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ABSTRACT OF THE DISSERTATION

An Approximation of Wiener Measure on Manifolds with Non-positive
Sectional Curvature

by

Thomas A Laetsch
Doctor of Philosophy in Mathematics
University of California, San Diego, 2012

Professor Bruce K. Driver, Chair

An interpretation is given for the informal path integral expression,

1 f(a)e_%E(")Da,

Z Joew )
where Z is a “normalization” constant, W (M) consists of continuous paths o on M
parametrized on [0, 1], E(0) is the energy of the path o, and Do is Lebesgue type
measure. Approximating the path space by finite dimensional manifolds Hp (M)
consisting of the piecewise geodesic paths adapted to a partition P of [0, 1], it is

proved that when M has non-positive sectional curvature, then as mesh(P) — 0,

L 1280) _2+\/§/1
7€ dVolg, (0) — exp 2093 ), Scal(o(s))ds p dv(o).

P

viil



Here Zp is a normalization constant, Gp is an L*-metric on Hp(M), Volg,, is
the Riemannian volume measure induced from Gp, Scal is the scalar curvature on
M, and v is the Wiener measure on W (M). This allows one to rigorously inter-

pret the heuristic measure given above by Z~! exp{—%E (0)}Do as the measure

exp {—2;6\‘;5 fol Scal(a(s))ds} dv(o).

X



Chapter 1
Introduction

The goal of this paper is to give a rigorous interpretation of a Feynman
path integral on a Riemannian manifold (M, ¢), which is heuristically of the form,
1 F(0)e—E@ D, (1.1)
Z Jwo(m)
Here W°(M) is the collection of continuous paths ¢ : [0,1] — M with ¢(0) = o,
E(o) = fol |o’(s)|?ds is the energy of a path o, Z is a normalization constant,
and Do is a Lebesgue type measure on W°(M). Truly this expression is not
rigorous for several reasons: there is no infinite dimensional Lebesgue measure,
Z can be interpreted as 0 or oo, and "most” paths o € W°(M) are nowhere
differentiable, leaving E to be well-defined. Nonetheless, expressions as in Eq.
arise frequently in physics literature and can be understood as the prescrip-
tion for the path integral quantization of the Hamiltonian operator as well as the
path integral formula for the heat kernel of the Schrodinger operator. Theorem
1.4] gives a possible realization of the heuristic measure Z~! exp{—3E(c)}Do on
manifolds with non-positive sectional curvature as exp{—7¢ fol Scal(o(s))ds}dv(o),
where 7¢ = (24++/3)/(201/3), Scal is the scalar curvature on M, and v is the Wiener
measure on W°(M).
Much of the current interest concerning path integrals in physics began with
Feynman in [§] and has since grown deeply. The role of path integrals in quantum
mechanics is surveyed by Gross in [11] and detailed more by Feynman and Hibbs

in [9] as well as Glimm and Jaffe in [10]. Volumes of work have come out to move



these stochastic techniques onto the manifold setting of which [5] [13] 16, 6] have
been invaluable in completing this paper.

It has been asserted that the correct form of the quantization of the Hamil-
tonian %gijpipj +V is given by —h2(%v + 7 Scal) + V where h is Planck’s constant
and 7 € R is a constant which depends on the interpretation of the path integral.
For example, in [I], 7 = 0 or 7 = 2. Our work gives the value 7 = (24+/3)/(20v/3).
However, in [I7], Lim derives a form that is dissimilar and does not lend itself to

the Feynman-Kac formula for interpretation of the quantized Hamiltonian.

1.1 The heat semi-group as a path integral.

Given the Laplace-Beltrami operator A on M, the solution to the heat
equation with boundary data f : M — R,

Su(t,z) = Au(t,z) (t,z) € (0,00) x M
u(0,2) = f(x) reM
will be suggestively written as
u(t,x) = e? f(x). (1.2)

The fundamental solution to the heat equation will be denoted p;(z,y) and for x

near y we have,

1 d/2 ist(x, 2
pe(w,y) ~ ( ) e (1.3)

2mt

where dist(z,y) is the geodesic distance between x and y. With this notation we

have the following representation of the heat semi-group on M,

e+ f(0) = /M pil0,9)F () dy. (1.4)

Definition 1.1. The Wiener space (W (M), v) is the probability space consisting

of continuous paths o : [0,1] — M such that 0(0) = o. The Wiener measure v



associated with M is the unique probability measure on W (M) such that

/W ,, fe)

= / F(xy, o) [ [ pas(@ioy, 1) dVol(zy) - - - dVol (), (1.5)
" i=1

for all functions of the form f(o) = F(o(s1),...,0(8y)) with F bounded and con-
tinuous on M™, P = {0 = sp < 51 < --+ < s, = 1} is a partition of [0,1],

A;s = s; — s;_1, Vol is the Riemannian volume form on M, and xq := o.

With this description of Wiener measure, setting ¢ = 1, we can rewrite Eq.

(1.4) as the path integral,
1
10 = [ floyivlo). (1.6
W(M)
More generally we have the path integral representation for the heat semi-group,
A0 = [ flolt)u(o) (1.7
Wi (M)

where W} (M) and v, are defined analogously as above with the parameterization

interval [0, 1] replaced with [0, ¢].

1.2 “Derivation” of Eq. (1.1

As before, let (M, g,0) be a Riemannian manifold with metric ¢ and fixed
point 0o € M. For this endeavor, we will use the following. We now consider the
operator H = —%A + My acting on L*(M,dVol) where My, is multiplication by
the potential V€ C(M — R), and Vol is the Riemannian volume form on M.
Motivated by Eq. , we set out to represent e ' f by a path integral.

Theorem 1.2 (Trotter’s product formula). If A and B are matrices of the same

dimensions, then

AP = lim [e%e%r. (1.8)



The necessity of this revolves around the fact that generally eA+8 #£ e4eP
since equality depends on the commutativity properties of A and B. There have
been many works to further understand and generalize Trotter’s product formula,
a short list includes [3], 2, [7, [15] [14], 211, 19} 20}, 18]. However, this section is solely
for intuition and heuristics, we therefore make no attempt to legitimize our use of
Theorem [1.2] any further.

Once again defining H = —%A + My, using Egs. 1} and 1) and
applying Trotter’s product formula with A = %A and B = —tMy gives,

e f(0) = lim [eﬁAe%MV]nf(o)

n—00
= 1 _% Z?:l V(ml) . i
nh—>nolo {/ . € f(xn) Hpt/n(xz—ly xz) dVOI(X)}
,dn/Q n dist(zi,zi_1)2 +
t T 2ui=1\ " 2t/n "’ \Ti
= lim { (2%—) / e ( ZEEE )>f($n) dVOl(X)}
n—o0 n n

where we use the convention dVol(x) = dVol(zy) - - - dVol(x,,).
If 0 :[0,t] = M is defined by o(s;) = x; and is geodesic on all intervals
(8i—1, ;) for 1 <4 < n then,

> (sl Ly} = [ G+ vietn ) as

i=1

where § = s; when s € (s;_1, s;]. We therefore have,

—dn/2
e f(0) = lim { (27?3) / e th{%|‘7/(s)|2+v(”(§))}d5f(a(t)) dVol(a)}
Hp (M)

n—00 n
1 1 rl /
=7 Jy 1O {lw P svieen}apg, (1.9)

Here Hp (M) is used to represent the collection of paths o € Wi (M) which are
piecewise geodesic with respect to the partition P. Compared with Eq. (1.1)), we
see now that arguing by Trotter’s product formula ”derives” the heuristic expres-

sion.



1.3 The main theorem

Motivated by the ”derivation” of Eq. ([1.1) in Section [1.2] we make the

following definition.

Definition 1.3. Given the partition P = {0 = so < s1 < ... < s, = 1} of [0,1],
the space of continuous piecewise geodesic paths on M with respect to P will be

denoted Hp(M). That is,
Hp(M) ={o € W(M) : 0|(s_,.s) is a geodesic for 1 <i<n}.

The space Hp(M) is a finite dimensional subspace of W(M). We make
Hp(M) into a Riemannian manifold by defining the metric Gp, where if XY €
T, Hp(M),

Gp(X,Y) ::/0 9(X(s),Y(s))ds. (1.10)

Here we are naturally identifying the space T, Hp(M ) with the continuous piecewise
Jacobi fields along the path o. In turn this metric induces a Riemannian volume

form Volg, on M and we define the measure v, on M by,

1
dvg, = 70 e 2P dVolg,,, (1.11)
P

where F(o) = fol |o’(s)|*ds is the energy of the path and Zg, is a normalization

constant that can be calculated as,
Zap = / e 27 qVolg,, (w). (1.12)
Hp(R%)

That is, Zg, is the normalization constant that for the case M = R? makes vg,,
into a probability measure. We are now are prepared to state the main theorem

proved in this paper.

Theorem 1.4. Let (M, g,0) be a Riemannian manifold with metric g and fized
point o € M. Assume the curvature and its derivative on M are bounded and the
sectional curvature on M s non-positive. Then given a continuous and bounded
map f:W(M) — R,

lim F(o)dve (o) = / Flo)eT6 Jo Seal@(@)ds gy (o). (1.13)

PI=0 S Hp (M) W (M)



Here P = {0,1/n,2/n,...,1} is the equally spaced partition of [0,1], 7¢ = 2;5@,
Scal is the scalar curvature of M, ve., is defined in Eq. , and v is the Wiener

measure on W (M).

Notice the similarity of the limit on the left hand side of Eq. with
that leading to Eq. . If we take the point of view that Theorem is the
prescription for the path integral quantization of the Hamiltonian H, the Feynman-
Kac formula gives

- 1
H= —§A2+V—|—Tgs(}al. (1.14)

The measure v, is considered to be an approximation to the Wiener mea-
sure v on the space of piecewise geodesic paths, which is an approach that has

been capitalized on before, see for example [I], 17, 22 [4].

1.4 A theorem in the flat case

This section is dedicated to proving a much simplified theorem resembling
that of Theorem in the case that M = RY. In this setting, the curvature term
disappears and, up to a multiplicative constant, all translation invariant measures
are equal. Much of the notation introduced here will be reintroduced in our more

general setting.

Definition 1.5. The symbol p will be used to denote Wiener measure on W (R?).
{bs}se[o,t] is taken to be an R%-valued Brownian motion, and given the partition

P={0=s0<s1<---s, =1} of [0,1], set

- A;b
07 = 30 (6) [ Sl ) b
=1

iS
n Alb i—1
= 21J2<S) AAS<S_Si_1)+ZAjb (115)
i=1 v j=1

Here Joy = [0, s1], J; = (Si—1,8i] fori > 1, Njb:=bs, — bs,_,, Ais:=s; — s;_1 and
22:1 A]b = O



For the following calculations, we are going to define the (linear) parame-
terization ¢ : (R?)"™ — Hp(R?) by the very canonical ”connect the dots” mapping
¢ defined by ¢(ay, ..., a,)(s;) = a; for each i = 1,...,n. Notice that this completely
defines p(a) since it is required to be piecewise linear between the partition points.

