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;1 Orfdoo| Frpsdfw Kdxvgruii Vsdfhv

Lq wklv vhfwlrq [ zloo dozd|v eh d wrsrorjlfdo vsdfh zlwk wrsrorj| �=Zh duh qrz
lqwhuhvwhg lq uhvwulfwlrqv rq � lq rughu wr lqvxuh wkhuh duh �sohqw|� ri frqwlqxrxv
ixqfwlrqv1 Rqh vxfk uhvwulfwlrq lv wr dvvxph � @ �g � lv wkh wrsrorj| lqgxfhg iurp
d phwulf rq [= Wkh iroorzlqj wzr uhvxowv vkrzv wkdw +[> �g, kdv orwv ri frqwlqxrxv
ixqfwlrqv1 Uhfdoo iru D � [> gD+{, @ lqiig+{> |, = | 5 Dj=
Ohppd ;14 +Xu|vrkq*v Ohppd iru Phwulf Vsdfhv,1 Ohw +[> g, eh d phwulf vsdfh/
Y �r [ dqg I C [ vxfk wkdw I � Y= Wkhq

i+{, @
gY f+{,

gI +{, . gY f+{,
iru { 5 [+;14,

gh�qhv d frqwlqxrxv ixqfwlrq/ i = [ $ ^3> 4`> vxfk wkdw i+{, @ 4 iru { 5 I dqg
i+{, @ 3 li { @5 Y= +Wklv pd| dovr eh vwdwhg dv iroorzv1 Ohw D +D @ I , dqg E
+E @ Y f, eh wzr glvmrlqw forvhg vxevhwv ri [> wkhq wkhuh h{lvwv i 5 F+[> ^3> 4`, vxfk
wkdw i @ 4 rq D dqg i @ 3 rq E=,

Surri1 E| Ohppd 618/ gI dqg gY f duh frqwlqxrxv ixqfwlrqv rq [= Vlqfh I dqg
Y f duh forvhg/ gI +{, A 3 li { @5 I dqg gY f+{, A 3 li { 5 Y= Vlqfh I _ Y f @ >>
gI +{,.gY f+{, A 3 iru doo { dqg +gI . gY f,�4 lv frqwlqxrxv dv zhoo1 Wkh uhpdlqlqj
dvvhuwlrqv derxw i duh doo hdv| wr yhuli|1

Wkhruhp ;15 +Phwulf Vsdfh Wlhw}h H{whqvlrq Wkhruhp,1 Ohw +[> g, eh d phwulf
vsdfh/ G eh d forvhg vxevhw ri [> �4 ? d ? e ?4 dqg i 5 F+G> ^d> e`,= +Khuh zh
duh ylhzlqj G dv d wrsrorjlfdo vsdfh zlwk wkh uhodwlyh wrsrorj|/ �G> vhh Gh�qlwlrq
614:1, Wkhq wkhuh h{lvwv I 5 F+[> ^d> e`, vxfk wkdw I mG @ i=

Surri1
41 E| vfdolqj dqg wudqvodwlrq +l1h1 e| uhsodflqj i e| i�d

e�d ,/ lw vx!fhv wr suryh
Wkhruhp ;15 zlwk d @ 3 dqg e @ 4=

51 Vxssrvh � 5 +3> 4` dqg i = G $ ^3> �` lv frqwlqxrxv ixqfwlrq1 Ohw D =@
i�4+^3> 4

6
�`, dqg E =@ i�4+^5

6
�> 4`,= E| Ohppd ;14 wkhuh h{lvwv d ixqfwlrq

�j 5 F+[> ^3> �@6`, vxfk wkdw �j @ 3 rq D dqg �j @ 4 rq E= Ohwwlqj j =@ �
6
�j>

zh kdyh j 5 F+[> ^3> �@6`, vxfk wkdw j @ 3 rq D dqg j @ �@6 rq E= Ixuwkhu
qrwlfh wkdw

3 � i+{,� j+{, � 5

6
� iru doo { 5 G=

61 Qrz vxssrvh i = G $ ^3> 4` lv d frqwlqxrxv ixqfwlrq dv lq vwhs 41 Ohw
j4 5 F+[> ^3> 4@6`, eh dv lq vwhs 51 zlwk � @ 4 dqg ohw i4 =@ i � j4mG 5
F+G> ^3> 5@6`,= Dsso| vwhs 51 zlwk � @ 5@6 dqg i @ i4 wr �qg j5 5
F+[> ^3> 4

6
5
6
`, vxfk wkdw i5 =@ i � +j4 . j5, mG 5 F+G> ^3>

�
5
6

�5
`,= Frqwlqxh

wklv zd| lqgxfwlyho| wr �qg jq 5 F+[> ^3> 4
6

�
5
6

�q�4
`, vxfk wkdw

i �
Q[
q@4

jqmG @= iQ 5 F+G> ^3>

�
5

6

�Q
`,=+;15,

71 Gh�qh I =@
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wkh vhulhv gh�qlqj I lv xqlirupo| frqyhujhqw vr I 5 F+[> ^3> 4`,= Sdvvlqj wr
wkh olplw lq Ht1 +;15, vkrzv i @ I mG=

Wkh pdlq wkuxvw ri wklv vhfwlrq lv wr vwxg| orfdoo| frpsdfw +dqg � � frpsdfw,
Kdxvgru� vsdfhv dv gh�qhg ehorz1 Zh zloo vhh djdlq wkdw wklv fodvv ri wrsrorjlfdo
vsdfhv kdyh dq dpsoh vxsso| ri frqwlqxrxv ixqfwlrqv1 Zh zloo vwduw rxw zlwk wkh
qrwlrq ri d Kdxvgru� wrsrorj|1 Wkh iroorzlqj h{dpsoh vkrzv d sdwkrorj| zklfk
rffxuv zkhq wkhuh duh qrw hqrxjk rshq vhwv lq d wrsrorj|1

H{dpsoh ;161 Ohw [ @ i4> 5> 6j dqg � @ i[> >> i4> 5j> i5> 6j> i5jj dqg {q @ 5 iru
doo q= Wkhq {q $ { iru hyhu| { 5 [$

Gh�qlwlrq ;17 +Kdxvgru� Wrsrorj|,1 D wrsrorjlfdo vsdfh/ +[> �,> lv Kdxvgru�
li iru hdfk sdlu ri glvwlqfw srlqwv/ {> | 5 [> wkhuh h{lvwv glvmrlqw rshq qhljkerukrrgv/
X dqg Y ri { dqg | uhvshfwlyho|1 +Phwulf vsdfhv duh w|slfdo h{dpsohv ri Kdxvgru�
vsdfhv1,

Uhpdun ;181 Zkhq � lv Kdxvgru� wkh �sdwkrorjlhv� dsshdulqj lq H{dpsoh ;16 gr
qrw rffxu1 Lqghhg li {q $ { 5 [ dqg | 5 [ q i{j zh pd| fkrrvh Y 5 �{ dqg
Z 5 �| vxfk wkdw Y _Z @ >= Wkhq {q 5 Y d1d1 lpsolhv {q 95Z iru doo exw d �qlwh
qxpehu ri q dqg khqfh {q < |> vr olplwv duh xqltxh1

Sursrvlwlrq ;191 Vxssrvh wkdw +[> �, lv d Kdxvgru� vsdfh/ N CC [ dqg { 5 Nf=
Wkhq wkhuh h{lvwv X> Y 5 � vxfk wkdw X _ Y @ >> { 5 X dqg N � Y= Lq sduwlfxodu
N lv forvhg1 +Vr frpsdfw vxevhwv ri Kdxvgru� wrsrorjlfdo vsdfhv duh forvhg1, Pruh
jhqhudoo| li N dqg I duh wzr glvmrlqw frpsdfw vxevhwv ri [> wkhuh h{lvw glvmrlqw
rshq vhwv X>Y 5 � vxfk wkdw N � Y dqg I � X=

Surri1 Ehfdxvh [ lv Kdxvgru�/ iru doo | 5 N wkhuh h{lvwv Y| 5 �| dqg X| 5 �{
vxfk wkdw Y| _X| @ >= Wkh fryhu iY|j|5N ri N kdv d �qlwh vxefryhu/ iY|j|5� iru
vrph � �� N= Ohw Y @ ^|5�Y| dqg X @ _|5�X|> wkhq X> Y 5 � vdwlvi| { 5 X>
N � Y dqg X _ Y @ >= Wklv vkrzv wkdw Nf lv rshq dqg khqfh wkdw N lv forvhg1

Vxssrvh wkdw N dqg I duh wzr glvmrlqw frpsdfw vxevhwv ri [= Iru hdfk { 5 I
wkhuh h{lvwv glvmrlqw rshq vhwv X{ dqg Y{ vxfk wkdw N � Y{ dqg { 5 X{= Vlqfh
iX{j{5I lv dq rshq fryhu ri I> wkhuh h{lvwv d �qlwh vxevhw � ri I vxfk wkdw I �
X =@ ^{5�X{= Wkh surri lv frpsohwhg e| gh�qlqj Y =@ _{5�Y{=
H{huflvh ;141 Vkrz dq| �qlwh vhw [ dgplwv h{dfwo| rqh Kdxvgru� wrsrorj| �=

H{huflvh ;151 Jlyhq dq h{dpsoh ri d wrsrorjlfdo vsdfh zklfk kdv d qrq0forvhg
frpsdfw vxevhw1

