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<1 Dssur{lpdwlrq Wkhruhpv dqg Frqyroxwlrqv

Ohw +[>P> �, eh d phdvxuh vsdfh/ D �P dq dojheud1

Qrwdwlrq <141 Ohw Vi +D> �, ghqrwh wkrvh vlpsoh ixqfwlrqv ! = [ $ F vxfk wkdw
!�4+i�j, 5 D iru doo � 5 F dqg �+! 9@ 3, ?4=

Iru ! 5 Vi +D> �, dqg s 5 ^4>4,> m!ms @S
} 9@3 m}ms4i!@}j dqg khqfh]

m!ms g� @
[
} 9@3

m}ms�+! @ }, ?4

vr wkdw Vi +D> �, � Os+�,=

Ohppd <15 +Vlpsoh Ixqfwlrqv duh Ghqvh,1 Wkh vlpsoh ixqfwlrqv/ Vi +P> �,> irup
d ghqvh vxevsdfh ri Os+�, iru doo 4 � s ?4=

Surri1 Ohw i!qj4q@4 eh wkh vlpsoh ixqfwlrqv lq wkh dssur{lpdwlrq Wkhruhp
81451 Vlqfh m!qm � mi m iru doo q> !q 5 Vi +P> �, +yhuli|$, dqg

mi � !qms � +mi m. m!qm,s � 5s mi ms 5 O4=

Wkhuhiruh/ e| wkh grplqdwhg frqyhujhqfh wkhruhp/

olp
q$4

]
mi � !qmsg� @

]
olp
q$4

mi � !qmsg� @ 3=

Wkhruhp <16 +Vhsdudeoh Dojheudv lpsolhv Vhsdudelolw| ri Os � Vsdfhv,1 Vxssrvh 4 �
s ?4 dqg D �P lv dq dojheud vxfk wkdw �+D, @P dqg � lv �0�qlwh rq D= Wkhq
Vi +D> �, lv ghqvh lq Os+�,= Pruhryhu/ li D lv frxqwdeoh/ wkhq Os+�, lv vhsdudeoh dqg

G @ i
[

dm4Dm = dm 5 T. lT> Dm 5 D zlwk �+Dm, ?4j
lv d frxqwdeoh ghqvh vxevhw1

Surri1 Iluvw Surri1 Ohw [n 5 D eh vhwv vxfk wkdw �+[n, ?4 dqg [n % [ dv
n $4= Iru n 5 Q ohw Kn ghqrwh wkrvh erxqghg P � phdvxudeoh ixqfwlrqv/ i> rq

[ vxfk wkdw 4[n
i 5 Vi +D> �,O

s+�,
= Lw lv hdvlo| vhhq wkdw Kn lv d yhfwru vsdfh forvhg

xqghu erxqghg frqyhujhqfh dqg wklv vxevsdfh frqwdlqv 4D iru doo D 5 D= Wkhuhiruh
e| Wkhruhp 9145/ Kn lv wkh vhw ri doo erxqghg P � phdvxudeoh ixqfwlrqv rq [=

Iru i 5 Os+�,> wkh grplqdwhg frqyhujhqfh wkhruhp lpsolhv 4[n_imi m�nji $ i

lq Os+�, dv n $ 4= Zh kdyh mxvw suryhg 4[n_imi m�nji 5 Vi +D> �,O
s+�,

iru doo n

dqg khqfh lw iroorzv wkdw i 5 Vi +D> �,O
s+�,

= Wkh odvw dvvhuwlrq ri wkh wkhruhp lv
d frqvhtxhqfh ri wkh hdvlo| yhul�hg idfw wkdw G lv ghqvh lq Vi +D> �, uhodwlyh wr wkh
Os+�, � qrup1
Vhfrqg Surri1 Jlyhq � A 3> e| Fruroodu| 9175/ iru doo H 5 P vxfk wkdw

�+H, ?4> wkhuh h{lvwv D 5 D vxfk wkdw �+H7D, ? �= Wkhuhiruh]
m4H � 4Dmsg� @ �+H7D, ? �=+<14,

Wklv htxdwlrq vkrzv wkdw dq| vlpsoh ixqfwlrq lq Vi +P> �, pd| eh dssur{lpdwhg
duelwudu| zhoo e| dq hohphqw iurp G dqg khqfh G lv dovr ghqvh lq Os+�,=
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Fruroodu| <17 +Ulhpdqq Ohehvjxh Ohppd,1 Vxssrvh wkdw i 5 O4+U>p,> wkhq

olp
�$	4

]
U

i+{,hl�{gp+{, @ 3=

Surri1 Ohw D ghqrwh wkh dojheud rq U jhqhudwhg e| wkh kdoi rshq lqwhuydov/ l1h1
D frqvlvwv ri vhwv ri wkh irup

qd
n@4

+dn> en` _U

zkhuh dn> en 5 �U= E| Wkhruhp <16/ jlyhq � A 3 wkhuh h{lvwv ! @
Sq

n@4 fn4+dn>en`
zlwk dn> en 5 U vxfk wkdw ]

U

mi � !mgp ? �=

Qrwlfh wkdw]
U

!+{,hl�{gp+{, @

]
U

q[
n@4

fn4+dn>en`+{,h
l�{gp+{,

@
q[

n@4

fn

] en

dn

hl�{gp+{, @
q[

n@4

fn�
�4hl�{mendn

@ ��4
q[

n@4

fn
�
hl�en � hl�dn

�$ 3 dv m�m $ 4=

Frpelqlqj wkhvh wzr htxdwlrqv zlwk����]
U

i+{,hl�{gp+{,

���� � ����]
U

+i+{,� !+{,, hl�{gp+{,

����. ����]
U

!+{,hl�{gp+{,

����
�
]
U

mi � !mgp.

����]
U

!+{,hl�{gp+{,

����
� �.

����]
U

!+{,hl�{gp+{,

����
zh ohduq wkdw

olp vxs
m�m$4

����]
U

i+{,hl�{gp+{,

���� � �. olp vxs
m�m$4

����]
U

!+{,hl�{gp+{,

���� @ �=

Vlqfh � A 3 lv duelwudu|/ zh kdyh suryhq wkh ohppd1

Wkhruhp <18 +Frqwlqxrxv Ixqfwlrqv duh Ghqvh,1 Ohw +[> g, eh d phwulf vsdfh/ �g
eh wkh wrsrorj| rq [ jhqhudwhg e| g dqg E[ @ �+�g, eh wkh Eruho � � dojheud1
Vxssrvh � = E[ $ ^3>4` lv d phdvxuh zklfk lv � � �qlwh rq �g dqg ohw EFi +[,
ghqrwh wkh erxqghg frqwlqxrxv ixqfwlrqv rq [ vxfk wkdw �+i 9@ 3, ? 4= Wkhq
EFi +[, lv d ghqvh vxevsdfh ri Os+�, iru dq| s 5 ^4>4,=

Surri1 Iluvw Surri1 Ohw [n 5 �g eh rshq vhwv vxfk wkdw [n % [ dqg �+[n, ?
4= Ohw n dqg q eh srvlwlyh lqwhjhuv dqg vhw

#q>n+{, @ plq+4> q � g[f
n
+{,, @ !q+g[f

n
+{,,>

dqg qrwlfh wkdw #q>n $ 4g[f
n
A3 @ 4[n

dv q$4> vhh Iljxuh 55 ehorz1
Wkhq #q>n 5 EFi +[, dqg i#q>n 9@ 3j � [n= Ohw K ghqrwh wkrvh erxqghg

P � phdvxudeoh ixqfwlrqv/ i = [ $ U> vxfk wkdw #q>ni 5 EFi +[,
Os+�,

= Lw lv
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Iljxuh 551 Wkh sorw ri !q iru q @ 4> 5> dqg 7= Qrwlfh wkdw !q $ 4+3>4,=

hdvlo| vhhq wkdw K lv d yhfwru vsdfh forvhg xqghu erxqghg frqyhujhqfh dqg wklv
vxevsdfh frqwdlqv EF+[>U,= E| Fruroodu| 9146/ K lv wkh vhw ri doo erxqghg uhdo

ydoxhg P � phdvxudeoh ixqfwlrqv rq [> l1h1 #q>ni 5 EFi +[,
Os+�,

iru doo erxqghg
phdvxudeoh i dqg q> n 5 Q= Ohw i eh d erxqghg phdvxudeoh ixqfwlrq/ e| wkh
grplqdwhg frqyhujhqfh wkhruhp/ #q>ni $ 4[n

i lq Os+�, dv q $ 4> wkhuhiruh

4[n
i 5 EFi +[,

Os+�,
= Lw qrz iroorzv dv lq wkh �uvw surri ri Wkhruhp <16 wkdw

EFi +[,
Os+�,

@ Os+�,=
Vhfrqg Surri1 Vlqfh Vi +P> �, lv ghqvh lq Os+�, lw vx!fhv wr vkrz dq| ! 5

Vi +P> �, pd| eh zhoo dssur{lpdwhg e| i 5 EFi +[,= Pruhryhu/ wr suryh wklv lw
vx!fhv wr vkrz iru D 5 P zlwk �+D, ? 4 wkdw 4D pd| eh zhoo dssur{lpdwhg
e| dq i 5 EFi +[,= E| H{huflvhv 917 dqg 918/ iru dq| � A 3 wkhuh h{lvwv d forvhg
vhw I dqg dq rshq vhw Y vxfk wkdw I � D � Y dqg �+Y q I , ? �= +Qrwlfh wkdw
�+Y , ? �+D, . � ? 4=, Ohw i eh dv lq Ht1 +;14,/ wkhq i 5 EFi +[, dqg vlqfh
m4D � i m � 4Y qI > ]

m4D � i ms g� �
]

4Y qIg� @ �+Y q I , � �+<15,

ru htxlydohqwo|

n4D � in � �4@s=

Vlqfh � A 3 lv duelwudu|/ zh kdyh vkrzq wkdw 4D fdq eh dssur{lpdwhg lq Os+�,
duelwudulo| zhoo e| ixqfwlrqv iurp EFi +[,,=

Sursrvlwlrq <191 Ohw +[> �, eh d vhfrqg frxqwdeoh orfdoo| frpsdfw Kdxvgru�
vsdfh/ E[ @ �+�, eh wkh Eruho � � dojheud dqg � = E[ $ ^3>4` eh d phdvxuh
vxfk wkdw �+N, ?4 zkhq N lv d frpsdfw vxevhw ri [= Wkhq Ff+[, +wkh vsdfh ri
frqwlqxrxv ixqfwlrqv zlwk frpsdfw vxssruw, lv ghqvh lq Os+�, iru doo s 5 ^4>4,=

Surri1 Iluvw Surri1 Ohw iNnj4n@4 eh d vhtxhqfh ri frpsdfw vhwv dv lq Ohppd
;143 dqg vhw [n @ Nr

n= Xvlqj Lwhp 61 ri Ohppd ;14:/ wkhuh h{lvwv i#q>nj4q@4 �
Ff+[, vxfk wkdw vxss+#q>n, � [n dqg olpq$4 #q>n @ 4[n

= Dv lq wkh �uvw surri ri
Wkhruhp <18/ ohw K ghqrwh wkrvh erxqghg E[ � phdvxudeoh ixqfwlrqv/ i = [ $ U>

vxfk wkdw #q>ni 5 Ff+[,
Os+�,

= Lw lv hdvlo| vhhq wkdw K lv d yhfwru vsdfh forvhg
xqghu erxqghg frqyhujhqfh dqg wklv vxevsdfh frqwdlqv EF+[>U,= E| Fruroodu|
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;14;/ K lv wkh vhw ri doo erxqghg uhdo ydoxhg E[ � phdvxudeoh ixqfwlrqv rq [> l1h1