Explicitly,

P(T1, oy Ty ZlJ [

where the notation is similar to above. Because of future calculations, we make a

(s —si1)+ a:il} (1.16)

7,

couple notes about the map ¢ here. The first is, if we let z; = (2}, ..., 2¢) € RY,

7

S — S5

010(5) 1= 0 )(9) = {19 T2 4 a0 |1 52 bews (117

Ai+18

where {ey, ...,eq} is the standard basis in RY. The second is that, comparing the

similarities between Equations and [1.16]
©(bgy, ..., bs, ) = b". (1.18)

Proposition 1.6. Define g;q(s) := Opap(x)(s). Let G be any inner product on

Hp(R?) and Volg be the volume measure associated to G. Define

Zg = / e_%EdVolg. (1.19)
Hp(R?)
Then,
Zg = \/det G (9iar9jc) H (27 A;s)Y2, (1.20)
i=1

where i,j € {1,...,n}, a,c € {1,...,d} and [G(Gia, g;c)| represents the n x n block
matriz with d x d blocks where the (a,c)™ element of the (i,7)" d x d block is

g(gi,aa gj,c) .

Proof. Considering Eq. (1.17)), notice that g, , is independent of x. We also have

dVolg = \/det (G (9ia» gj.c)ldx (1.21)



so that
Zo = / e B0 [det (G (gia, 95.)]dx
(R4)n
—Jdet O] [ e
(R)n
Moreover,

and therefore

1 1422
e —5B(p(x ) — o2 =1 A '

In particular,

Z lle;— fEL 12
i=1

/ L B(e() gy —
Rn

27TA d/ 2

||:::%\

and hence

Zg = \/det (G(Gias Gjic)] H (2mA;s) d/2
=1

Proposition 1.7. Let f : W(R?) — R be bounded and p-measurable. Then

1

— fe 2PdVolg = E[f(b7)].
2g Jup ()

dl’ldl’g cee

dzx,,

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

Proof. Continuing with the notation from Proposition (1.6, we have shown that,

Zg = \/det G (9iar9jc) H (21 As) 2.
i=1



Therefore,
1 e B4 Vol / ﬁ DA g2 AT \\zllfzifl\\?d
7 e 2 Olg = TA;S) i=1 <
Zg Jrp(we) (Bd)n i
1 lleg—ag_q )l
e 2 A;s
= —d
/(Rd .:1 (27?Ai8)d/2 a
= a)) pAiS(ai— 7az)da
Juo 1 H 1
=E [f(o(bsys sz, -, s,))]
=E[f(b")].

O

Theorem 1.8. Using the same notation as Proposition[1.7, given a bounded con-
tinuous map f: W(R?) — R,

1 !
lim — / fe 2EdVolg = / fdu. (1.29)
IPI=0 Zg J fp(ra) W (Rd)

Proof. From the result of Proposition along with the knowledge that u is the

law of the Brownian process b., we only need to show that

E[f(b7)] — ELf(b.)].

This follows from the dominated convergence theorem and the easily seen fact that

b” — b pointwise. O



Chapter 2

Background Material

2.1 The Wiener Space

In Definition we defined the Wiener space W (M) and Wiener measure
v. Intuitively, one might understand the Wiener space as the collection of paths a
particle might make in a given interval of time. That is, if at time 0 we know that
a particle is at point o, then we collect all the possible paths the particle might
travel for the first increment of time. When M = R? and o = 0 the space W (R?)
is often called the Classical Wiener Space.

It is well known that the Wiener measure on W(R?) is the law of a R9-
valued Brownian motion, and conversely, the evaluation maps bs(w) = w(s) are an
R?-valued Brownian motion under the Wiener measure. The analogous statements
can be said for the Wiener measure on W (M) and an M-valued Brownian motion,
although we do not explore this further in what follows. The interested reader is
referred to [B], 13} 6] for the definition and treatment of a manifold-valued Brownian

motion.

Notation 2.1. We will be frequently moving between the spaces W (R®) and W (M)
and therefore it is useful to fix the symbol p as the Wiener measure on W (R?) and
keep the symbol v as the Wiener measure on W(M). Also, we will let {bs}sepoq
represent the evaluation maps on W(R®), which, as mentioned above, is an R%-

valued Brownian motion under the measure fi.

10



11

2.2 Important subspaces of W (M)
The subspace H(M) C W (M) defined by
H(M) :={oc € W(M) : o is absolutely continuous, /1 |0’ (s)]|*ds < o0} (2.1)
0

is called the Cameron-Martin space on M. The quantity E(c) defined for o €
H(M) is given by

Blo) = [ 7(s)|Pas 2.2

and is called the energy of o. Hence, we can describe H(M) as the collection of
absolutely continuous paths in W (M) with finite energies.

P ={0=s<s <--<s, =1} is a partition of [0,1], then we can
define the finite dimensional submanifold of H(M) by collecting the paths which
are piecewise geodesic between the partition points. That is,

Hp(M):={oceW(M): %0’(5) =0 for s ¢ P}, (2.3)
where % is the covariant derivative defined in Eq. . Note that we have
the following containment, Hp(M) C H(M) C W(M). Intuitively, we consider
Hp(M) as the piecewise geodesic approximations to the paths in W (M). In the flat
case, Hp(R?) is the collection of continuous piecewise linear paths parameterized
on [0, 1] approximating those paths in W (R?), which leads us to create the map
bP : W(RY) — Hp(RY) by

- Ab
bP = Z 14,(s) {A-s(s — 8i-1) + bs,_, (2.4)
i=1 v

where we are using the notation

0,s 1=1
(Si—h Si] 1l<i1<n
and
A= by, — b, (2.6)

AZ'S =8, — Si—1. (27)
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Explicitly, taking s € [0, 1] with s;_; < s < s;, we have that
sz‘ (w) _ bsi—l(w)

B () = = (s = i) + b (@)
= W(S;z ::(_S:_l) (S — Si—l) + w(si_l) (28)

which is the piecewise linear approximation to w with respect to the partition P.
Similarly then, we consider b” as the piecewise linear approximation to Brownian
motion b. Something to notice here is that the restriction of b7 to Hp(R?) is just
evaluation where if w € Hp(R?) then b7 (w) = w(s) and therefore, on Hp(RY),
bP = 0.

Notation 2.2. Since we will frequently use notation such as that in Eq. (@ and
Eq. let us agree that if f:[0,1] — R? is any map, then

Aif = f(si) = f(sic1)- (2.9)

2.3 The tangent space T,Hp(M)

Take 0 € Hp(M). We can form a tangent vector X € T, Hp(M) by taking
a smoothly varying one-parameter family {o;}ic(—ce) C Hp(M) such that og = o

and setting X = o;. Hence, fixing s € [0, 1] we can realize X as a vector field

o
along o by X(s) = %‘t:ﬂ 0¢(s) € Ty(s)(M). Moreover, between partition points in
P, o, is a family of geodesic curves passing through the geodesic curve described
by o, which therefore tells us that X will be a Jacobi field between the partition
points. Thusly, between partition points, X must satisfy Jacobi’s equation,
\VE
@X(s) = R(d'(s), X (5))d’(s), (2.10)
where R is the curvature tensor on M. In this way we can (and do!) identify
T,Hp(M) with the continuous piecewise Jacobi fields along o.
A full statement and proof of this fact can be found in [, Proposition 4.4]

and is restated here for completeness.

Proposition 2.3. Let 0 € Hp(M), then X € T,Hp(M) if and only if X satisfies
Eq. on [0, 1]\ P.
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2.4 Geometric basics

The pointed d-dimensional Riemannian manifold (M, g,0) with metric g
and fixed point 0 € M will be endowed with the Levi-Civita covariant derivative V.
If o :[0,1] — M is a path with 0(0) = o, we use the symbol / /(o) : T,M — T, M
to represent parallel translation along o with respect to V. For a C* vector field

X along the path o, deﬁne - by

\Y
TX(5) = /1u(0) {1/ @)X (5)) (211)

Equivalently, if X is a curve in 7'M parameterized on [0, 1] with X (0) € T,M, we

have

TX(s) = (X)) {17 )X ()} (212)

where 7 : T'M — M is the standard projection.

The curvature tensor R is defined by
R(X, Y)Z = VvaZ - Vyvxz - V[X7y]Z (213)

for all vector fields X,Y and Z on M. The Ricci tensor is then defined as
d
Ric(X) := > R(X, e;)e; (2.14)

for the vector field X on M and orthonormal frame {e;}&, and the scalar curvature

on M is given by

Scal := Zg(Ric(ei), €;). (2.15)

i=1
Notice that for a given p € M, Ric |z, () is a linear map 7},(M) — T,(M). There-
fore, Scal(p) = tr(Ric |z, (ar))-

We fix an isometry ug : R — T,(M) and from henceforth identify T, (M)
with R?. Some of the work of this paper will be translating statements between
the spaces W (M), H(M), and Hp(M) and the spaces W (R?), H(R?), and Hp(R?).
In doing so many proofs become tractable; however, this does lead us to introduce

the reader to more notation.
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Notation 2.4. If 7 : TM — M is the projection, f : RY(=T,(M)) — T,M is an
isometry, we define

1. Qp :RTx RT x RT — R by Qf(a,b)e = f1R(fa, fb) fe.

2. Ricy : RT — R? is the linear map defined by Ricy(v) = Zle Qf(v,g;)e; where

{e;}L, is an orthonormal basis for R?.

3. Given a curves h : [0,1] = R and o : [0,1] — M, we define the vector field
X" along o by X"(s) = //s(o)h(s).

Some basic properties of these objects are listed below, the proofs of which

are straight forward and are postponed until Appendix [C]
Proposition 2.5. Using the notation above, we have the following properties
1. Forv € T,M we have that Ricy(v) = f~' Ric(fv).

2. If 0 is a curve in H(M) starting at o € M and u(s) = //s(o), then
tr(Ricy(s)) = Scal(o(s)).

3. tr(Qy(v, - )v) = —(Ricsv,v).

2.5 Cartan’s Development Map

Definition 2.6. Cartan’s Development Map is a diffeomorphism, ¢ : H(R?) —
H(M) defined by the functional equation,

o'(s) = //s(@)W'(s),  o(0) =0
where o = ¢(b).

By smooth dependence on parameters, ¢ is smooth, and uniqueness of so-

lutions implies that ¢ is injective.
Definition 2.7. The Anti-Development Map, ¢~ : H(M) — H(R?) is defined by
b= ¢ (o) where
bs) = [ 11 ) )
0
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By similar arguments as above, ¢! is smooth and injective and shows that
¢ : HR?Y) — H(M) is a diffeomorphism, as asserted. To understand intuitively
what ¢ does, consider N to be a sphere in R3. The map ¢ : H(R?) — H(N)
imprints a curve drawn on the flat 2-dimensional surface onto N by rolling N
along the curve without sliding or twisting. This is why ¢ is often referred to as
the Rolling Map.