Sursrvlwlrq ;1:1 Vxssrvh wkdw [ lv d frpsdfw wrsrorjlfdo vsdfh/ \ lv d Kdxvgru�
wrsrorjlfdo vsdfh/ dqg i = [ $ \ lv d frqwlqxrxv elmhfwlrq wkhq i lv d krphrpru0
sklvp/ l1h1 i�4 = \ $ [ lv frqwlqxrxv dv zhoo1

Surri1 Vlqfh forvhg vxevhwv ri frpsdfw vhwv duh frpsdfw/ frqwlqxrxv lpdjhv ri
frpsdfw vxevhwv duh frpsdfw dqg frpsdfw vxevhwv ri Kdxvgru� vsdfhv duh forvhg/
lw iroorzv wkdw

�
i�4

��4
+F, @ i+F, lv forvhg lq [ iru doo forvhg vxevhwv F ri [=

Wkxv i�4 lv frqwlqxrxv1

Gh�qlwlrq ;1; +Orfdo dqg � � frpsdfwqhvv,1 Ohw +[> �, eh d wrsrorjlfdo vsdfh1
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41 +[> �, lv orfdoo| frpsdfw li iru doo { 5 [ wkhuh h{lvwv dq rshq qhljkerukrrg
Y � [ ri { vxfk wkdw �Y lv frpsdfw1 +Dowhuqdwlyho|/ lq oljkw ri Gh�qlwlrq
614</ wklv lv htxlydohqw wr uhtxlulqj wkdw wr hdfk { 5 [ wkhuh h{lvwv d frpsdfw
qhljkerukrrg Q{ ri {=,

51 +[> �, lv � � frpsdfw li wkhuh h{lvwv frpsdfw vhwv Nq � [ vxfk wkdw [ @
^4q@4Nq= +Qrwlfh wkdw zh pd| dvvxph/ e| uhsodflqj Nq e| N4^N5^� � �^Nq

li qhfhvvdu|/ wkdw Nq % [=,
H{dpsoh ;1<1 Dq| rshq vxevhw ri [ � Uq lv d orfdoo| frpsdfw dqg � � frpsdfw
phwulf vsdfh +dqg khqfh Kdxvgru�,1 Wkh surri ri orfdo frpsdfwqhvv lv hdv| dqg lv
ohiw wr wkh uhdghu1 Wr vhh wkdw [ lv � � frpsdfw/ iru n 5 Q> ohw

Nn =@ i{ 5 [ = m{m � n dqg g[f+{, � 4@nj =
Wkhq Nn lv d forvhg dqg erxqghg vxevhw ri Uq dqg khqfh frpsdfw1 Pruhryhu
Nr
n % [ dv n$4 vlqfh49

Nr
n � i{ 5 [ = m{m ? n dqg g[f+{, A 4@nj % [ dv n$4=

H{huflvh ;161 Vxssrvh wkdw +[> g, lv d phwulf vsdfh dqg X � [ lv dq rshq vxevhw1

41 Li [ lv orfdoo| frpsdfw wkhq +X> g, lv orfdoo| frpsdfw1
51 Li [ lv � � frpsdfw wkhq +X> g, lv � � frpsdfw1

H{huflvh ;171 Hyhu| vhsdudeoh orfdoo| frpsdfw phwulf vsdfh lv � � frpsdfw1 Klqw=
Ohw i{qj4q@4 � [ eh d frxqwdeoh ghqvh vxevhw ri [ dqg gh�qh

�q @
4

5
vxs i� A 3 = F{q+�, lv frpsdfwj a 4=

H{huflvh ;181 Hyhu| � � frpsdfw phwulf vsdfh lv vhsdudeoh1 Wkhuhiruh d orfdoo|
frpsdfw phwulf vsdfh lv vhsdudeoh l� lw lv � � frpsdfw1

Ohppd ;1431 Ohw +[> �, eh d orfdoo| frpsdfw dqg � � frpsdfw wrsrorjlfdo vsdfh1
Wkhq wkhuh h{lvwv frpsdfw vhwv Nq % [ vxfk wkdw Nq � Nr

q.4 � Nq.4 iru doo q=

Surri1 Vxssrvh wkdw F � [ lv d frpsdfw vhw1 Iru hdfk { 5 F ohw Y{ �r [ eh
dq rshq qhljkerukrrg ri { vxfk wkdw �Y{ lv frpsdfw1 Wkhq F � ^{5FY{ vr wkhuh
h{lvwv � �� F vxfk wkdw

F � ^{5�Y{ � ^{5� �Y{ @= N=

Wkhq N lv d frpsdfw vhw/ ehlqj d �qlwh xqlrq ri frpsdfw vxevhwv ri [> dqg F �
^{5�Y{ � Nr=

Qrz ohw Fq � [ eh frpsdfw vhwv vxfk wkdw Fq % [ dv q $ 4= Ohw N4 @ F4
dqg wkhq fkrrvh d frpsdfw vhw N5 vxfk wkdw F5 � Nr

5 = Vlploduo|/ fkrrvh d frpsdfw
vhw N6 vxfk wkdw N5 ^F6 � Nr

6 dqg frqwlqxh lqgxfwlyho| wr �qg frpsdfw vhwv Nq

vxfk wkdw Nq ^Fq.4 � Nr
q.4 iru doo q= Wkhq iNqj4q@4 lv wkh ghvluhg vhtxhqfh1

Uhpdun ;1441 Ohppd ;143 pd| dovr eh vwdwhg dv vd|lqj wkhuh h{lvwv suhfrpsdfw
rshq vhwv iJqj4q@4 vxfk wkdw Jq � �Jq � Jq.4 iru doo q dqg Jq % [ dv q $ 4=
Lqghhg li iJqj4q@4 duh dv deryh/ ohw Nq =@ �Jq dqg li iNqj4q@4 duh dv lq Ohppd
;143/ ohw Jq =@ Nr

q=

Wkh iroorzlqj uhvxow lv d Fruroodu| ri Ohppd ;143 dqg Wkhruhp 618<1

�SLq idfw wklv lv dq htxdolw|/ exw zh zloo qrw qhhg wklv khuh1
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Fruroodu| ;145 +Orfdoo| frpsdfw irup ri Dvfrol0Du}hod Wkhruhp ,1 Ohw +[> �, eh
d orfdoo| frpsdfw dqg � � frpsdfw wrsrorjlfdo vsdfh dqg iipj � F+[, eh d srlqw0
zlvh erxqghg vhtxhqfh ri ixqfwlrqv vxfk wkdw iipmNj lv htxlfrqwlqxrxv iru dq|
frpsdfw vxevhw N � [= Wkhq wkhuh h{lvwv d vxevhtxhqfh ipqj � ipj vxfk wkdw
ijq =@ ipq

j4q@4 � F+[, lv d vhtxhqfh zklfk lv xqlirupo| frqyhujhqw rq frpsdfw
vxevhwv ri [=

Surri1 Ohw iNqj4q@4 eh wkh frpsdfw vxevhwv ri [ frqvwuxfwhg lq Ohppd ;1431
Zh pd| qrz dsso| Wkhruhp 618< uhshdwhgo| wr �qg d qhvwhg idplo| ri vxevhtxhqfhv

iipj � ij4pj � ij5pj � ij6pj � = = =

vxfk wkdw wkh vhtxhqfh ijqpj4p@4
� F+[, lv xqlirupo| frqyhujhqw rq Nq= Xvlqj

Fdqwru*v wulfn/ gh�qh wkh vxevhtxhqfh ikqj ri iipj e| kq � jqq= Wkhq ikqj lv
xqlirupo| frqyhujhqw rq No iru hdfk o 5 Q= Qrz li N � [ lv dq duelwudu| frpsdfw
vhw/ wkhuh h{lvwv o ? 4 vxfk wkdw N � Nr

o � No dqg wkhuhiruh ikqj lv xqlirupo|
frqyhujhqw rq N dv zhoo1

Wkh qh{w wzr uhvxowv vkrzv wkdw orfdoo| frpsdfw Kdxvgru� vsdfhv kdyh sohqw|
ri rshq vhwv dqg sohqw| ri frqwlqxrxv ixqfwlrqv1

Sursrvlwlrq ;1461 Vxssrvh [ lv d orfdoo| frpsdfw Kdxvgru� vsdfh dqg X �r [
dqg N CC X= Wkhq wkhuh h{lvwv Y �r [ vxfk wkdw N � Y � Y � X � [ dqg �Y lv
frpsdfw1

Surri1 E| orfdo frpsdfwqhvv/ iru doo { 5 N> wkhuh h{lvwv X{ 5 �{ vxfk wkdw �X{
lv frpsdfw1 Vlqfh N lv frpsdfw/ wkhuh h{lvwv � �� N vxfk wkdw iX{j{5� lv d fryhu
ri N= Wkh vhw R @ X _ +^{5�X{, lv dq rshq vhw vxfk wkdw N � R � X dqg R
lv suhfrpsdfw vlqfh �R lv d forvhg vxevhw ri wkh frpsdfw vhw ^{5� �X{= +^{5� �X{= lv
frpsdfw ehfdxvh lw lv d �qlwh xqlrq ri frpsdfw vhwv1, Vr e| uhsodflqj X e| R li
qhfhvvdu|/ zh pd| dvvxph wkdw �X lv frpsdfw1