#q>ni 5 Ff+[,
Os+�,

iru doo erxqghg phdvxudeoh i dqg q> n 5 Q= Ohw i eh d erxqghg
phdvxudeoh ixqfwlrq/ e| wkh grplqdwhg frqyhujhqfh wkhruhp/ #q>ni $ 4[n

i lq

Os+�, dv n $4> wkhuhiruh 4[n
i 5 Ff+[,

Os+�,
= Lw qrz iroorzv dv lq wkh �uvw surri

ri Wkhruhp <16 wkdw Ff+[,
Os+�,

@ Os+�,=
Vhfrqg Surri1 Iroorzlqj wkh vhfrqg surri ri Wkhruhp <18/ ohw D 5 P zlwk

�+D, ? 4= Vlqfh olpn$4 mm4D_Nr
n
� 4Dmms @ 3> lw vx!fhv wr dvvxph D � Nr

n iru
vrph n= Jlyhq � A 3> e| Lwhp 51 ri Ohppd ;14: dqg H{huflvhv 917 wkhuh h{lvwv d
forvhg vhw I dqg dq rshq vhw Y vxfk wkdw I � D � Y dqg �+Y qI , ? �= Uhsodflqj
Y e| Y _Nr

n zh pd| dvvxph wkdw Y � Nr
n � Nn= Wkh ixqfwlrq i gh�qhg lq Ht1

+;14, lv qrz lq Ff+[,= Wkh uhpdlqghu ri wkh surri qrz iroorzv dv lq wkh vhfrqg
surri ri Wkhruhp <181

Ohppd <1:1 Ohw +[> �, eh d vhfrqg frxqwdeoh orfdoo| frpsdfw Kdxvgru� vsdfh/
E[ @ �+�, eh wkh Eruho � � dojheud dqg � = E[ $ ^3>4` eh d phdvxuh vxfk wkdw
�+N, ?4 zkhq N lv d frpsdfw vxevhw ri [= Li k 5 O4

orf+�, lv d ixqfwlrq vxfk wkdw]
[

ikg� @ 3 iru doo i 5 Ff+[,+<16,

wkhq k+{, @ 3 iru � � d1h1 {=

Surri1 Iluvw Surri1 Ohw g�+{, @ mk+{,m g{> wkhq � lv d phdvxuh rq [ vxfk
wkdw �+N, ?4 iru doo frpsdfw vxevhwv N � [ dqg khqfh Ff+[, lv ghqvh lq O4+�,
e| Sursrvlwlrq <191 Qrwlfh wkdw]

[

i � vjq+k,g� @

]
[

ikg� @ 3 iru doo i 5 Ff+[,=+<17,

Ohw iNnj4n@4 eh d vhtxhqfh ri frpsdfw vhwv vxfk wkdw Nn % [ dv lq Ohppd ;1431
Wkhq 4Nn

vjq+k, 5 O4+�, dqg wkhuhiruh wkhuh h{lvwv ip 5 Ff+[, vxfk wkdw ip $
4Nn

vjq+k, lq O4+�,= Vr e| Ht1 +<17,/

�+Nn, @

]
[

4Nn
g� @ olp

p$4

]
[

ipvjq+k,g� @ 3=

Vlqfh Nn % [ dv n$4> 3 @ �+[, @
U
[ mkm g�> l1h1 k+{, @ 3 iru � � d1h1 {=

Vhfrqg Surri1 OhwNn eh dv deryh dqg xvh Ohppd ;148 wr �qg " 5 Ff+[> ^3> 4`,
vxfk wkdw " @ 4 rq Nn= Ohw K ghqrwh wkh vhw ri erxqghg phdvxudeoh uhdo ydoxhg
ixqfwlrqv rq [ vxfk wkdw

U
[ "ikg� @ 3= Wkhq lw lv hdvlo| fkhfnhg wkdw K lv olqhdu

vxevsdfh forvhg xqghu erxqghg frqyhujhqfh zklfk frqwdlqv Ff+[,= Wkhuhiruh e|
Fruroodu| ;14;/ 3 @

U
[ "ikg� iru doo erxqghg phdvxudeoh ixqfwlrqv i = [ $ U

dqg wkhq e| olqhdulw| iru doo erxqghg phdvxudeoh ixqfwlrqv i = [ $ F= Wdnlqj
i @ vjq+k, wkhq lpsolhv

3 @

]
[

" mkm g� �
]
Nn

mkm g�

dqg khqfh e| wkh prqrwrqh frqyhujhqfh wkhruhp/

3 @ olp
n$4

]
Nn

mkm g� @

]
[

mkm g�=
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Fruroodu| <1;1 Vxssrvh [ � Uq lv dq rshq vhw/ E[ lv wkh Eruho � � dojheud rq
[ dqg � lv d phdvxuh rq +[>E[, zklfk lv �qlwh rq frpsdfw vhwv1 Wkhq Ff+[, lv
ghqvh lq Os+�, iru doo s 5 ^4>4,=

<141 Frqyroxwlrq dqg \rxqj*v Lqhtxdolwlhv1

Gh�qlwlrq <1<1 Ohw i> j = Uq $ F eh phdvxudeoh ixqfwlrqv1 Zh gh�qh

i � j+{, @
]
Uq

i+{� |,j+|,g|

zkhqhyhu wkh lqwhjudo lv gh�qhg/ l1h1 hlwkhu i+{��,j+�, 5 O4+Uq>p, ru i+{��,j+�, �
3= Qrwlfh wkdw wkh frqglwlrq wkdw i+{� �,j+�, 5 O4+Uq>p, lv htxlydohqw wr zulwlqj
mi m � mjm +{, ?4=

Qrwdwlrq <1431 Jlyhq d pxowl0lqgh{ � 5 ]q.> ohw m�m @ �4 . � � �. �q>

{� =@
q\
m@4

{
�m
m > dqg C�{ @

�
C

C{

��
=@

q\
m@4

�
C

C{m

��m
=

Uhpdun <144 +Wkh Vljql�fdqfh ri Frqyroxwlrq,1 Vxssrvh wkdw O @
S
m�m�n d�C

� lv
d frqvwdqw frh!flhqw gl�huhqwldo rshudwru dqg vxssrvh wkdw zh fdq vroyh +xqltxho|,
wkh htxdwlrq Ox @ j lq wkh irup

x+{, @ Nj+{, =@

]
Uq

n+{> |,j+|,g|

zkhuh n+{> |, lv dq �lqwhjudo nhuqho1� +Wklv lv d qdwxudo vruw ri dvvxpswlrq vlqfh/ lq
ylhz ri wkh ixqgdphqwdo wkhruhp ri fdofxoxv/ lqwhjudwlrq lv wkh lqyhuvh rshudwlrq wr
gl�huhqwldwlrq1, Vlqfh �}O @ O�} iru doo } 5 Uq> +wklv lv dqrwkhu zd| wr fkdudfwhul}h
frqvwdqw frh!flhqw gl�huhqwldo rshudwruv, dqg O�4 @ N zh vkrxog kdyh �}N @ N�}=
Zulwlqj rxw wklv htxdwlrq wkhq vd|v]

Uq

n+{� }> |,j+|,g| @ +Nj, +{� }, @ �}Nj+{, @ +N�}j, +{,

@

]
Uq

n+{> |,j+| � },g| @

]
Uq

n+{> | . },j+|,g|=

Vlqfh j lv duelwudu| zh frqfoxgh wkdw n+{� }> |, @ n+{> | . },= Wdnlqj | @ 3 wkhq
jlyhv

n+{> }, @ n+{� }> 3, @= �+{� },=

Zh wkxv �qg wkdw Nj @ � � j= Khqfh zh h{shfw wkh frqyroxwlrq rshudwlrq wr
dsshdu qdwxudoo| zkhq vroylqj frqvwdqw frh!flhqw sduwldo gl�huhqwldo htxdwlrqv1
Pruh derxw wklv srlqw odwhu1

Wkh iroorzlqj sursrvlwlrq lv dq hdv| frqvhtxhqfh ri wkh Plqnrzvnl*v lqhtxdolw|
iru lqwhjudov/ Wkhruhp :15:1

Sursrvlwlrq <1451 Vxssrvh t 5 ^4>4`> i 5 O4 dqg j 5 Ot> wkhq i � j+{, h{lvwv iru
doprvw hyhu| {> i � j 5 Ot dqg

ni � jns � nin4 njns =
Iru } 5 Uq dqg i = Uq $ F> ohw �}i = Uq $ F eh gh�qhg e| �}i+{, @ i+{� },=

Sursrvlwlrq <1461 Vxssrvh wkdw s 5 ^4>4,> wkhq �} = Os $ Os lv dq lvrphwulf
lvrprusklvp dqg iru i 5 Os> } 5 Uq $ �}i 5 Os lv frqwlqxrxv1
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Surri1 Wkh dvvhuwlrq wkdw �} = Os $ Os lv dq lvrphwulf lvrprusklvp iroorzv
iurp wudqvodwlrq lqyduldqfh ri Ohehvjxh phdvxuh dqg wkh idfw wkdw ��} � �} @ lg=
Iru wkh frqwlqxlw| dvvhuwlrq/ revhuyh wkdw

n�}i � �|ins @ n��| +�}i � �|i,ns @ n�}�|i � ins
iurp zklfk lw iroorzv wkdw lw lv hqrxjk wr vkrz �}i $ i lq Os dv } $ 3 5 Uq=

Zkhq i 5 Ff+U
q,> �}i $ i xqlirupo| dqg vlqfh wkh N =@ ^m}m�4vxss+�}i, lv

frpsdfw/ lw iroorzv e| wkh grplqdwhg frqyhujhqfh wkhruhp wkdw �}i $ i lq Os dv
} $ 3 5 Uq= Iru jhqhudo j 5 Os dqg i 5 Ff+Uq,>

n�}j � jns � n�}j � �}ins . n�}i � ins . ni � jns @ n�}i � ins . 5 ni � jns
dqg wkxv

olp vxs
}$3

n�}j � jns � olp vxs
}$3

n�}i � ins . 5 ni � jns @ 5 ni � jns =

Ehfdxvh Ff+Uq, lv ghqvh lq Os> wkh whup ni � jns pd| eh pdgh dv vpdoo dv zh
sohdvh1

Ohppd <1471 Vxssrvh i> j> k = Uq $ F duh phdvxudeoh ixqfwlrqv dqg dvvxph wkdw
{ lv d srlqw lq Uq vxfk wkdw mi m � mjm +{, ?4 dqg mi m � +mjm � mkm, +{, ?4> wkhq

41 i � j+{, @ j � i+{,
51 i � +j � k,+{, @ +i � j, � k+{,
61 Li } 5 Uq dqg �}+mi m � mjm,+{, @ mi m � mjm +{� }, ?4> wkhq

�}+i � j,+{, @ �}i � j+{, @ i � �}j+{,
71 Ohw D @ vxss+i, . vxss+j,> wkhq iru { @5 D zh kdyh i � j+{, @ 3=