We also make note of the following important facts,
1. ¢ is a bijection between Hp(RY) and Hp(M), ¢(Hp(R%)) = Hp(M).

2. This further implies that T, Hp(M) is an embedded submanifold of T, H (M),
since T, Hp(R?) is an embedded submanifold of T, H(R?).

A more detailed account of the developement can be found in [5, 13].

2.6 An Important Previous Result

In Eq. (1.11) we defined the measure v, on Hp(M) which resulted from
our choice of metric on Hp(M), Gp. In 1999, Andersson and Driver in [I] intro-
duced a similar measure vg, on Hp(M) with

1 1

= —e 27 dVolg,, (2.16)
Zs,

Vsp

Volg,, is the Riemannian volume form on Hp(M) defined by the metric Sp given

by,
& v v
S’/)(X, Y) = Zg (%X(Si—l"i_)a %Y(Si_l—i_)) AiS, (217)
=1

and Zg, is the normalization constant defined by

Zs

P

= (2m)/2, (2.18)

Remark 2.8. Similar as to the definition of Ze,, in Eq. (1.13), the constant Zg,

can be calculated by,
Zs, = / e~ 7" dVolg,, (2.19)
Hp(R4)

to arrive at Eq. .
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With this measure, Andersson and Driver showed the following.

Theorem 2.9 ([I, Theorem 1.8]). Suppose that the curvature and its derivative
are bounded on M. If f: W (M) — R is bounded and continuous then,

lim flo)dvs, = / f(o)dv. (2.20)

PI=0 S Hp () W (M)

From here our approach is to compare the measure v, with vg,. Once
again we will find ourselves communicating between the spaces Hp(M) and Hp(R?)

and hence it is useful to introduce some notation.

Notation 2.10. When M = R? we use s, to represent the measure Vg, .

2.7 Important relations between p, s,, and vg,.

The following fact that we state as a Theorem is proved in [I, Theorem 4.10

and Corollary 4.13] and left unproved here.

Theorem 2.11. Continuing with the notation introduced above, pgs, = Law,(b7)
and vs, = Law,(¢(b7)). In particular, ps, is the pullback of vs, by ¢, us, =
@*vs,; that is, for any Borel set A C Hp(R?Y), us,(A) = vs,(¢(A)).

The remainder of this section will be spent exploring a couple of the con-
sequences of this theorem. The first corollary is immediate. What follows helps

establish notation that we be used frequently.

Corollary 2.12. Given a partition P = {0 = sy < 51 < ... < s, = 1} 0of [0,1] and
a cylinder function f : W(R?) — R with f(w) = F(w(so),w(s1),...,w(sn)), where
F: (RY™ = R is bounded and continuous, then

dy = d = Ddvg. . 2.21
/W L /H L fs, /H o fe s, (2.21)

In particular, vs, is a probability measure on Hp(M).

Proof. This is a direct consequence of Theorem once we realize that f = f(b”).
For the second claim, set f = 1 and we see that vg, (Hp(M)) = p(W(R?)) =1. O
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Before establishing the next corollary, we need to agree upon some notation.

We first define the map u? on W(R?) by,

WP = //(6()). (2.22)

That is, for w € W(R?) and 0" := ¢(b”(w)), ul (w) : T,M — T,» M is the linear

isometry given by,

ug (w) =//s(0"). (2.23)

In turn this let us define the random variables ®p, Sp : W (RY) — R by

n

Rp = Z(Ricufil A" ADTY, (2.24)
=1

Sp=Y_ Scal(p(b”)]s,_,)Ais, (2.25)
=1

Here ¢(b”)],, ,(w) := ¢(b” (w))(s;_1). It is important to note that from Proposition

2.3}
tr(Ric,p) = Scal(¢(b”)];) : W(R?) — R. (2.26)

Corollary 2.13. Given f : R? — R continuous, then

/ £ (Rp. Sp)dpis, = / F (Rp, Sp)dp. (2.27)
Hp(R4)

W (R9)

Proof. Again, what we notice is that ®p(b”) = Rp and Sp(b”) = Sp so that by
Theorem [2.11],
J o a e Y (2 Vg NC )y B (U SCAT
W (R9) W (R) Hp(R9)
m
We are now in the position to prove a size estimates that will be used

in the proof of the main result. We apply the above Corollary by allowing
f(z,y) = e?¥) where p € R.



18

Lemma 2.14. For p € R there is a constant C depending only on d, p, and the

bound on the curvature of M such that
1< / P RP=SP) g < eC1PL, (2.28)
Hp (R%)
Proof. By Corollary [2.13],
/ PP gy = [erP )]
Hp(R4)
The result then follows as a direct application of Corollary [F.4] below. O

The above result and proof are also given in [I, Proposition 6.4].

Lemma 2.15. For p € R there is a constant C depending only on d, p, and the

bound on the curvature of M such that

/HP(Rd)

Proof. There is a bound A = A(curvature) < oo such that for w € Hp(R?),

exp {plsn(e) - | 1 Scall6()(9)d9) b~ 1 sy () < CIPI2. - (220)

SP(w)—/O Scal(o(w)(s))ds

S [ {Seallofe)(s)) — Scal () s:-1)) s

(3

<> Scal(6(w)(s)) — Seal($(w)(si_1) | ds
<AY [ ls) — s ds

n S;

— AZ/
i=1 Y Si—1
n

SA) As||Ap”

i=1

bP (w) — bZﬁl(w)H ds

Y
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where we recall that b” is the identity on Hp(R?). From here,

/HP(Rd)

SpAZn:Ais/

i=1 Hp(R%)

e {plsrt) - [ 1 Scal(6()(9)9) b~ 1 disy ()

1A exp {pAZA sl bpn} dyis,

7=1

—pA S AE | A exp {pAZAjSHAij}

=1 7j=1
= pA Z A;sE [“AinepAAiSHAib”} HE [epAAjs”Ajb”]

i=1 i
—pA S (Ais) 2R [H bluepA<Ais>3/2||bl||] [[E [epA(AjsP/anln]

i=1 i#i
< pA|79|1/2E [Hb1||epA|P|3/2”b1“] H <1 +pA(Ais)3/2E [”blHepA(Ais)Wszﬂq)

i=1

< ClpM2,

Here the first inequality comes from |e® — 1| < el — 1 < |alel?l, the penultimate
inequality comes from e* < 1+ azxe® for a,x > 0, and the final inequality follows

from the fact that

H (1 + pA(As)2E [Hb e 13)3/2||b1||}> < exp {pA‘mlﬂE [HblHepA|7>|3/2Hb1\q }

=1

]

The final result discussed in this section introduces the maps pp and pp
which are a major focus throughout the sequel. Given the measure v, in Eq.
(1.11)), we let pp : Hp(M) — R be the Lebesgue-Radon-Nicodym derivative with

respect to vg,,
dvg, = ppdvs,. (2.30)
We then define pp : W(R?) — R as

pp = pp((07)). (2.31)
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Proposition 2.16. Let f : W (M) — R be bounded and continuous. Then,
/ fdvg, = / f(9)prdus, = / F(@(6)) ppdp. (2.32)
Hp (M) Hp (RY) W (RY)
Proof. By the definition of pp,

/ Jdva, = / Jppdvs,.
Hp (M) Hp (M)

By Theorem [2.11],

/ Fopdvs, — / F(&)pr(S)dusy.
Hp (M) Hp(R%)

and we finish by another application of Theorem and by noticing that pp(¢) =
p~73 on Hp (Rd) [



Chapter 3

Setup for the Proof of Theorem
1.4

As previously mentioned, T, Hp(M) is naturally identified with continuous
piecewise Jacobi fields along o with respect to the partition P. Recall that a Jacobi
field X along o is one which satisfies,

V2
ds?

The following proposition is proved in [I, Proposition 4.4].

X(s) = R(d'(s), X (s))d'(s). (3.1)

Proposition 3.1. For ¢ € Hp(M) and h € H(RY), define u(s) := //s(o) and
w:=¢ o) € Hp(R?). Then X" € T,Hp(M) if and only if h satisfies

R'(s) = Qus) (W' (), h(s))w'(s) on [0,1]\P. (3.2)

Following the notation of Proposition , W(s) = 3¢ = % when

s € (s;_1,5;). Moreover, u(s) = //s(¢(w)) = u?(w), where u” is defined in Eq.
(2.22)). Hence, for each ¢ € {1,...,n} and s € (s;_1, s;), we can rewrite Eq. (3.2

as,

Aibp(cu) Asz(w)
This motivates the definition of the following operators,
AV L Ab7
P(s) = : . . ) 4
Al <S) Quf+s7;—1 ( Az‘S ’ ) AZ'S ’ (3 )

21
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with 1 < i < n and s € (s;_1,5;). More explicitly, for each w € W(R?) and
s € (si_1,5), AP(s)(w) is the linear operator R? — R defined by,

% (Aibp<“)7x> =0} (3.5)

P _
AT (5) (w)x = Q. i "

stsi1

In what follows we typically suppress w from the notation. It is important to notice

that from Proposition [2.5),

AP AP
tr(A7(0)) = — <Ricu7> — (3.6)

Si—1 AiS ’ Ais > '
Moreover, the assumption that the curvature and its derivative are bounded on M

is equivalent to the existence of some xk < oo such that

A;D|?
sup [A7(6)] < w3 @)

d b
— AT (s)|| < : :
sup | AT ()] < w5y 58)

3.1 Defining the basis {f; .}

From here on, unless mentioned otherwise, we will assume that P = {sq =
0 <s =1/n < -+ < s, = 1} is the equally spaced partition on [0,1] and
A= % = |P|. We will also assume that the curvature of M and its derivative are
both bounded and that M has non-positive sectional curvature.

With this in mind, for each s € [0,A] and i € {1,...,n}, consider the

differential equation,

& 2P = A7) ZP(5) 39)

with ZF (s) : R? — R? a linear map. Applying existence and uniqueness of ordinary

differential equations, we define the following solutions to Eq. (3.9):
d
SP = Z7 with initial conditions ST (0) = 0, d—SZ’ 0)=1 (3.10)
s
d
CP = ZT with initial conditions C7(0) = I, d—q?’ (0) =0 (3.11)
s

d
V;P = ZF with initial conditions V;”(0) = ST ,(A), d—v;’(()) =—-F, (312
S



23

where

FP = S5,(A) 'R, (A)SP(A). (3.13)

)

With the above definitions,
VEi(s) = CRL(s)ST (D) = SEA(s)FT . (3.14)

The fact that ST’ (A) has an inverse is not immediate. However, we are guar-
anteed the inverse exists when we restrict ourselves to manifolds of non-positive
sectional curvature (see Section . Intuitively, one might understand this fact by
realizing that in the case where M has constant negative sectional curvature, S7”
grows like sinh, which remains away from 0 for positive arguments, whereas if
M has constant positive sectional curvature, SI’ grows like sine, which frequently
returns to 0 and therefore fails to be invertible.