Vlqfh �X lv frpsdfw dqg CX @ �X _ Xf lv d forvhg vxevhw ri �X> CX lv frpsdfw1
Ehfdxvh CX � Xf> lw iroorzv wkdw CX _N @ >> vr e| Sursrvlwlrq ;19/ wkhuh h{lvwv
glvmrlqw rshq vhwv Y dqg Z vxfk wkdw N � Y dqg CX � Z= E| uhsodflqj Y e|
Y _ X li qhfhvvdu| zh pd| ixuwkhu dvvxph wkdw N � Y � X> vhh Iljxuh 4:1

Iljxuh 4:1 Wkh frqvwuxfwlrq ri Y=

Ehfdxvh �X _Z f lv d forvhg vhw frqwdlqlqj Y dqg Xf _ �X _Z f @ CX _Z f @ >>
�Y � �X _Z f @ X _Z f � X � �X=
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Vlqfh �X lv frpsdfw lw iroorzv wkdw �Y lv frpsdfw dqg wkh surri lv frpsohwh1

H{huflvh ;191 Jlyh d �vlpsohu� surri ri Sursrvlwlrq ;146 xqghu wkh dgglwlrqdo
dvvxpswlrq wkdw [ lv d phwulf vsdfh1 Klqw= vkrz iru hdfk { 5 N wkhuh h{lvwv
Y{ =@ E{+�{, zlwk �{ A 3 vxfk wkdw E{+�{, � F{+�{, � X zlwk F{+�{, ehlqj
frpsdfw1 Uhfdoo wkdw F{+�, lv wkh forvhg edoo ri udglxv � derxw {=

Gh�qlwlrq ;1471 Ohw X eh dq rshq vxevhw ri d wrsrorjlfdo vsdfh +[> �,= Zh zloo
zulwh i ! X wr phdq d ixqfwlrq i 5 Ff+[> ^3> 4`, vxfk wkdw vxss+i, =@ ii 9@ 3j � X=

Ohppd ;148 +Orfdoo| Frpsdfw Yhuvlrq ri Xu|vrkq*v Ohppd,1 Ohw [ eh d orfdoo|
frpsdfw Kdxvgru� vsdfh dqg N CC X �r [= Wkhq wkhuh h{lvwv i ! X vxfk wkdw
i @ 4 rq N= Lq sduwlfxodu/ liN lv frpsdfw dqg F lv forvhg lq [ vxfk wkdw N_F @ >>
wkhuh h{lvwv i 5 Ff+[> ^3> 4`, vxfk wkdw i @ 4 rq N dqg i @ 3 rq F=

Surri1 Iru qrwdwlrqdo hdvh odwhu lw lv pruh frqyhqlhqw wr frqvwuxfw j =@ 4 � i
udwkhu wkdq i= Wr prwlydwh wkh surri/ vxssrvh j 5 F+[> ^3> 4`, vxfk wkdw j @ 3
rq N dqg j @ 4 rq Xf= Iru u A 3> ohw Xu @ ij ? uj = Wkhq iru 3 ? u ? v � 4>
Xu � ij � uj � Xv dqg vlqfh ij � uj lv forvhg wklv lpsolhv

N � Xu � �Xu � ij � uj � Xv � X=

Wkhuhiruh dvvrfldwhg wr wkh ixqfwlrq j lv wkh froohfwlrq rshq vhwv iXujuA3 � � zlwk
wkh surshuw| wkdw N � Xu � �Xu � Xv � X iru doo 3 ? u ? v � 4 dqg Xu @ [ li
u A 4= Ilqdoo| ohw xv qrwlfh wkdw zh pd| uhfryhu wkh ixqfwlrq j iurp wkh vhtxhqfh
iXujuA3 e| wkh irupxod

j+{, @ lqiiu A 3 = { 5 Xuj=+;16,

Wkh lghd ri wkh surri wr iroorz lv wr wxuq wkhvh uhpdunv durxqg dqg gh�qh j e| Ht1
+;16,1
Vwhs 41 +Frqvwuxfwlrq ri wkh Xu=, Ohw

G � �n5�q = n @ 4> 5> = = = > 5�4> q @ 4> 5> = = =
�

eh wkh g|dglf udwlrqdohv lq +3> 4`= Xvh Sursrvlwlrq ;146 wr �qg d suhfrpsdfw rshq
vhw X4 vxfk wkdw N � X4 � �X4 � X= Dsso| Sursrvlwlrq ;146 djdlq wr frqvwuxfw dq
rshq vhw X4@5 vxfk wkdw

N � X4@5 � �X4@5 � X4

dqg vlploduo| xvh Sursrvlwlrq ;146 wr �qg rshq vhwv X4@5> X6@7 �r [ vxfk wkdw

N � X4@7 � �X4@7 � X4@5 � �X4@5 � X6@7 � �X6@7 � X4=

Olnhzlvh wkhuh h{lvwv rshq vhw X4@;> X6@;> X8@;> X:@; vxfk wkdw

N � X4@; � �X4@; � X4@7 � �X4@7 � X6@; � �X6@; � X4@5

� �X4@5 � X8@; � �X8@; � X6@7 � �X6@7 � X:@; � �X:@; � X4=

Frqwlqxlqj wklv zd| lqgxfwlyho|/ rqh vkrzv wkhuh h{lvwv suhfrpsdfw rshq vhwv
iXuju5G � � vxfk wkdw

N � Xu � Xu � Xv � X4 � �X4 � X

iru doo u> v 5 G zlwk 3 ? u ? v � 4=
Vwhs 51 Ohw Xu � [ li u A 4 dqg gh�qh

j+{, @ lqiiu 5 G ^ +4>4, = { 5 Xuj>
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Iljxuh 4;1 Ghwhuplqlqj j iurp iXuj =

vhh Iljxuh 4;1 Wkhq j+{, 5 ^3> 4` iru doo { 5 [> j+{, @ 3 iru { 5 N vlqfh { 5 N � Xu
iru doo u 5 G= Li { 5 Xf

4 > wkhq { @5 Xu iru doo u 5 G dqg khqfh j+{, @ 4= Wkhuhiruh
i =@ 4�j lv d ixqfwlrq vxfk wkdw i @ 4 rqN dqg ii 9@ 3j @ ij 9@ 4j � X4 � �X4 � X

vr wkdw vxss+i, @ ii 9@ 3j � �X4 � X lv d frpsdfw vxevhw ri X= Wkxv lw rqo| uhpdlqv
wr vkrz i> ru htxlydohqwo| j> lv frqwlqxrxv1

Vlqfh H @ i+�>4,> +�4> �, = � 5 Uj jhqhudwhv wkh vwdqgdug wrsrorj| rq U> wr
suryh j lv frqwlqxrxv lw vx!fhv wr vkrz ij ? �j dqg ij A �j duh rshq vhwv iru doo
� 5 U= Exw j+{, ? � l� wkhuh h{lvwv u 5 G ^ +4>4, zlwk u ? � vxfk wkdw { 5 Xu=
Wkhuhiruh

ij ? �j @
^
iXu = u 5 G ^ +4>4, 6 u ? �j

zklfk lv rshq lq [= Li � � 4> ij A �j @ > dqg li � ? 3> ij A �j @ [= Li � 5 +3> 4,>
wkhq j+{, A � l� wkhuh h{lvwv u 5 G vxfk wkdw u A � dqg { 95 Xu= Qrz li u A � dqg
{ 95 Xu wkhq iru v 5 G _ +�> u,> { @5 �Xv � Xu= Wkxv zh kdyh vkrzq wkdw

ij A �j @
^q�

Xv

�f
= v 5 G 6 v A �

r
zklfk lv djdlq dq rshq vxevhw ri [=

H{huflvh ;1:1 Jlyh d vlpsohu surri ri Ohppd ;148 xqghu wkh dgglwlrqdo dvvxps0
wlrq wkdw [ lv d phwulf vsdfh1

Wkhruhp ;149 +Orfdoo| Frpsdfw Wlhw} H{whqvlrq Wkhruhp,1 Ohw +[> �, eh d or0
fdoo| frpsdfw Kdxvgru� vsdfh/ N CC X �r [> i 5 F+N>U,> d @ plq i+N, dqg
e @ pd{ i+N,= Wkhq wkhuh h{lvwv I 5 F+[> ^d> e`, vxfk wkdw I mN @ i= Pruhryhu
jlyhq f 5 ^d> e`> I fdq eh fkrvhq vr wkdw vxss+I � f, @ iI 9@ fj � X=

Wkh surri ri wklv wkhruhp lv vlplodu wr Wkhruhp ;15 dqg zloo eh ohiw wr wkh uhdghu/
vhh H{huflvh ;1431

Ohppd ;14:1 Vxssrvh wkdw +[> �, lv d orfdoo| frpsdfw vhfrqg frxqwdeoh Kdxvgru�
vsdfh1 +Iru h{dpsoh dq| vhsdudeoh orfdoo| frpsdfw phwulf vsdfh dqg lq sduwlfxodu
dq| rshq vxevhwv ri Uq=, Wkhq=



UHDO DQDO\VLV OHFWXUH QRWHV 486

41 hyhu| rshq vxevhw X � [ lv � � frpsdfw1
51 Li I � [ lv d forvhg vhw/ wkhuh h{lvw rshq vhwv Yq � [ vxfk wkdw Yq & I dv

q$4=
61 Wr hdfk rshq vhw X � [ wkhuh h{lvwv iq ! X vxfk wkdw olpq$4 iq @ 4X =
71 Wkh � � dojheud jhqhudwhg e| Ff+[, lv wkh Eruho � � dojheud/ E[ =
Surri1
41 Ohw X eh dq rshq vxevhw ri [> Y eh d frxqwdeoh edvh iru � dqg