Surri1 Iru lwhp 41/

mi m � mjm +{, @
]
Uq

mi m +{� |, mjm +|,g| @

]
Uq

mi m +|, mjm +| � {,g| @ mjm � mi m +{,

zkhuh lq wkh vhfrqg htxdolw| zh pdgh xvh ri wkh idfw wkdw Ohehvjxh phdvxuh lq0
yduldqw xqghu wkh wudqvirupdwlrq | $ {� |= Vlplodu frpsxwdwlrqv suryh doo ri wkh
uhpdlqlqj dvvhuwlrqv ri wkh �uvw wkuhh lwhpv ri wkh ohppd1

Iru lwhp 71/ li { @5 vxss+i,.vxss+j,> wkhq iru doo | 5 Uq> hlwkhu {�| @5 vxss+i,
ru | @5 vxss+j, dqg khqfh i+{� |,j+|, @ 3 iru doo |= Wkxv i � j+{, @ 3=

Sursrvlwlrq <1481 Vxssrvh wkdw s> t 5 ^4>4` dqg s dqg t duh frqmxjdwh h{srqhqwv/
i 5 Os dqg j 5 Ot> wkhq i � j 5 EF+Uq,> ni � jnx � nins njnt dqg li s> t 5 +4>4,

wkhq i � j 5 F3+U
q,=

Surri1 Wkh h{lvwhqfh ri i � j+{, dqg wkh hvwlpdwh mi � jm +{, � nins njnt iru doo
{ 5 Uq lv d vlpsoh frqvhtxhqfh ri Kroghuv lqhtxdolw| dqg wkh wudqvodwlrq lqyduldqfh
ri Ohehvjxh phdvxuh1 Lq sduwlfxodu wklv vkrzv ni � jnx � nins njnt = E| uhodeholqj
s dqg t li qhfhvvdu| zh pd| dvvxph wkdw s 5 ^4>4,= Vlqfh

n�} +i � j,� i � jnx @ n�}i � j � i � jnx � n�}i � ins njnt $ 3 dv } $ 3

lw iroorzv wkdw i � j lv xqlirupo| frqwlqxrxv1 Ilqdoo| li s> t 5 +4>4,> zh ohduq
iurp Ohppd <147 dqg zkdw zh kdyh mxvw suryhg wkdw ip � jp 5 Ff+U

q, zkhuh
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ip @ i4mi m�p dqg jp @ j4mjm�p= Pruhryhu/

ni � j � ip � jpnx � ni � j � ip � jnx . nip � j � ip � jpnx
� ni � ipns njnt . nipns nj � jpnt
� ni � ipns njnt . nins nj � jpnt $ 3 dv p$4

vkrzlqj/ zlwk wkh dlg ri Sursrvlwlrq ;15;/ i � j 5 F3+Uq,=

Wkhruhp <1491 Ohw s> t> u 5 ^4>4` vdwlvi|

4

s
.

4

t
@ 4 .

4

u
=+<18,

Li i 5 Os dqg j 5 Ot wkhq mi m � mjm +{, ?4 iru p � d1h1 { dqg

ni � jnu � nins njnt =+<19,

Lq sduwlfxodu O4 lv forvhg xqghu frqyroxwlrq1 +Wkh vsdfh +O4> �, lv dq h{dpsoh ri d
�Edqdfk dojheud� zlwkrxw xqlw1,

Surri1 Ohw �> � 5 ^3> 4` dqg s4> s5 5 ^3>4` vdwlvi| s�44 . s�45 . u�4 @ 4= Wkhq
e| Kùoghu*v lqhtxdolw|/ Fruroodu| :16/

mi � j+{,m @
����] i+{� |,j+|,g|

���� � ] mi+{� |,m+4��, mj+|,m+4��, mi+{� |,m� mj+|,m� g|

�
�]

mi+{� |,m+4��,u mj+|,m+4��,u g|
�4@u �]

mi+{� |,m�s4 g|
�4@s4 �]

mj+|,m�s5 g|
�4@s5

@

�]
mi+{� |,m+4��,u mj+|,m+4��,u g|

�4@u

nin��s4 njn
�
�s5

=

Wdnlqj wkh uwk srzhu ri wklv htxdwlrq dqg lqwhjudwlqj rq { jlyhv

ni � jnuu �
] �]

mi+{� |,m+4��,u mj+|,m+4��,u g|
�
g{ � nin��s4 njn

�
�s5

@ nin+4��,u+4��,u njn+4��,u+4��,u nin�u�s4 njn
�u
�s5

=+<1:,

Ohw xv qrz vxssrvh/ +4 � �,u @ �s4 dqg +4 � �,u @ �s5> lq zklfk fdvh Ht1 +<1:,
ehfrphv/

ni � jnuu � ninu�s4 njn
u
�s5

zklfk lv Ht1 +<19, zlwk

s =@ +4� �,u @ �s4 dqg t =@ +4� �,u @ �s5=+<1;,

Vr wr �qlvk wkh surri/ lw vx!fhv wr vkrz s dqg t duh duelwudu| lqglfhv lq ^4>4`
vdwlvi|lqj s�4 . t�4 @ 4 . u�4=

Li �> �> s4> s5 vdwlvi| wkh uhodwlrqv deryh/ wkhq

� @
u

u . s4
dqg � @

u

u . s5

dqg
4

s
.

4

t
@

4

s4

u . s4
u

.
4

s5

u . s5
u

@
4

s4
.

4

s5
.

5

u
@ 4 .

4

u
=
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Frqyhuvho|/ li s> t> u vdwlvi| Ht1 +<18,/ wkhq ohw � dqg � vdwlvi| s @ +4 � �,u dqg
t @ +4� �,u> l1h1

� =@
u � s

u
@ 4� s

u
� 4 dqg � @

u � t

u
@ 4� t

u
� 4=

Iurp Ht1 +<18,/ � @ s+4� 4
t , � 3 dqg � @ t+4 � 4

s, � 3> vr wkdw �> � 5 ^3> 4`= Zh
wkhq gh�qh s4 =@ s@� dqg s5 =@ t@�> wkhq

4

s4
.

4

s5
.

4

u
@ �

4

t
. �

4

s
.

4

u
@

4

t
� 4

u
.

4

s
� 4

u
.

4

u
@ 4

dv ghvluhg1

Wkhruhp <14: +Dssur{lpdwh � � ixqfwlrqv,1 Ohw s 5 ^4>4`> ! 5 O4+Uq,> d =@U
Uq

i+{,g{> dqg iru w A 3 ohw !w+{, @ w�q!+{@w,= Wkhq
41 Li i 5 Os wkhq !w � i $ i lq Os dv w & 3=
51 Li i 5 Fe+U

q, dqg i lv xqlirupo| frqwlqxrxv wkhq n!w � i � in4 $ 3 dv w & 3=
61 Li i 5 O4 dqg i lv frqwlqxrxv rq X �r U

q wkhq !w � i $ di xqlirupo| rq
frpsdfw vxevhwv ri X dv w & 3=

Surri1 Pdnlqj wkh fkdqjh ri yduldeohv | @ w} lpsolhv

!w � i+{, @
]
Uq

i+{� |,!w+|,g| @

]
Uq

i+{� w},!+},g}

vr wkdw

!w � i+{,� di+{, @

]
Uq

^i+{� w},� i+{,`!+},g}

@

]
Uq

^�w}i+{,� i+{,`!+},g}=+<1<,

Khqfh e| Plqnrzvnl*v lqhtxdolw| iru lqwhjudov +Wkhruhp :15:,/ Sursrvlwlrq <145 dqg
wkh grplqdwhg frqyhujhqfh wkhruhp/

n!w � i � dins �
]
Uq

n�w}i � ins m!+},m g} $ 3 dv w & 3=

Lwhp 51 lv suryhg vlploduo|1 Lqghhg/ irup Ht1 +<1<,

n!w � i � din4 �
]
Uq

n�w}i � in4 m!+},m g}
zklfk djdlq whqgv wr }hur e| wkh grplqdwhg frqyhujhqfh wkhruhp ehfdxvh
olpw&3 n�w}i � in4 @ 3 xqlirupo| lq } e| wkh xqlirup frqwlqxlw| ri i=

Lwhp 61 Ohw EU @ E+3> U, eh d odujh edoo lq Uq dqg N CC X> wkhq

vxs
{5N

m!w � i+{,� di+{,m �
����]
EU

^i+{� w},� i+{,`!+},g}

����.
�����
]
Ef
U

^i+{� w},� i+{,`!+},g}

�����
�
]
EU

m!+},m g} � vxs
{5N>}5EU

mi+{� w},� i+{,m. 5 nin4
]
Ef
U

m!+},m g}

� n!n4 � vxs
{5N>}5EU

mi+{� w},� i+{,m. 5 nin4
]
m}mAU

m!+},m g}

vr wkdw xvlqj wkh xqlirup frqwlqxlw| ri i rq frpsdfw vxevhwv ri X>

olp vxs
w&3

vxs
{5N

m!w � i+{,� di+{,m � 5 nin4
]
m}mAU

m!+},m g} $ 3 dv U$4=
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Vhh Wkhruhp ;148 li Iroodqg iru d vwdwhphqw derxw doprvw hyhu|zkhuh frqyhu0
jhqfh1

H{huflvh <141 Ohw

i+w, @

�
h�4@w li w A 3
3 li w � 3=

Vkrz i 5 F4+U> ^3> 4`,=

Ohppd <14;1 Wkhuh h{lvwv ! 5 F4f +Uq> ^3>4,, vxfk wkdw !+3, A 3> vxss+!, �
�E+3> 4, dqg

U
Uq

!+{,g{ @ 4=

Surri1 Gh�qh k+w, @ i+4 � w,i+w . 4, zkhuh i lv dv lq H{huflvh <141 Wkhq
k 5 F4f +U> ^3> 4`,> vxss+k, � ^�4> 4` dqg k+3, @ h�5 A 3= Gh�qh f @

U
Uq

k+m{m5,g{=
Wkhq !+{, @ f�4k+m{m5, lv wkh ghvluhg ixqfwlrq1

Gh�qlwlrq <14<1 Ohw [ � Uq eh dq rshq vhw1 D Udgrq phdvxuh rq E[ lv d
phdvxuh � zklfk lv �qlwh rq frpsdfw vxevhwv ri [= Iru d Udgrq phdvxuh �> zh ohw
O4
orf+�, frqvlvwv ri wkrvh phdvxudeoh ixqfwlrqv i = [ $ F vxfk wkdw

U
N
mi m g� ?4

iru doo frpsdfw vxevhwv N � [=

Wkh uhdghu dvnhg wr suryh wkh iroorzlqj sursrvlwlrq lq H{huflvh <17 ehorz1

Sursrvlwlrq <1531 Vxssrvh wkdw i 5 O4
orf+U

q>p, dqg ! 5 F4
f +U

q,> wkhq i � ! 5
F4+Uq, dqg Cl+i � !, @ i � Cl!= Pruhryhu li ! 5 F4f +Uq, wkhq i � ! 5 F4+Uq,=