We now define the basis {f/, : 1 <i < n, 1 < a < d} which satisfy Eq.

(3.2) with the boundary conditions

1(0)=0 (3.15)
€a j=1i—1
T fL(sit) = —FPe, j=i (3.16)
0 otherwise.
Using Eq. , Eq. , and Eq. ,
Z)a(s) = 1;,(5)ST (5 — si_1)eq + 1Ji+1(s)V£1(5 — Si)€q (3.17)

where {e,}?_; is the standard basis for R?. This set of maps induces a basis

Fp = {Xffa

d)(bp):lgign, 1§a§d} (3.18)

of TyuryHp(M) where the meaning of X/ is established in Notation .

3.2 The matrix G77

Define Gg” as the n x n block diagonal matrix with d x d blocks given by

P
fi,a

p(b7)

P
f]’,c

X7

G = [GP(X ):1§i,j§n,1§a,c§d]. (3.19)
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That is, GQ’ is the matrix representation of the metric Gp under the basis Fp in

Eq. (3.18). We write the (i, )" block of G5 as

P P
fi,a fj,c

(GF),, = | Gr (Ko Xitir) 1 S ase < d] (3.20)

and make note that as the mesh of the partition decreases to zero, n goes off to

infinity while d remains constant.

Let i,j € {1,...,n}, a,c € {1,...,d}, and define S¥,, = V2, =0,

P
fi,a

/7 ! /7, /7,
1
- / (FR(5), 1P(5)) ds (3.22)
0

where (-,-) indicates the inner-product on T,(M) = R? defined by g. Using Eq.

@17,
/ RS ST ds = (en| [ C(SP () ST () + VL) VI 6))ds] . )
#bigen (e | [ ’ ST V(9 )
#bisny (e | [ ’ VEL(6)" ST (5)d5] o). (3.23)

which implies that,

(
(ST ()"7ST (5) + VEA () VTa())ds i = j
A . .
VP (s)SE (s)ds i1 =
[Ggp}ij _ foA 11(8)"S7(s) J (3.24)
Jo ST (s)"VE (s)ds i=j+1
\0 otherwise
Equivalently,
Dy My, O 0
MY Dy Mz 0
e (3.25)
0 M,

0 0 M!" D,
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where
o I (STG)ST () + VEs) V() ds 1 <i<n (3.26)
Jy ST(s)" ST (s)ds i=n
and
A
M,; = / VP (5)" ST (s)ds 2<i<n. (3.27)
0

3.3 Ggp in the flat case

In the case that M = R?, Eq. 1' becomes %ZP(S) = 0 yielding that
ZP(s) = Z7(0) + s (%|0 Z"(s)). Therefore ST (s) = sI, CF(s) =1, and V[, (s) =
(A — s)I. Particularly,

fi,a = {<3 - 81;1)1]1.(8) + (8i+1 - 8)1Ji+1 (5)} €aq- (3'28)
Using Eqgs. (3.25)), (3.26]), and (3.27)) we calculate
a I 0 0
AS| I 4 I O
GoP(RY) = — . (3.29)
6 0 . .. T
o o0 I 2]

Since this matrix will prove important to understand throughout the remainder,

we use the notation Lp := G (R?). That is,

4 I 0 0
Al 1T 41 T o0
Lpi=— . (3.30)
6 0 . - T
0 0 I 2I

Proposition 3.2. The normalization constant Zg,, defined in Eq. s given
by,

Za, = \/ (zmnd%. (3.31)
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Proof. In Proposition |1.6, we found that,

Zap = \/det(Gp(gi,a,g]C H (2mA;s) d/2
i=1

= /(27 A) det(Gp(gia g5c).

where g¢; , were defined in Eq. (1.17)). However, comparing Eqs. (1.17) and (3.28]),

we notice that, % fia = 9ia (where we recall that A;s = A for each ), implying

that,

det(Gp(giar 9jc)) = det(G3" (R)) = det(Lp).

AQd AQd

Therefore,

(2m) det(Lp)
Zap = TR

3.4 A simplified expression for pp

We now return to the more general manifold M. In Eq. (2.30) we de-
fined the Lebesgue-Radon-Nikodym derivative pp, which by the definition of the

Riemannian volume form,

hi,a hj,c

Zan \| det {SP(X!,“VG,XSM)}

pp(o) = (3.32)
where the collection {h;, : 1 <i<n, 1 <a < d} forms a basis of the the space
consisting of continuous maps satisfying Eq. (3.2]) with h;,(0) = 0. If we define
57];7’ analogously to Gf,]j’, where S{?’ is the matrix representation of the metric Sp
using the basis Fp, then we have,

Zs, [det (G37)

pr = pr 00 = 7o\ det (527)

(3.33)

Define the remainder of the matrix G;P by

Rp =GP — Lop. (3.34)
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From Egs. (2.18)) and ({3.33)) along with Proposition
| Anddet (GFP)
P det(Lp) det (Sﬁ’)

_ [Anddet (Lp + Rp)
det (Lp) det (S57)

(3.35)

One final step in simplifying the form of pp is aided by the following Proposition,
proved in [I7, Theorem 4.7,

Proposition 3.3. Using the notation defined above,
det (S77) = A™. (3.36)

As an immediate corollary of Proposition in combination with Eq. (3.35)) we

have,

pp = \/ detéf&;fp) (3.37)

3.5 Properties of Lp

This section is devoted to proving certain properties of Lp summarized
below in Theorem [3.4, The proof of the theorem can safely be skipped if the
reader is willing to accept the statement. We use {e, : 1 < a < d} to denote the

standard basis in R?.

Theorem 3.4. There exists an orthonormal basis of eigenvectors of Lp, {uy, :

1 <k<n,1<a<d} with,
aje,
P p| Qica
Uy, = Py, ' . (3.38)
apeq
Here, for 1 <k <n, a* = sin(mf]) with {07 : 1 < k <n} C (0,7) a monotoni-
cally increasing sequence given by,

m(k+r
oF = —(n - 1’“) (3.39)
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where
k 4k
— <, <|(——A1]. 3.40
2(n+1)_rk_<n+1 ) (340)
Fork=n, o =~ —~.™ with v, € (—2,-3/2). If 1 < k < n, the normalization
constants By are given by
2 1
P2
= — 3.41
=2 (=) (3.41)
where |ex| = O (1/n) and thusly 8] = O (1/\/n). For k =n,
2(n+1/2) _ _—2(n+1/2) -1
")/n - P)/n
B2 = —2n—1] . 3.42
( ) Yn — ’77;1 ( )

In particular, for large enough n, BT < (3/2)7". Further, if 1 <k <mn — 1, then
(80.0)? — (8P| = O (1/n2).

The eigenvalues X ,, defined so that Lpuga = A, Juka, are given by X, =
2 (24 cos(0F)) =: A[ for 1 <k < n, and Ar = 244y, + ) = A7 when
k = n, which further implies that

A3 :
— < lcell < A% (3.43)

Finally, there exists an upper triangular matriz Ap such that
Lp = ApA%. (3.44)

Here Ap is invertible and

3 1\J—? . .
a5 (2 J =
sl < 1 ) . (3.45)
0 j <t
3.5.1 The Matrix [,
Let [,, be the n x n matrix given by
41 0 00
14 1 00
l,=10 1 10 (3.46)
00 1 41
00 0 1 2
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Our first goal is to find the eigenvalues and eigenvectors of 1,. To do so, we write

l, as
-2 1 0 0 0 6 0 0 00
1 -2 1 0 0 06 0 00
lh=1 0 1 1 0 |+]00 00
0 0 1 -2 1 00 0 60
0 0 0 1 —4 00 0 0 6
=:D,, + 61,.

The usefulness of this is that now D,, looks like the discreetization of the Laplace
operator acting on functions with the boundary conditions f(0) = 0 and f(n+1) =
—2f(n). We know that the eigenvectors of the Laplace operator have the form
f(7) = az? + bz~7. Enforcing the boundary conditions we have that a = —b from
f(0) = 0 and that 2" — 2=+ = _2(z" — 27") from f(n + 1) = —2f(n).

Rewriting this last equation yields,
LD 92t 9, 1 =0. (3.47)
Before we discuss solutions to the above equation, we first will find the eigenvalues.
With f(j) =a(z? —277) for 1 < j < n,
FOGHD) =2f()+fG—1) =a(ZT — 27771 =229 42277 4 2071 — 771

=a(z -2 (z+21=2)

=(z 427" =2)f()
Therefore D,,f(j) = (2 + 27! — 2) f(j) and hence 1, f(j) = (z + 27 +4) f(j). To
summarize these statements,

Proposition 3.5. For any a,z € C with z satisfying equation the map
f:{1,2,...,n} — C given by f(j) = a(z? — 277) is an eigenvector of I, with

eigenvalue z + 271 + 4.

3.5.2 Solving Equation (3.47

Lemma 3.6. There exists v, € R with =2 < v, < —% such that if n > 2 then v,

solves equation [3.47. Moreover as n — oo, v, — —2.
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Proof. If we set g,(2) := 22D (142271) — (14-22), it is easy to see that g,(—2) =
3 and that ¢,(—3/2) < 0 when n > 2. Moreover, given any =z € (—2,—3/2),
limy, 00 gn(z) — —o0. Applying the intermediate value theorem to these facts

finishes the proof. O

m(k+1)

Proposition 3.7. There exist numbers {0 }7=1 C (0,7) with O < S

< O
such that €% solves equation . Moreover, there is a strictly increasing function
o € CY[0,7m] — [0,7]), independent of n, where p(0) = 0, p(n) = 27 and 1 <
¢ < 4 where 0y solves

1 7k

2P = T

Or —
Proof. Suppose that 6 € (0,7) and that z = ¢? solve[3.47} By factoring we have
21 4 9= — (1 4 261,
Setting ¢ = 1 + 2¢%, we then have

62(n+1)19 _

NIt

Now, since |¢/¢| = 1, we can find some R-valued map, ¢(6), such that

ele(0) —

NI

which then implies that

exp {zm L1 (9 - Q(n—lﬂ)gp(e)) } —1

which in turn implies that 6 — mw(e) = n“—ﬁ for some k € N.
With ¢ = 142¢?, we have (/¢ = a {(1 + 4(cos(8) + cos(26)) + i4(sin(#) + sin(26))}
where a is a normalization constant. Hence, if ;1 and ry are the two roots of

1 + 4(cos(z) 4 cos(2x)) on the interval (0,7) we can define ¢ as

_ 4(sin(#)+sin(20))
tan™! <1+4(cos(0)+cos(29))> 0 [O? Tl]
N - 4(sin(0)+sin(20))
QD(Q) T T+ tan ! (1+4(cos(9)+cos(29))> NS (Th TQ] (348)

-1 4(sin(60)+sin(20))
2m + tan <1+4(cos(9)+cos(29))> 0 € (ra, 7]
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in which case ¢ is strictly increasing and C' with ¢(0) = 0 and (r) = 27.