YX =@ iZ 5 Y = �Z � X dqg �Z lv frpsdfwj=
Iru hdfk { 5 X> e| Sursrvlwlrq ;146/ wkhuh h{lvwv dq rshq qhljkerukrrg Y ri
{ vxfk wkdw �Y � X dqg �Y lv frpsdfw1 Vlqfh Y lv d edvh iru wkh wrsrorj| �>
wkhuh h{lvwv Z 5 Y vxfk wkdw { 5Z � Y= Ehfdxvh �Z � �Y > lw iroorzv wkdw �Z
lv frpsdfw dqg khqfh Z 5 YX = Dv { 5 X zdv duelwudu|/ X @ ^YX =

Ohw iZqj4q@4 eh dq hqxphudwlrq ri YX dqg vhw Nq =@ ^qn@4 �Zn= Wkhq
Nq % X dv q$4 dqg Nq lv frpsdfw iru hdfk q=

51 Ohw iNqj4q@4 eh frpsdfw vxevhwv ri I f vxfk wkdw Nq % I f dv q $ 4 dqg
vhw Yq =@ Nf

q @ [ qNq= Wkhq Yq & I dqg e| Sursrvlwlrq ;19/ Yq lv rshq iru
hdfk q=

61 Ohw X � [ eh dq rshq vhw dqg iNqj4q@4 eh frpsdfw vxevhwv ri X vxfk wkdw
Nq % X= E| Ohppd ;148/ wkhuh h{lvw iq ! X vxfk wkdw iq @ 4 rq Nq= Wkhvh
ixqfwlrqv vdwlvi|/ 4X @ olpq$4 iq=

71 E| Lwhp 61/ 4X lv �+Ff+[>U,, � phdvxudeoh iru doo X 5 �= Khqfh � �
�+Ff+[>U,, dqg wkhuhiruh E[ @ �+�, � �+Ff+[>U,,= Wkh frqyhuvh lqfox0
vlrq dozd|v krogv vlqfh frqwlqxrxv ixqfwlrqv duh dozd|v Eruho phdvxudeoh1

Fruroodu| ;14;1 Vxssrvh wkdw +[> �, lv d vhfrqg frxqwdeoh orfdoo| frpsdfw Kdxv0
gru� vsdfh/ E[ @ �+�, lv wkh Eruho � � dojheud rq [ dqg K lv d vxevsdfh ri
E+[>U, zklfk lv forvhg xqghu erxqghg frqyhujhqfh dqg frqwdlqv Ff+[>U,= Wkhq
K frqwdlqv doo erxqghg E[ � phdvxudeoh uhdo ydoxhg ixqfwlrqv rq [=

Surri1 Vlqfh K lv forvhg xqghu erxqghg frqyhujhqfh dqg Ff+[>U, � K> lw
iroorzv e| Lwhp 61 ri Ohppd ;14: wkdw 4X 5 K iru doo X 5 �= Vlqfh � lv d � � fodvv
wkh fruroodu| iroorzv e| dq dssolfdwlrq ri Wkhruhp 91451

;141 Sduwlwlrqv ri Xqlw|1

Gh�qlwlrq ;14<1 Ohw +[> �, eh d wrsrorjlfdo vsdfh dqg [3 � [ eh d vhw1 D
froohfwlrq ri vhwv iE�j�5D � 5[ lv orfdoo| �qlwh rq [3 li iru doo { 5 [3> wkhuh lv
dq rshq qhljkerukrrg Q{ 5 � ri { vxfk wkdw &i� 5 D = E� _Q{ 9@ >j ?4=

Ohppd ;1531 Ohw +[> �, eh d orfdoo| frpsdfw Kdxvgru� vsdfh1

41 D vxevhw H � [ lv forvhg l� H _N lv forvhg iru doo N CC [=
51 Ohw iF�j�5D eh d orfdoo| �qlwh froohfwlrq ri forvhg vxevhwv ri [> wkhq F @
^�5DF� lv forvhg lq [= +Uhfdoo wkdw lq jhqhudo forvhg vhwv duh rqo| forvhg
xqghu �qlwh xqlrqv1,

Surri1 Lwhp 41 Vlqfh frpsdfw vxevhwv ri Kdxvgru� vsdfhv duh forvhg/ H _ N
lv forvhg li H lv forvhg dqg N lv frpsdfw1 Qrz vxssrvh wkdw H _N lv forvhg iru
doo frpsdfw vxevhwv N � [ dqg ohw { 5 Hf= Vlqfh [ lv orfdoo| frpsdfw/ wkhuh
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h{lvwv d suhfrpsdfw rshq qhljkerukrrg/ Y> ri {=4: E| dvvxpswlrq H _ �Y lv forvhg
vr { 5 �H _ �Y

�f
� dq rshq vxevhw ri [= E| Sursrvlwlrq ;146 wkhuh h{lvwv dq rshq

vhw X vxfk wkdw { 5 X � �X � �H _ �Y
�f
> vhh Iljxuh 4<1 Ohw Z =@ X _ Y= Vlqfh

Iljxuh 4<1 Vkrzlqj Hf lv rshq1

Z _H @ X _ Y _H � X _ �Y _H @ >>
dqg Z lv dq rshq qhljkerukrrg ri { dqg { 5 Hf zdv duelwudu|/ zh kdyh vkrzq Hf

lv rshq khqfh H lv forvhg1
Lwhp 51 Ohw N eh d frpsdfw vxevhw ri [ dqg iru hdfk { 5 N ohw Q{ eh dq

rshq qhljkerukrrg ri { vxfk wkdw &i� 5 D = F� _ Q{ 9@ >j ? 4= Vlqfh N
lv frpsdfw/ wkhuh h{lvwv d �qlwh vxevhw � � N vxfk wkdw N � ^{5�Q{= Ohwwlqj
�3 =@ i� 5 D = F� _N 9@ >j> wkhq

&+�3, �
[
{5�

&i� 5 D = F� _Q{ 9@ >j ?4

dqg khqfh N _ +^�5DF�, @ N _ +^�5�3
F�, = Wkh vhw +^�5�3F�, lv d �qlwh xqlrq

ri forvhg vhwv dqg khqfh forvhg1 Wkhuhiruh/ N _ +^�5DF�, lv forvhg dqg e| Lwhp +4,
lw iroorzv wkdw ^�5DF� lv forvhg dv zhoo1

Gh�qlwlrq ;1541 Vxssrvh wkdw X lv dq rshq fryhu ri [3 � [= D froohfwlrq
i!ljQl@4 � F+[> ^3> 4`, +Q @ 4 lv doorzhg khuh, lv d sduwlwlrq ri xqlw| rq [3

vxeruglqdwh wr wkh fryhu X li=
41 iru doo l wkhuh lv d X 5 X vxfk wkdw vxss+!l, � X>
51 wkh froohfwlrq ri vhwv/ ivxss+!l,jQl@4> lv orfdoo| �qlwh rq [3> dqg
61
SQ

l@4 !l @ 4 rq [3= +Qrwlfh e| +5,/ wkdw iru hdfk { 5 [3 wkhuh lv d qhljkeru0
krrg Q{ vxfk wkdw !lmQ{

lv qrw lghqwlfdoo| }hur iru rqo| d �qlwh qxpehu ri
whupv1 Vr wkh vxp lv zhoo gh�qhg dqg zh vd| wkh vxp lv orfdoo| �qlwh1,

Sursrvlwlrq ;155 +Sduwlwlrqv ri Xqlw|= Wkh Frpsdfw Fdvh,1 Vxssrvh wkdw [ lv d
orfdoo| frpsdfw Kdxvgru� vsdfh/ N � [ lv d frpsdfw vhw dqg X @ iXmjqm@4 lv dq
rshq fryhu ri N= Wkhq wkhuh h{lvwv d sduwlwlrq ri xqlw| ikmjqm@4 ri N vxfk wkdw
km ! Xm iru doo m @ 4> 5> = = = > q=

�.Li f zhuh d phwulf vsdfh zh frxog �qlvk wkh surri dv iroorzv1 Li wkhuh grhv qrw h{lvw dq rshq
qhljkerukrrg ri % zklfk lv glvmrlqw iurp .c wkhq wkhuh zrxog h{lvwv %? M . vxfk wkdw %? < %�
Vlqfh . K 7T lv forvhg dqg %? M . K 7T iru doo odujh ?c lw iroorzv +vhh H{huflvh 617, wkdw % M . K 7T
dqg lq sduwlfxodu wkdw % M .� Exw zh fkrvh % M .S�
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Surri1 Iru doo { 5 N fkrrvh d suhfrpsdfw rshq qhljkerukrrg/ Y{> ri { vxfk
wkdw Y { � Xm = Vlqfh N lv frpsdfw/ wkhuh h{lvwv d �qlwh vxevhw/ �> ri N vxfk wkdw
N � V