Fruroodu| <154 +F4 � Xu|kvrq*v Ohppd,1 Jlyhq N CC X �r U
q> wkhuh h{lvwv

i 5 F4f +Uq> ^3> 4`, vxfk wkdw vxss+i, � X dqg i @ 4 rq N=

Surri1 Ohw ! eh dv lq Ohppd <14;/ !w+{, @ w�q!+{@w, eh dv lq Wkhruhp <14:/
g eh wkh vwdqgdug phwulf rq Uq dqg � @ g+N>Xf,= Vlqfh N lv frpsdfw dqg Xf lv
forvhg/ � A 3= Ohw Y� @ i{ 5 Uq = g+{>N, ? �j dqg i @ !�@6 � 4Y�@6 > wkhq

vxss+i, � vxss+!�@6, . Y�@6 � �Y5�@6 � X=

Vlqfh �Y5�@6 lv forvhg dqg erxqghg/ i 5 F4f +X, dqg iru { 5 N>

i+{, @

]
Uq

4g+|>N,?�@6 � !�@6+{� |,g| @

]
Uq

!�@6+{� |,g| @ 4=

Wkh surri zloo eh �qlvkhg diwhu wkh uhdghu +hdvlo|, yhul�hv 3 � i � 4=
Khuh lv dq dssolfdwlrq ri wklv fruroodu| zkrvh surri lv ohiw wr wkh uhdghu/ H{huflvh

<181

Ohppd <155 +Lqwhjudwlrq e| Sduwv,1 Vxssrvh i dqg j duh phdvxudeoh ixqfwlrqv
rq Uq vxfk wkdw w$ i+{4> = = = > {l�4> w> {l.4> = = = > {q, dqg w$ j+{4> = = = > {l�4> w> {l.4> = = = > {q,
duh frqwlqxrxvo| gl�huhqwldeoh ixqfwlrqv rq U iru hdfk �{hg { @ +{4> = = = > {q, 5 Uq=
Pruhryhu dvvxph i � j> Ci

C{l
� j dqg i � Cj

C{l
duh lq O4+Uq>p,= Wkhq]

Uq

Ci

C{l
� jgp @ �

]
Uq

i � Cj
C{l

gp=

Zlwk wklv uhvxow zh pd| jlyh dqrwkhu surri ri wkh Ulhpdqq Ohehvjxh Ohppd1
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Ohppd <1561 Iru i 5 O4+Uq>p, ohw

ai+�, =@ +5�,�q@5
]
i+{,h�l��{gp+{,

eh wkh Irxulhu wudqvirup ri i= Wkhq ai 5 F3+U
q, dqg

��� ai���
x
� +5�,�q@5 nin4 = +Wkh

fkrlfh ri wkh qrupdol}dwlrq idfwru/ +5�,�q@5> lq ai lv iru odwhu frqyhqlhqfh1,

Surri1 Wkh idfw wkdw ai lv frqwlqxrxv lv d vlpsoh dssolfdwlrq ri wkh grplqdwhg
frqyhujhqfh wkhruhp1 Pruhryhu/��� ai+�,��� � ] mi+{,m gp+{, � +5�,�q@5 nin4

vr lw rqo| uhpdlqv wr vhh wkdw ai+�,$ 3 dv m�m $ 4=

Iluvw vxssrvh wkdw i 5 F4f +Uq, dqg ohw � @
Sq

m@4
C5

C{5m
eh wkh Odsodfldq rq Uq=

Qrwlfh wkdw C
C{m

h�l��{ @ �l�mh�l��{ dqg �h�l��{ @ �m�m5 h�l��{= Xvlqj Ohppd <155
uhshdwhgo|/]

�ni+{,h�l��{gp+{, @

]
i+{,�n

{h
�l��{gp+{, @ � m�m5n

]
i+{,h�l��{gp+{,

@ �+5�,q@5 m�m5n ai+�,

iru dq| n 5 Q= Khqfh +5�,q@5
��� ai+�,��� � m�m�5n ���ni

��
4
$ 3 dv m�m $ 4 dqg

ai 5 F3+U
q,= Vxssrvh wkdw i 5 O4+p, dqg in 5 F4f +Uq, lv d vhtxhqfh vxfk wkdw

olpn$4 ni � inn4 @ 3> wkhq olpn$4

��� ai � ain

���
x
@ 3= Khqfh ai 5 F3+Uq, e| dq

dssolfdwlrq ri Sursrvlwlrq ;15;1

Fruroodu| <1571 Ohw [ � Uq eh dq rshq vhw dqg � eh d Udgrq phdvxuh rq E[ =
Wkhq F4f +[, lv ghqvh lq Os+�, iru doo 4 � s ?4=

Surri1 E| Fruroodu| <1; lw vx!fhv wr vkrz dq| i 5 Ff+[, pd| eh dssur{lpdwhg
lq Os+�, e| # 5 F4f +[,= Wr suryh wklv ohw ! eh dv lq Ohppd <14;/ !w eh dv lq
Wkhruhp <14: dqg vhw #w =@ !w � +i4[, = Wkhq e| Sursrvlwlrq <153 #w 5 F4+[, dqg
e| Ohppd <147 wkhuh h{lvwv d frpsdfw vhw N � [ vxfk wkdw vxss+#w, � N iru doo
w vx!flhqwo| vpdoo1 E| Wkhruhp <14:/ #w $ i xqlirupo| rq [ dv w & 3 dqg khqfh
e| wkh grplqdwhg frqyhujhqfh wkhruhp +wkh grplqdwlqj ixqfwlrq ehlqj nin4 4N,>
#w $ i lq Os+�, dv w & 3=
Ohppd <1581 Ohw [ � Uq eh dq rshq vhw/ � eh d Udgrq phdvxuh rq E[ dqg
k 5 O4

orf+�,= Li ]
[

ikg� @ 3 iru doo i 5 F4f +[,+<143,

wkhq k+{, @ 3 iru � � d1h1 {=

Surri1 Iluvw Surri1 Ohw g�+{, @ mk+{,m g{> wkhq � lv d Udgrq phdvxuh rq [
dqg khqfh F4f +[, lv ghqvh lq O4+�, e| Fruroodu| <1571 Qrwlfh wkdw]

[

i � vjq+k,g� @

]
[

ikg� @ 3 iru doo i 5 F4f +[,=+<144,
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Ohw iNnj4n@4 eh d vhtxhqfh ri frpsdfw vhwv vxfk wkdw Nn % [ dv lq Ohppd ;1431
Wkhq 4Nn

vjq+k, 5 O4+�, dqg wkhuhiruh wkhuh h{lvwv ip 5 F4f +[, vxfk wkdw ip $
4Nn

vjq+k, lq O4+�,= Vr e| Ht1 +<144,/

�+Nn, @

]
[

4Nn
g� @ olp

p$4

]
[

ipvjq+k,g� @ 3=

Vlqfh Nn % [ dv n$4> 3 @ �+[, @
U
[ mkm g�> l1h1 k+{, @ 3 iru � � d1h1 {=

Vhfrqg Surri1 Dssur{lpdwlqj i 5 Ff+[, e| #w 5 F4f +[, dv lq wkh surri
ri Fruroodu| <1571 Wkh grplqdwhg frqyhujhqfh wkhruhp +zlwk grplqdwlqj ixqfwlrq
ehlqj nin4 4N mkm , vkrzv/

3 @ olp
w&3

]
[

#wkg� @

]
[

ikg�=

Wkdw lv wr vd| Ht1 +<143, krogv iru doo i 5 Ff+[,= Ohw Nn eh dv deryh dqg xvh
Fruroodu| <154 wr �qg " 5 F4f +[> ^3> 4`, vxfk wkdw " @ 4 rq Nn= Wkhq

3 @

]
[

"ikg� iru doo i 5 EF+[,

dqg d urxwlqh dssolfdwlrq ri Fruroodu| 9146 jlyhv 3 @
U
[ "ikg� iru doo erxqghg

phdvxudeoh ixqfwlrqv i = [ $ F= Wdnlqj i @ vjq+k, wkhq lpsolhv

3 @

]
[

" mkm g� �
]
Nn

mkm g�

dqg khqfh e| wkh prqrwrqh frqyhujhqfh wkhruhp/

3 @ olp
n$4

]
Nn

mkm g� @

]
[

mkm g�=

<14141 Vprrwk Sduwlwlrqv ri Xqlw|1 Zh kdyh wkh iroorzlqj vprrwk yduldqwv ri Sursr0
vlwlrq ;155/ Wkhruhp ;157 dqg Fruroodu| ;1581 Wkh surriv ri wkhvh uhvxowv duh wkh
vdph dv wkhlu frqwlqxrxv frxqwhusduwv1 Rqh vlpso| xvhv wkh vprrwk yhuvlrq ri
Xu|vrkq*v Ohppd ri Fruroodu| <154 lq sodfh ri Ohppd ;1481

Sursrvlwlrq <159 +Vprrwk Sduwlwlrqv ri Xqlw| iru Frpsdfwv,1 Vxssrvh wkdw [ lv
dq rshq vxevhw ri Uq> N � [ lv d frpsdfw vhw dqg X @ iXmjqm@4 lv dq rshq fryhu ri
N= Wkhq wkhuh h{lvwv d vprrwk +l1h1 km 5 F4+[> ^3> 4`,, sduwlwlrq ri xqlw| ikmjqm@4
ri N vxfk wkdw km ! Xm iru doo m @ 4> 5> = = = > q=

Wkhruhp <15: +Orfdoo| Frpsdfw Sduwlwlrqv ri Xqlw|,1 Vxssrvh wkdw[ lv dq rshq
vxevhw ri Uq dqg X lv dq rshq fryhu ri [= Wkhq wkhuh h{lvwv d vprrwk sduwlwlrq ri
xqlw| ri ikljQl@4 +Q @ 4 lv doorzhg khuh, vxeruglqdwh wr wkh fryhu X vxfk wkdw
vxss+kl, lv frpsdfw iru doo l=

Fruroodu| <15;1 Vxssrvh wkdw [ lv dq rshq vxevhw ri Uq dqg X @ iX�j�5D � �
lv dq rshq fryhu ri [= Wkhq wkhuh h{lvwv d vprrwk sduwlwlrq ri xqlw| ri ik�j�5D
vxeruglqdwh wr wkh fryhu X vxfk wkdw vxss+k�, � X� iru doo � 5 D= Pruhryhu li �X�
lv frpsdfw iru hdfk � 5 D zh pd| fkrrvh k� vr wkdw k� ! X�=
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<151 Fodvvlfdo Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp1 Ohw ]. =@ Q ^ i3j=
Qrwdwlrq <15<1 Iru { 5 Ug dqg � 5 ]g. ohw {� @

Tg
l@4 {

�l
l dqg m�m @Sg

l@4 �l= D
sro|qrpldo rq Ug lv d ixqfwlrq s = Ug $ F ri wkh irup

s+{, @
[

�=m�m�Q

s�{
� zlwk s� 5 F dqg Q 5 ].=

Li s� 9@ 3 iru vrph � vxfk wkdw m�m @ Q> wkhq zh gh�qh ghj+s, =@ Q wr eh wkh
ghjuhh ri s= Wkh ixqfwlrq s kdv d qdwxudo h{whqvlrq wr } 5 Fg> qdpho| s+}, @S

�=m�m�Q s�}
� zkhuh }� @

Tg
l@4 }

�l
l =

Uhpdun <1631 Wkh pdsslqj +{> |, 5 Ug�Ug $ } @ {.l| 5 Fg lv dq lvrprusklvp ri
yhfwru vsdfhv1 Ohwwlqj �} @ {�l| dv xvxdo/ zh kdyh { @ }.�}