Moreover, ¢'(x) = % and therefore 1 < |¢'(x)| < 4.

With this definition of ¢, for 1 < k <n — 1, define 6, by

1 wk
0, — ———p(0,) = . 3.49
C om0 = (3.49)
We have left to show that such a 6, exists and that 6, < ”(nk—jll) < Oy for each

1 < k < n—2. Notice that for any = € (0,7), 7k < 7k + sp(z) < 7(k + 1), so

therefore if we define

1 7k

g(z) =z — WSO(I') -

then g(wk/(n 4+ 1)) < 0 and g(w(k + 1)/(n 4+ 1)) > 0 and an application of the

intermediate value theorem finishes the proof. n

Corollary 3.8. Defining {0x} as above,

T T 47
< )| < .
2 n+1 ‘ (n+1)2

m Ops1 — (O +

(3.50)

Proof. Using proposition [3.7],

T 1

Ors1 = (9k+n+1)' T 2n+1)

(P(Oky1) — (b))

Now it’s just a matter of applying the mean value theorem and the bounds on ¢,

P(Ok+1) — p(Or) < 4(Or11 — Ok)
S4(7r(/<:—|—2) Tk )

n+1 n+1
81
Cn+1

and

<P(9k+1) - @(Qk) > Opr1 — Ok
T

n+1

where the last inequality follows since ¢ is an increasing function and 6.1 — 6, =

1 T eOk1) — 0(6k). L
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Because of the bounds on 6, given in proposition 3.7, we can write

w(k 4+ rg)
O = ——= 51
* n+1 (3.51)

for some r € (0,1). Using the previous corollary we can give better bounds on ry,

which will be used in later estimates.

Lemma 3.9. Using the notation in Eq.

k 4k
" o< Al 3.52
2(n+1)_rk_<n+1 ) (3:52)

Proof. r. < 1 by Proposition [3.7 Defining 6y := 0 and using the recursive rela-
tionship from corollary

o, + s N s <9 <0+ s . 47
Tl 212 T T SR T ()2

we get

T s T 47
<6, < .
k(n+1+2(n+1)2)_ek_k(n+1+(n+l)2) (3:53)

which is a quick algebraic rearrangement away from what needed to be shown. [

3.5.3 Main Properties of [,

Proposition 3.10. There exists an orthonormal set of eigenvectors of matrix [,
from Equation[3.46. For 1 <k <n, the eigenvectors can be written as

sm(@k)

vg = By sin(:QQk) (3.54)

sin(ndy,)
and for k = n,
T+

Y2+ 2

Un = B (3.55)

Yo+ V"
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Here 0 are described in Proposition and v, € (—=2,-3/2) is described in
Lemma[3.6. For 1 < k < n, the normalization constants Sy, are given by

B;?—z( ! ) (3.56)

n 1_€k

where

1 (sin((2n + 1)0k)
=5 ( R 1) (3.57)

from which |ex| < 2. For k =n,

2(n+1/2)  _—2(n+1/2) -1
B2 = (7“ n —on— 1> . (3.58)

" Tn — 7;1
Moreover, l,vr, = Apvg where for 1 < k < n, A, = 2(2 + cos(bx)) and for k = n,
A =4+, +7, 1

Proof. From Proposition [3.5 and Proposition [3.7, for 1 < k < n we have that vy,
is an eigenvector of [, with eigenvalue \;. Also taking into consideration Lemma
3.6, v, is an eigenvector of [, with eigenvalue \,,. Since [,, is symmetric, and the
eigenvalues are distinct, it follows that the {v;} are indeed orthogonal.

To prove the properties of the normalization constants fy, let a, z € C and

set f € R™ with f(j) = a(z? — 277). Then,

S rGy=ad (#—z7)
j=1 J=1
:a22(22j—}—2 % —2)
j=1
j=n
= q? (—Qn—l— Z 2% 1)
j=—n
2(n+1/2) _ ,—2(n+1/2)
:a2(—2n—1+2 Zl >
z— 2z

Hence for a = o and z = ¢ then f(j) = sin(j#y) and,

2 N2 ML sin(2(n+1/2)0)
P =3or0r =g (1- OGP e
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which proves equations and Alternatively, if z = v, and a =1,

2(n+1/2) 7—2(n+1/2)

2= fG) = -2m -1+ " (3.60)
j=1

Tn = Tn
. . Tk
which proves equation @ For the bound on ¢, note that sin(f;) > sin (n +1) A
sin ( m(ktl) ) Also,

n+1

n+1

sin ((2n +1)0;) = ([Q(n L) — 1]7r(k + Tk))

sin (27 (k 4+ ry,) — 6k)
sin (2w (k + 71)) cos (0y) — cos (27 (k + 7)) sin (6x)

sin(27r) cos(0y) — cos(2m(k + r1.)) sin(fy).

Hence

sin((2n + 1)6y)
sm(&k)

| sin(2mry)
sin(6y,)

sin(27ry)
Sln(‘gk)

|sin(27ry)|

sin ( ) A sin (W;k—:ll)>

|sm Sk

cos(0y) — cos(2m(k + Tk))‘

n+1)’
sin (;725) Asin (£52)

<1+ S

<1+

<9.

where Sy, € [1, 8] is chosen (using Lemma so that

sk wk
i (9 s .
sm( Wn—l—l)’ sin (Skn—i—l)‘

Therefore |ep| < 2. O

sup
sE[%A}

Corollary 3.11. Forn > 5,

|67 < — (3.61)
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and
2 2 4
B — Bel < YT (3.62)
n ( - z)
100
< ey (3.63)

Proof. The first claim is immediate since from Proposition pE = %(1 — €))7t

with |ex| < 4/n. For the second claim,

1 |€k_€k 1|
|6;3+1—6i|=2—( -

n (1—6k)(1—6k+1)
1 8
< - #2
— 2n ( _ é)
4 1
B
and again, the result follows. O

We have proved all we need to present the proof of Theorem [3.4, However,
we end this section with a lemma which will not be needed for the main result of
this paper, but is interesting in that it gives an explicit formula for the determinant

of 1.
Lemma 3.12. We can calculate the determinant of l,, as

det(l,) = % {(2 +V3)" (2 \/3)"} (3.64)

= cosh(nlog(2 + V/3)). (3.65)
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Proof. Set d,, = det(l,). Then,

4 1 00 11 0 O
1 - 10 04 1 0
d, = 4 -
0 1 41 01 o1
0 0 1 2 00 1 2
4 1 00
4 1 0
1 - 10
=4 — 11 o1
0 1 41
0 1 2
0 0 1 2
= 4dn—1 - dn—2‘

Therefore, we can write
dn . 4 —1 dn—l
dnfl 1 0 dnf2
d, dy_
= A !
dn—l dn—?
Now we use elementary linear algebra and find that the eigenvalues of A are A\, :=

A A
2 ++3 and \_ =2 — /3 with eigenvectors vy := ( * ) and v_ := ( )
1 1

With d; = 2 and dy = 7, from here we use this information to diagonalize A and

dn — Anf2 d2 )
dn—l dl

The second equality follows since (2 + \/§)_1 =2—4/3. Therefore,

Servirre-vary = {ervar e v
1

2
_ {enlog(2+\/§) + e—nlog(2+\/§)}

solve for d,, with

2
= cosh(nlog(2 + V/3)).
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Proposition 3.13. As above, let d, = det(l,) with d; = 2. Define the upper

triangular n X n matriz a, by,

dn dn—2
dnfl dnfl 0 0
0 dnfl dn73 0
Uy = Vidioz Y o (3.66)
0 0 - \/ dil
0 0 0 Vidy
Then
I, = ana” (3.67)
and
2 L™ 5>y
[CONIER% ) - (3.68)
2y, . .
0 7 <1
Proof. Define dy := 1 in which case the diagonal elements can all be written as

(an)ii = \/di/di—y for 1 < i < n and the super diagonal elements are given by
(an)m'_;,_l = \/di_Q/dZ'_l for 2 S ) S n. From Lemma , dn = kl)\i_l + klAﬁ_l
where A\, =2 + V3 and A_ = 2 — /3. Note that )\11 = and Ay +A_=4.In

particular, for ¢ > 2,

di +diy = Ky (NT" 4+ XN7%) + k(X + 270
= kN2 A7) H AT + 7Y
= BN +A0) + RN TR+ Ay)
= Ad;_4.

Simple matrix multiplication leads to

di =2 =1
(anay )ii = 1

ditdi—o _ 4di1 __ 4 2<i<n
di—1 di—1 - =

and for the super/sub diagonal elements

(anay) )iis1 = (anay)iv1s = 1.
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With all other elements equal to 0 we conclude that I,, = a,a’’. To establish the
inequality in Eq. | -, for a general matrix of the form

&y Bno1 O 0
0 an1 Bna O
0 0 e B
0 0 0 o

A:

the explicit formula for the inverse is,

1 Bua Bn-1Bn-2 5 (=B
an, UnOp—1  OQnOp—1Qn—2 e
0 1 o Bn72 . H?:_f(fﬁz)
Qn—1 Onp—10n—2 H?;ll %]
—1 .
A7 =10 0 .
0 0 0 -
a9 001
0 0 0 0 L

Therefore, for 1 <i<nandi<j<n,

|(@n)isl” = (it /i) (dniafdnizy) - (dnj/dnjir)
n)ij (dniv1/dn—i)(dn_ifdn_i1) (dp_ji1/dn_;)
_ (duy)?
dn i z+1

) <1+(2+¢§)2<j">)2
1+ (2+ v/3)26-n
2(j—1)
tv,s)
(7))

2
1

2 : /
) (=%)

1

The diagonal elements of a,,* are all % with exception of the last diagonal entry,

which is % This finishes the proof of Eq. 1' O]
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We now finish this section with the (nearly immediate) proof of Theorem [3.4]

Proof of Theorem[3.4. First note that Lp = %3[”®Id where I; is the d x d identity.
For the assertions concerning the eigenvectors uf’a, the eigenvalues )\Ea, and the
normalization constants 37, use Proposition , Proposition , and Corollary
m. For those involving 67, use Proposition , Corollary and Lemma .
Finally, for the proofs involving Ap, Using Proposition Lr = Ap AL with

Ap = \/%San ® I; and hence .A;l = @/%agl ® 1. O



Chapter 4

Size Estimates and Uniform

Integrability

In Theorem [3.4] we show that there exists an upper triangular block matrix

Ap such that
Lp = ApAL.

