvwdqfh1 Vxssrvh wkdw � = E $ ^3>4` lv d phdvxuh vxfk wkdw �+N, ?4
zkhqhyhu N lv d frpsdfw vhw1

41 Wkhq iru doo D 5 E dqg � A 3 wkhuh h{lvw d forvhg vhw I dqg dq rshq vhw Y
vxfk wkdw I � D � Y dqg �+Y q I , ? �=

51 Li �+D, ?4> wkh vhw I lq lwhp 41 pd| eh fkrvhq wr eh frpsdfw1
61 Iru doo D 5 E zh pd| frpsxwh �+D, xvlqj

�+D, @ lqii�+Y , = D � Y dqg Y lv rshqj+9167,

@ vxsi�+N, = N � D dqg N lv frpsdfwj=+9168,

Surri1 Iru n 5 Q> ohw
Nn =@ i{ 5 [ = m{m � n dqg g[f+{, � 4@nj =+9169,

Wkhq Nn lv d forvhg dqg erxqghg vxevhw ri Uq dqg khqfh frpsdfw1 Pruhryhu
Nr
n % [ dv n$4 vlqfh47

i{ 5 [ = m{m ? n dqg g[f+{, A 4@nj � Nr
n

�eLq idfw wklv lv dq htxdolw|/ exw zh zloo qrw qhhg wklv khuh1
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dqg i{ 5 [ = m{m ? n dqg g[f+{, A 4@nj % [ dv n $4=Wklv vkrzv � lv � � �qlwh
rq �[ dqg Lwhp 41 iroorzv iurp H{huflvhv 917 dqg 9181

Li �+D, ? 4 dqg I � D � Y dv lq lwhp 41 Wkhq Nn _ I % I dv n $ 4 dqg
wkhuhiruh vlqfh �+Y , ?4> �+Y qNn _I , & �+Y qI , dv n$4= Khqfh e| fkrrvlqj
n vx!flhqwo| odujh/ �+Y qNn _ I , ? � dqg zh pd| uhsodfh I e| wkh frpsdfw vhw
I _Nn dqg lwhp 41 vwloo krogv1 Wklv suryhv lwhp 51

Lwhp 61 Lwhp 41 hdvlo| lpsolhv wkdw Ht1 +9167, krogv dqg lwhp 51 lpsolhv Ht1
+9168, krogv zkhq �+D, ? 4= Vr zh qhhg rqo| fkhfn Ht1 +9168, zkhq �+D, @ 4=
E| Lwhp 41 wkhuh lv d forvhg vhw I � D vxfk wkdw �+D q I , ? 4 dqg lq sduwlfxodu
�+I , @4= Vlqfh Nq _I % I> dqg Nq _I lv frpsdfw/ lw iroorzv wkdw wkh uljkw vlgh
ri Ht1 +9168, lv lq�qlwh dqg khqfh htxdo wr �+D,=

9191 H{huflvhv1

H{huflvh 9191 Ohw +[m >Pm > �m, iru m @ 4> 5> 6 eh � � �qlwh phdvxuh vsdfhv1 Ohw
I = [4 �[5 �[6 $ +[4 �[5,�[6 eh gh�qhg e|

I ++{4> {5,> {6, @ +{4> {5> {6,=

41 Vkrz I lv ++P4 P5, P6>P4 P5 P6, � phdvxudeoh dqg I�4 lv
+P4 P5 P6> +P4 P5,P6, � phdvxudeoh1 Wkdw lv

I = ++[4 �[5,�[6> +P4 P5,P6,$ +[4 �[5 �[6>P4 P5 P6,

lv d �phdvxuh wkhruhwlf lvrprusklvp1�
51 Ohw � =@ I� ^+�4  �5, �6` > l1h1 �+D, @ ^+�4  �5, �6` +I