5 dqg | @ }��}
5l = Wkhuhiruh

xqghu wklv lghqwl�fdwlrq dq| sro|qrpldo s+{> |, rq Ug � Ug pd| eh zulwwhq dv d
sro|qrpldo t lq +}> �},> qdpho|

t+}> �}, @ s+
} . �}

5
>
} � �}

5l
,=

Frqyhuvho| d sro|qrpldo t lq +}> �}, pd| eh wkrxjkw ri dv d sro|qrpldo s lq +{> |,>
qdpho| s+{> |, @ t+{. l|> {� l|,=

Wkhruhp <164 +Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp,1 Ohw d> e 5 Ug zlwk d � e
+l1h1 dl � el iru l @ 4> 5> = = = > g , dqg vhw ^d> e` =@ ^d4> e4` � � � � � ^dg> eg`= Wkhq iru
i 5 F+^d> e`>F, wkhuh h{lvwv sro|qrpldov sq rq Ug vxfk wkdw sq $ i xqlirupo| rq
^d> e`=

Zh zloo jlyh wzr surriv ri wklv wkhruhp ehorz1 Wkh �uvw surri lv edvhg rq wkh
�zhdn odz ri odujh qxpehuv/� zkloh wkh vhfrqg lv edvh rq xvlqj d fhuwdlq vhtxhqfh
ri dssur{lpdwh � � ixqfwlrqv1

Fruroodu| <1651 Vxssrvh wkdw N � Ug lv d frpsdfw vhw dqg i 5 F+N>F,= Wkhq
wkhuh h{lvwv sro|qrpldov sq rq Ug vxfk wkdw sq $ i xqlirupo| rq N=

Surri1 Fkrrvh d> e 5 Ug vxfk wkdw d � e dqgN � +d> e, =@ +d4> e4,�� � ��+dg> eg,=
Ohw �i = N ^ +d> e,f $ F eh wkh frqwlqxrxv ixqfwlrq gh�qhg e| �i mN @ i dqg
�i m+d>e,f � 3= Wkhq e| wkh Wlhw}h h{whqvlrq Wkhruhp +hlwkhu ri Wkhruhpv ;15 ru ;149
zloo gr, wkhuh h{lvwv I 5 F+Ug>F, vxfk wkdw �i @ I mN^+d>e,f = Dsso| wkh Zhlhuvwudvv
Dssur{lpdwlrq Wkhruhp <164 wr I m^d>e` wr �qg sro|qrpldov sq rq Ug vxfk wkdw
sq $ I xqlirupo| rq ^d> e`= Fohduo| zh dovr kdyh sq $ i xqlirupo| rq N=

Fruroodu| <166 +Frpsoh{ Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp,1 Vxssrvh wkdwN �
Fg lv d frpsdfw vhw dqg i 5 F+N>F,= Wkhq wkhuh h{lvwv sro|qrpldov sq+}> �}, iru
} 5 Fg vxfk wkdw vxs}5N msq+}> �},� i+},m $ 3 dv q$4=

Surri1 Wklv lv dq lpphgldwh frqvhtxhqfh ri Uhpdun <163 dqg Fruroodu| <1651

H{dpsoh <1671 Ohw N @ V4 @ i} 5 F = m}m @ 4j dqg D eh wkh vhw ri sro|qrpldov
lq +}> �}, uhvwulfwhg wr V4= Wkhq D lv ghqvh lq F+V4,=4< Vlqfh �} @ }�4 rq V4> zh
kdyh vkrzq sro|qrpldov lq } dqg }�4 duh ghqvh lq F+V4,= Wklv h{dpsoh jhqhudol}hv
lq dq reylrxv zd| wr N @

�
V4
�g � Fg=

�bQrwh wkdw lw lv hdv| wr h{whqg s M �E7�� wr d ixqfwlrq 8 M �EF� e| vhwwlqj 8 E5� ' 5sE 5

�5�
�

iru 5 �' f dqg 8 Ef� ' f� Vr wklv vshfldo fdvh grhv qrw uhtxluh wkh Wlhw}h h{whqvlrq wkhruhp1
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<15141 Iluvw surri ri wkh Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp <1641 Surri1 Ohw
3 = @ +3> 3> = = = > 3, dqg 4 = @ +4> 4> = = = > 4,= E| frqvlghulqj wkh uhdo dqg lpdjlqdu|
sduwv ri i vhsdudwho|/ lw vx!fhv wr dvvxph i lv uhdo ydoxhg1 E| uhsodflqj i e|
j+{, @ i+d4 . {4+e4 � d4,> = = = > dg . {g+eg � dg,, iru { 5 ^3>4`> lw vx!fhv wr suryh
wkh wkhruhp iru i 5 F+^3>4`,=

Iru { 5 ^3> 4`> ohw �{ eh wkh phdvxuh rq i3> 4j vxfk wkdw �{ +i3j, @ 4 � { dqg
�{ +i4j, @ {= Wkhq]

i3>4j

|g�{+|, @ 3 � +4� {, . 4 � { @ { dqg+<145, ]
i3>4j

+| � {,5g�{+|, @ {5+4� {, . +4� {,5 � { @ {+4� {,=+<146,

Iru { 5 ^3>4` ohw �{ @ �{4� � ��{g eh wkh surgxfw ri �{4 > = = = > �{g rq  =@ i3> 4jg =
Dowhuqdwlyho| wkh phdvxuh �{ pd| eh ghvfulehg e|

�{ +i�j, @
g\
l@4

+4� {l,
4��l {�ll+<147,

iru � 5 = Qrwlfh wkdw �{ +i�j, lv d ghjuhh g sro|qrpldo lq { iru hdfk � 5 = Iru
q 5 Q dqg { 5 ^3>4`> ohw �q{ ghqrwh wkh q � irog surgxfw ri �{ zlwk lwvhoi rq q>
[l+$, @ $l 5  � Ug iru $ 5 q dqg ohw

Vq @ +V4
q> = = = > V

g
q, =@ +[4 .[5 . � � �.[q,@q>

vr Vq = q $ Ug= Wkh uhdghu lv dvnhg wr yhuli| +H{huflvh <15, wkdw]
q

Vqg�
q
{ @

�]
q

V4qg�
q
{ > = = = >

]
q

Vgqg�
q
{

�
@ +{4> = = = > {g, @ {+<148,

dqg ]
q
mVq � {m5 g�q{ @

4

q

g[
l@4

{l+4� {l, � g

q
=+<149,

Iurp wkhvh htxdwlrqv lw iroorzv wkdw Vq lv frqfhqwudwlqj qhdu { dv q $ 4> d
pdqlihvwdwlrq ri wkh odz ri odujh qxpehuv1 Wkhuhiruh lw lv uhdvrqdeoh wr h{shfw

sq+{, =@

]
q

i+Vq,g�
q
{+<14:,

vkrxog dssurdfk i+{, dv q$4=
Ohw � A 3 eh jlyhq/ P @ vxs imi+{,m = { 5 ^3> 4`j dqg

�� @ vxs imi+|,� i+{,m = {> | 5 ^3>4` dqg m| � {m � �j =
E| xqlirup frqwlqxlw| ri i rq ^3>4`> olp�&3 �� @ 3= Xvlqj wkhvh gh�qlwlrqv dqg wkh
idfw wkdw �q{+

q, @ 4>

mi+{,� sq+{,m @
����]

q
+i+{,� i+Vq,,g�

q
{

���� � ]
q
mi+{,� i+Vq,m g�q{

�
]
imVq�{mA�j

mi+{,� i+Vq,m g�q{ .
]
imVq�{m��j

mi+{,� i+Vq,m g�q{
� 5P�q{ +mVq � {m A �, . ��=+<14;,
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E| Fkhe|vkhy*v lqhtxdolw|/

�q{ +mVq � {m A �, � 4

�5

]
q

+Vq � {,5g�q{ @
g

q�5
>

dqg wkhuhiruh/ Ht1 +<14;, |lhogv wkh hvwlpdwh

ni � sqnx �
5gP

q�5
. ��

dqg khqfh

olp vxs
q$4

ni � sqnx � �� $ 3 dv � & 3=

Wklv frpsohwhv wkh surri vlqfh/ xvlqj Ht1 +<147,/

sq+{, @
[
$5q

i+Vq+$,,�
q
{+i$j, @

[
$5q

i+Vq+$,,
q\
l@4

�{+i$lj,>

lv dq qg � ghjuhh sro|qrpldo lq { 5 Ug,=
H{huflvh <151 Yhuli| Htv1 +<148, dqg +<149,1 Wklv lv prvw hdvlo| grqh xvlqj Htv1
+<145, dqg +<146, dqg Ixelql*v wkhruhp uhshdwhgo|1 +Ri frxuvh Ixelql*v wkhruhp khuh
lv ryhu nloo vlqfh wkhvh duh rqo| �qlwh vxpv diwhu doo1 Qhyhuwkhohvv lw lv frqyhqlhqw
wr xvh wklv irupxodwlrq1,

<15151 Vhfrqg surri ri wkh Zhlhuvwudvv Dssur{lpdwlrq Wkhruhp <1641 Iru wkh vhf0
rqg surri zh zloo �uvw qhhg wzr ohppdv1

Ohppd <168 +Dssur{lpdwh � � vhtxhqfhv,1 Vxssrvh wkdw iTqj4q@4 lv d vhtxhqfh
ri srvlwlyh ixqfwlrqv rq Ug vxfk wkdw]

Ug

Tq+{, g{ @ 4 dqg+<14<,

olp
q$4

]
m{m��

Tq+{,g{ @ 3 iru doo � A 3=+<153,

Iru i 5 EF+Ug,> Tq � i frqyhujhv wr i xqlirupo| rq frpsdfw vxevhwv ri Ug=

Surri1 Ohw { 5 Ug> wkhq ehfdxvh ri Ht1 +<14<,/

mTq � i+{,� i+{,m @
����]
Ug

Tq+|, +i+{� |,� i+{,,g|

���� � ]
Ug

Tq+|, mi+{� |,� i+{,m g|=

Ohw P @ vxs
�mi+{,m = { 5 Ug� dqg � A 3> wkhq e| dqg Ht1 +<14<,

mTq � i+{,� i+{,m �
]
m|m��

Tq+|, mi+{� |,� i+{,m g|

.

