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:1 Os0vsdfhv

Ohw +[>P> �, eh d phdvxuh vsdfh dqg iru 3 ? s ?4 dqg d phdvxudeoh ixqfwlrq
i = [ $ F ohw

nins � +

]
mi msg�,4@s=+:14,

Zkhq s @4> ohw

nin4 @ lqi id � 3 = �+mi m A d, @ 3j+:15,

Iru 3 ? s �4> ohw

Os+[>P> �, @ ii = [ $ F = i lv phdvxudeoh dqg nins ?4j@ q
zkhuh i q j l� i @ j d1h1 Qrwlfh wkdw ni � jns @ 3 l� i q j dqg li i q j wkhq
nins @ njns= Lq jhqhudo zh zloo +e| dexvh ri qrwdwlrq, xvh i wr ghqrwh erwk wkh
ixqfwlrq i dqg wkh htxlydohqfh fodvv frqwdlqlqj i=

Uhpdun :141 Vxssrvh wkdw nin4 � P> wkhq iru doo d A P> �+mi m A d, @ 3 dqg
wkhuhiruh �+mi m A P, @ olpq$4 �+mi m A P . 4@q, @ 3> l1h1 mi+{,m � P iru � 0
d1h1 {= Frqyhuvho|/ li mi m � P d1h1 dqg d A P wkhq �+mi m A d, @ 3 dqg khqfh
nin4 �P= Wklv ohdgv wr wkh lghqwlw|=

nin4 @ lqi id � 3 = mi+{,m � d iru � � d1h1 {j =
Wkhruhp :15 +Kùoghu*v lqhtxdolw|,1 Vxssrvh wkdw 4 � s � 4 dqg t =@ s

s�4 > ru
htxlydohqwo| s�4 . t�4 @ 4= Li i dqg j duh phdvxudeoh ixqfwlrqv wkhq

nijn4 � nins � njnt=+:16,

Dvvxplqj s 5 +4>4, dqg nins � njnt ?4> htxdolw| krogv lq Ht1 +:16, l� mi ms dqg
mjmt duh olqhduo| ghshqghqw dv hohphqwv ri O4= Li zh ixuwkhu dvvxph wkdw nins dqg
njnt duh srvlwlyh wkhq htxdolw| krogv lq Ht1 +:16, l�

mjmtninss @ njnttmi ms d1h1+:17,

Surri1 Wkh fdvhv zkhuh nint @ 3 ru 4 ru njns @ 3 ru 4 duh hdv| wr ghdo zlwk
dqg duh ohiw wr wkh uhdghu1 Vr zh zloo qrz dvvxph wkdw 3 ? nint> njns ? 4= Ohw
v @ mi m@nins dqg w @ mjm@njnt wkhq Ohppd 515: lpsolhv

mijm
ninsnjnt �

4

s

mi ms
nins .

4

t

mjmt
njnt+:18,

zlwk htxdolw| l� mj@njntm @ mi ms�4@nin+s�4,s @ mi ms@t@nins@ts / l1h1 mjmtninss @
njnttmi ms= Lqwhjudwlqj Ht1 +:18, lpsolhv

nijn4
ninsnjnt �

4

s
.

4

t
@ 4

zlwk htxdolw| l� Ht1 +:17, krogv1 Wkh surri lv �qlvkhg vlqfh lw lv hdvlo| fkhfnhg wkdw
htxdolw| krogv lq Ht1 +:16, zkhq mi ms @ f mjmt ri mjmt @ f mi ms iru vrph frqvwdqw f=

Wkh iroorzlqj fruroodu| lv dq hdv| h{whqvlrq ri Kùoghu*v lqhtxdolw|1

Fruroodu| :161 Vxssrvh wkdw il = [ $ F duh phdvxudeoh ixqfwlrqv iru l @ 4> = = = > q
dqg s4> = = = > sq dqg u duh srvlwlyh qxpehuv vxfk wkdw

Sq
l@4 s

�4
l @ u�4> wkhq�����

q\
l@4

il

�����
u

�
q\
l@4

nilnsl zkhuh
q[
l@4

s�4l @ u�4=
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Surri1 Wr suryh wklv lqhtxdolw|/ vwduw zlwk q @ 5> wkhq iru dq| s 5 ^4>4`>

nijnuu @
]
iujug� � niuns njuns�

zkhuh s� @ s
s�4 lv wkh frqmxjdwh h{srqhqw1 Ohw s4 @ su dqg s5 @ s�u vr wkdw

s�44 . s�45 @ u�4 dv ghvluhg1 Wkhq wkh suhylrxv htxdwlrq vwdwhv wkdw

nijnu � nins4 njns5
dv ghvluhg1 Wkh jhqhudo fdvh lv qrz suryhg e| lqgxfwlrq1 Lqghhg/�����

q.4\
l@4

il

�����
u

@

�����
q\
l@4

il � iq.4
�����
u

�
�����

q\
l@4

il

�����
t

niq.4nsq.4

zkhuh t�4 . s�4q.4 @ u�4= Vlqfh
Sq

l@4 s
�4
l @ t�4> zh pd| qrz xvh wkh lqgxfwlrq

k|srwkhvlv wr frqfoxgh �����
q\
l@4

il

�����
t

�
q\
l@4

nilnsl >

zklfk frpelqhg zlwk wkh suhylrxv glvsod|hg htxdwlrq suryhv wkh jhqhudol}hg irup
ri Kroghu*v lqhtxdolw|1

Wkhruhp :17 +Plqnrzvnl*v Lqhtxdolw|,1 Li 4 � s �4 dqg i> j 5 Os wkhq

ni . jns � nins . njns=+:19,

Pruhryhu li s ?4> wkhq htxdolw| krogv lq wklv lqhtxdolw| l�

vjq+i, @ vjq+j, zkhq s @ 4 dqg

i @ fj ru j @ fi iru vrph f A 3 zkhq s A 4=

Surri1 Zkhq s @ 4> mi m � nin4 d1h1 dqg mjm � njn4 d1h1 vr wkdw mi . jm �
mi m. mjm � nin4 . njn4 d1h1 dqg wkhuhiruh

ni . jn4 � nin4 . njn4 =

Zkhq s ?4>

mi . jms � +5pd{ +mi m > mjm,,s @ 5spd{ +mi ms > mjms, � 5s +mi ms . mjms, >
ni . jnss � 5s

�ninss . njnss
�
?4=

Lq fdvh s @ 4>

ni . jn4 @
]
[

mi . jmg� �
]
[

mi mg�.

]
[

mjmg�
zlwk htxdolw| l� mi m. mjm @ mi . jm d1h1 zklfk kdsshqv l� vjq+i, @ vjq+j, d1h1

Lq fdvh s 5 +4>4,> zh pd| dvvxph ni .jns> nins dqg njns duh doo srvlwlyh vlqfh
rwkhuzlvh wkh wkhruhp lv hdvlo| yhul�hg1 Qrz

mi . jms @ mi . jmmi . jms�4 � +mi m. mjm,mi . jms�4
zlwk htxdolw| l� vjq+i, @ vjq+j,= Lqwhjudwlqj wklv htxdwlrq dqg dsso|lqj Kroghu*v
lqhtxdolw| zlwk t @ s@+s� 4, jlyhv]

[

mi . jmsg� �
]
[

mi m mi . jms�4g�.

]
[

mjm mi . jms�4g�

� +nins . njns, n mi . jms�4 nt+:1:,
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zlwk htxdolw| l�

vjq+i, @ vjq+j, dqg� mi m
nins

�s
@

mi . jms
ni . jnss @

� mjm
njns

�s
d1h1+:1;,

Wkhuhiruh

nmi . jms�4ntt @
]
[

+mi . jms�4,tg� @

]
[

mi . jmsg�=+:1<,

Frpelqlqj Htv1 +:1:, dqg +:1<, lpsolhv

ni . jnss � ninsni . jns@ts . njnsni . jns@ts+:143,

zlwk htxdolw| l� Ht1 +:1;, krogv zklfk kdsshqv l� i @ fj d1h1 zlwk f A 311 Vroylqj
iru ni . jns lq Ht1 +:143, jlyhv Ht1 +:19,1

Wkh qh{w wkhruhp jlyhv dqrwkhu h{dpsoh ri xvlqj Kùoghu*v lqhtxdolw|

Wkhruhp :181 Vxssrvh wkdw +[>P> �, dqg +\>Q > �, eh �0�qlwh phdvxuh vsdfhv/
s 5 ^4>4`> t @ s@+s� 4, dqg n = [ � \ $ F eh d PQ � phdvxudeoh ixqfwlrq1
Dvvxph wkhuh h{lvw �qlwh frqvwdqwv F4 dqg F5 vxfk wkdw]

[

mn+{> |,m g�+{, � F4 iru � d1h1 | dqg
]
\

mn+{> |,m g�+|, � F5 iru � d1h1 {1

Li i 5 Os+�,> wkhq ]
\

mn+{> |,i+|,m g�+|, ?4 iru � � d1h1 {>

{$ Ni+{, =@
U
n+{> |,i+|,g�+|, 5 Os+�, dqg

nNinOs+�, � F
4@s
4 F

4@t
5 ninOs+�,+:144,

Surri1 Vxssrvh s 5 +4>4, wr ehjlq zlwk dqg ohw t @ s@+s�4,> wkhq e| Kùoghu*v
lqhtxdolw|/]

\

mn+{> |,i+|,m g�+|, @
]
\

mn+{> |,m4@t mn+{> |,m4@s mi+|,m g�+|,

�
�]

\

mn+{> |,m g�+|,
�4@t �]