�4+D,, iru doo
D 5P4P5P6= Wkhq � lv wkh xqltxh phdvxuh rqP4P5P6 vxfk
wkdw

�+D4 �D5 �D6, @ �4+D4,�5+D5,�6+D6,

iru doo Dl 5Pl= Zh zloo zulwh � =@ �4  �5  �6=
61 Ohw i = [4 � [5 � [6 $ ^3>4` eh d +P4 P5 P6>E�U, � phdvxudeoh

ixqfwlrq1 Yhuli| wkh lghqwlw|/]
[4�[5�[6

ig� @

]
[6

]
[5

]
[4

i+{4> {5> {6,g�4+{4,g�5+{5,g�6+{6,>

pdnhv vhqvh dqg lv fruuhfw1 Dovr vkrz wkh lghqwlw| krogv iru dq| rqh ri wkh
vl{ srvvleoh rughulqjv ri wkh lwhudwhg lqwhjudov1

H{huflvh 91:1 Suryh wkh vhfrqg dvvhuwlrq ri Wkhruhp 915<1 Wkdw lv vkrz pg lv
wkh xqltxh wudqvodwlrq lqyduldqw phdvxuh rq EUg vxfk wkdw pg++3> 4`g, @ 4= Klqw=
Orrn dw wkh surri ri Wkhruhp 81431

H{huflvh 91;1 +Sduw ri Iroodqg Sureohp 5179 rq s1 9<1, Ohw [ @ ^3> 4`>P @ E^3>4`
eh wkh Eruho � � �hog rq [> p eh Ohehvjxh phdvxuh rq ^3> 4` dqg � eh frxqwlqj
phdvxuh/ �+D, @ &+D,= Ilqdoo| ohw G @ i+{> {, 5 [5 = { 5 [j eh wkh gldjrqdo lq
[5= Vkrz ]

[

]
[

4G+{> |,g�+|,gp+{, 9@
]
[

]
[

4G+{> |,gp+{,g�+|,

e| h{solflwo| frpsxwlqj erwk vlghv ri wklv htxdwlrq1

H{huflvh 91<1 Iroodqg Sureohp 517; rq s1 9<1 +Ixelql sureohp1,

H{huflvh 91431 Iroodqg Sureohp 5183 rq s1 9<1 +Qrwh wkh P� EU vkrxog eh
PE�U lq wklv sureohp1,
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H{huflvh 91441 Iroodqg Sureohp 5188 rq s1 ::1 +H{solflw lqwhjudwlrqv1,

H{huflvh 91451 Iroodqg Sureohp 5189 rq s1 ::1 Ohw i 5 O4++3> d,> gp,> j+{, @U d
{

i+w,
w gw iru { 5 +3> d,> vkrz j 5 O4++3> d,> gp, dqg] d

3

j+{,g{ @

] d

3

i+w,gw=

H{huflvh 91461 Vkrz
U4
3

�� vlq{
{

�� gp+{, @ 4= Vr vlq{
{ @5 O4+^3>4,>p, dqgU4

3
vlq{
{ gp+{, lv qrw gh�qhg dv d Ohehvjxh lqwhjudo1

H{huflvh 91471 Iroodqg Sureohp 518: rq s1 ::1

H{huflvh 91481 Iroodqg Sureohp 518; rq s1 ::1

H{huflvh 91491 Iroodqg Sureohp 5193 rq s1 ::1 Surshuwlhv ri � � ixqfwlrqv1

H{huflvh 914:1 Iroodqg Sureohp 5194 rq s1 ::1 Iudfwlrqdo lqwhjudwlrq1

H{huflvh 914;1 Iroodqg Sureohp 5195 rq s1 ;31 Urwdwlrq lqyduldqfh ri vxuidfh
phdvxuh rq Vq�4=

H{huflvh 914<1 Iroodqg Sureohp 5197 rq s1 ;31 Rq wkh lqwhjudelolw| ri
m{md morj m{mme iru { qhdu 3 dqg { qhdu 4 lq Uq=