]
m|mA�

Tq+|, mi+{� |,� i+{,m g|

� vxs
m}m��

mi+{. },� i+{,m. 5P

]
m|mA�

Tq+|,g|=

Ohw N eh d frpsdfw vxevhw ri Ug> wkhq

vxs
{5N

mTq � i+{,� i+{,m � vxs
m}m��>{5N

mi+{. },� i+{,m. 5P

]
m|mA�

Tq+|,g|
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dqg khqfh e| Ht1 +<153,/

olp vxs
q$4

vxs
{5N

mTq � i+{,� i+{,m � vxs
m}m��>{5N

mi+{. },� i+{,m =

Wklv �qlvkhv wkh surri vlqfh wkh uljkw phpehu ri wklv htxdwlrq whqgv wr 3 dv � & 3
e| xqlirup frqwlqxlw| ri i rq frpsdfw vxevhwv ri Uq=

Ohw tq = U$^3>4, eh gh�qhg e|

tq+{, � 4

fq
+4� {5,q4m{m�4zkhuh fq =@

] 4

�4

+4� {5,qg{=+<154,

Iljxuh 56 glvsod|v wkh nh| ihdwxuhv ri wkh ixqfwlrqv tq=

0

1

2

3

4

5

-1 -0.5 0.5 1x

Iljxuh 561 D sorw ri t4> t83> dqg t433= Wkh prvw shdnhg fxuyh lv
t433 dqg wkh ohdvw lv t4= Wkh wrwdo duhd xqghu hdfk ri wkhvh fxuyhv
lv rqh1

Gh�qh

Tq = Uq $ ^3>4, e| Tq+{, @ tq+{4, = = = tq+{g,=+<155,

Ohppd <1691 Wkh vhtxhqfh iTqj4q@4 lv dq dssur{lpdwh � � vhtxhqfh/ l1h1 wkh|
vdwlvi| Htv1 +<14<, dqg +<153,1

Surri1 Wkh idfw wkdw Tq lqwhjudwhv wr rqh lv dq hdv| frqvhtxhqfh ri Wrqhool*v
wkhruhp dqg wkh gh�qlwlrq ri fq= Vlqfh doo qrupv rq Ug duh htxlydohqw/ zh pd|
dvvxph wkdw m{m @ pd{ im{lm = l @ 4> 5> = = = > gj zkhq surylqj Ht1 +<153,1 Zlwk wklv
qrup �

{ 5 Ug = m{m � �
�
@ ^gl@4

�
{ 5 Ug = m{lm � �

�
dqg wkhuhiruh e| Wrqhool*v wkhruhp dqg wkh gh�qlwlrq ri fq>]

im{m��j

Tq+{,g{ �
g[
l@4

]
im{lm��j

Tq+{,g{ @ g

]
i{5Um{m��j

tq+{,g{=
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|

Vlqfh]
m{m��

tq+{,g{ @
5
U 4
� +4� {5,qg{

5
U �
3
+4� {5,qg{. 5

U 4
�
+4� {5,qg{

�
U 4
�
{
� +4� {5,qg{U �

3
{
� +4� {5,qg{

@
+4� {5,q.4m4�
+4� {5,q.4m�3

@
+4� �5,q.4

4� +4� �5,q.4
$ 3 dv q$4>

wkh surri lv frpsohwh1
Zh zloo qrz suryh Fruroodu| <165 zklfk fohduo| lpsolhv Wkhruhp <1641
Surri1 Surri ri Fruroodu| <1651 Dv lq wkh ehjlqqlqj ri wkh surri douhdg| jlyhq

iru Fruroodu| <165/ zh pd| dvvxph wkdw N @ ^d> e` iru vrph d � e dqg i @ I mN
zkhuh I 5 F+Ug>F, lv d ixqfwlrq vxfk wkdw I mNf � 3= Pruhryhu/ e| uhsodflqj I +{,
e| J+{, @ I +d4 . {4+e4 � d4,> = = = > dg . {g+eg � dg,, iru { 5 Uq zh pd| ixuwkhu
dvvxph N @ ^3>4`=

Ohw Tq+{, eh gh�qhg dv lq Ht1 +<155,1 Wkhq e| Ohppd <169 dqg <168/ sq+{, =@
+Tq � I ,+{, $ I +{, xqlirupo| iru { 5 ^3>4` dv q $ 4= Vr wr �qlvk wkh surri lw
rqo| uhpdlqv wr vkrz sq+{, lv d sro|qrpldo zkhq { 5 ^3>4`= Iru { 5 ^3>4`>

sq+{, @

]
Ug

Tq+{� |,i+|,g|

@
4

fq

]
^3>4`

i+|,
g\
l@4

�
f�4q +4� +{l � |l,

5,q4m{l�|lm�4
�
g|

@
4

fq

]
^3>4`

i+|,
g\
l@4

�
f�4q +4� +{l � |l,

5,q
�
g|=

Vlqfh wkh surgxfw lq wkh deryh lqwhjudqg lv d sro|qrpldo li +{> |, 5 Uq � Uq> lw
iroorzv hdvlo| wkdw sq+{, lv sro|qrpldo lq {=

<161 Vwrqh0Zhlhuvwudvv Wkhruhp1 Zh qrz zlvk wr jhqhudol}h Wkhruhp <164 wr
pruh jhqhudo wrsrorjlfdo vsdfhv1 Zh zloo �uvw qhhg vrph gh�qlwlrqv1

Gh�qlwlrq <16:1 Ohw [ eh d wrsrorjlfdo vsdfh dqg D � F+[, @ F+[>U, ru
F+[>F, eh d froohfwlrq ri ixqfwlrqv1 Wkhq

41 D lv vdlg wr vhsdudwh srlqwv li iru doo glvwlqfw srlqwv {> | 5 [ wkhuh h{lvwv
i 5 D vxfk wkdw i+{, 9@ i+|,=

51 D lv dq dojheud li D lv d yhfwru vxevsdfh ri F+[, zklfk lv forvhg xqghu
srlqwzlvh pxowlsolfdwlrq1

61 D lv fdoohg d odwwlfh li i b j =@ pd{+i> j, dqg i a j @ plq+i> j, 5 D iru doo
i> j 5 D=

71 D � F+[, lv forvhg xqghu frqmxjdwlrq li �i 5 D zkhqhyhu i 5 D=53

Uhpdun <16;1 Li [ lv d wrsrorjlfdo vsdfh vxfk wkdw F+[>U, vhsdudwhv srlqwv wkhq
[ lv Kdxvgru�1 Lqghhg li {> | 5 [ dqg i 5 F+[>U, vxfk wkdw i+{, 9@ i+|,> wkhq
i�4+M, dqg i�4+L, duh glvmrlqw rshq vhwv frqwdlqlqj { dqg | uhvshfwlyho| zkhq L
dqg M duh glvmrlqw lqwhuydov frqwdlqlqj i+{, dqg i+|, uhvshfwlyho|1

Ohppd <16<1 Li D � F+[>U, lv d forvhg dojheud wkhq mi m 5 D iru doo i 5 D dqg
D lv d odwwlfh1

2fWklv lv ri frxuvh qr uhvwulfwlrq zkhq �Ef� ' �EfcU��
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Surri1 Ohw i 5 D dqg ohw P @ vxs
{5[

mi+{,m= Xvlqj Wkhruhp <164 ru H{huflvh <19/

wkhuh duh sro|qrpldov sq+w, vxfk wkdw

olp
q$4

vxs
mwm�P

mmwm � sq+w,m @ 3=

E| uhsodflqj sq e| sq � sq+3, li qhfhvvdu| zh pd| dvvxph wkdw sq+3, @ 3= Vlqfh
D lv dq dojheud/ lw iroorzv wkdw iq @ sq+i, 5 D dqg mi m 5 D> ehfdxvh mi m lv wkh
xqlirup olplw ri wkh iq*v1 Vlqfh

i b j @
4

5
+i . j . mi � jm, dqg

i a j @
4

5
+i . j � mi � jm,>

zh kdyh vkrzq D lv d odwwlfh1

Ohppd <1731 Ohw D � F+[>U, eh dq dojheud zklfk vhsdudwhv srlqwv dqg {> | 5 [
eh glvwlqfw srlqwv vxfk wkdw

< i> j 5 D 6 i+{, 9@ 3 dqg j+|, 9@ 3=+<156,

Wkhq

Y =@ i+i+{,> i+|,, = i 5 Dj@ U5=+<157,

Surri1 Lw lv fohdu wkdw Y lv d qrq0}hur vxevsdfh ri U5= Li glp+Y , @ 4> wkhq
Y @ vsdq+d> e, zlwk d 9@ 3 dqg e 9@ 3 e| wkh dvvxpswlrq lq Ht1 +<156,1 Vlqfh +d> e, @
+i+{,> i+|,, iru vrph i 5 D dqg i5 5 D> lw iroorzv wkdw +d5> e5, @ +i5+{,> i5+|,, 5 Y
dv zhoo1 Vlqfh glpY @ 4> +d> e, dqg +d5> e5, duh olqhduo| ghshqghqw dqg wkhuhiruh

3 @ ghw

�
d d5

e e5

�
@ de5 � ed5 @ de+e� d,

zklfk lpsolhv wkdw d @ e= Exw wklv wkh lpsolhv wkdw i+{, @ i+|, iru doo i 5 D>
ylrodwlqj wkh dvvxpswlrq wkdw D vhsdudwhv srlqwv1 Wkhuhiruh zh frqfoxgh wkdw
glp+Y , @ 5> l1h1 Y @ U5=

Wkhruhp <174 +Vwrqh0Zhlhuvwudvv Wkhruhp,1 Vxssrvh [ lv d frpsdfw Kdxvgru�
vsdfh dqg D � F+[>U, lv d forvhg vxedojheud zklfk vhsdudwhv srlqwv1 Iru { 5 [
ohw

D{ � ii+{, = i 5 Dj dqg

L{ @ ii 5 F+[>U, = i+{, @ 3j=
Wkhq hlwkhu rqh ri wkh iroorzlqj wzr fdvhv krog1

41 D{ @ U iru doo { 5 [> l1h1 iru doo { 5 [ wkhuh h{lvwv i 5 D vxfk wkdw
i+{, 9@ 3=54

51 Wkhuh h{lvwv d xqltxh srlqw {3 5 [ vxfk wkdw D{3 @ i3j =
Pruhryhu lq fdvh +4, D @ F+[>U, dqg lq fdvh +5, D @ L{3 @ ii 5 F+[>U, =

i+{3, @ 3j=
Surri1 Li wkhuh h{lvwv {3 vxfk wkdw D{3 @ i3j +{3 lv xqltxh vlqfh D vhsdudwhv

srlqwv, wkhq D � L{3 = Li vxfk dq {3 h{lvwv ohw F @ L{3 dqg li D{ @ U iru doo {> vhw
F @ F+[>U,= Ohw i 5 F> wkhq e| Ohppd <173/ iru doo {> | 5 [ vxfk wkdw { 9@ |

2�Li � frqwdlqv wkh frqvwdqw ixqfwlrq �c wkhq wklv k|srwkhvlv krogv1
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wkhuh h{lvwv j{| 5 D vxfk wkdw i @ j{| rq i{> |j=55 Wkh edvlf lghd ri wkh surri lv
frqwdlqhg lq wkh iroorzlqj lghqwlw|/

i+}, @ lqi
{5[

vxs
|5[

j{|+}, iru doo } 5 [=+<158,

Wr suryh wklv lghqwlw|/ ohw j{ =@ vxs|5[ j{| dqg qrwlfh wkdw j{ � i vlqfh j{|+|, @
i+|, iru doo | 5 [= Pruhryhu/ j{+{, @ i+{, iru doo { 5 [ vlqfh j{|+{, @ i+{, iru doo
{= Wkhuhiruh/

lqi
{5[

vxs
|5[

j{| @ lqi
{5[

j{ @ i=

Wkh uhvw ri wkh surri lv ghyrwhg wr uhsodflqj wkh lqi dqg wkh vxs deryh e| plq dqg
pd{ ryhu �qlwh vhwv dw wkh h{shqvh ri Ht1 +<158, ehfrplqj rqo| dq dssur{lpdwh
lghqwlw|1

Fodlp 41 Jlyhq � A 3 dqg { 5 [ wkhuh h{lvwv j{ 5 D vxfk wkdw j{+{, @ i+{, dqg
i ? j{ . � rq [=

Wr suryh wkh fodlp/ ohw Y| eh dq rshq qhljkerukrrg ri | vxfk wkdw mi � j{|m ? �
rq Y| vr lq sduwlfxodu i ? � . j{| rq Y|= E| frpsdfwqhvv/ wkhuh h{lvwv � �� [
vxfk wkdw [ @