[

mn+{> |,m mi+|,ms g�+|,
�4@s

� F
4@t
5

�]
[

mn+{> |,m mi+|,ms g�+|,
�4@s

=

Wkhuhiruh/ xvlqj Wrqhool*v wkhruhp/����
]
\

mn+�> |,i+|,m g�+|,
����
s

s

� F
s@t
5

]
\

g�+{,

]
[

g�+|, mn+{> |,m mi+|,ms

@ F
s@t
5

]
[

g�+|, mi+|,ms
]
\

g�+{, mn+{> |,m

� F
s@t
5 F4

]
[

g�+|, mi+|,ms @ F
s@t
5 F4 ninss =
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Iurp wklv lw iroorzv wkdw { $ Ni+{, =@
U
n+{> |,i+|,g�+|, 5 Os+�, dqg wkdw Ht1

+:144, krogv1
Vlploduo|/ li s @4>]

\

mn+{> |,i+|,m g�+|, � nin4
]
\

mn+{> |,m g�+|, � F5 nin4 iru � � d1h1 {=

vr wkdw nNinO4+�, � F5 ninO4+�, = Li s @ 4> wkhq]
[

g�+{,

]
\

g�+|, mn+{> |,i+|,m @
]
\

g�+|, mi+|,m
]
[

g�+{, mn+{> |,m

� F4

]
\

g�+|, mi+|,m

zklfk vkrzv nNinO4+�, � F4 ninO4+�, =

:141 Mhqvhq*v Lqhtxdolw|1

Gh�qlwlrq :191 D ixqfwlrq ! = +d> e,$ U lv frqyh{ li iru doo d ? {3 ? {4 ? e dqg
w 5 ^3> 4` !+{w, � w!+{4, . +4� w,!+{3, zkhuh {w @ w{4 . +4� w,{3=

Wkh iroorzlqj Sursrvlwlrq lv fohduo| prwlydwhg e| Iljxuh 481

0

5

10

15

20

-6 -4 -2 2x

Iljxuh 481 D frqyh{ ixqfwlrq dorqj zlwk wzr frugv fruuhvsrqglqj
wr {3 @ �5 dqg {4 @ 7 dqg {3 @ �8 dqg {4 @ �5=

Sursrvlwlrq :1:1 Vxssrvh ! = +d> e,$ U lv d frqyh{ ixqfwlrq/ wkhq

41 Iru doo x> y> z> } 5 +d> e, vxfk wkdw x ? }> z 5 ^x> }, dqg y 5 +x> }`>

!+y,� !+x,

y � x
� !+},� !+z,

} �z
=+:145,

51 Iru hdfk f 5 +d> e,> wkh uljkw dqg ohiw vlghg ghulydwlyhv !3	+f, h{lvwv lq U dqg
li d ? x ? y ? e> wkhq !3.+x, � !3�+y, � !3.+y,=

61 Wkh ixqfwlrq ! lv frqwlqxrxv1
71 Iru doo w 5 +d> e, dqg � 5 ^!3�+w,> !

3
.+w,`> !+{, � !+w,.�+{�w, iru doo { 5 +d> e,=

Lq sduwlfxodu/

!+{, � !+w, . !3�+w,+{� w, iru doo {> w 5 +d> e,=
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Surri1 4d, Vxssrvh �uvw wkdw x ? y @ z ? }> lq zklfk fdvh Ht1 +:145, lv
htxlydohqw wr

+!+y,� !+x,, +} � y, � +!+},� !+y,, +y � x,

zklfk diwhu vroylqj iru !+y, lv htxlydohqw wr wkh iroorzlqj htxdwlrqv kroglqj=

!+y, � !+},
y � x

} � x
. !+x,

} � y

} � x
=

Exw wklv odvw htxdwlrq vwdwhv wkdw !+y, � !+},w . !+x, +4� w, zkhuh w @ y�x
}�x dqg

y @ w} . +4� w,x dqg khqfh lv ydolg e| wkh gh�qlwlrq ri ! ehlqj frqyh{1
4e, Qrz dvvxph x @ z ? y ? }> lq zklfk fdvh Ht1 +:145, lv htxlydohqw wr

+!+y,� !+x,, +} � x, � +!+},� !+x,, +y � x,

zklfk diwhu vroylqj iru !+y, lv htxlydohqw wr

!+y, +} � x, � !+}, +y � x, . !+x, +} � y,

zklfk lv htxlydohqw wr

!+y, � !+},
y � x

} � x
. !+x,

} � y

} � x
=

Djdlq wklv htxdwlrq lv ydolg e| wkh frqyh{lw| ri !=
4f, x ? z ? y @ }> lq zklfk fdvh Ht1 +:145, lv htxlydohqw wr

+!+},� !+x,, +} �z, � +!+},� !+z,, +} � x,

dqg wklv lv htxlydohqw wr wkh lqhtxdolw|/

!+z, � !+},
z � x

} � x
. !+x,

} �z

} � x

zklfk djdlq lv wuxh e| wkh frqyh{lw| ri !=
4, Jhqhudo fdvh1 Li x ? z ? y ? }> wkhq e| 4d04f,

!+},� !+z,

} �z
� !+y,� !+z,

y �z
� !+y,� !+x,

y � x

dqg li x ? y ? z ? }

!+},� !+z,

} �z
� !+z,� !+y,

z � y
� !+z,� !+x,

z � x
=

Zh kdyh qrz wdnhq fduh ri doo srvvleoh fdvhv1
5, Rq wkh vhw d ? z ? } ? e> Ht1 +:145, vkrzv wkdw +!+},� !+z,, @ +} �z, lv d

ghfuhdvlqj ixqfwlrq lq z dqg dq lqfuhdvlqj ixqfwlrq lq } dqg wkhuhiruh !3	+{, h{lvwv
iru doo { 5 +d> e,= Dovr iurp Ht1 +:145, zh ohduq wkdw

!3.+x, �
!+},� !+z,

} �z
iru doo d ? x ? z ? } ? e>+:146,

!+y,� !+x,

y � x
� !3�+}, iru doo d ? x ? y ? } ? e>+:147,

dqg ohwwlqj z % } lq wkh �uvw htxdwlrq dovr lpsolhv wkdw

!3.+x, � !3�+}, iru doo d ? x ? } ? e=

Wkh lqhtxdolw|/ !3�+}, � !3.+},> lv dovr dq hdv| frqvhtxhqfh ri Ht1 +:145,1
6, Vlqfh !+{, kdv erwk ohiw dqg uljkw �qlwh ghulydwlyhv/ lw iroorzv wkdw ! lv frq0

wlqxrxv1 +Iru dq dowhuqdwlyh surri/ vhh Uxglq1,
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7, Jlyhq w> ohw � 5 ^!3�+w,> !
3
.+w,`> wkhq e| Htv1 +:146, dqg +:147,/

!+w,� !+x,

w� x
� !3�+w, � � � !3.+w, �

!+},� !+w,

} � w

iru doo d ? x ? w ? } ? e= Lwhp 71 qrz iroorzv1

Fruroodu| :1;1 Vxssrvh ! = +d> e,$ U lv gl�huhqwldo wkhq ! lv frqyh{ l� !3 lv qrq
ghfuhdvlqj1 Lq sduwlfxodu li ! 5 F5+d> e, wkhq ! lv frqyh{ l� !33 � 3=

Surri1 E| Sursrvlwlrq :1:/ li ! lv frqyh{ wkhq !3 lv qrq0ghfuhdvlqj1 Frqyhuvho|
li !3 lv lqfuhdvlqj wkhq e| wkh phdq ydoxh wkhruhp/

!+{4,� !+f,

{4 � f
@ !3+�4, iru vrph �4 5 +f> {4,

dqg
!+f,� !+{3,

f� {3
@ !3+�5, iru vrph �5 5 +{3> f,=

Khqfh
!+{4,� !+f,

{4 � f
� !+f,� !+{3,

f� {3

iru doo {3 ? f ? {4= Vroylqj wklv lqhtxdolw| iru !+f, jlyhv

!+f, � f� {3
{4 � {3

!+{4, .
{4 � f

{4 � {3
!+{3,

vkrzlqj ! lv frqyh{1

H{dpsoh :1<1 Wkh ixqfwlrq h{s+{, lv frqyh{ / {s lv frqyh{ l� s � 4 dqg � orj+{,
lv frqyh{1

Wkhruhp :143 +Mhqvhq*v Lqhtxdolw|,1 Vxssrvh wkdw +[>P> �, lv d suredelolw|
vsdfh/ l1h1 � lv d srvlwlyh phdvxuh dqg �+[, @ 4= Dovr vxssrvh wkdw i 5 O4+�,>
i = [ $ +d> e,> dqg ! = +d> e,$ U lv d frqyh{ ixqfwlrq1 Wkhq

!

�]
[

ig�

�
�
]
[

!+i,g�

zkhuh li !�i @5 O4+�,> wkhq !�i lv lqwhjudeoh lq wkh h{whqghg vhqvh dqg
U
[ !+i,g� @

4=

Surri1 Ohw w @
U
[ ig� 5 +d> e, dqg ohw � 5 U eh vxfk wkdw !+v,�!+w, � �+v� w,

iru doo v 5 +d> e,= Wkhq lqwhjudwlqj wkh lqhtxdolw|/ !+i, � !+w, � �+i � w,> lpsolhv
wkdw

3 �
]
[

!+i,g�� !+w, @

]
[

!+i,g�� !+

]
[

ig�,=

Pruhryhu/ li !+i, lv qrw lqwhjudeoh/ wkhq !+i, � !+w, . �+i � w, zklfk vkrzv wkdw
qhjdwlyh sduw ri !+i, lv lqwhjudeoh1 Wkhuhiruh/

U
[ !+i,g� @4 lq wklv fdvh1

H{dpsoh :1441 Wkh frqyh{ ixqfwlrq lq H{dpsoh :1< ohdg wr wkh iroorzlqj lqhtxdo0
lwlhv/

h{s

�]
[

ig�

�
�
]
[

hig�>

]
[

orj+mi m,g� � orj

�]
[

mi m g�
�
� orj

�]
[

ig�

�
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dqg iru s � 4> ����
]
[

ig�

����
s

�
�]

[

mi m g�
�s

�
]
[

mi ms g�=

Wkh odvw htxdwlrq pd| dovr hdvlo| eh ghulyhg xvlqj Kùoghu*v lqhtxdolw|1 Dv d vshfldo
fdvh ri wkh �uvw htxdwlrq/ zh jhw dqrwkhu surri ri Ohppd 515:1 Lqghhg/ ohw s dqg t
eh frqmxjdwh h{srqhqwv/ v> w A 3> dqg d @ oq v dqg e @ oq w> wkhq

vw @ h+d.e, @ h+
4
t
td. 4

s
sd, � 4

t
htd .