{5�

Y{= Ohw

Im @ ^��Y{ = { 5 � dqg Y { � Xm
�
=

Wkhq Im lv frpsdfw/ Im � Xm iru doo m> dqg N � ^qm@4Im = E| Xu|vrkq*v Ohppd
;148 wkhuh h{lvwv im ! Xm vxfk wkdw im @ 4 rq Im = Zh zloo qrz jlyh wzr phwkrgv wr
�qlvk wkh surri1
Phwkrg 41 Ohw k4 @ i4> k5 @ i5+4� k4, @ i5+4� i4,>

k6 @ i6+4� k4 � k5, @ i6+4� i4 � +4� i4,i5, @ i6+4� i4,+4� i5,

dqg frqwlqxh rq lqgxfwlyho| wr gh�qh

kn @ +4� k4 � � � � � kn�4,in @ in �
n�4\
m@4

+4� im,;n @ 5> 6> = = = > q+;17,

dqg wr vkrz

+4� k4 � � � � � kq, @
q\
m@4

+4� im,=+;18,

Iurp wkhvh htxdwlrqv lw fohduo| iroorzv wkdw km 5 Ff+[> ^3> 4`, dqg wkdw vxss+km, �
vxss+im, � Xm > l1h1 km ! Xm = Vlqfh

Tq
m@4+4� im, @ 3 rq N>

Sq
m@4 km @ 4 rq N dqg

ikmjqm@4 lv wkh ghvluhg sduwlwlrq ri xqlw|1

Phwkrg 51 Ohw j =@
qS
m@4

im 5 Ff+[,= Wkhq j � 4 rqN dqg khqfh N � ij A 4
5
j=

Fkrrvh ! 5 Ff+[> ^3> 4`, vxfk wkdw ! @ 4 rq N dqg vxss+!, � ij A 4
5
j dqg gh�qh

i3 � 4� != Wkhq i3 @ 3 rq N> i3 @ 4 li j � 4
5
dqg wkhuhiruh/

i3 . i4 . � � �. iq @ i3 . j A 3

rq [= Wkh ghvluhg sduwlwlrq ri xqlw| pd| eh frqvwuxfwhg dv

km+{, @
im+{,

i3+{, . � � �. iq+{,
=

Lqghhg vxss +km, @ vxss +im, � Xm > km 5 Ff+[> ^3> 4`, dqg rq N>

k4 . � � �. kq @
i4 . � � �. iq

i3 . i4 . � � �. iq
@
i4 . � � �. iq
i4 . � � �. iq

@ 4=

Sursrvlwlrq ;1561 Ohw +[> �, eh d orfdoo| frpsdfw dqg � � frpsdfw Kdxvgru�
vsdfh1 Vxssrvh wkdw X � � lv dq rshq fryhu ri [= Wkhq zh pd| frqvwuxfw wzr
orfdoo| �qlwh rshq fryhuv Y @ iYljQl@4 dqg Z @ iZljQl@4 ri [ +Q @ 4 lv doorzhg
khuh, vxfk wkdw=

41 Zl � �Zl � Yl � �Yl dqg �Yl lv frpsdfw iru doo l=
51 Iru hdfk l wkhuh h{lvw X 5 X vxfk wkdw �Yl � X=

Surri1 E| Uhpdun ;144/ wkhuh h{lvwv dq rshq fryhu ri J @ iJqj4q@4 ri [ vxfk
wkdw Jq � �Jq � Jq.4= Wkhq [ @ ^4n@4+ �Jn q �Jn�4,> zkhuh e| frqyhqwlrq J�4 @
J3 @ >= Iru wkh prphqw �{ n � 4= Iru hdfk { 5 �Jn qJn�4> ohw X{ 5 X eh fkrvhq
vr wkdw { 5 X{ dqg e| Sursrvlwlrq ;146 fkrrvh dq rshq qhljkerukrrg Q{ ri { vxfk
wkdw �Q{ � X{_+Jn.4q �Jn�5,> vhh Iljxuh 53 ehorz1 Vlqfh iQ{j{5 �JnqJn�4

lv dq rshq
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Iljxuh 531 Frqvwuxfwlqj wkh iZljQl@4 =

fryhu ri wkh frpsdfw vhw �Jn qJn�4> wkhuh h{lvw d �qlwh vxevhw �n � iQ{j{5 �JnqJn�4

zklfk dovr fryhuv �Jn qJn�4= E| frqvwuxfwlrq/ iru hdfk Z 5 �n> wkhuh lv d X 5 X
vxfk wkdw �Z � X _ +Jn.4 q �Jn�5,= Dsso| Sursrvlwlrq ;146 rqh pruh wlph wr �qg/
iru hdfk Z 5 �n> dq rshq vhw YZ vxfk wkdw �Z � YZ � �YZ � X _ +Jn.4 q �Jn�5,=

Zh qrz fkrrvh dqg hqxphudwlrq iZljQl@4 ri wkh frxqwdeoh rshq fryhu ^4n@4�n ri
[ dqg gh�qh Yl @ YZl

= Wkhq wkh froohfwlrq iZljQl@4 dqg iYljQl@4 duh hdvlo| fkhfnhg
wr vdwlvi| doo wkh frqfoxvlrqv ri wkh sursrvlwlrq1 Lq sduwlfxodu qrwlfh wkdw iru hdfk
n wkdw wkh vhw ri l*v vxfk wkdw Yl _Jn 9@ > lv �qlwh1
Wkhruhp ;157 +Orfdoo| Frpsdfw Sduwlwlrqv ri Xqlw|,1 Ohw +[> �, eh d orfdoo| frp0
sdfw dqg � � frpsdfw Kdxvgru� vsdfh dqg X � � eh dq rshq fryhu ri [= Wkhq wkhuh
h{lvwv d sduwlwlrq ri xqlw| ri ikljQl@4 +Q @ 4 lv doorzhg khuh, vxeruglqdwh wr wkh
fryhu X vxfk wkdw vxss+kl, lv frpsdfw iru doo l=

Surri1 Ohw Y @ iYljQl@4 dqg Z @ iZljQl@4 eh rshq fryhuv ri [ zlwk wkh
surshuwlhv ghvfulehg lq Sursrvlwlrq ;1561 E| Xu|vrkq*v Ohppd ;148/ wkhuh h{lvwv
il ! Yl vxfk wkdw il @ 4 rq �Zl iru hdfk l=

Dv lq wkh surri ri Sursrvlwlrq ;155 wkhuh duh wzr phwkrgv wr �qlvk wkh surri1
Phwkrg 41 Gh�qh k4 @ i4> km e| Ht1 +;17, iru doo rwkhu m= Wkhq dv lq Ht1 +;18,

4�
Q[
m@4

km @
Q\
m@4

+4� im, @ 3

vlqfh iru { 5 [> im+{, @ 4 iru vrph m= Dv lq wkh surri ri Sursrvlwlrq ;155/ lw lv
hdvlo| fkhfnhg wkdw ikljQl@4 lv wkh ghvluhg sduwlwlrq ri xqlw|1
Phwkrg 51 Ohw i � SQ

l@4 il> d orfdoo| �qlwh vxp/ vr wkdw i 5 F+[,= Vlqfh
iZlj4l@4 lv d fryhu ri [> i � 4 rq [ vr wkdw 4@i 5 F +[,, dv zhoo1 Wkh ixqfwlrqv
kl � il@i iru l @ 4> 5> = = = > Q jlyh wkh ghvluhg sduwlwlrq ri xqlw|1

Fruroodu| ;1581 Ohw +[> �, eh d orfdoo| frpsdfw dqg � � frpsdfw Kdxvgru� vsdfh
dqg X @ iX�j�5D � � eh dq rshq fryhu ri [= Wkhq wkhuh h{lvwv d sduwlwlrq ri
xqlw| ri ik�j�5D vxeruglqdwh wr wkh fryhu X vxfk wkdw vxss+k�, � X� iru doo
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� 5 D= +Qrwlfh wkdw zh gr qrw dvvhuw wkdw k� kdv frpsdfw vxssruw1 Krzhyhu li �X�
lv frpsdfw wkhq vxss+k�, zloo eh frpsdfw1,

Surri1 E| wkh � � frpsdfwqhvv ri[> zh pd| fkrrvh d frxqwdeoh vxevhw/ i�ljl?Q
+Q @4 doorzhg khuh,/ ri D vxfk wkdw iXl � X�ljl?Q lv vwloo dq rshq fryhu ri[= Ohw
ijmjm?Q eh d sduwlwlrq ri xqlw| vxeruglqdwh wr wkh fryhu iXljl?Q dv lq Wkhruhp

;1571 Gh�qh ��n � im = vxss+jm, � Xnj dqg �n =@ ��n q
�
^n�4m@4

��n
�
/ zkhuh e|

frqyhqwlrq ��3 @ >= Wkhq

il 5 Q = l ? Qj@
4̂

n@4

��n @
4d
n@4

�n=

Li �n @ > ohw kn � 3 rwkhuzlvh ohw kn =@
S

m5�n
jm > d orfdoo| �qlwh vxp1 WkhqS4

n@4 kn @
SQ

m@4 jm @ 4 dqg wkh vxp
S4

n@4 kn lv vwloo orfdoo| �qlwh1 +Zk|B, Qrz
iru � @ �n 5 i�ljQl@4> ohw k� =@ kn dqg iru � @5 i�ljQl@4 ohw k� � 3= Vlqfh

ikn 9@ 3j @ ^m5�n ijm 9@ 3j � ^m5�nvxss+jm, � Xn

dqg/ e| Lwhp 51 ri Ohppd ;153/ ^m5�nvxss+jm, lv forvhg/ zh vhh wkdw
vxss+kn, @ ikn 9@ 3j � ^m5�nvxss+jm, � Xn=