V
|5�

Y|= Vhw

j{+}, @ pd{ij{|+}, = | 5 �j>
wkhq iru dq| | 5 �> i ? � . j{| ? � . j{ rq Y| dqg wkhuhiruh i ? � . j{ rq [=
Pruhryhu/ e| frqvwuxfwlrq i+{, @ j{+{,> vhh Iljxuh 57 ehorz1

Iljxuh 571 Frqvwuxfwlqj wkh ixqwlrqv j{=

Zh qrz zloo �qlvk wkh surri ri wkh wkhruhp1 Iru hdfk { 5 [> ohw X{ eh d
qhljkerukrrg ri { vxfk wkdw mi � j{m ? � rq X{= Fkrrvh � �� [ vxfk wkdw

22Li �%3
' tf� dqg % ' %f ru + ' %fc wkhq }%+ h{lvwv phuho| e| wkh idfw wkdw � vhsdudwhv

srlqwv1
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[ @
V
{5�

X{ dqg gh�qh

j @ plqij{ = { 5 �j 5 D=
Wkhq i ? j . � rq [ dqg iru { 5 �> j{ ? i . � rq X{ dqg khqfh j ? i . � rq X{=
Vlqfh [ @

V
{5�

X{> zh frqfoxgh

i ? j . � dqg j ? i . � rq [>

l1h1 mi � jm ? � rq [= Vlqfh � A 3 lv duelwudu| lw iroorzv wkdw i 5 �D @ D=
Wkhruhp <175 +Frpsoh{ Vwrqh0Zhlhuvwudvv Wkhruhp,1 Ohw[ eh d frpsdfw Kdxv0
gru� vsdfh1 Vxssrvh D � F+[>F, lv forvhg lq wkh xqlirup wrsrorj|/ vhsd0
udwhv srlqwv/ dqg lv forvhg xqghu frqmxjdwlrq1 Wkhq hlwkhu D @ F+[>F, ru
D @ LF{3 =@ ii 5 F+[>F, = i+{3, @ 3j iru vrph {3 5 [=

Surri1 Vlqfh

Uh i @
i . �i

5
dqg Lp i @

i � �i

5l
>

Uh i dqg Lp i duh erwk lq D= Wkhuhiruh
DU @ iUh i> Lp i = i 5 Dj

lv d uhdo vxe0dojheud ri F+[>U, zklfk vhsdudwhv srlqwv1 Wkhuhiruh hlwkhu DU @
F+[>U, ru DU @ L{3 _ F+[>U, iru vrph {3 dqg khqfh D @ F+[>F, ru LF{3
uhvshfwlyho|1

Dv dq hdv| dssolfdwlrq/ Wkhruhpv <174 dqg <175 lpso| Fruroodulhv <165 dqg <166
uhvshfwlyho|1

Fruroodu| <1761 Vxssrvh wkdw [ lv d frpsdfw vxevhw ri Uq dqg � lv d �qlwh phd0
vxuh rq +[>E[,> wkhq sro|qrpldov duh ghqvh lq Os+[>�, iru doo 4 � s ?4=

Surri1 Frqvlghu [ wr eh d phwulf vsdfh zlwk xvxdo phwulf lqgxfhg iurp Uq=
Wkhq [ lv d orfdoo| frpsdfw vhsdudeoh phwulf vsdfh dqg wkhuhiruh Ff+[>F, @
F+[>F, lv ghqvh lq Os+�, iru doo s 5 ^4>4,= Vlqfh/ e| wkh grplqdwhg frqyhujhqfh
wkhruhp/ xqlirup frqyhujhqfh lpsolhv Os+�, � frqyhujhqfh/ lw iroorzv iurp wkh
Vwrqh 0 Zhlhuvwudvv wkhruhp wkdw sro|qrpldov duh dovr ghqvh lq Os+�,=

Khuh duh d frxsoh ri pruh dssolfdwlrqv1

H{dpsoh <1771 Ohw i 5 F+^d> e`, eh d srvlwlyh ixqfwlrq zklfk lv lqmhfwlyh1 Wkhq
ixqfwlrqv ri wkh irup

SQ
n@4 dni

n zlwk dn 5 F dqg Q 5 Q duh ghqvh lq F+^d> e`,=
Iru h{dpsoh li d @ 4 dqg e @ 5> wkhq rqh pd| wdnh i+{, @ {� iru dq| � 9@ 3> ru
i+{, @ h{> hwf1

H{huflvh <161 Ohw +[> g, eh d vhsdudeoh frpsdfw phwulf vsdfh1 Vkrz wkdw F+[,
lv dovr vhsdudeoh1 Klqw= Ohw H � [ eh d frxqwdeoh ghqvh vhw dqg wkhq frqvlghu wkh
dojheud/ D � F+[,> jhqhudwhg e| ig+{> �,j{5H =
<171 Orfdoo| Frpsdfw Yhuvlrq ri Vwrqh0Zhlhuvwudvv Wkhruhp1

Wkhruhp <1781 Ohw [ eh qrq0frpsdfw orfdoo| frpsdfw Kdxvgru� vsdfh1 Li D lv d
forvhg vxedojheud ri F3+[>U, zklfk vhsdudwhv srlqwv1 Wkhq hlwkhu D @ F3+[>U,
ru wkhuh h{lvwv {3 5 [ vxfk wkdw D @ ii 5 F3+[>U, = i+{3, @ 3j=
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Surri1 Wkhuh duh wzr fdvhv wr frqvlghu1
Fdvh 41 Wkhuh lv qr srlqw {3 5 [ vxfk wkdw D � ii 5 F3+[>U, = i+{3, @ 3j=

Lq wklv fdvh ohw [� @ [ ^ i4j eh wkh rqh srlqw frpsdfwl�fdwlrq ri [= Ehfdxvh ri
Sursrvlwlrq ;15< wr hdfk i 5 D wkhuh h{lvwv d xqltxh h{whqvlrq �i 5 F+[�>U,

vxfk wkdw i @ �i m[ dqg pruhryhu wklv h{whqvlrq lv jlyhq e| �i+4, @ 3= OhwhD =@ i �i 5 F+[�>U, = i 5 Dj= Wkhq hD lv d forvhg +|rx fkhfn, vxe0dojheud
ri F+[�>U, zklfk vhsdudwhv srlqwv1 Dq dssolfdwlrq ri Wkhruhp <174 lpsolhvhD @ iI 5 F+[�>U, 6I +4, @ 3j dqg wkhuhiruh e| Sursrvlwlrq ;15< D @ iI m[ =

I 5 hDj @ F3+[>U,=
Fdvh 51 Wkhuh h{lvwv {3 5 [ vxfk D � ii 5 F3+[>U, = i+{3, @ 3j= Lq wklv

fdvh ohw \ =@ [ q i{3j dqg D\ =@ ii m\ = i 5 Dj = Vlqfh [ lv orfdoo| frpsdfw/
rqh hdvlo| fkhfnv D\ � F3+\>U, lv d forvhg vxedojheud zklfk vhsdudwhv srlqwv1
E| Fdvh 41 lw iroorzv wkdw D\ @ F3+\>U,= Vr li i 5 F3+[>U, dqg i+{3, @ 3>
i m\ 5 F3+\>U, @D\ > l1h1 wkhuh h{lvwv j 5 D vxfk wkdw jm\ @ i m\ = Vlqfh j+{3, @
i+{3, @ 3> lw iroorzv wkdw i @ j 5 D dqg wkhuhiruh D @ ii 5 F3+[>U, = i+{3, @ 3j=

H{dpsoh <1791 Ohw [ @ ^3>4,> � A 3 eh �{hg/ D eh wkh dojheud jhqhudwhg e|
w$ h��w= Vr wkh jhqhudo hohphqw i 5 D lv ri wkh irup i+w, @ s+h��w,> zkhuh s+{,
lv d sro|qrpldo1 Vlqfh D � F3+[>U, vhsdudwhv srlqwv dqg h��w 5 D lv srlqwzlvh
srvlwlyh/ �D @ F3+[>U,=

Dv dq dssolfdwlrq ri wklv h{dpsoh/ zh zloo vkrz wkdw wkh Odsodfh wudqvirup lv
lqmhfwlyh1

Wkhruhp <17:1 Iru i 5 O4+^3>4,> g{,> wkh Odsodfh wudqvirup ri i lv gh�qhg e|

Oi+�, �
] 4

3

h��{i+{,g{ iru doo � A 3=

Li Oi+�, � 3 wkhq i+{, @ 3 iru p 0d1h1 {=

Surri1 Vxssrvh wkdw i 5 O4+^3>4,> g{, vxfk wkdw Oi+�, � 3= Ohw j 5
F3+^3>4,>U, dqg � A 3 eh jlyhq1 Fkrrvh id�j�A3 vxfk wkdw&+i� A 3 = d� 9@ 3j, ?
4 dqg

mj+{,�
[
�A3

d�h
��{m ? � iru doo { � 3=

Wkhq ����] 4

3

j+{,i+{,g{

���� @
�����
] 4

3

#
j+{,�

[
�A3

d�h
��{

$
i+{,g{

�����
�
] 4

3

�����j+{,�[
�A3

d�h
��{

����� mi+{,m g{ � �nin4=

Vlqfh � A 3 lv duelwudu|/ lw iroorzv wkdw
U4
3

j+{,i+{,g{ @ 3 iru doo j 5 F3+^3>4,>U,=
Wkh surri lv �qlvkhg e| dq dssolfdwlrq ri Ohppd <1:1

<181 G|qnlq*v Pxowlsolfdwlyh V|vwhp Wkhruhp1 Wklv vhfwlrq lv ghyrwhg wr dq
h{whqvlrq ri Wkhruhp 9145 edvhg rq wkh Zhlhuvwudvv dssur{lpdwlrq wkhruhp1 Lq
wklv vhfwlrq [ lv d vhw1
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Gh�qlwlrq <17; +Pxowlsolfdwlyh V|vwhp,1 D froohfwlrq ri uhdo ydoxhg ixqfwlrqv T
rq d vhw [ lv d pxowlsolfdwlyh v|vwhp surylghg i � j 5 T zkhqhyhu i> j 5 T=

Wkhruhp <17< +G|qnlq*v Pxowlsolfdwlyh V|vwhp Wkhruhp,1 OhwK eh d olqhdu vxe0
vsdfh ri E+[>U, zklfk frqwdlqv wkh frqvwdqw ixqfwlrqv dqg lv forvhg xqghu erxqghg
frqyhujhqfh1 Li T � K lv pxowlsolfdwlyh v|vwhp/ wkhq K frqwdlqv doo erxqghg uhdo
ydoxhg �+T,0phdvxudeoh ixqfwlrqv1

Wkhruhp <183 +Frpsoh{ Pxowlsolfdwlyh V|vwhp Wkhruhp,1 Ohw K eh d frpsoh{
olqhdu vxevsdfh ri E+[>F, vxfk wkdw= 4 5 K> K lv forvhg xqghu frpsoh{ frqmx0
jdwlrq/ dqg K lv forvhg xqghu erxqghg frqyhujhqfh1 Li T � K lv pxowlsolfdwlyh
v|vwhp zklfk lv forvhg xqghu frqmxjdwlrq/ wkhq K frqwdlqv doo erxqghg frpsoh{
ydoxhg �+T,0phdvxudeoh ixqfwlrqv1