4

s
hsd @

4

t
vt .

4

s
ws=

Ri frxuvh wkh deryh frqvlghudwlrqv pd| dovr eh ylhzhg dv mxvw xvlqj gluhfwo| wkh
surshuw| wkdw wkh h{srqhqwldo ixqfwlrq lv frqyh{1

:151 Prghv ri Frqyhujhqfh1 Dv xvxdo ohw +[>P> �, eh d �{hg phdvxuh vsdfh
dqg ohw iiqj eh d vhtxhqfh ri phdvxudeoh ixqfwlrqv rq [= Dovr ohw i = [ $ F eh
d phdvxudeoh ixqfwlrq1 Zh kdyh wkh iroorzlqj qrwlrqv ri frqyhujhqfh dqg Fdxfk|
vhtxhqfhv1

Gh�qlwlrq :1451 41 iq $ i d1h1 li wkhuh lv d vhw H 5 P vxfk wkdw �+Hf, @ 3
dqg olpq$4 4Hiq @ 4Hi=

51 iq $ i lq � � phdvxuh li olpq$4 �+miq � i m A �, @ 3 iru doo � A 3= Zh zloo
deeuhyldwh wklv e| vd|lqj iq $ i lq O3 ru e| iq

�$ i=
61 iq $ i lq Os l� i 5 Os dqg iq 5 Os iru doo q> dqg olpq$4

U miq�i msg� @ 3=

Gh�qlwlrq :1461 41 iiqj lv d1h1 Fdxfk| li wkhuh lv d vhw H 5 P vxfk wkdw
�+Hf, @ 3 dqgi4H iqj lv d srlqwzlvh Fdxfk| vhtxhqfhv1

51 iiqj lv Fdxfk| lq � � phdvxuh +ru O3 � Fdxfk|, li olpp>q$4 �+miq � ipm A
�, @ 3 iru doo � A 3=

61 iiqj lv Fdxfk| lq Os li olpp>q$4

U miq � ipmsg� @ 3=

Ohppd :147 +Fkhe|vkhy*v lqhtxdolw| djdlq,1 Ohw s 5 ^4>4, dqg i 5 Os> wkhq

� +mi m � �, � 4

�s
ninss iru doo � A 3=

Lq sduwlfxodu li iiqj � Os lv Os � frqyhujhqw +Fdxfk|, wkhq iiqj lv dovr frqyhujhqw
+Fdxfk|, lq phdvxuh1

Surri1 E| Fkhe|vkhy*v lqhtxdolw| +8145,/

� +mi m � �, @ � +mi ms � �s, � 4

�s

]
[

mi ms g� @
4

�s
ninss

dqg wkhuhiruh li iiqj lv Os � Fdxfk|/ wkhq

� +miq � ipm � �, � 4

�s
niq � ipns $ 3 dv p>q$4

vkrzlqj iiqj lv O3 � Fdxfk|1 D vlplodu dujxphqw krogv iru wkh Os � frqyhujhqw
fdvh1

Ohppd :1481 Vxssrvh dq 5 F dqg mdq.4 � dqm � �q dqg
4S
q@4

�q ? 41 Wkhq

olp
q$4

dq @ d 5 F h{lvwv dqg md� dqm � �q �
4S
n@q

�n1
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Iljxuh 491 Prghv ri frqyhujhqfh h{dpsohv1 Lq slfwxuh 41 iq $ 3
d1h1/ iq < 3 lq O4> iq

p$ 3= Lq slfwxuh 51 iq $ 3 d1h1/ iq < 3 lq
O4> iq

p
< 3= Lq slfwxuh 61/ iq $ 3 d1h1/ iq

p$ 3 exw iq < 3 lq O4=
Lq slfwxuh 71/ iq $ 3 lq O4> iq < 3 d1h1/ dqg iq

p$ 3=

Surri1 Ohw p A q wkhq

mdp � dqm @

����
p�4S
n@q

+dn.4 � dn,

���� �
p�4S
n@q

mdn.4 � dnm �
4S
n@q

�n � �q =+:148,

Vr mdp � dqm � �plq+p>q, $ 3 dv >p> q $4> l1h1 idqj lv Fdxfk|1 Ohw p$ 4 lq
+:148, wr �qg md� dqm � �q=

Wkhruhp :1491 Vxssrvh iiqj lv O30Fdxfk|1 Wkhq wkhuh h{lvwv d vxevhtxhqfh jm @

iqm ri iiqj vxfk wkdw olp jm � i h{lvwv d1h1 dqg iq
�

�$ i dv q$4= Pruhryhu li j

lv d phdvxudeoh ixqfwlrq vxfk wkdw iq
��$ j dv q$4> wkhq i @ j d1h1

Surri1 Ohw �q A 3 vxfk wkdw
4S
q@4

�q ? 4 +�q @ 5�q zrxog gr, dqg vhw �q @

4S
n@q

�n= Fkrrvh jm @ iqm vxfk wkdw iqmj lv d vxevhtxhqfh ri Q dqg

�+imjm.4 � jm m A �mj, � �m =
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Ohw Hm @ imjm.4 � jm m A �mj >

IQ @
4̂

m@Q

Hm @
4̂

m@Q

imjm.4 � jm m A �mj

dqg

H �
4_
Q@4

IQ @
4_
Q@4

4̂

m@Q

Hm @ imjm.4 � jm m A �m l1r1j=

Wkhq �+H, @ 3 vlqfh

�+H, �
4[
m@Q

�+Hm, �
4[
m@Q

�m @ �Q $ 3 dv Q $4=

Iru { 95 IQ > mjm.4+{, � jm+{,m � �m iru doo m � Q dqg e| Ohppd :148/ i+{, @
olp
m$4

jm+{, h{lvwv dqg mi+{,�jm+{,m � �m iru doo m � Q 1 Wkhuhiruh/ olp
m$4

jm+{, @ i+{,

h{lvwv iru doo { 95 H1 Pruhryhu/ i{ = mi+{, � im+{,m A �mj � Im iru doo m � Q dqg
khqfh

�+mi � jm m A �m, � �+Im, � �m $ 3 dv m $4=

Wkhuhiruh jm
��$ i dv m $41

Vlqfh

imiq � i m A �j @ imi � jm . jm � iqm A �j
� imi � jm m A �@5j ^ imjm � iqm A �@5j>

�+imiq � i m A �j, � �+imi � jm m A �@5j, . �+mjm � iqm A �@5,

dqg

�+imiq � i m A �j, � olp
m$4

vxs�+mjm � iqm A �@5,$ 3 dv q$4=

Li dovr iq
��$ j dv q$4> wkhq dujxlqj dv deryh

�+mi � jm A �, � �+imi � iqm A �@5j, . �+mj � iqm A �@5,$ 3 dv q$4=

Khqfh

�+mi � jm A 3, @ �+^4q@4imi � jm A 4

q
j, �

4[
q@4

�+mi � jm A 4

q
, @ 3>

l1h1 i @ j d1h1

Fruroodu| :14: +Grplqdwhg Frqyhujhqfh Wkhruhp,1 Vxssrvh iiqj > ijqj > dqg j
duh lq O4 dqg i 5 O3 duh ixqfwlrqv vxfk wkdw

miqm � jq d1h1> iq
��$ i> jq

��$ j> dqg
]

jq $
]

j dv q$4=

Wkhq i 5 O4 dqg olpq$4 ni � iqn4 @ 3> l1h1 iq $ i lq O4= Lq sduwlfxodu
olpq$4

U
iq @

U
i=
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Surri1 Iluvw qrwlfh wkdw mi m � j d1h1 dqg khqfh i 5 O4 vlqfh j 5 O4= Wr vhh wkdw
mi m � j> xvh Wkhruhp :149 wr �qg vxevhtxhqfhv iiqnj dqg ijqnj ri iiqj dqg ijqj
uhvshfwlyho| zklfk duh doprvw hyhu|zkhuh frqyhujhqw1 Wkhq

mi m @ olp
n$4

miqn m � olp
n$4

jqn @ j d1h1

Li +iru vdnh ri frqwudglfwlrq, olpq$4 ni � iqn4 9@ 3 wkhuh h{lvwv � A 3 dqg d
vxevhtxhqfh iiqnj ri iiqj vxfk wkdw]

mi � iqn m � � iru doo n=+:149,

Xvlqj Wkhruhp :149 djdlq/ zh pd| dvvxph +e| sdvvlqj wr d ixuwkhu vxevhtxhqfhv
li qhfhvvdu|, wkdw iqn $ i dqg jqn $ j doprvw hyhu|zkhuh1 Qrwlqj/ mi � iqn m �
j.jqn $ 5j dqg

U
+j . jqn,$

U
5j> dq dssolfdwlrq ri wkh grplqdwhg frqyhujhqfh

Wkhruhp 816; lpsolhv olpn$4

U mi � iqn m @ 3 zklfk frqwudglfwv Ht1 +:149,1

H{huflvh :14 +Idwrx*v Ohppd,1 Li iq � 3 dqg iq $ i lq phdvxuh/ wkhq
U
i �

olp lqiq$4
U
iq=

Wkhruhp :14; +Hjrur�*v Wkhruhp,1 Vxssrvh �+[, ? 4 dqg iq $ i d1h1 Wkhq
iru doo � A 3 wkhuh h{lvwv H 5P vxfk wkdw �+H, ? � dqg iq $ i xqlirupo| rq Hf=