From Eq. (3.37),

- det (,Cp + Rp)
PP =
det Ep

= \Jdet (I + A5 Rp(Ap))7).
Moreover, each of the d x d blocks of A;l is bounded,

3 (1\J—t .

_ & (3) =i
1A' osl1* <

0 7 <1

To ease notation for the remainder of this chapter, we also introduce

KT = sup A7 (s)]|

(A
0<s<A

where A? is defined in Eq. (3.4). Using Eq. ,

1A:b]*

P
K=<k AT

)

40

(4.1)

(4.3)

(4.4)
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4.1 Estimates on the remainder Rp

This section is devoted to giving estimates on the non-zero d x d blocks of
the remainder Rp, which will in turn be used to estimate the size of pp sufficient

for proving uniform integrability. From Eq. (3.34]) along with the definition of Lp
in Eq. 1) and the form of Gg” in Eq. 1} the non-zero d x d blocks of Rp

are of the form

Joo (VEL(s)" VT (s) + SP(s)"SF (s)) ds — 2821 i <n

[Replii = , (4.6)
fo (Si (s) trsip(s)) ds — %[ 1=n
SR AR VES) = (A = 9)21) + (SP(s)7SP(s) = )} ds i<
fo (st"Sf(s)—s ])ds i=n
(4.7)
and for 1 <i < n,
A 3

[Rpliiv1 = [RP]ZH ;= /0 VP (8)" ST (s)ds — %I (4.8)

- [ RS - @ —snas @)

Written suggestively in Egs. (4.7)) and (4.9), we set out to estimate || V;7, (s)"Vi%, (s)—
(A =8I, 17 (s)"SF (s) = s2I|], and [|[VF,(s)"SE4(s) = (A = s)sI|| .

Lemma 4.1. Let s € [0,A]. The following inequalities hold for ST, CF, and FF

defined in Fqs. , , and .

P sinh(y/K7Ts) pa
1S (s)]| < i < scosh(y/K7Fs) (4.10)
ICT (s)|| < cosh(y/KTs) (4.11)
|FP|| < cosh(y/KFA)cosh(y/ KL, A) (4.12)

Proof. Eqs. (4.10) and (4.11)) are direct consequences of Proposition in com-



42

bination with the inequality 2! sinh(z) < cosh(z). For Eq. (4.12)),

1E ] = 11851 (8) 7 CTL (A)ST (Al
SP(A) H

ChL(A) from Proposition

A
< cosh(y/ K[ A)cosh(y/ K A) from Eqgs. (4.10) & (4.11]).

S ‘

[
Lemma 4.2. For s € [0,4],
157 (s) = sI|| < s <cosh( KPA) - 1) | (4.13)
(A
VP (s) — %(A — S)H < %(A — s)cosh(y/ KT A) (cosh(4 KT A) - 1) :

(4.14)

and
[V (s) — (A=) < %(A — ) (cosh( KPA) cosh(4y/KF | A) — 1) .
(4.15)

Proof. Eq. (4.13)) is a direct consequence of Proposition along with the fact

that cosh is monotonically increasing on [0,00). For Eq. (4.14)) we first apply
Proposition along with the definition of Vﬁl in Eq. (3.14) to yield,
SF(4)

Vi - S

<s (1 - %) [Hsg’(A)anlAcosh( KT, A) + | EP| <cosh( K7, A) — 1)} .
Next, use Egs. and for ||SF(A)|| and || E7|],
<s(1- %) cosh(y/ KT A) cosh(y/ KT, A) (KZLAQ + cosh(y/ K1 A) — 1)
> cosh(y/ KT A) cosh(y/ KT, A) ((KZLA2 +1) cosh(y/ K] A) — 1>
1-— %) cosh(y/ KT A) cosh(y/ KT, A) (coshQ(\/EA) — 1)
)

cosh(y/ KT A) (COSh(4 K A) — 1) .
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Here, the final inequality follows from the calculus fact that for a, b > 0, cosh(a) cosh(b) <
cosh(a + b) and cosh(a)(cosh(b) — 1) < cosh(a) cosh(b) — 1.
Finally, for Eq. (4.15) we rewrite V7 (s) — (A — s)I as

Vii(s) = (A= s)I

AR NI

A A
- (vm - R -9) ra- S r@) - an).

Applying Egs. and to the appropriate terms of this sum,
V() = (A = 91|
VﬁA(S) - SZZA)

< %(A — %) [cosh( KPA) <Cosh(4 KFA) - 1) + (cosh( KPA) — 1)}

<

(A=)

+ (1= ) [|SP) - a1

(A - s) (cosh( KPA)cosh(4 KgilA)—1)

|

[]

We have finally arrived at the point to give estimates for ||V;7,(s)" V.7, (s)—
(A —=s)2I||, [|SF(s)"SP — 21|, and || V7, (s)"SE 1 (s) — (A — s)sI||. To understand
how the previous lemma will be used, we write
Vi (s) = (Vi) = (A = s)I) + (A = 8)I
so that,
V() VE(s) = (VEa(s) = (A = ))" (Va(s) = (& = 9)1)
tr
(A= 9) (Vi) = (A =)1)" + (VEL(5) = (A= 9)T)]
+ (A —s)*I

and therefore

V2L (s)5VE (5) — (A — )| < ||V () — (A = )17
+2(A = s) ||ViEL(s) = (A= s)I|.  (4.16)
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Conducting the analogous manipulation for ST (s)"SF(s) — s*1,
ST (s)SP(s) — s21|| < || ST (s) — sI||* + 25 || ST (s) — sI|| . (4.17)
For the final bound,
%ﬁl(s)trsﬁl(s)
= (VE = (A=) + (A —s))" (S (s) — sI + sI)
= (VEi(s) = (A = s)D)ST1(s) + (A = 5)(STa(s) = sI) + (A = s)s1.
Therefore,
V1 ()" ST (s) = (A = s)sI]|
< [VFi(s) = (A = )T ([ISF4(s) = sI]| +5) + (A = 9)|ST(s) = sI]|. (4.18)
Proposition 4.3. For s € [0, 4],

[V ()" Vi (s) = (A = 9)?T]|

g(%)Z(A—SV (cosh(Q KPA)cosh(8 KglA)—1>

+2§<A—s)2 <cosh( KPA) cosh(4 KgilA)—1) (4.19)

< 3(A —s)? (Cosh(Z KFPA)cosh(8 KﬁrlA)—l), (4.20)
157 ()57 (s) — 21| < 35 (cosh(2 KPA) - 1) (4.21)

and

V51 (5)"SFa(s) — (A = s)s]|
2

< 2%(A —s) (cosh( KT A)cosh(5y/ K, A) — 1)

+(A—s)s <cosh< KP,A) — 1> (4.22)

< 3s(A—s) (cosh( KT A)cosh(5y/ KT, A) — 1) : (4.23)

Proof. We start with the calculus facts that (cosh(a)—1)(cosh(c)—1) < cosh(a) cosh(c)—
1, cosh(a) cosh(c) < cosh(a + ¢), and cosh(a) < cosh(ra) for any a,c € R and

r > 1. The inequalities then follow by combining Eqs. (4.16)), (4.17)), and (4.18))
with Lemma along with the fact that s/A < 1. ]
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The following theorem is the main result used from this section for the

remainder of this chapter.

Theorem 4.4. For 1 <i<n,

H [Rp]i,i

(Cosh(Q KT A)cosh(8y/ KL, A) — 1) (4.24)

and for 1 <1i <n,

AS
H[Rp]i,i+1 :H[RP]W g7(005h< KPA) cosh(5 KﬁrlA)—l) (4.25)

Moreover, this implies that,

H [AS Rp(ASN)"] H < Z/\” (cosh(?)() KFA)cosh(1204/ K7 A) — )

(4.26)

where \; j = (%)jfi <27:Z (%)]71> = (%)jﬂ' (2 — (%)nﬂ) B are chosen so that
2 i dig = 1.

Proof. In consideration of Egs. and (| ., Eqgs. and come from
integrating the bounds given in Pr0p081t10n with respect to s for s € [0, A].

For Eq. (4.26)), recall that Ap is upper diagonal, and hence so is A;l, and
that Rp is tri-diagonal, yielding
AR Rp (AR i = D TAR s (Rl (AR") s
jk 1

= Z {4555 RP1s (AR i + [AR i [Re] 15 [(ARN)

+HAR i [Rp)j 1 (AR i1 }
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where we keep the convention that for j = n, [-]nn+1 = []nt1.n = 0. Therefore,
IAZ Rp (AR i

< Z (AR T 1PN R A5+ 20 [AB s 2 HHEAB s R }

7=t

< Zn: {3 (%)j_i [2 (cosh(2 KT A)cosh(84/ KT A) — 1)

j=i

+ % <cosh( K7 A)cosh(5y/ KT A) = 1)1}

15
j+1

(%)j (cosh(2y/ KPA) cosh(8/ KT, A) — 1)

J+1

<3 15N, (cosh(z KPA) cosh(8,/ K7, A)—l)
<3 Ay (cosh(BO KPA) cosh(120 K;’+1A)—1)

wherein the last inequality we used Proposition[A.5|where for o > 1, a(cosh(a) cosh(b)—
1) < cosh(aa) cosh(ab) — 1. O

4.2 An Important Lemma

Lemma 4.5. Let p € N and o, 5,7 € R with a < ﬁ,o < B, and —1 < . Set
B, = (Ab,--- Aub). Then

n—o0

- B ( ollBal? N
limsup E {(1 + - <e + ”y> < 0. (4.27)

Proof. We define the deterministic functions g(z) := 1 + 2 (% + ) and f(z) :=
g(z)"" = (142 (e + 7))". We also define the stochastic process Q7 := "7, [|bens, —
bins; ||?. With this notation, Eq. (4.27) becomes

limsup E[f(Q7)] < oc. (4.28)

n—o0

We now use It6’s Lemma to get an estimate on E[f(Q})]. To start, dQ? = 2||bs —
b||dbs + dds and d[Q"]s = 4||bs — bs||?ds where s = s;,_; whenever s € (s;_1,5;].
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Therefore,

E[f(QF) — F(Q0)]

{d/ F1(Qn ds+4/ F1(QM)||bs — b, ||2ds}
g/Eu«rmw+gAEw«xwm—mmw

where in the second equality we dropped the martingale term. Calculating the

derivatives of f,
(@) = fapeg(z)"
1
f"(w) = B*a’p(p — —)e**g(x)""* + BapeTg(z)" .

This in combination with the fact that g(z) > 1 by our choices of § and v implies

that there exists a constant C' < oo independent of n such that
t
E[A(QF) — [(Qp)] < C/ E[e**% (1 + [|bs — by[|*)g (@)™ ]ds. (4.29)
0

From here we want to show that there exists another constant C' < co independent

of n such that,

EU@@—ﬂ%ﬂSQ[EM@WMS

OAEU@M%

Before we do this, let us first understand why this will be enough to finish the

proof. If such a C exists, then we will have

Hﬂ@ﬂsﬂﬂqm+@AEU@M@
— <1+§(1+fy)>np+é/tﬂ<:
< P 4 O / tE[f (@3)]ds.