Wkhuhiruh ik�j�5D lv wkh ghvluhg sduwlwlrq ri xqlw|1

Fruroodu| ;1591 Ohw +[> �, eh d orfdoo| frpsdfw dqg � � frpsdfw Kdxvgru� vsdfh
dqg D>E eh glvmrlqw forvhg vxevhwv ri [= Wkhq wkhuh h{lvwv i 5 F+[> ^3> 4`, vxfk
wkdw i @ 4 rq D dqg i @ 3 rq E= Lq idfw i fdq eh fkrvhq vr wkdw vxss+i, � Ef=

Surri1 Ohw X4 @ Df dqg X5 @ Ef> wkhq iX4> X5j lv dq rshq fryhu ri [= E|
Fruroodu| ;158 wkhuh h{lvwv k4> k5 5 F+[> ^3> 4`, vxfk wkdw vxss+kl, � Xl iru l @ 4> 5
dqg k4 . k5 @ 4 rq [= Wkh ixqfwlrq i @ k5 vdwlv�hv wkh ghvluhg surshuwlhv1

;151 F3+[, dqg wkh Doh{dqghury Frpsdfwl�fdwlrq1

Gh�qlwlrq ;15:1 Ohw +[> �, eh d wrsrorjlfdo vsdfh1 D frqwlqxrxv ixqfwlrq i =
[ $ F lv vdlg wr ydqlvk dw lq�qlw| li imi m � �j lv frpsdfw lq [ iru doo � A 3=
Wkh ixqfwlrqv/ i 5 F+[,> ydqlvklqj dw lq�qlw| zloo eh ghqrwhg e| F3+[,=

Sursrvlwlrq ;15;1 Ohw [ eh d wrsrorjlfdo vsdfh/ EF+[, eh wkh vsdfh ri erxqghg
frqwlqxrxv ixqfwlrqv rq [ zlwk wkh vxsuhpxp qrup wrsrorj|1 Wkhq

41 F3+[, lv d forvhg vxevsdfh ri EF+[,=
51 Li zh ixuwkhu dvvxph wkdw [ lv d orfdoo| frpsdfw Kdxvgru� vsdfh/ wkhq

F3+[, @ Ff+[,=

Surri1
41 Li i 5 F3+[,> N4 =@ imi m � 4j lv d frpsdfw vxevhw ri[ dqg wkhuhiruh i+N4, lv

d frpsdfw dqg khqfh erxqghg vxevhw ri F dqg vr P =@ vxs{5N4
mi+{,m ?4=

Wkhuhiruh ninx �P b 4 ?4 vkrzlqj i 5 EF+[,=
Qrz vxssrvh iq 5 F3+[, dqg iq $ i lq EF+[,= Ohw � A 3 eh jlyhq dqg

fkrrvh q vx!flhqwo| odujh vr wkdw ni � iqnx � �@5= Vlqfh

mi m � miqm. mi � iqm � miqm. ni � iqnx � miqm. �@5>

imi m � �j � imiqm. �@5 � �j @ imiqm � �@5j =
Ehfdxvh imi m � �j lv d forvhg vxevhw ri wkh frpsdfw vhw imiqm � �@5j > imi m � �j
lv frpsdfw dqg zh kdyh vkrzq i 5 F3+[,=
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51 Vlqfh F3+[, lv d forvhg vxevsdfh ri EF+[, dqg Ff+[, � F3+[,> zh dozd|v
kdyh Ff+[, � F3+[,= Qrz vxssrvh wkdw i 5 F3+[, dqg ohw Nq � imi m �
4
qj CC [= E| Ohppd ;148 zh pd| fkrrvh !q 5 Ff+[> ^3> 4`, vxfk wkdw !q � 4
rq Nq= Gh�qh iq � !qi 5 Ff+[,= Wkhq

ni � iqnx @ n+4� !q,inx � 4

q
$ 3 dv q$4=

Wklv vkrzv wkdw i 5 Ff+[,=

Sursrvlwlrq ;15< +Doh{dqghury Frpsdfwl�fdwlrq,1 Vxssrvh wkdw +[> �, lv d qrq0
frpsdfw orfdoo| frpsdfw Kdxvgru� vsdfh1 Ohw [� @ [ ^i4j > zkhuh i4j lv d qhz
v|pero qrw lq [= Wkh froohfwlrq ri vhwv/

�� @ � ^ i[� qN = N CC [j � S+[�,>

lv d wrsrorj| rq [� dqg +[�> ��, lv d frpsdfw Kdxvgru� vsdfh1 Pruhryhu i 5 F+[,
h{whqgv frqwlqxrxvo| wr [� l� i @ j . f zlwk j 5 F3+[, dqg f 5 F lq zklfk fdvh
wkh h{whqvlrq lv jlyhq e| i+4, @ f=

Surri1 Ohw I =@ iI � [� = [� q I 5 ��j> l1h1 I 5 I l� I lv d frpsdfw vxevhw
ri [ ru I @ I3 ^i4j zlwk I3 ehlqj d forvhg vxevhw ri [= Vlqfh wkh �qlwh xqlrq ri
frpsdfw +forvhg, vxevhwv lv frpsdfw +forvhg,/ lw lv hdvlo| vhhq wkdw I lv forvhg xqghu
�qlwh xqlrqv1 Ehfdxvh duelwudu| lqwhuvhfwlrqv ri forvhg vxevhwv ri [ duh forvhg dqg
forvhg vxevhwv ri frpsdfw vxevhwv ri [ duh frpsdfw/ lw lv dovr hdvlo| fkhfnhg wkdw
I lv forvhg xqghu duelwudu| lqwhuvhfwlrqv1 Wkhuhiruh I vdwlv�hv wkh d{lrpv ri wkh
forvhg vxevhwv dvvrfldwhg wr d wrsrorj| dqg khqfh �� lv d wrsrorj|1

Ohw l = [ $ [� eh wkh lqfoxvlrq pds1 Wkhq l lv frqwlqxrxv dqg rshq/ l1h1 l+Y , lv
rshq lq[� iru doo Y rshq lq[= Li i 5 F+[�,> wkhq j @ i m[�i+4, @ i �l�i+4, lv
frqwlqxrxv rq [= Pruhryhu/ iru doo � A 3 wkhuh h{lvwv dq rshq qhljkerukrrg Y 5 ��

ri 4 vxfk wkdw

mj+{,m @ mi+{,� i+4,m ? � iru doo { 5 Y=

Vlqfh Y lv dq rshq qhljkerukrrg ri4> wkhuh h{lvwv d frpsdfw vxevhw/ N � [> vxfk
wkdw Y @ [� qN= E| wkh suhylrxv htxdwlrq zh vhh wkdw i{ 5 [ = mj+{,m � �j � N>
vr imjm � �j lv frpsdfw dqg zh kdyh vkrzq j ydqlvkhv dw 4=

Frqyhuvho| li j 5 F3+[,> h{whqg j wr [� e| vhwwlqj j+4, @ 3= Jlyhq � A 3> wkh
vhwN @ imjm � �j lv frpsdfw/ khqfh [�qN lv rshq lq[�= Vlqfh j+[�qN, � +��> �,
zh kdyh vkrzq wkdw j lv frqwlqxrxv dw 4= Vlqfh j lv dovr frqwlqxrxv dw doo srlqwv
lq [ lw iroorzv wkdw j lv frqwlqxrxv rq [�= Qrz lw i @ j . f zlwk f 5 F dqg
j 5 F3+[,> lw iroorzv e| zkdw zh mxvw suryhg wkdw gh�qlqj i+4, @ f h{whqgv i wr
d frqwlqxrxv ixqfwlrq rq [�=

;161 Pruh rq Vhsdudwlrq D{lrpv= Qrupdo Vsdfhv1 +Wkh uhdghu pd| vnls wr
Gh�qlwlrq ;165 li kh2vkh zlvkhv1 Wkh iroorzlqj pdwhuldo zloo qrw eh xvhg lq wkh uhvw
ri wkh errn1,

Gh�qlwlrq ;163 +W3 � W5 Vhsdudwlrq D{lrpv,1 Ohw +[> �, eh d wrsrorjlfdo vsdfh1
Wkh wrsrorj| � lv vdlg wr eh=

41 W3 li iru { 9@ | lq [ wkhuh h{lvwv Y 5 � vxfk wkdw { 5 Y dqg | @5 Y ru Y vxfk
wkdw | 5 Y exw { @5 Y=



UHDO DQDO\VLV OHFWXUH QRWHV 48<

51 W4 li iru hyhu| {> | 5 [ zlwk { 9@ | wkhuh h{lvwv Y 5 � vxfk wkdw { 5 Y dqg
| @5 Y= Htxlydohqwo|/ � lv W4 l� doo rqh srlqw vxevhwv ri [ duh forvhg14;

61 W5 li lw lv Kdxvgru�1

Qrwh W5 lpsolhv W4 zklfk lpsolhv W3= Wkh wrsrorj| lq H{dpsoh ;16 lv W3 exw qrw
W4= Li [ lv d �qlwh vhw dqg � lv d W4 � wrsrorj| rq [ wkhq � @ 5[ = Wr suryh wklv
ohw { 5 [ eh �{hg1 Wkhq iru hyhu| | 9@ { lq [ wkhuh h{lvwv Y| 5 � vxfk wkdw { 5 Y|
zkloh | @5 Y|= Wkxv i{j @ _| 9@{Y| 5 � vkrzlqj � frqwdlqv doo rqh srlqw vxevhwv ri
[ dqg wkhuhiruh doo vxevhwv ri [= Vr zh kdyh wr orrn wr lq�qlwh vhwv iru dq h{dpsoh
ri W4 wrsrorj| zklfk lv qrw W5=