Lq sduwlfxodu iq
��$ i dv q$4=

Surri1 Ohw iq $ i d1h1 Wkhq �+imiq � i m A 4
n l1r1 qj, @ 3 iru doo n A 3> l1h1

olp
Q$4

�

3
C ^
q�Q

imiq � i m A 4

n
j
4
D @ �

3
C 4_
Q@4

^
q�Q

imiq � i m A 4

n
j
4
D @ 3=

Ohw Hn =@
V

q�Qn

imiq � i m A 4
nj dqg fkrrvh dq lqfuhdvlqj vhtxhqfh iQnj4n@4 vxfk

wkdw �+Hn, ? �5�n iru doo n= Vhwwlqj H =@ ^Hn> �+H, ?
S

n �5
�n @ � dqg li { @5 H>

wkhq miq � i m � 4
n iru doo q � Qn dqg doo n= Wkdw lv iq $ i xqlirupo| rq Hf=

H{huflvh :151 Vkrz wkdw Hjrur�*v Wkhruhp uhpdlqv ydolg zkhq wkh dvvxpswlrq
�+[, ?4 lv uhsodfhg e| wkh dvvxpswlrq wkdw miqm � j 5 O4 iru doo q=

:161 Frpsohwhqhvv ri Os � vsdfhv1

Wkhruhp :14<1 Ohw n�n4 eh dv gh�qhg lq Ht1 +:15,/ wkhq +O4+[>P> �,> n�n4, lv
d Edqdfk vsdfh1 D vhtxhqfh iiqj4q@4 � O4 frqyhujhv wr i 5 O4 l� wkhuh h{lvwv
H 5 P vxfk wkdw �+H, @ 3 dqg iq $ i xqlirupo| rq Hf= Pruhryhu/ erxqghg
vlpsoh ixqfwlrqv duh ghqvh lq O4=

Surri1 E| Plqnrzvnl*v Wkhruhp :17/ n�n4 vdwlv�hv wkh wuldqjoh lqhtxdolw|1 Wkh
uhdghu pd| hdvlo| fkhfn wkh uhpdlqlqj frqglwlrqv wkdw hqvxuh n�n4 lv d qrup1

Vxssrvh wkdw iiqj4q@4 � O4 lv d vhtxhqfh vxfk iq $ i 5 O4> l1h1 ni � iqn4 $
3 dv q$4= Wkhq iru doo n 5 Q> wkhuh h{lvwv Qn ?4 vxfk wkdw

�
�mi � iqm A n�4

�
@ 3 iru doo q � Qn=

Ohw

H @ ^4n@4 ^q�Qn

�mi � iqm A n�4
�
=
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Wkhq �+H, @ 3 dqg iru { 5 Hf> mi+{,� iq+{,m � n�4 iru doo q � Qn= Wklv vkrzv
wkdw iq $ i xqlirupo| rq Hf= Frqyhuvho|/ li wkhuh h{lvwv H 5P vxfk wkdw �+H, @ 3
dqg iq $ i xqlirupo| rq Hf> wkhq iru dq| � A 3>

� +mi � iqm � �, @ � +imi � iqm � �j _Hf, @ 3

iru doo q vx!flhqwo| odujh1 Wkdw lv wr vd| olp vxsq$4 ni � iqn4 � � iru doo � A 3=
Wkh ghqvlw| ri vlpsoh ixqfwlrqv iroorzv iurp wkh dssur{lpdwlrq Wkhruhp 81451

Vr wkh odvw lwhp wr suryh lv wkh frpsohwhqhvv ri O4 iru zklfk zh zloo xvh Wkhruhp
61991 Vxssrvh wkdw iiqj4q@4 � O4 lv d vhtxhqfh vxfk wkdw

S4
q@4 niqn4 ?4= Ohw

Pq =@ niqn4 > Hq =@ imiqm A Pqj > dqg H =@ ^4q@4Hq vr wkdw �+H, @ 3= Wkhq
4[
q@4

vxs
{5Hf

miq+{,m �
4[
q@4

Pq ?4

zklfk vkrzv wkdw VQ +{, @
SQ

q@4 iq+{, frqyhujhv xqlirupo| wr V+{, =@
S4

q@4 iq+{,
rq Hf> l1h1 olpq$4 nV � Vqn4 @ 3=
Dowhuqdwlyho|/ vxssrvh �p>q =@ nip � iqn4 $ 3 dv p>q $ 4= Ohw Hp>q @

imiq � ipm A �p>qj dqgH =@ ^Hp>q> wkhq �+H, @ 3 dqg nip � iqnHf>x @ �p>q $ 3
dv p>q$4= Wkhuhiruh/ i =@ olpq$4 iq h{lvwv rq Hf dqg wkh olplw lv xqlirup rq
Hf= Ohwwlqj i @ olp vxsq$4 iq> lw wkhq iroorzv wkdw nip � in4 $ 3 dv p$4=

Wkhruhp :153 +Frpsohwhqhvv ri Os+�,,1 Iru 4 � s � 4> Os+�, htxlsshg zlwk wkh
Os � qrup/ n�ns +vhh Ht1 +:14,,/ lv d Edqdfk vsdfh1

Surri1 E| Plqnrzvnl*v Wkhruhp :17/ n�ns vdwlv�hv wkh wuldqjoh lqhtxdolw|1 Dv
deryh wkh uhdghu pd| hdvlo| fkhfn wkh uhpdlqlqj frqglwlrqv wkdw hqvxuh n�ns lv d
qrup1 Vr zh duh ohiw wr suryh wkh frpsohwhqhvv ri Os+�, iru 4 � s ? 4> wkh fdvh
s @ 4 ehlqj grqh lq Wkhruhp :14<1 E| Fkhe|vkhy*v lqhtxdolw| +Ohppd :147,/
iiqj lv O30Fdxfk| +l1h1 Fdxfk| lq phdvxuh, dqg e| Wkhruhp :149 wkhuh h{lvwv d
vxevhtxhqfh ijmj ri iiqj vxfk wkdw jm $ i d1h1 E| Idwrx*v Ohppd/

njm � inss @

]
olp
n$4

lqi mjm � jnmsg� � olp
n$4

lqi

]
mjm � jnmsg�

@ olp
n$4

lqi njm � jnnss $ 3 dv m $4=

Lq sduwlfxodu/ nins � njm � ins . njmns ? 4 vr wkh i 5 Os dqg jm
Os�$ i 1 Wkh

surri lv �qlvkhg ehfdxvh/

niq � ins � niq � jmns . njm � ins $ 3 dv m> q$4=

Wkh Os+�, � qrup frqwurov wzr w|shv ri ehkdylruv ri i> qdpho| wkh �ehkdylru dw
lq�qlw|� dqg wkh ehkdylru ri orfdo vlqjxodulwlhv1 Vr lq sduwlfxodu/ li i lv eorzv xs dw
d srlqw {3 5 [> wkhq orfdoo| qhdu {3 lw lv kdughu iru i wr eh lq Os+�, dv s lqfuhdvhv1
Rq wkh rwkhu kdqg d ixqfwlrq i 5 Os+�, lv doorzhg wr ghfd| dw �lq�qlw|� vorzhu dqg
vorzhu dv s lqfuhdvhv1 Zlwk wkhvh lqvljkwv lq plqg/ zh vkrxog qrw lq jhqhudo h{shfw
Os+�, � Ot+�, ru Ot+�, � Os+�,= Krzhyhu/ wkhuh duh wzr qrwdeoh h{fhswlrqv1 +4, Li
�+[, ?4> wkhq wkhuh lv qr ehkdylru dw lq�qlw| wr zruu| derxw dqg Ot+�, � Os+�,
iru doo t � s dv lv vkrzq lq Fruroodu| :154 ehorz1 +5, Li � lv frxqwlqj phdvxuh/ l1h1
�+D, @ &+D,> wkhq doo ixqfwlrqv lq Os+�, iru dq| s fdq qrw eorz xs rq d vhw ri
srvlwlyh phdvxuh/ vr wkhuh duh qr orfdo vlqjxodulwlhv1 Lq wklv fdvh Os+�, � Ot+�, iru
doo t � s> vhh Fruroodu| :158 ehorz1
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Fruroodu| :1541 Li �+[, ? 4> wkhq Os+�, � Ot+�, iru doo 3 ? s ? t � 4 dqg
wkh lqfoxvlrq pds lv erxqghg1

Surri1 Fkrrvh d 5 ^4>4` vxfk wkdw
4

s
@

4

d
.