Applying Gronwall’s inequality to the function ¢t — E[f(Q})],

E[f(Q)] < eﬁp(1+’7)+6~’t’
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noting the the right hand side is independent of n. In particular, for any ¢ € [0, 1],

limsup E[f(QT)] < ePPUHN+Ct < o, (4.30)

n—oo

which concludes the proof as soon as the existence of C' is established.

From Eq. , to prove the existence of C' it will suffice to show that there
exists a constant A independent of n such that E[e2*9= (14 ||b, — bs|?)g(Q™)"P~1] <
AE[g(Q7)™]. Using Holder’s inequality,

np—1

B[ (14 [lb, — bal))g(Q2)™ "] < B[ (1 + [|b, — b)) Elg(Q1)™7) 5

S

< B[ (1 4 [[bs — by||)™ ] E[g(Q1)™],

S

where we once again used that g > 1 for the second inequality. Therefore it is
sufficient to find such a A with E[e22™Q% (1 4 ||b, — b§||2)”p]n% < A If {Z;}32, are

i.i.d. N4(0,1) random variables and s € (s;_1, s;], then

j—1
= > 1A + [[bs — ba]1”
i=1

j—1

d 1

=3 E||Zi||2 + (s = 9)[1Z;1
i=1

and
d
L+ [bs = bsl|* = 14 (s — 9)]1Z;]1*.
Therefore,
E[e29% (1 4 (b, — by)?)™]77 = (H o ) P (14 (s = 9)]1Z5]2)7]

(e np 8} 12 " np
(HE 20p]1Zi11%) ) Ele*?1%1(1+ (s — 9)12,]1%)™)

e} 1 27 == (0% 7 2 n, L
— E[e? Pl Z1l ] D E[e2 Pl Z; (1+ (s —§)||Zj||2) 4

1
= e 1 DR

. 1 2 A 2,1 _1 .
With o < 1, Ele PllZil*]> = (1 — 4ap)~#. For the second term, find some § with

a<d< 4ip and set m = inf{l € N: 1 > 2} the ceiling of +2-. Again using
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Holder’s inequality,

—a

Ele2rlZil? (1 4 Lz 12y < B3R 1 4 L)z, 2 wete 5
n J n J

_a 1 npm1 =<

< (1—40p) P E[(L+ — || Z5]")"™] 5

Using the binomial formula,

1 npm — npm 1 ‘
B+ Sz =Y () (5) Bz
k=0

Here the third line comes from Stirling’s approximation, v2x N tie~N < NI <

eNN+2e=N, Putting these pieces together,

B[P (1 4 |[by — by||?)"™?] 7

1
< E[GQOCPHZIHQ]%E[e2ap||ZjH2(1 + E||Zj||2)np]%p

< (1—dap) 7 | (1 4dp)~3

(
= (1 o) |1 4005 (52 N

<O —topy b0 ()7 (1 22m)

=A<

where as desired A is independent of n. n
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4.3 Bounds on pp and Uniform Integrability

Lemma 4.6. Let {)\;; : 1 < i < n,i < j < n} be defined as in Theorem .
Define {p;; : 1 <i<n,i <j<n} by

YOy +Nijo1) J>i
Py = j( a A1) ‘7 R (4.31)
3(Aii + Ain) J=1
Then,
d
det (I + Ax'"Rp(A%) ™ <H (prcosh(ﬂo K?’A)) . (4.32)
i=1 j=t

Moreover, Z;L:z pij =1 and Zgzl pij <3

Proof. By Lemma the matrix I+A5' Rp(A%) ! is symmetric positive definite,
so we can apply Fischer’s inequalty (see [12, Theorem 7.8.3]),

det(I + Ax'Rp(AZ)™) < ﬁdet([IJrAlep(A) i)

1=

(1+ 1 [AR Rp (A%) 1al) "

IZISH

i=1

From Theorem [4.4]

—.

n d
< <1+ZAM (cosh(?)O KPA) cosh(120/ KT, A) — ))

i=1 j=i

I
=

d
(Z)\”cosh(?)o KPA)cosh(120 KﬁA))

=1 Jj=t

Using that zy < (2% + ¢?),

Il

=1

" d
<Z (Aij + Aij_1) cosh?(120 KPA)>

n n d
< <Z pi.; cosh(240 KPA)>
=1

J=1

where we define \;;_; := 0 and use the inequality cosh?(x) < cosh(2x).
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We now calculate,

n
E Pij =
j=i

DN | —

(Ai,i + Aip + Z (Aij + Ai,jl))

j=i+1

(3)

From the definition of \; ; = (%)j_i (2 —(

DN | —

=1.

[Nl

)n_l) - < (%)]_l From here,

%(A@j + )\m;l) j > 1
Pij =

%()\“ + Xin) Jj=1
3 /1\J—% . .

< 5 (3) J =

=9, o
1 J=

and therefore,

J J 3

sz',j < 3 (

i=1 i=1

[]

Proposition 4.7. Let ( >0, p e N, and {p;; : 1 <i <n,i < j <n} be defined
as in Lemmal4.6. Then,

limsup E

n—o0

11 (me Cosh(CIIAij> ] < 00. (4.33)

i=1 \ j=i

Proof. For convenience define z; := (||A;b||. Using the geometric-arithmetic mean
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inequality,

H (me- cosh(a:'j)>

IN

i=1

(355 (Sem))

n n np
Di.j
= h
E - cos (@))

i=1 j=i

= (o 3D P (cosh(ay) - 1>)

i=1 j=i i=1 j=i

=1+ Z Z ]%(cosh(xj) — 1))

i=1 j=i

=1+ Z Z %(Cosh(xj) — 1))

j=1 i=1
3 & "
< |1+ — h(z:) —1
+ - jzl(cos () ))

Where we used Lemmato realize 1 Y0 Pl =30 - =1and S iy <
3. Estimating the sum on the right hand side of the inequality,

np

n

Z(cosh(:cj

j=1 j=1 k=1

where x := (21, ...,2,). Fix some a € (0, ﬁ) and use Lemma to find some
C,, < oo such that

cosh(|[x]) = 1 < Cyu(e*XI* — 1)
= O, (eMBnI” — 1)
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where B, := (Ayb,--- ,Ab) and @ = CPa € (0, fp). Therefore, using the above
inequalities and Lemma [4.5]

[T (3o mician ) |

< limsupE

m <1+%Z<cosh<¢|mjb||>—1>) ]

np
<limsupE {(1 + %(ed”B"Hz — 1)) ]
n

limsup E

n—oo

n—oo

< 00.

The following Theorem is in fact just a corollary of what we’ve shown thus far.

Theorem 4.8. Let P = {0,1/n,2/n,...,1} be an equally spaced partition of [0, 1].
Then for any p € N,
limsupE [(det(I + Az'Rp(A%)™))"] < oco. (4.34)
|P|—0
In particular, given some p € N, there exists N € N and C' < oo such that

sup{E|[(pp)"] : #(P) = n} < C, (4.35)

n>N

where {pp : #(P) = n,n € N} is collection of functions defined in Eq. (3.57).
This further implies that {pp : #(P) = n,n € N} are uniformly integrable.

Proof. From Lemma and Eq. (4.5)),

n

n dp
(det(I + Ax'Rp(A%)™1))" < H <pr cosh(240 KPA)>

=1

n

| AN

n dp
<Zp”cosh (240v/k| A, bH)) .

=1

Applying Proposition

limsup E H <sz’,j COSh(240\/E||Aij)> < 00,
=1

|P|—0 j=i
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concluding the proof of Eq. (4.34). From here, Eq. (4.35) is simply a matter

of combining the definitions of pp and limsup. Finally, the claim of uniform

integrability follows by applying Proposition below. O



Chapter 5
The L' Limit

In Section we find that the matrix Lp is positive definite. This implies

that L';;/ ? exists and is invertible, allowing us to write
Lp+Rp = L1 (14 L5 "Rpp"?) £, (5.1)

In turn, this lets us represent Eq. (3.37) as

Gp = \/ det (1 + LR LY 2) . (5.2)

5.1 The space H5

Let € > 0. We are going to restrict the space that we’re working on more

by defining the subspace H5(RY) C Hp(R?),
HE(RY) o= {Vi, || AL7 || < €} (5.3)

We can alternatively define it in the following equivalent ways

Hy(®Y) = 1, { AL < } 5.4)
= {w e Hp(RY Vi | Aw] <<} 55)
~{uemmyve, [ e <<} 56)

From here we can define H5(M) C Hp(M) by
HE(M) = 6(H5(RY) 5.7

95
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where ¢ is Cartan’s Development discussed in Section 2.5 It is worth noting here
that if 0 = ¢(w), then

' (s)][* = (w'(s), «'(s))
(//s(0)'(s), /[s(0) (s))
(0'(s),0'(s)).

g
g

So in consideration of Eq (5.6, we might have also chosen to define H% (M) by
Hy (M) = {0 € Hp(M) : \/?1/ o’ (s)]|ds < 5} . (5.8)

One motivation for defining H%(R?) is that in calculating the limit of jp as
|P| — 0, we conduct an expansion of the pp in powers of the A;b”, which makes
it advantageous to have a size estimate for |A;0”||. Moreover, Hp(M)\H%(M)
is quite small in a manner that is explored below in the following two lemmas.

Lemma is proved in [Il Proposition 5.13] and left unproved here.

Lemma 5.1. For any € > 0, there is a constant C' = C(d) < oo such that

v (NS () < G exp {125, (5.9)

Lemma 5.2. Given an equally spaced partition P with |P| = 1/n, for e > 0 and
sufficiently small |P|, there exists a C = C(d) < oo such that

6 C g?

ver (HpVHH(M) £ — e} (510
Proof. Set I' = Hp(M)\H%(M). Let B; := {||Ab]] > e} = {||Ad"| > e},
B = U;B;. We have, ¢~ (T') = Hp(RY)\ H5(R?) = BP N Hp(R?), and (b7) " (BPN
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Hp(RY)) = U {||Aib”|| > €} = B. Therefore, ¢(b”)"}(T') = B and

IJGP(F) = /FdVGP

= /PPstp
r

Z/ﬁPdM
B

< Z/ﬁpdﬂ
< Z 1/2 (ﬁ’P)Z])l/Q-

Here the second equality comes from vg, = pprg,, the third equality comes from
the fact that vg, is the law of ¢(b”) under u (see Theorem [2.11)), and the final
inequality is a simple application of Holder’s inequality. Applying Theorem

with n sufficiently large, find a constant C; < oo such that
sup{(]E[(ﬁp)Q])l/2 : #(P) = n, n sufficiently large } < Cj.