H{dpsoh ;1641 Ohw [ eh dq| lq�qlwh vhw dqg ohw � @ iD � [ = &+Df, ?4j^i>j
� wkh vr fdoohg fr�qlwh wrsrorj|1 Wklv wrsrorj| lv W4 ehfdxvh li { 9@ | lq [> wkhq
Y @ i{jf 5 � zlwk { 95 Y zkloh | 5 Y= Wklv wrsrorj| krzhyhu lv qrw W5= Lqghhg li
X> Y 5 � duh rshq vhwv vxfk wkdw { 5 X> | 5 Y dqg X _ Y @ > wkhq X � Y f= Exw
wklv lpsolhv &+X, ?4 zklfk lv lpsrvvleoh xqohvv X @ > zklfk lv lpsrvvleoh vlqfh
{ 5 X=

Wkh xqltxhqhvv ri olplwv ri vhtxhqfhv zklfk rffxuv iru Kdxvgru� wrsrorjlhv +vhh
Uhpdun ;18, qhhg qrw rffxu iru W4 � vsdfhv1 Iru h{dpsoh/ ohw [ @ Q dqg � eh
wkh fr�qlwh wrsrorj| rq [ dv lq H{dpsoh ;1641 Wkhq {q @ q lv d vhtxhqfh lq [
vxfk wkdw {q $ { dv q $4 iru doo { 5 Q= Iru wkh prvw sduw zh zloo dyrlg wkhvh
sdwkrorjlhv lq wkh ixwxuh e| rqo| frqvlghulqj Kdxvgru� wrsrorjlhv1

Gh�qlwlrq ;165 +Qrupdo Vsdfhv= W7 � Vhsdudwlrq D{lrp,1 D wrsrorjlfdo vsdfh
+[> �, lv vdlg wr eh qrupdo ru W7 li=

41 [ lv Kdxvgru� dqg
51 li iru dq| wzr forvhg glvmrlqw vxevhwv D>E � [ wkhuh h{lvwv glvmrlqw rshq vhwv

Y>Z � [ vxfk wkdw D � Y dqg E �Z=

H{dpsoh ;1661 E| Ohppd ;14 dqg Fruroodu| ;159 lw iroorzv wkdw phwulf vsdfh dqg
orfdoo| frpsdfw dqg � � frpsdfw Kdxvgru� vsdfh +lq sduwlfxodu frpsdfw Kdxvgru�
vsdfhv, duh qrupdo1 Lqghhg/ lq hdfk fdvh li D>E duh glvmrlqw forvhg vxevhwv ri [>
wkhuh h{lvwv i 5 F+[> ^3> 4`, vxfk wkdw i @ 4 rq D dqg i @ 3 rq E= Qrz ohw
X @

�
i A 4

5

�
dqg Y @ ii ? 4

5
j=

Uhpdun ;1671 D wrsrorjlfdo vsdfh/ +[> �,> lv qrupdo l� iru dq| F � Z � [ zlwk
F ehlqj forvhg dqg Z ehlqj rshq wkhuh h{lvwv dq rshq vhw X �r [ vxfk wkdw

F � X � �X �Z=

Wr suryh wklv �uvw vxssrvh [ lv qrupdo1 Vlqfh Z f lv forvhg dqg F _ Z f @ >>
wkhuh h{lvwv glvmrlqw rshq vhwv X dqg Y vxfk wkdw F � X dqg Z f � Y= Wkhuhiruh
F � X � Y f �Z dqg vlqfh Y f lv forvhg/ F � X � �X � Y f �Z=

Iru wkh frqyhuvh gluhfwlrq vxssrvh D dqg E duh glvmrlqw forvhg vxevhwv ri [=
Wkhq D � Ef dqg Ef lv rshq/ dqg vr e| dvvxpswlrq wkhuh h{lvwv X �r [ vxfk
wkdw D � X � �X � Ef dqg e| wkh vdph wrnhq wkhuh h{lvwv Z �r [ vxfk wkdw
�X �Z � �Z � Ef= Wdnlqj frpsohphqwv ri wkh odvw h{suhvvlrq lpsolhv

E � �Z f �Z f � �Xf=

Ohw Y @ �Z f= Wkhq D � X �r [> E � Y �r [ dqg X _ Y � X _Z f @ >=
�HLi rqh srlqw vxevhwv duh forvhg dqg % �' + lq f wkhq T G' t%�S lv dq rshq vhw frqwdlqlqj +

exw qrw %� Frqyhuvho| li � lv A� dqg % M f wkhuh h{lvwv T+ M � vxfk wkdw + M T+ dqg % *M T+ iru

doo + �' %� Wkhuhiruh/ t%�S ' �+ �'%T+ M ��
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Wkhruhp ;168 +Xu|vrkq*v Ohppd iru Qrupdo Vsdfhv,1 Ohw [ eh d qrupdo vsdfh1
Dvvxph D>E duh glvmrlqw forvhg vxevhwv ri [1 Wkhq wkhuh h{lvwv i 5 F+[> ^3> 4`,
vxfk wkdw i @ 3 rq D dqg i @ 4 rq E=

Surri1 Wr pdnh wkh qrwdwlrq pdwfk Ohppd ;148/ ohw X @ Df dqg N @ E= Wkhq
N � X dqg lw vx!fhv wr surgxfh d ixqfwlrq i 5 F+[> ^3> 4`, vxfk wkdw i @ 4 rq
N dqg vxss+i, � X= Wkh surri lv qrz lghqwlfdo wr wkdw iru Ohppd ;148 h{fhsw zh
qrz xvh Uhpdun ;167 lq sodfh ri Sursrvlwlrq ;1461

Wkhruhp ;169 +Wlhw}h H{whqvlrq Wkhruhp,1 Ohw +[> �, eh d qrupdo vsdfh/ G eh
d forvhg vxevhw ri [> �4 ? d ? e ? 4 dqg i 5 F+G> ^d> e`,= Wkhq wkhuh h{lvwv
I 5 F+[> ^d> e`, vxfk wkdw I mG @ i=

Surri1 Wkh surri lv lghqwlfdo wr wkdw ri Wkhruhp ;15 h{fhsw zh qrz xvh Wkhruhp
;168 lq sodfh ri Ohppd ;141

Fruroodu| ;16:1 Vxssrvh wkdw [ lv d qrupdo wrsrorjlfdo vsdfh/ G � [ lv forvhg/
I 5 F+G>U,= Wkhq wkhuh h{lvwv I 5 F+[, vxfk wkdw I mG @ i=

Surri1 Ohw j @ dufwdq+i, 5 F+G> +��
5
> �
5
,,= Wkhq e| wkh Wlhw}h h{whqvlrq wkhr0

uhp/ wkhuh h{lvwv J 5 F+[> ^��
5
> �
5
`, vxfk wkdw JmG @ j= Ohw E � J�4+i��

5
> �
5
j, C

[> wkhqE_G @ >= E| Xu|vrkq*v ohppd +Wkhruhp ;168, wkhuh h{lvwv k 5 F+[> ^3> 4`,
vxfk wkdw k � 4 rq G dqg k @ 3 rq E dqg lq sduwlfxodu kJ 5 F+G> +��

5
> �
5
,, dqg

+kJ, mG @ j= Wkh ixqfwlrq I � wdq+kJ, 5 F+[, lv dq h{whqvlrq ri i=

Qrwdwlrq ;16;1 Ohw T =@ ^3> 4`Q ghqrwh wkh +lq�qlwh glphqvlrqdo, xqlw fxeh lq
UQ= Iru d> e 5 T ohw

g+d> e, =@
4[
q@4

4

5q
mdq � eqm =

Wkh phwulf lqwurgxfhg lq H{huflvh 615: zrxog eh gh�qhg/ lq wklv frqwh{w/ dv
�g+d> e, =@

S4
q@4

4
5q

mdq�eqm
4.mdq�eqm

= Vlqfh 4 � 4.mdq � eqm � 5> lw iroorzv wkdw �g � g � 5g=

Vr wkh phwulfv g dqg �g duh htxlydohqw dqg lq sduwlfxodu wkh wrsrorjlhv lqgxfhg e|
g dqg �g duh wkh vdph1 E| H{huflvhv 7148/ wkh g � wrsrorj| rq T lv wkh vdph dv wkh
surgxfw wrsrorj| dqg e| H{huflvh 615:/ +T> g, lv d frpsdfw phwulf vsdfh1

Wkhruhp ;16< +Xu|vrkq Phwul}dwlrq Wkhruhp,1 Hyhu| vhfrqg frxqwdeoh qrupdo
vsdfh/ +[> �, > lv phwul}deoh/ l1h1 wkhuh lv d phwulf � rq [ vxfk wkdw � @ ��= Pruh0
ryhu/ � pd| eh fkrvhq vr wkdw [ lv lvrphwulf wr d vxevhw T3 � T= Lq wklv phwulf [
lv wrwdoo| erxqghg dqg khqfh wkh frpsohwlrq ri [ +zklfk lv lvrphwulf wr �T3 � T,
lv frpsdfw1