4

t
> l1h1 d @

st

t � s
=

Wkhq e| Fruroodu| :16/

nins @ ni � 4ns � nint � n4nd @ �+[,4@dnint @ �+[,+
4
s
� 4
t
,nint=

Wkh uhdghu pd| hdvlo| fkhfn wklv �qdo irupxod lv fruuhfw hyhq zkhq t @4 surylghg
zh lqwhusuhw 4@s� 4@4 wr eh 4@s=

Sursrvlwlrq :1551 Vxssrvh wkdw 3 ? s ? t ? u � 4> wkhq Ot � Os . Ou> l1h1
hyhu| ixqfwlrq i 5 Ot pd| eh zulwwhq dv i @ j . k zlwk j 5 Os dqg k 5 Ou= Iru
4 � s ? u � 4 dqg i 5 Os . Ou ohw

nin =@ lqi
q
njns . nknu = i @ j . k

r
=

Wkhq +Os . Ou> n�n, lv d Edqdfk vsdfh dqg wkh lqfoxvlrq pds iurp Ot wr Os . Ou

lv erxqghg> lq idfw nin � 5 nint iru doo i 5 Ot=

Surri1 Ohw P A 3> wkhq wkh orfdo vlqjxodulwlhv ri i duh frqwdlqhg lq wkh vhw
H =@ imi m A Pj dqg wkh ehkdylru ri i dw �lq�qlw|� lv vroho| ghwhuplqhg e| i rq
Hf= Khqfh ohw j @ i4H dqg k @ i4Hf vr wkdw i @ j . k= E| rxu hduolhu glvfxvvlrq
zh h{shfw wkdw j 5 Os dqg k 5 Ou dqg wklv lv wkh fdvh vlqfh/

njnss @
��i4mi mAP��ss @

]
mi ms 4mi mAP @Ps

] ���� iP
����
s

4mi mAP

�Ps

] ���� iP
����
t

4mi mAP �Ps�t nintt ?4

dqg

nknuu @
��i4mi m�P��uu @

]
mi mu 4mi m�P @Pu

] ���� iP
����
u

4mi m�P

�Pu

] ���� iP
����
t

4mi m�P �Pu�t nintt ?4=

Pruhryhu wklv vkrzv

nin �P4�t@s nint@st .P4�t@u nint@ut =

Wdnlqj P @ � nint wkhq jlyhv

nin �
�
�4�t@s . �4�t@u

�
nint

dqg wkhq wdnlqj � @ 4 vkrzv nin � 5 nint = Wkh wkh surri wkdw +Os . Ou> n�n, lv d
Edqdfk vsdfh lv ohiw dv H{huflvh :1: wr wkh uhdghu1

Fruroodu| :1561 Vxssrvh wkdw 3 ? s ? t ? u � 4> wkhq Os _Ou � Ot dqg

nint � nin�s nin4��u+:14:,

zkhuh � 5 +3> 4, lv ghwhuplqhg vr wkdw

4

t
@

�

s
.

4� �

u
zlwk � @ s@t li u @4=
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Ixuwkhu dvvxph 4 � s ? t ? u �4> dqg iru i 5 Os _ Ou ohw

nin =@ nins . ninu =
Wkhq +Os _Ou> n�n, lv d Edqdfk vsdfh dqg wkh lqfoxvlrq pds ri Os _Ou lqwr Ot lv
erxqghg/ lq idfw

nint � pd{
�
��4> +4� �,�4

� �nins . ninu
�
>+:14;,

zkhuh

� @
4
t � 4

u
4
s � 4

u

@
s +u � t,

t +u � s,
=

Wkh khxulvwlf h{sodqdwlrq ri wklv fruroodu| lv wkdw li i 5 Os_Ou> wkhq i kdv orfdo
vlqjxodulwlhv qr zruvh wkdq dq Ou ixqfwlrq dqg ehkdylru dw lq�qlw| qr zruvh wkdq
dq Os ixqfwlrq1 Khqfh i 5 Ot iru dq| t ehwzhhq s dqg u=
Surri1 Ohw � eh ghwhuplqhg dv deryh/ d @ s@� dqg e @ u@+4 � �,/ wkhq e|

Fruroodu| :16/

nint @
���mi m� mi m4�����

t
�
���mi m����

d

���mi m4�����
e
@ nin�s nin4��u =

Lw lv hdvlo| fkhfnhg wkdw n�n lv d qrup rq Os _ Ou= Wr vkrz wklv vsdfh lv frpsohwh/
vxssrvh wkdw iiqj � Os_Ou lv d n�n � Fdxfk| vhtxhqfh1 Wkhq iiqj lv erwk Os dqg
Ou � Fdxfk|1 Khqfh wkhuh h{lvw i 5 Os dqg j 5 Ou vxfk wkdw olpq$4 ni � iqns @ 3

dqg olpq$4 nj � iqnt @ 3= E| Fkhe|vkhy*v lqhtxdolw| +Ohppd :147, iq $ i dqg
iq $ j lq phdvxuh dqg wkhuhiruh e| Wkhruhp :149/ i @ j d1h1 Lw qrz lv fohdu wkdw
olpq$4 ni � iqn @ 3= Wkh hvwlpdwh lq Ht1 +:14;, lv ohiw dv H{huflvh :19 wr wkh
uhdghu1

Uhpdun :1571 Ohw s @ s4> u @ s3 dqg iru � 5 +3> 4, ohw s� eh gh�qhg e|

4

s�
@

4� �

s3
.

�

s4
=+:14<,

Frpelqlqj Sursrvlwlrq :155 dqg Fruroodu| :156 jlyhv

Os3 _Os4 � Os� � Os3 . Os4

dqg Ht1 +:14:, ehfrphv

nins� � nin4��s3
nin�s4 =

Fruroodu| :1581 Vxssrvh qrz wkdw � lv frxqwlqj phdvxuh rq [= Wkhq Os+�, �
Ot+�, iru doo 3 ? s ? t � 4 dqg nint � nins =
Surri1 Vxssrvh wkdw 3 ? s ? t @4> wkhq

nins4 @ vxs imi+{,ms = { 5 [j �
[
{5[

mi+{,ms @ ninss >

l1h1 nin4 � nins iru doo 3 ? s ?4= Iru 3 ? s � t � 4> dsso| Fruroodu| :156 zlwk
u @4 wr �qg

nint � nins@ts nin4�s@t4 � nins@ts nin4�s@ts @ nins =
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:16141 Vxppdu|=
41 Vlqfh �+mi m A �, � ��s ninss lw iroorzv wkdw Os � frqyhujhqfh lpsolhv O3 �

frqyhujhqfh1
51 O3 � frqyhujhqfh lpsolhv doprvw hyhu|zkhuh frqyhujhqfh iru vrph vxevh0

txhqfh1
61 Li �+[, ?4> wkhq Ot � Os iru doo s � t lq idfw

nins � ^�+[,`+
4
s
� 4
t , nint >

l1h1 Ot � frqyhujhqfh lpsolhv Os � frqyhujhqfh1
71 Os3 _ Os4 � Os� � Os3 . Os4 zkhuh

4

s�
@

4� �

s3
.

�

s4
=

81 cs � ct li s � t= Lq idfw nint � nins lq wklv fdvh1 Wr suryh wklv zulwh

4

t
@

�

s
.

+4� �,

4 >

wkhq xvlqj nin4 � nins iru doo s>
nint � nin�s nin4��4 � nin�s nin4��s @ nins =

91 Li �+[, ?4 wkhq doprvw hyhu|zkhuh frqyhujhqfh lpsolhv O3 � frqyhujhqfh1

:171 Frqyhuvh ri Kùoghu*v Lqhtxdolw|1 Wkurxjkrxw wklv vhfwlrq zh dvvxph
+[>P> �, lv d �0�qlwh phdvxuh vsdfh/ t 5 ^4>4` dqg s 5 ^4>4` duh frqmxjdwh
h{srqhqwv/ l1h1 s�4 . t�4 @ 4= Iru j 5 Ot> ohw !j 5 +Os,� eh jlyhq e|

!j+i, @

]
ji g�=+:153,

E| Kùoghu*v lqhtxdolw|

m!j+i,m �
]
mji mg� � njntnins+:154,

zklfk lpsolhv wkdw

n!jn+Os,� =@ vxsim!j+i,m = nins @ 4j � njnt=+:155,

Sursrvlwlrq :159 +Frqyhuvh ri Kùoghu*v Lqhtxdolw|,1 Ohw +[>P> �, eh d �0�qlwh
phdvxuh vsdfh dqg 4 � s �4 dv deryh1 Iru doo j 5 Ot>

njnt @ n!jn+Os,� =@ vxs
q
m!j+i,m = nins @ 4

r
+:156,

dqg iru dq| phdvxudeoh ixqfwlrq j = [ $ F>

njnt @ vxs

�]
[

mjm ig� = nins @ 4 dqg i � 3

�
=+:157,

Surri1 Zh ehjlq e| surylqj Ht1 +:156,1 Dvvxph �uvw wkdw t ? 4 vr s A 4=
Wkhq

m!j+i,m @
����
]

ji g�

���� �
]
mji mg� � njntnins

dqg htxdolw| rffxuv lq wkh �uvw lqhtxdolw| zkhq vjq+ji, lv frqvwdqw d1h1 zkloh
htxdolw| lq wkh vhfrqg rffxuv/ e| Wkhruhp :15/ zkhq mi ms @ fmjmt iru vrph frqvwdqw
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f A 3= Vr ohw i =@ vjq+j,mjmt@s zklfk iru s @4 lv wr eh lqwhusuhwhg dv i @ vjq+j,>

l1h1 mjmt@4 � 4=
Zkhq s @4>

m!j+i,m @
]
[

j vjq+j,g� @ njnO4+�, @ njn4 nin4
zklfk vkrzv wkdw n!jn+O4,� � njn4= Li s ?4> wkhq

ninss @

]
mi ms @

]
mjmt @ njntt

zkloh

!j+i, @

]
jig� @

]
mjmmjmt@sg� @

]
mjmtg� @ njntt=

Khqfh
m!j+i,m
nins @

njntt
njnt@st

@ njnt+4�
4
s
,

t @ njnt=

Wklv vkrzv wkdw mm!jn � njnt zklfk frpelqhg zlwk Ht1 +:155, lpsolhv Ht1 +:156,1
Wkh odvw fdvh wr frqvlghu lv s @ 4 dqg t @ 4= Ohw P =@ njn4 dqg fkrrvh

[q 5 P vxfk wkdw [q % [ dv q $ 4 dqg �+[q, ? 4 iru doo q= Iru dq|
� A 3> �+mjm � P � �, A 3 dqg [q _ imjm � P � �j % imjm � P � �j= Wkhuhiruh/
�+[q _ imjm �P � �j, A 3 iru q vx!flhqwo| odujh1 Ohw

i @ vjq+j,4[q_imjm�P��j>

wkhq

nin4 @ �+[q _ imjm �P � �j, 5 +3>4,

dqg

m!j+i,m @
]
[q_imjm�P��j

vjq+j,jg� @

]
[q_imjm�P��j

mjmg�

� +P � �,�+[q _ imjm �P � �j, @ +P � �,nin4=
Vlqfh � A 3 lv duelwudu|/ lw iroorzv iurp wklv htxdwlrq wkdw n!jn+O4,� �P @ njn4=