Surri1 Ohw I eh U ru F= Ohw F eh wkh idplo| ri doo vhwv ri wkh irup=

E =@ i{ 5 [ = i4+{, 5 U4> = = = > ip+{, 5 Upj+<159,

zkhuh p @ 4> 5> = = = > dqg iru n @ 4> 5> = = = >p> in 5 T dqg Un lv dq rshq lqwhuydo li
I @ U ru Un lv dq rshq uhfwdqjoh lq F li I @ F= Wkh idplo| F lv hdvlo| vhhq wr eh
d � � v|vwhp vxfk wkdw �+T, @ �+F,= Vr E| Wkhruhp 9145/ wr �qlvk wkh surri lw
vx!fhv wr vkrz 4E 5 K iru doo E 5 F=

Lw lv hdv| wr frqvwuxfw/ iru hdfk n> d xqlirupo| erxqghg vhtxhqfh ri frqwlqxrxv
ixqfwlrqv

�
!nq
�4
q@4

rq I frqyhujlqj wr wkh fkdudfwhulvwlf ixqfwlrq 4Un
= E| Zhlhu0

vwudvv* wkhruhp/ wkhuh h{lvwv sro|qrpldov snp+{, vxfk wkdw
��snq+{,� !nq+{,

�� � 4@q

iru m{m � n!nn4 lq wkh uhdo fdvh dqg sro|qrpldov snp+}> �}, lq } dqg �} vxfk wkdw��snq+}> �},� !nq+},
�� � 4@q iru m}m � n!nn4 lq wkh frpsoh{ fdvh1 Wkh ixqfwlrqv

Iq =@s4q+i4,s
5
q+i5, = = = s

p
q +ip, +uhdo fdvh,

Iq =@s4q+i4 �i4,s
5
q+i5> �i5, = = = s

p
q +ip> �ip, +frpsoh{ fdvh,

rq [ duh xqlirupo| erxqghg/ ehorqj wr K dqg frqyhujh srlqwzlvh wr 4E dv q$4/
zkhuh E lv wkh vhw lq Ht1 +<159,1 Wkxv 4E 5 K dqg wkh surri lv frpsohwh1

Uhpdun <1841 Jlyhq dq| froohfwlrq ri erxqghg uhdo ydoxhg ixqfwlrqv I rq [> ohw
K+I, eh wkh vxevsdfh riE+[>U, jhqhudwhg e| I > l1h1 K+I, lv wkh vpdoohvw vxevsdfh
ri E+[>U, zklfk lv forvhg xqghu erxqghg frqyhujhqfh dqg frqwdlqv I = Zlwk wklv
qrwdwlrq/ Wkhruhp <17< pd| eh vwdwhg dv iroorzv1 Li I lv d pxowlsolfdwlyh v|vwhp
wkhq K+I, @ E�+I,+[>U, � wkh vsdfh ri erxqghg � +I, � phdvxudeoh uhdo ydoxhg
ixqfwlrqv rq [=

<191 H{huflvhv1

H{huflvh <171 Suryh Sursrvlwlrq <153 e| dsshdolqj wr Fruroodu| 81761

H{huflvh <18 +Lqwhjudwlrq e| Sduwv,1 Vxssrvh wkdw +{> |, 5 U� Uq�4 $ i+{> |, 5
F dqg +{> |, 5 U�Uq�4 $ j+{> |, 5 F duh phdvxudeoh ixqfwlrqv vxfk wkdw iru hdfk
�{hg | 5 Uq�4> { $ i+{> |, dqg { $ j+{> |, duh frqwlqxrxvo| gl�huhqwldeoh1 Dovr
dvvxph i � j> C{i � j dqg i � C{j duh lqwhjudeoh uhodwlyh wr Ohehvjxh phdvxuh rq
U�Uq�4> zkhuh C{i+{> |, =@ g

gwi+{. w> |,mw@3= Vkrz]
U�Uq�4

C{i+{> |, � j+{> |,g{g| @ �
]
U�Uq�4

i+{> |, � C{j+{> |,g{g|=+<15:,

+Qrwh= wklv uhvxow dqg Ixelql*v wkhruhp suryhv Ohppd <1551,
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Klqwv= Ohw # 5 F4f +U, eh d ixqfwlrq zklfk lv 4 lq d qhljkerukrrg ri 3 5 U dqg
vhw #�+{, @ #+�{,= Iluvw yhuli| Ht1 +<15:, zlwk i+{> |, uhsodfhg e| #�+{,i+{> |, e|
grlqj wkh { � lqwhjudo �uvw1 Wkhq xvh wkh grplqdwhg frqyhujhqfh wkhruhp wr suryh
Ht1 +<15:, e| sdvvlqj wr wkh olplw/ � & 3=
H{huflvh <191 Ohw P ?4> vkrz wkhuh duh sro|qrpldov sq+w, vxfk wkdw

olp
q$4

vxs
mwm�P

mmwm � sq+w,m @ 3

dv iroorzv1 Ohw i+w, @
s
4� w iru mwm � 4= E| Wd|oru*v wkhruhp zlwk lqwhjudo uh0

pdlqghu +vhh Ht1 D148 ri Dsshqgl{ D, ru e| dqdo|wlf ixqfwlrq wkhru|/ wkhuh duh
frqvwdqwv56 �q A 3 iru q 5 Q vxfk wkdw

s
4� { @ 4�

4[
q@4

�q{
q iru doo m{m ? 4=

Xvh wklv wr suryh
S4

q@4 �q @ 4 dqg wkhuhiruh tp+{, =@ 4�Sp
q@4 �q{

q

olp
p$4

vxs
m{m�4

ms4� {� tp+{,m @ 3=

Ohw 4� { @ w5@P5> l1h1 { @ 4� w5@P5> wkhq

olp
p$4

vxs
mwm�P

���� mwmP � tp+4� w5@P5,

���� @ 3

vr wkdw sp+w, =@Ptp+4� w5@P5, duh wkh ghvluhg sro|qrpldov1

H{huflvh <1:1 Jlyhq d frqwlqxrxv ixqfwlrq i = U $ F zklfk lv 5� 0shulrglf dqg

� A 3= Vkrz wkhuh h{lvwv d wuljrqrphwulf sro|qrpldo/ s+�, @
qS

q@�Q

�qh
lq�> vxfk wkdw

mi+�,� S +�,m ? � iru doo � 5 U= Klqw= vkrz wkdw wkhuh h{lvwv d xqltxh ixqfwlrq
I 5 F+V4, vxfk wkdw i+�, @ I +hl�, iru doo � 5 U=
Uhpdun <1851 H{huflvh <1: jhqhudol}hv wr 5� � shulrglf ixqfwlrqv rq Ug> l1h1 ixqf0
wlrqv vxfk wkdw i+�.5�hl, @ i+�, iru doo l @ 4> 5> = = = > g zkhuh ihljgl@4 lv wkh vwdqgdug
edvlv iru Ug= D wuljrqrphwulf sro|qrpldo s+�, lv d ixqfwlrq ri � 5 Ug ri wkh irup

s+�, @
[
q5�

�qh
lq��

zkhuh � lv d �qlwh vxevhw ri ]g= Wkh dvvhuwlrq lv djdlq wkdw wkhvh wuljrqrphwulf
sro|qrpldov duh ghqvh lq wkh 5� � shulrglf ixqfwlrqv uhodwlyh wr wkh vxsuhpxp
qrup1

H{huflvh <1;1 Ohw � eh d �qlwh phdvxuh rq EUg > wkhq G =@ vsdqihl��{ = � 5 Ugj lv
d ghqvh vxevsdfh ri Os+�, iru doo 4 � s ? 4= Klqwv= E| Fruroodu| <1;/ Ff+Ug, lv
d ghqvh vxevsdfh ri Os+�,= Iru i 5 Ff+Ug, dqg Q 5 Q> ohw

iQ +{, =@
[
q5]g

i+{. 5�Qq,=

Vkrz iQ 5 EF+Ug, dqg/ e| H{huflvh <1:/ iQ +{@Q, fdq eh dssur{lpdwhg xqlirupo|
e| wuljrqrphwulf sro|qrpldov1 Xvh wklv idfw wr frqfoxgh wkdw iQ 5 �GO

s+�, iru doo Q
vx!flhqwo| odujh1 Diwhu wklv vkrz iQ $ i lq Os+�,=

2�Lq idfw k? G'
E2?3��--
2q?-

c exw wklv lv qrw qhhghg1
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H{huflvh <1<1 Vxssrvh wkdw � dqg � duh wzr �qlwh phdvxuhv rq Ug vxfk wkdw]
Ug

hl��{g�+{, @

]
Ug

hl��{g�+{,+<15;,

iru doo � 5 Ug= Vkrz � @ �=
Klqw= Shukdsv wkh hdvlhvw zd| wr gr wklv lv wr xvh H{huflvh <1; zlwk wkh phdvxuh

� ehlqj uhsodfhg e| �. �= Dowhuqdwlyho|/ xvh wkh phwkrg ri surri ri H{huflvh <1: wr
vkrz Ht1 +<15;, lpsolhv

U
Ug
ig�+{, @

U
Ug
ig�+{, iru doo i 5 Ff+Ug,=

H{huflvh <1431 Djdlq ohw � eh d �qlwh phdvxuh rq EUg = Ixuwkhu dvvxph wkhuh h{lvwv
dq � A 3 vxfk wkdw F =@

U
Ug
h�m{mg�+{, ?4= Vkrz wkh vsdfh S+Ug, ri sro|qrpldov

rq Ug duh ghqvh lq Os+�, iru doo 4 � s ?4= Khuh lv d srvvleoh rxwolqh1
Rxwolqh= Iru � 5 Ug dqg q 5 Q ohw iq+{, @ +� � {,q @q$
41 Xvh fdofxoxv wr yhuli| vxsw�3 w

�h��w @ +�@�,� h�� iru doo � � 3 zkhuh +3@�,3 =@
4= Xvh wklv hvwlpdwh dorqj zlwk wkh lghqwlw|

m� � {mqs � m�mqs m{msq @
�
m{msq h��m{m

�
m�mqs h�m{m

wr �qg dq hvwlpdwh rq niqns =
51 Xvh wklv hvwlpdwh wr vkrz wkhuh h{lvwv � A 3 vxfk wkdw

S4
q@3 niqns ?4 zkhq

m�m � � dqg frqfoxgh iru m�m � � wkdw hl��{ @ Os+�,�
S4

q@3 iq+{,= Iurp wklv lw
iroorzv wkdw

U
Ug
hl��{g�+{, @ 3 zkhq m�m � �=

61 Ohw � 5 Ug +m�m qrw qhfhvvdulo| vpdoo, dqg vhw j+w, =@
U
Ug
hlw��{g�+{, iru w 5 U=

Vkrz j 5 F4+U, dqg

j+q,+w, @

]
Ug

+l� � {,qhlw��{g�+{, iru doo q 5 Q=

71 Ohw W @ vxsi� � 3 = jm^3>� ` � 3j= E| Vwhs 51/ W � �= Li W ?4> xvh Vwhs 61 wr
frqfoxgh ]

Ug

+l� � {,qhlW��{g�+{, @ 3 iru doo q 5 Q=
Wkhq xvh Vwhs 51 djdlq wr frqfoxgh]

Ug

hl+W.w,��{g�+{, @ 3 iru doo w � �@ m�m
zklfk ylrodwhv wkh gh�qlwlrq ri W dqg wkhuhiruh W @4=

81 Qrz �qlvk e| dsshdolqj wr H{huflvh <1;1