Surri1 Ohw E eh d frxqwdeoh edvh iru � dqg vhw

� � i+X> Y , 5 E � E m �X � Y j=
Wr hdfk R 5 � dqg { 5 R wkhuh h{lvw +X> Y , 5 � vxfk wkdw { 5 X � Y � R=
Lqghhg/ vlqfh E lv d edvlv iru �> wkhuh h{lvwv Y 5 E vxfk wkdw { 5 Y � R= Ehfdxvh
i{j _ Y f @ >> wkhuh h{lvwv glvmrlqw rshq vhwv hX dqg Z vxfk wkdw { 5 hX> Y f � Z

dqg hX _ Z @ >= Fkrrvh X 5 E vxfk wkdw { 5 X � hX= Vlqfh X � hX � Z f>
X �Z f � Y dqg khqfh +X> Y , 5 �= Vhh Iljxuh 54 ehorz1 Lq sduwlfxodu wklv vkrzv
wkdw iX 5 E = +X> Y , 5 � iru vrph Y 5 Ej lv vwloo d edvh iru �=

Li � lv d �qlwh vhw/ wkh suhylrxv frpphqw vkrzv wkdw � rqo| kdv d �qlwh qxpehu
ri hohphqwv dv zhoo1 Vlqfh +[> �, lv Kdxvgru�/ lw iroorzv wkdw [ lv d �qlwh vhw1
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Iljxuh 541 Frqvwuxfwlqj +X> Y , 5 �=

Ohwwlqj i{qjQq@4 eh dq hqxphudwlrq ri [> gh�qh W = [ $ T e| W +{q, @ hq iru
q @ 4> 5> = = = > Q zkhuh hq @ +3> 3> = = = > 3> 4> 3> = = = ,> zlwk wkh 4 rfxuulqj lq wkh qwk

vsrw1 Wkhq �+{> |, =@ g+W +{,> W +|,, iru {> | 5 [ lv wkh ghvluhg phwulf1 Vr zh zloo
iru qrz rq dvvxph wkdw � lv dq lq�qlwh vhw dqg ohw i+Xq> Yq,j4q@4 eh dq hqxphudwlrq
ri �=

E| Xu|vrkq*v Ohppd +Wkhruhp ;168, wkhuh h{lvwv iX>Y 5 F+[> ^3> 4`, vxfk wkdw
iX>Y @ 3 rq �X dqg iX>Y @ 4 rq Y f1 Ohw I � iiX>Y m +X>Y , 5 �j dqg vhw
iq =@ iXq>Yq � dq hqxphudwlrq ri I = Zh zloo qrz vkrz wkdw

�+{> |, =@
4[
q@4

4

5q
miq+{,� iq+|,m

lv wkh ghvluhg phwulf rq [= Wkh surri zloo lqyroyh d qxpehu ri vwhsv1

41 +� lv d phwulf rq[=, Lw lv urxwlqh wr vkrz � vdwlv�hv wkh wuldqjoh lqhtxdolw| dqg
� lv v|pphwulf1 Li {> | 5 [ duh glvwlqfw srlqwv wkhq wkhuh h{lvwv +Xq3 > Yq3, 5 �
vxfk wkdw { 5 Xq3 dqg Yq3 � R =@ i|jf = Vlqfh iq3+{, @ 3 dqg iq3+|, @ 4> lw
iroorzv wkdw �+{> |, � 5�q3 A 3=

51 +Ohw �3 @ � +iq = q 5 Q, > wkhq � @ �3 @ ��=, Dv xvxdo zh kdyh �3 � �= Vlqfh/
iru hdfk { 5 [> | $ �+{> |, lv �3 � frqwlqxrxv +ehlqj wkh xqlirupo| frqyhujhqw
vxp ri frqwlqxrxv ixqfwlrqv,/ lw iroorzv wkdw E{+�, =@ i| 5 [ = �+{> |, ? �j 5
�3 iru doo { 5 [ dqg � A 3= Wkxv �� � �3 � �=

Vxssrvh wkdw R 5 � dqg { 5 R= Ohw +Xq3 > Yq3, 5 � eh vxfk wkdw { 5 Xq3
dqg Yq3 � R= Wkhq iq3+{, @ 3 dqg iq3 @ 4 rq Rf= Wkhuhiruh li | 5 [ dqg
iq3+|, ? 4> wkhq | 5 R vr { 5 iiq3 ? 4j � R= Wklv vkrzv wkdw R pd| eh
zulwwhq dv d xqlrq ri hohphqwv iurp �3 dqg wkhuhiruh R 5 �3= Vr � � �3 dqg
khqfh � @ �3= Pruhryhu/ li | 5 E{+5

�q3, wkhq 5�q3 A �+{> |, � 5�q3iq3+|,
dqg wkhuhiruh { 5 E{+5�q3, � iiq3 ? 4j � R= Wklv vkrzv R lv � � rshq dqg
khqfh �� � �3 � � � ��=

61 +[ lv lvrphwulf wr vrph T3 � T=, Ohw W = [ $ T eh gh�qhg e| W +{, @
+i4+{,> i5+{,> = = = > iq+{,> = = = ,= Wkhq W lv dq lvrphwu| e| wkh yhu| gh�qlwlrqv ri
g dqg � dqg wkhuhiruh [ lv lvrphwulf wr T3 =@ W +[,= Vlqfh T3 lv d vxevhw
ri wkh frpsdfw phwulf vsdfh +T> g,> T3 lv wrwdoo| erxqghg dqg wkhuhiruh [ lv
wrwdoo| erxqghg1
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;171 H{huflvhv1

H{huflvh ;1;1 Ohw +[> �, eh d wrsrorjlfdo vsdfh/ D � [> lD = D $ [ eh wkh
lqfoxvlrq pds dqg �D =@ l�4D +�, eh wkh uhodwlyh wrsrorj| rq D= Yhuli| �D @ iD_Y =
Y 5 �j dqg vkrz F � D lv forvhg lq +D> �D, l� wkhuh h{lvwv d forvhg vhw I � [
vxfk wkdw F @ D_I= +Li |rx jhw vwxfn/ vhh wkh uhpdunv diwhu Gh�qlwlrq 614: zkhuh
wklv kdv douhdg| ehhq suryhg1,

H{huflvh ;1<1 Ohw +[> �, dqg +\> � 3, eh d wrsrorjlfdo vsdfhv/ i = [ $ \ eh d
ixqfwlrq/ X eh dq rshq fryhu ri [ dqg iImjqm@4 eh d �qlwh fryhu ri [ e| forvhg
vhwv1

41 Li D � [ lv dq| vhw dqg i = [ $ \ lv +�> � 3, � frqwlqxrxv wkhq i mD = D$ \
lv +�D> � 3, � frqwlqxrxv1

51 Vkrz i = [ $ \ lv +�> � 3, � frqwlqxrxv l� i mX = X $ \ lv +�X > � 3, � frqwlqxrxv
iru doo X 5 X =

61 Vkrz i = [ $ \ lv +�> � 3, � frqwlqxrxv l� i mIm = Im $ \ lv +�Im > �
3, �

frqwlqxrxv iru doo m @ 4> 5> = = = > q=
71 +D ede| irup ri wkh Wlhw}h h{whqvlrq Wkhruhp1, Vxssrvh Y 5 � dqg i = Y $
F lv d frqwlqxrxv ixqfwlrq vxfk vxss+i, � Y> wkhq I = [ $ F gh�qhg e|

I +{, @

�
i+{, li { 5 Y
3 rwkhuzlvh

lv frqwlqxrxv1

H{huflvh ;1431 Suryh Wkhruhp ;1491 Klqwv=
41 E| Sursrvlwlrq ;146/ wkhuh h{lvwv d suhfrpsdfw rshq vhw Y vxfk wkdwN � Y �

�Y � X= Qrz vxssrvh wkdw i = N $ ^3> �` lv frqwlqxrxv zlwk � 5 +3> 4` dqg
ohw D =@ i�4+^3> 4

6
�`, dqg E =@ i�4+^ 5

6
�> 4`,= Dsshdo wr Ohppd ;148 wr �qg d

ixqfwlrq j 5 F+[> ^3> �@6`, vxfk wkdw j @ �@6 rq E dqg vxss+j, � Y qD=
51 Qrz iroorz wkh dujxphqw lq wkh surri ri Wkhruhp ;15 wr frqvwuxfw I 5

F+[> ^d> e`, vxfk wkdw I mN @ i=
61 Iru f 5 ^d> e`> fkrrvh ! ! X vxfk wkdw ! @ 4 rq N dqg uhsodfh I e| If =@

!I . +4� !,f=

H{huflvh ;144 +Vwhurjudsklf Surmhfwlrq,1 Ohw [ @ Uq> [� =@ [ ^ i4j eh wkh
rqh srlqw frpsdfwl�fdwlrq ri [> Vq =@ i| 5 Uq.4 = m|m @ 4j eh wkh xqlw vskhuh
lq Uq.4 dqg Q @ +3> = = = > 3> 4, 5 Uq.4= Gh�qh i = Vq $ [� e| i+Q, @ 4> dqg
iru | 5 Vq q iQj ohw i+|, @ e 5 Uq eh wkh xqltxh srlqw vxfk wkdw +e> 3, lv rq
wkh olqh frqwdlqlqj Q dqg |> vhh Iljxuh 55 ehorz1 Ilqg d irupxod iru i dqg vkrz
i = Vq $ [� lv d krphrprusklvp1 +Vr wkh rqh srlqw frpsdfwl�fdwlrq ri Uq lv
krphrprusklf wr wkh q vskhuh1,
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Iljxuh 551 Vwhurjudsklf surmhfwlrq dqg wkh rqh srlqw frpsdfwl0
�fdwlrq ri Uq=