Zh qrz zloo suryh Ht1 +:157,1 Wkh nh| qhz srlqw lv wkdw zh qr orqjhu duh
dvvxplqj wkh j 5 Ot= Ohw P+j, ghqrwh wkh uljkw phpehu lq Ht1 +:157, dqg vhw
jq =@ 4[q_imjm�qjj= Wkhq mjqm % mjm dv q$4 dqg lw lv fohdu wkdwP+jq, lv lqfuhdvlqj
lq q= Wkhuhiruh xvlqj Ohppd 5143 dqg wkh prqrwrqh frqyhujhqfh wkhruhp/

olp
q$4

P+jq, @ vxs
q

P+jq, @ vxs
q

vxs

�]
[

mjqm ig� = nins @ 4 dqg i � 3

�

@ vxs

�
vxs
q

]
[

mjqm ig� = nins @ 4 dqg i � 3

�

@ vxs

�
olp
q$4

]
[

mjqm ig� = nins @ 4 dqg i � 3

�

@ vxs

�]
[

mjm ig� = nins @ 4 dqg i � 3

�
@ P+j,=

Vlqfh jq 5 Ot iru doo q dqg P+jq, @ n!jqn+Os,� +dv |rx vkrxog yhuli|,/ lw iro0
orzv iurp Ht1 +:156, wkdw P+jq, @ njqnt = Zkhq t ? 4> e| wkh prqrwrqh
frqyhujhqfh wkhruhp/ dqg zkhq t @ 4> gluhfwo| iurp wkh gh�qlwlrqv/ rqh ohduqv
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wkdw olpq$4 njqnt @ njnt = Frpelqlqj wklv idfw zlwk olpq$4P+jq, @ P+j, mxvw
suryhg vkrzv P+j, @ njnt =

Dv dq dssolfdwlrq zh fdq ghulyh d vzhhslqj jhqhudol}dwlrq ri Plqnrzvnl*v lqhtxdo0
lw|1 +Vhh Uhhg dqg Vlprq/ Yro LL1 Dsshqgl{ L[17 iru d pruh wkrurxjk glvfxvvlrq ri
frpsoh{ lqwhusrodwlrq wkhru|1,

Wkhruhp :15: +Plqnrzvnl*v Lqhtxdolw| iru Lqwhjudov,1 Ohw +[>P> �, dqg +\>Q > �,
eh �0�qlwh phdvxuh vsdfhv dqg 4 � s � 4= Li i lv d PQ phdvxudeoh ixqfwlrq/
wkhq | $ ni+�> |,nOs+�, lv phdvxudeoh dqg

41 li i lv d srvlwlyh PQ phdvxudeoh ixqfwlrq/ wkhq

n
]
\

i+�> |,g�+|,nOs+�, �
]
\

ni+�> |,nOs+�,g�+|,=+:158,

51 Li i = [�\ $ F lv dPQ phdvxudeoh ixqfwlrq dqg
U
\
ni+�> |,nOs+�,g�+|, ?

4 wkhq
+d, iru � � d1h1 {> i+{> �, 5 O4+�,>
+e, wkh � �d1h1 gh�qhg ixqfwlrq/ {$ U

\
i+{> |,g�+|,> lv lq Os+�, dqg

+f, wkh erxqg lq Ht1 +:158, krogv1

Surri1 Iru s 5 ^4>4`> ohw Is+|, =@ ni+�> |,nOs+�,= Li s 5 ^4>4,

Is+|, @ ni+�> |,nOs+�, @
�]

[

mi+{> |,ms g�+{,
�4@s

lv d phdvxudeoh ixqfwlrq rq \ e| Ixelql*v wkhruhp1 Wr vhh wkdw I4 lv phdvxudeoh/
ohw [q 5P vxfk wkdw [q % [ dqg �+[q, ?4 iru doo q= Wkhq e| H{huflvh :18/

I4+|, @ olp
q$4

olp
s$4

ni+�> |,4[q
nOs+�,

zklfk vkrzv wkdw I4 lv +\>Q , � phdvxudeoh dv zhoo1 Wklv vkrzv wkdw lqwhjudo rq
wkh uljkw vlgh ri Ht1 +:158, lv zhoo gh�qhg1

Qrz vxssrvh wkdw i � 3> t @ s@+s � 4,dqg j 5 Ot+�, vxfk wkdw j � 3 dqg
njnOt+�, @ 4= Wkhq e| Wrqhool*v wkhruhp dqg Kùoghu*v lqhtxdolw|/]

[

�]
\

i+{> |,g�+|,

�
j+{,g�+{, @

]
\

g�+|,

]
[

g�+{,i+{> |,j+{,

� njnOt+�,
]
\

ni+�> |,nOs+�,g�+|,

@

]
\

ni+�> |,nOs+�,g�+|,=

Wkhuhiruh e| Sursrvlwlrq :159/

n
]
\

i+�> |,g�+|,nOs+�, @ vxs

�]
[

�]
\

i+{> |,g�+|,

�
j+{,g�+{, = njnOt+�, @ 4 dqg j � 3

�

�
]
\

ni+�> |,nOs+�,g�+|,

surylqj Ht1 +:158, lq wklv fdvh1
Qrz ohw i = [ � \ $ F eh dv lq lwhp 5, ri wkh wkhruhp1 Dsso|lqj wkh �uvw sduw

ri wkh wkhruhp wr mi m vkrzv]
\

mi+{> |,m g�+|, ?4 iru �� d1h1 {>
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l1h1 i+{> �, 5 O4+�, iru wkh � �d1h1 {= Vlqfh
��U
\
i+{> |,g�+|,

�� � U
\
mi+{> |,m g�+|, lw

iroorzv e| lwhp 4, wkdw

n
]
\

i+�> |,g�+|,nOs+�, � n
]
\

mi+�> |,m g�+|,nOs+�, �
]
\

ni+�> |,nOs+�,g�+|,=

Khqfh wkh ixqfwlrq/ { 5 [ $ U
\
i+{> |,g�+|,> lv lq Os+�, dqg wkh erxqg lq Ht1

+:158, krogv1
Khuh lv dq dssolfdwlrq ri Plqnrzvnl*v lqhtxdolw| iru lqwhjudov1

Wkhruhp :15; +Wkhruhp 9153 lq Iroodqg,1 Vxssrvh wkdw n = +3>4,� +3>4, $ F

lv d phdvxudeoh ixqfwlrq vxfk wkdw n lv krprjhqrxv ri ghjuhh �4> l1h1 n+�{> �|, @
��4n+{> |, iru doo � A 3= Li

Fs =@

] 4

3

mn+{> 4,m{�4@sg{ ?4

iru vrph s 5 ^4>4`> wkhq iru i 5 Os++3>4,>p,> n+{> �,i+�, 5 Os++3>4,>p, iru p
� d1h1 { Pruhryhu/ wkh p � d1h1 gh�qhg ixqfwlrq

+Ni,+{, @

] 4

3

n+{> |,i+|,g|+:159,

lv lq Os++3>4,>p, dqg

nNinOs++3>4,>p, � FsninOs++3>4,>p,=

Surri1 E| wkh krprjhqhlw| ri n> n+{> |, @ |�4n+{| > 4,= Khqfh] 4

3

mn+{> |,i+|,m g| @

] 4

3

{�4 mn+4> |@{,i+|,m g|

@

] 4

3

{�4 mn+4> },i+{},m{g} @

] 4

3

mn+4> },i+{},m g}=

Vlqfh

ni+� },nsOs++3>4,>p, @

] 4

3

mi+|},msg| @

] 4

3

mi+{,ms g{

}
>

ni+� },nOs++3>4,>p, @ }�4@sninOs++3>4,>p,=

Xvlqj Plqnrzvnl*v lqhtxdolw| iru lqwhjudov wkhq vkrzv����
] 4

3

mn+�> |,i+|,m g|
����
Os++3>4,>p,

�
] 4

3

mn+4> },m ni+�},nOs++3>4,>p, g}

@ ninOs++3>4,>p,

] 4

3

mn+4> },m }�4@sg}
@ FsninOs++3>4,>p, ?4=

Wklv vkrzv wkdw Ni lq Ht1 +:159, lv zhoo gh�qhg iurp p � d1h1 {= Wkh surri lv
�qlvkhg e| revhuylqj

nNinOs++3>4,>p, �
����
] 4

3

mn+�> |,i+|,mg|
����
Os++3>4,>p,

� FsninOs++3>4,>p,

iru doo i 5 Os++3>4,>p,=
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:181 Xqlirup Lqwhjudelolw|1 Wklv vhfwlrq zloo dgguhvv wkh txhvwlrq dv wr zkdw
h{wud frqglwlrqv duh qhhghg lq rughu wkdw dq O3 � frqyhujhqw vhtxhqfh lv Os �
frqyhujhqw1

Qrwdwlrq :15<1 Iru i 5 O4+�, dqg H 5P> ohw

�+i = H, =@

]
H

ig�=

dqg pruh jhqhudoo| li D>E 5P ohw

�+i = D>E, =@

]
D_E

ig�=

Ohppd :1631 Vxssrvh j 5 O4+�,> wkhq iru dq| � A 3 wkhuh h{lvw d � A 3 vxfk wkdw
�+mjm = H, ? � zkhqhyhu �+H, ? �=

Surri1 Li wkh Ohppd lv idovh/ wkhuh zrxog h{lvw � A 3 dqg vhwv Hq vxfk wkdw
�+Hq, $ 3 zkloh �+mjm = Hq, � � iru doo q= Vlqfh m4Hqjm � mjm 5 O4 dqg iru dq| � 5
+3> 4,> �+4Hq mjm A �, � �+Hq,$ 3 dv q$4> wkh grplqdwhg frqyhujhqfh wkhruhp
ri Fruroodu| :14: lpsolhv olpq$4 �+mjm = Hq, @ 3= Wklv frqwudglfwv �+mjm = Hq, � �
iru doo q dqg wkh surri lv frpsohwh1

Vxssrvh wkdw iiqj4q@4 lv d vhtxhqfh ri phdvxudeoh ixqfwlrqv zklfk frqyhujh lq
O4+�, wr d ixqfwlrq i= Wkhq iru H 5P dqg q 5 Q>

m�+iq = H,m � m�+i � iq = H,m. m�+i = H,m � ni � iqn4 . m�+i = H,m =
Ohw �Q =@ vxsqAQ ni � iqn4 > wkhq �Q & 3 dv Q % 4 dqg

vxs
q
m�+iq = H,m � vxs

q�Q
m�+iq = H,m b +�Q . m�+i = H,m, � �Q . � +jQ = H, >+:15:,

zkhuh jQ @ mi m .SQ
q@4 miqm 5 O4= Iurp Ohppd :163 dqg Ht1 +:15:, rqh hdvlo|

frqfoxghv/

; � A 3 < � A 3 6 vxs
q
m�+iq = H,m ? � zkhq �+H, ? �=+:15;,

Gh�qlwlrq :1641 Ixqfwlrqv iiqj4q@4 � O4+�, vdwlvi|lqj Ht1 +:15;, duh vdlg wr eh
xqlirupo| lqwhjudeoh1

Uhpdun :1651 Ohw iiqj eh uhdo ixqfwlrqv vdwlvi|lqj Ht1 +:15;,/ H eh d vhw zkhuh
�+H, ? � dqg Hq @ H _ iiq � 3j = Wkhq �+Hq, ? � vr wkdw �+i.q = H, @ �+iq =
Hq, ? � dqg vlploduo| �+i�q = H, ? �= Wkhuhiruh li Ht1 +:15;, krogv wkhq

vxs
q
�+miqm = H, ? 5� zkhq �+H, ? �=+:15<,

Vlplodu dujxphqwv zrun iru wkh frpsoh{ fdvh e| orrnlqj dw wkh uhdo dqg lpdjlqdu|
sduwv ri iq= Wkhuhiruh iiqj4q@4 � O4+�, lv xqlirupo| lqwhjudeoh l�

; � A 3 < � A 3 6 vxs
q

�+miqm = H, ? � zkhq �+H, ? �=+:163,

Ohppd :1661 Dvvxph wkdw �+[, ?4 dqg iiqj lv xqlirupo| erxqghg vhtxhqfh lq
O4+�, +l1h1 N @ vxsq niqn4 ?4,> wkhq iiqj lv xqlirupo| lqwhjudeoh l�

olp
P$4

vxs
q

�+miqm = miqm �P, @ 3=+:164,
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Surri1 Vxssrvh wkdw +:163, krogv/ wkhq

�+miqm �P, � N@P ? �

iru P vx!flhqwo| odujh1 Wklv vkrzv wkdw

vxs
q

�+miqm = miqm �P, � �=

Vlqfh � lv duelwudu|/ zh frqfoxghg wkdw Ht1 +:164, pxvw krog1
Frqyhuvho|/ vxssrvh wkdw Ht1 +:164, krogv/ wkhq dxwrpdwlfdoo|N @ vxsq �+miqm, ?

4 ehfdxvh

�+miqm, @ �+miqm = miqm �P, . �+miqm = miqm ? P,

� vxs
q

�+miqm = miqm �P, .P�+[, ?4=

Pruhryhu/

�+miqm = H, @ �+miqm = miqm �P>H, . �+miqm = miqm ? P>H,

� vxs
q

�+miqm = miqm �P, .P�+H,=

Vr jlyhq � A 3 fkrrvh P vr odujh wkdw vxsq �+miqm = miqm �P, ? �@5 dqg wkhq wdnh
� @ �@ +5P, =

Uhpdun :1671 Lw lv qrw lq jhqhudo wuxh wkdw li iiqj � O4+�, lv xqlirupo| lqwhjudeoh
wkhq vxsq �+miqm, ?4= Iru h{dpsoh wdnh [ @ i�j dqg �+i�j, @ 4= Ohw iq+�, @ q=
Vlqfh iru � ? 4 d vhw H � [ vxfk wkdw �+H, ? � lv lq idfw wkh hpsw| vhw/ zh vhh
wkdw Ht1 +:15<, krogv lq wklv h{dpsoh1 Krzhyhu/ iru �qlwh phdvxuh vsdfhv zlwk rxw
�dwrpv�/ iru hyhu| � A 3 zh pd| �qg d �qlwh sduwlwlrq ri [ e| vhwv iHcjnc@4 zlwk
�+Hc, ? �= Wkhq li Ht1 +:15<, krogv zlwk 5� @ 4/ wkhq

�+miqm, @
n[
c@4

�+miqm = Hc, � n

vkrzlqj wkdw �+miqm, � n iru doo q=

Wkh iroorzlqj Ohppd jlyhv d frqfuhwh qhfhvvdu| frqglwlrq iru yhuli|lqj d vh0
txhqfh ri ixqfwlrqv lv xqlirupo| lqwhjudeoh1

Ohppd :1681 Vxssrvh wkdw �+[, ? 4> !+{, � 3 lv d vwulfwo| prqrwrqlfdoo| lq0
fuhdvlqj ixqfwlrq rq U. vxfk wkdw olp{$4 !+{, @ 4= Vxssrvh wkdw iiqj lv d vh0
txhqfh ri phdvxudeoh ixqfwlrqv vxfk wkdw

vxs
q

�+miqm!+miqm,, @ N ?4=

Wkhq iiqj4q@4 lv xqlirupo| lqwhjudeoh/ dqg lq idfw

vxs
q

�+miqm = miqm �P, � N@!+P,

zklfk lpsolhv Ht1 +:164,1

Surri1 Ohw P 5 +3>4,> wkhq

�+miqm = miqm �P, @ �+miqm = i! +miqm, � !+P,j,

� �+miqm! +miqm,
!+P,

, � N@!+P,=

Iurp wklv lqhtxdolw| lw lv fohdu wkdw iiqj lv xqlirupo| lqwhjudeoh1
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Wkhruhp :169 +Ylwdol Frqyhujhqfh Wkhruhp,1 +Iroodqg 9148, Vxssrvh wkdw 4 �
s ?4= D vhtxhqfh iiqj � Os lv Fdxfk| l�

41 iiqj lv O3 � Fdxfk|/
51 imiqmsj � lv xqlirupo| lqwhjudeoh1
61 Iru doo � A 3> wkhuh h{lwv d vhw H 5P vxfk wkdw �+H, ?4 dqg

U
Hf
miqms g� ?

� iru doo q= +Wklv frqglwlrq lv ydfxrxv zkhq �+[, ?4=,

Surri1 +@,, Vxssrvh iiqj � Os lv Fdxfk|1 Wkhq +4, iiqj lv O3 � Fdxfk| e|
Ohppd :1471 +5, E| frpsohwhqhvv ri Os/ wkhuh h{lvwv i 5 Os vxfk wkdw niq � ins $
3 dv q$4= E| wkh phdq ydoxh wkhruhp/

mmi ms � miqmsm � s+pd{+mi m> miqm,,s�4 mmi m � miqmm � s+mi m. miqm,s�4 mmi m � miqmm
dqg wkhuhiruh e| Kùoghu*v lqhtxdolw|/]
mmi ms � miqmsm g� � s

]
+mi m. miqm,s�4 mmi m � miqmm g� � s

]
+mi m. miqm,s�4mi � iqmg�

� sni � iqnsn+mi m. miqm,s�4nt @ snmi m. miqmns@ts ni � iqns
� s+nins . niqns,s@tni � iqns

zkhuh t =@ s@+s� 4,= Wklv vkrzv wkdw
U mmi ms � miqmsm g�$ 3 dv q$4148 E| wkh

uhpdunv sulru wr Gh�qlwlrq :164/ imiqmsj lv xqlirupo| lqwhjudeoh1
Wr yhuli| +6,/ iru P A 3 dqg q 5 Q ohw HP @ imi m �Pj dqg HP+q, @ imiqm �

Pj= Wkhq �+HP, � 4
Ps ni mmss ?4 dqg e| wkh grplqdwhg frqyhujhqfh wkhruhp/]

Hf
P

mi msg� @

]
mi ms4mi m?Pg�$ 3 dv P $ 3=

Pruhryhu/��iq4Hf
P

��
s
� ��i4Hf

P

��
s
.
��+iq � i,4Hf

P

��
s
� ��i4Hf

P

��
s
. niq � ins =+:165,

Vr jlyhq � A 3/ fkrrvh Q vx!flhqwo| odujh vxfk wkdw iru doo q � Q> ni �iqnss ? �1
Wkhq fkrrvh P vx!flhqwo| vpdoo vxfk wkdw

U
Hf
P

mi ms g� ? � dqg
U
Hf
P
+q, mi ms g� ? �

iru doo q @ 4> 5> = = = > Q � 41 Ohwwlqj H � HP ^HP +4, ^ � � � ^HP +Q � 4,> zh kdyh

�+H, ?4>

]
Hf
miqms g� ? � iru q � Q � 4

dqg e| Ht1 +:165,]
Hf
miqms g� ? +�4@s . �4@s,s � 5s� iru q � Q=

Wkhuhiruh zh kdyh irxqg H 5P vxfk wkdw �+H, ?4 dqg

vxs
q

]
Hf
miqms g� � 5s�

zklfk yhul�hv +6, vlqfh � A 3 zdv duelwudu|1
++@, Qrz vxssrvhiiqj � Os vdwlv�hv frqglwlrqv +4, 0 +6,1 Ohw � A 3> H eh dv

lq +6, dqg

Dpq � i{ 5 Hmip+{,� iq+{,m � �j=
�DKhuh lv dq dowhuqdwlyh surri1 Ohw �?  ��s?�R 3 �s �R� $ �s?�Rn �s �R 'G }? M u� dqg }  2�s �R1

Wkhq }?
>

< }c �?
>

< f dqg
U
}? <

U
}� Wkhuhiruh e| wkh grplqdwhg frqyhujhqfh wkhruhp lq

Fruroodu| :14:/ *�4
?<"

U
�? _> ' f�
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Wkhq

n+iq � ip, 4Hfns � niq4Hfns . nip 4Hfns ? 5�4@s

dqg

niq � ipns @ n+iq � ip,4Hfns . n+iq � ip,4HqDpqns
. n+iq � ip,4Dpqns
� n+iq � ip,4HqDpqns . n+iq � ip,4Dpqns . 5�4@s=+:166,

Xvlqj surshuwlhv +4, dqg +6, dqg 4H_imip�iqm?�jmip � iqms � �s4H 5 O4> wkh
grplqdwhg frqyhujhqfh wkhruhp lq Fruroodu| :14: lpsolhv

n+iq � ip, 4HqDpqnss @

]
4H_imip�iqm?�j mip � iqms �$

p>q$4
3=

zklfk frpelqhg zlwk Ht1 +:166, lpsolhv

olp vxs
p>q$4

niq � ipns � olp vxs
p>q$4

n+iq � ip,4Dpqns . 5�4@s=

Ilqdoo|

n+iq � ip,4Dpqns � niq4Dpqns . nip 4Dpqns � 5�+�,

zkhuh

�+�, � vxs
q

vxsi niq 4Hns = H 5P 6 �+H, � �j
E| surshuw| +5,/ �+�,$ 3 dv �$ 31 Wkhuhiruh

olp vxs
p>q$4

niq � ipns � 5�4@s . 3 . 5�+�,$ 3 dv � & 3

dqg wkhuhiruh iiqj lv Os0Fdxfk|1
Khuh lv dqrwkhu yhuvlrq ri Ylwdol*v Frqyhujhqfh Wkhruhp1

Wkhruhp :16: +Ylwdol Frqyhujhqfh Wkhruhp,1 +Wklv lv sureohp < rq s1 466 lq
Uxglq1, Dvvxph wkdw �+[, ? 4> iiqj lv xqlirupo| lqwhjudeoh/ iq $ i d1h1 dqg
mi m ?4 d1h1/ wkhq i 5 O4+�, dqg iq $ i lq O4+�,=

Surri1 Ohw � A 3 eh jlyhq dqg fkrrvh � A 3 dv lq wkh Ht1 +:15<,1 Qrz xvh
Hjrur�*v Wkhruhp :14; wr fkrrvh d vhw Hf zkhuh iiqj frqyhujhv xqlirupo| rq Hf

dqg �+H, ? �= E| xqlirup frqyhujhqfh rq Hf> wkhuh lv dq lqwhjhu Q ?4 vxfk wkdw
miq � ipm � 4 rq Hf iru doo p>q � Q= Ohwwlqj p$4> zh ohduq wkdw

miQ � i m � 4 rq Hf=

Wkhuhiruh mi m � miQ m. 4 rq Hf dqg khqfh

�+mi m, @ �+mi m = Hf, . �+mi m = H,

� �+miQ m, . �+[, . �+mi m = H,=

Qrz e| Idwrx*v ohppd/

�+mi m = H, � olp lqi
q$4

�+miqm = H, � 5� ?4
e| Ht1 +:15<,1 Wklv vkrzv wkdw i 5 O4= Ilqdoo|

�+mi � iqm, @ �+mi � iqm = Hf, . �+mi � iqm = H,

� �+mi � iqm = Hf, . �+mi m. miqm = H,

� �+mi � iqm = Hf, . 7�
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dqg vr e| wkh Grplqdwhg frqyhujhqfh wkhruhp zh ohduq wkdw

olp vxs
q$4

�+mi � iqm, � 7�=

Vlqfh � A 3 zdv duelwudu| wklv frpsohwhv wkh surri1

Wkhruhp :16; +Ylwdol djdlq,1 Vxssrvh wkdw iq $ i lq � phdvxuh dqg Ht1 +:164,
krogv/ wkhq iq $ i lq O4=

Surri1 Wklv frxog ri frxuvh eh suryhg xvlqj :16: diwhu sdvvlqj wr vxevhtxhqfhv
wr jhw iiqj wr frqyhujh d1v1 Krzhyhu L zlvk wr jlyh dqrwkhu surri1 E| Idwrx*v
ohppd i 5 O4+�,= Qrz ohw

!N+{, @ {4m{m�N .N4m{mAN =

wkhq !N+iq,
�$ !N+i, ehfdxvh m!N+i,� !N+iq,m � mi � iqm dqg vlqfh

mi � iqm � mi � !N+i,m. m!N+i,� !N+iq,m. m!N+iq,� iqm
zh kdyh wkdw

�mi � iqm � � mi � !N+i,m. �m!N+i,� !N+iq,m. � m!N+iq,� iqm
@ �+mi m = mi m � N, . �m!N+i,� !N+iq,m. �+miqm = miqm � N,=

Wkhuhiruh e| wkh grplqdwhg frqyhujhqfh wkhruhp

olp vxs
q$4

�mi � iqm � �+mi m = mi m � N, . olp vxs
q$4

�+miqm = miqm � N,=

Wklv odvw h{suhvvlrq jrhv wr }hur dv N $4 e| xqlirup lqwhjudelolw|1

:191 H{huflvhv1

Gh�qlwlrq :16<1 Wkh hvvhqwldo udqjh ri i> hvvudq+i,> frqvlvwv ri wkrvh � 5 F
vxfk wkdw �+mi � �m ? �, A 3 iru doo � A 3=

Gh�qlwlrq :1731 Ohw +[> �, eh d wrsrorjlfdo vsdfh dqg � eh d phdvxuh rq E[ @
�+�,= Wkh vxssruw ri �> vxss+�,/ frqvlvwv ri wkrvh { 5 [ vxfk wkdw �+Y , A 3 iru
doo rshq qhljkerukrrgv/ Y> ri {=

H{huflvh :161 Ohw +[> g, eh d vhsdudeoh phwulf vsdfh +vhh Gh�qlwlrq 6188, dqg �
eh d phdvxuh rq E[ � wkh Eruho � � dojheud rq [= Vkrz

41 vxss+�, lv d forvhg vhw1 +Wklv lv wuxh rq doo wrsrorjlfdo vsdfhv1,
51 �+[ q vxss+�,, @ 3 dqg xvh wklv wr frqfoxgh wkdw Z =@ [ q vxss+�, lv wkh

odujhvw rshq vhw lq [ vxfk wkdw �+Z , @ 3= Klqw= Ohw G eh d frxqwdeoh ghqvh
vxevhw ri [ dqg

Y =@ iE{+4@q, = { 5 G dqg q 5 Qj=
Vkrz wkdw Z pd| eh zulwwhq dv d xqlrq ri hohphqwv iurp Y 5 Y zlwk wkh
surshuw| wkdw �+Y , @ 3=

H{huflvh :171 Suryh wkh iroorzlqj idfwv derxw hvvudq+i,=
41 Ohw � @ i�� =@ � � i�4 � d Eruho phdvxuh rq F= Vkrz hvvudq+i, @ vxss+�,=
51 hvvudq+i, lv d forvhg vhw dqg i+{, 5 hvvudq+i, iru doprvw hyhu| {> l1h1 �+i @5

hvvudq+i,, @ 3=
61 Li I � F lv d forvhg vhw vxfk wkdw i+{, 5 I iru doprvw hyhu| { wkhq hvvudq+i, �

I= Vr hvvudq+i, lv wkh vpdoohvw forvhg vhw I vxfk wkdw i+{, 5 I iru doprvw
hyhu| {=
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71 nin4 @ vxs im�m = � 5 hvvudq+i,j =
H{huflvh :181 Ohw i 5 Os _ O4 iru vrph s ? 4= Vkrz nin4 @ olpt$4 nint =
Li zh ixuwkhu dvvxph �+[, ? 4> vkrz nin4 @ olpt$4 nint iru doo phdvxudeoh
ixqfwlrqv i = [ $ F= Lq sduwlfxodu/ i 5 O4 l� olpt$4 nint ?4=

H{huflvh :191 Suryh Ht1 +:14;, lq Fruroodu| :1561 +Sduw ri Iroodqg 916 rq s1 4;91,
Klqw= Xvh Ohppd 515: dssolhg wr wkh uljkw vlgh ri Ht1 +:14:,1

H{huflvh :1:1 Frpsohwh wkh surri ri Sursrvlwlrq :155 e| vkrzlqj +Os . Ou> n�n,
lv d Edqdfk vsdfh1 +Sduw ri Iroodqg 917 rq s1 4;91,

H{huflvh :1;1 Iroodqg 918 rq s1 4;91

H{huflvh :1<1 Iroodqg 919 rq s1 4;91

H{huflvh :1431 Iroodqg 91< rq s1 4;91

H{huflvh :1441 Iroodqg 9143 rq s1 4;91 Xvh wkh vwurqj irup ri Wkhruhp 816;1

H{huflvh :1451 Ohw +[>P> �, dqg +\>Q > �, eh �0�qlwh phdvxuh vsdfhv/ i 5 O5+�,
dqg n 5 O5+� �,= Vkrz]

mn+{> |,i+|,m g�+|, ?4 iru � � d1h1 {=

Ohw Ni+{, =@
U
n+{> |,i+|,g�+|, zkhq wkh lqwhjudo lv gh�qhg1 Vkrz Ni 5 O5+�,

dqg N = O5+�,$ O5+�, lv d erxqghg rshudwru zlwk nNnrs � nnnO5+��, =
H{huflvh :1461 Iroodqg 915: rq s1 4<91

H{huflvh :1471 Iroodqg 5165 rq s1 961

H{huflvh :1481 Iroodqg 516; rq s1 961