Further, from Lemma with £ = 0 and a = ¢//|P]|, there is a Cy < oo such
that

CQ’P‘ exp{ 82
4P|

Ellg] < T

Therefore,

Ve, (T Z "2 (El(5p)?) "

2

Z o577}

\;_
“pE o 8|7>|}
C 2

where we are certainly using the fact that P is equally spaced and |P| = 1/n. O

| /\

The way in which we apply Lemmas[5.1]and [5.2]is in the following immediate

corollary.
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Corollary 5.3. Let f : W(M) — R be bounded and continuous with sup, |f(z)| <
A < 0. Then,

A 2
/ fdvs, —/ fdvs,| < —e A7 (5.11)
Hp (M) 5 (M) £
and
- .
/ fdl/GP—/ fdvg, | < e SIPl (5.12)
Hp(M) 5 (M) |Ple

where A = A(A,d) < oo

We conclude this section with a few estimates which motivate several of the

bounds that we make in the sequel.

Lemma 5.4. Take ¢ > 0 and p € N with p > 2. For sufficiently small |P|, there
exists a C' = C(d, ¢, p) < oo such that,

/ IIA;b||? exp {cz II1A; b||2} du < CN;s|P|" 7 T < C|P>. (5.13)
W (RY)

=1

In particular, if I' C {1,...,n} with #(I") =

)

3 I b||pe><p{ ZHA b||2} c(zai5> PI*% < Cmipl,

el el

(5.14)

implying,

S [ iaires {cZ ||Ajb|12} WCPE. G
=1 W(R9) =1

Proof. Notice first,

L. HAbupexp{cZnAbuz}
w

=1

E [[[A|JP exp {c[| Ab||*} ] E

wfigen]]
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DO

By Lemma |A.

, lim supp_,o E [exp {c Db ||Ajb||2H = e4¢ and thus

oxp {c; HAijZH

< 2e%°E [[| A" exp {cl|Aib]]*}]

= 2ce*(Ais)P?E [[|br]|* exp {cAus|ba]|*}]
< 205 [P| "2 E [||b1 [P exp {c[ P51 ]*}]
< CAs|P|F

E [||Ab|P exp {c| Ab|*}] E

where C' is as desired. O

It’s important to note that the constant C' used in Lemma only gets

better as ¢ — 0, which is a fact that will be used in the following corollary.

Corollary 5.5. Take ¢ > 0 and suppose that Y is a random variable on Hp(R?)
such that |Y| < ¢d 0 [IADP|]3. For sufficiently small |P| and e, there exists a
C = C(d, curvature, c) < oo such that,

/ (e¥ —1)dus, < CV/|P|. (5.16)
HE (RY)
Moreover, this implies that for any p € N,
/ (¥ = 1) dus, < C\/|P] (5.17)
HE (RY)

where here C' also depends on p.
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Proof. From the inequality |e* — 1| < el®l — 1 < |alel®! for any a € R,

[ e = 1fdus,
»(M)

P

< exp < ¢ ABPIIP Y —1 du
/H%(M)( {ZH H 5

=1
n
< CZ/
=1

AL exp {csz ||Aib7’|r2} s,
»(R?) i=1

gcz/ |AD7 P exp S e > " [ ADT|1* b dps,
i—1 Y Hp(RY)

=1

<e / 18D exp {05 HAinQ} du
2 Juies 2
N

where the last inequality follows from Lemma and C' is as desired since our
bound only becomes better as ¢ — 0, as noted in the remark following Lemma
5.4l The last claim is a corollary to the first using Lemma [A.4] which tells us
(e¥ —1)P <erl¥l — 1. O
Corollary 5.6. Take ¢ > 0 and suppose that T' C {1,....n} with #(T") = m.
Suppose that Y is a random variable on Hp(R?) such that [Y]| < ¢y, [|A:D]2.

For sufficiently small |P| and e, there exists a C = C(d, curvature,c) < oo such

that,
/ (€ = Ddus, < Cm|P). (5.18)
HE (R9)
Moreover, this implies that for p € N,
/ (e¥ — 1)’dus, < Cm|P|, (5.19)
HE (RY)
where here C' also depends on p.

Proof. This proof is nearly identical as that for Corollary with

[ =1 < e Y flAb|Perer 1407
iel
<) [ Ab|er =i A,

el
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The following estimate has a similar form also proved in [I, Proposition
6.4]; however, for our purposes we would like to keep track of e, forcing us to be

slightly more careful than the aforementioned result.

Proposition 5.7. Define Rp and Sp as in Egs. and . With |P| suffi-
ciently small, for anyp € R ande > 0 there ezists constants Cy = Cy(p, d, curvature)
and Cy = Cy(p, d, curvature) such that,

C1 o2

2 Cy g2
— e 7 g/ PRSP dpg, < eOIPl 4 —Lem R (5.20)
£ H%(Rd) g

In particular, this implies that

52
/ PRSPy — 1| < Pl -1 4 221@_02W7 (5.21)
H%(Rd) g
and hence
52 62
/ (eP®P=57) — 1) dug, | < Pl — 14 %G—CQW G (5.22)
H (RY) € Ple

Proof. Following the notation in Lemma by setting B; = {||Ab]| > ¢}, by
Theorem [2.11],

6p(KP_5P)d/~LS7; :/ ep(K—S)du
Ui {Asb>e}

SZ/B ep(ﬂ(—s)du
i=1 v Bi

<) E [131.6‘1’“(2?:1 ||Ajbu2+d>}
=1

/HP(Rd)\H%(Rd)

_ iemmE [e\pmzj# ||Ajbu2] E [1Bie'p‘A”Aib”2]
i=1
where A < oo depends solely on the curvature of the manifold. From Lemma [A.T],
for sufficiently small |P|, we can take Ay = Ay(p, d, curvature) with 0 < Ay < 00
such that,

2 A 2
E 1, ePAIABIP ] « 82 —As(e/y/IP)
[ |< (=/\/TP])?
_ P no
82
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Lemma |A.2| ensures that for sufficiently small |P| the quantity E elPIA i HAJ'bHQ]

remains bounded (depending only on d, p, and curvature), which at last yields,

Y e [emmz#i ||Ajbu2] E [1Bie'p‘A”A"b”2} < na@e*m%

i=1

The first claim follows by applying Lemma [2.14] The second claim is a triviality,
and the third is as well upon realizing that us,(Hp(R?)) = 1 and by Lemma 5.1}

psp (Hp(RY)\Hp(R)) < e O

5.2 Taylor Expansions

From Egs. (3.25)), (3.26), and (3.27) it is clear that understanding the
behavior of pp, we need to understand fOA{Sf(s)“Sf(S) +VZ1(s)"Vi%,(s)}ds and
fOA ViR1(s)"SE(s)ds for each i € {1,...,n} (where, as always, we define V.7 =
SP . =0). To do this, we Taylor expand each of the ST, Cf’, and V;7, in powers of

A7, where it will be seen that an expansion to degree 3 is sufficient to understand

the behavior of pp in the limit |P| — 0.

Notation 5.8. If s — A(s) € Hom(R?) is a curve parameterized on an interval
J and r >0, then we will write A = O(r) to mean that there exists some constant
¢ > 0 such that sup,.; ||A(s)|| < er. Alternatively, we will write A(s) = O(r) when
there exists some constant ¢ > 0 such that ||A(s)|| < cr. In both cases, ¢ will be

referred to as the bounding constant.

Using the above notation, Eqs. (3.7) and (3.8) can be restated as ATA? =
O(]|Ab]*) and (£AP)A® = O(||Azb[|*) with bounding constant .
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Lemma 5.9. For sufficiently small e > 0 and s € (0, A],

3
ST (s) = sI + AT (0) + O(s [ A7), (5.23)
2
CF(s) = I+ SAT(0) + O(| A", (5:24)
P(s)] 2
S S+ oA (5.29
P A? P A? P P13 P13
FP =14+ Z-AT(0) + S AT (0) + OUIA" P + [ Ait”I), (5.26)
and
A3 — sA? 3As? —2A%5 — 53
Vi) = (Ao + (S5 ) aro + (B2 )
+ O(ALIA" | + 1861267 *}) (5.27)

on H5(RY). Moreover, the bounding constant can be taken independent of i and
further depends only on € and the curvature of the manifold, and remains bounded

as e — 0.

Proof. By Proposition and Egs. (3.7) and (3.8]),

’ § A
Pls) — s] — 2 AP < B8 AP 1P i S [l I 2
KS KS > Iij62j_3
< NADPE + = AR § —_ 5.29
< c(e, k)s[| ADP | (5.30)
and
2 1 k= || AD)|%
Pls)— I - AP(0)|| < = ADP|P + & §— 31
<Eadt o S (S0 )
— 6 3 2 T j:2 (2])' .

< c(e, v)||AD7 3. (5.33)
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which concludes the proof of Egs. (5.23) and (5.24]). Notice that we can take

c¢(e, k) to remain bounded as € — 0, which implies that for £ small enough,

S5 1) < Q1A + clemplaarp
<e®+cle,r)ed < 1.
Therefore,
{@} L [1 + 86—2AZ’(O) + (Si(s) iy - %QAZ’(O) r
] %QAZ’(O) - {@ - %AZ’(O)} + g(—w’ (SZDS(S) - [)j
with

oo

23 (SIAPI + e mIA7 )
< i{( +ee(e H))j HAZ-bPHZj}
ADT P Z{( + ec(e, ﬁ))js2j3}

< &g, 1) || ADLT .
Combining this with Eq. (5.23)) proves Eq. (5.25)). For Eq. (5.26]),

Sy (0

=2

= (1= 2,0 + 001207 ) (14 547,00+ 0271))

. (z L2+ 0<||Aib7’||3>)

A? P A? P13 P13
= 14 AT+ BT 0+ OUATIP + 1A,
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Finally,
Vii(s) = CTL(s)ST(A) = ST () F

5 N
~ (14 SR+ ol ) (A1 + A7) + O IAF ) )
3
— <51 + %AZ’H(O) + O(sHA,-Hb”H?’)
A2 P AQ P P13 P13
« <]_|_?Ai (0) + 5-A%1(0) + OUIARP [P + | 8:1107]| ))

A3 _ sA2 As?2 — 29A25 _ &3
:(A—s)]—l—(TS) AZ’(O)+<3 - . )AZ’H(O)

6
+ O(A{IAD" [P + 1 Aiab”[1%}).

Since the bounding constants for each of Eqs. (5.23), (5.24)), and (5.25)) is as

claimed, it follows from the above calculations that the same is true for Egs.

E6) and (2. m
Proposition 5.10. For sufficiently small € > 0,
A A3 AS
/ SP()"ST (s)ds = =1 + T AT (0) + O(AY| AP, (5.34)
0
A 3 5 5
r AA 2
| VR VR s = ST AT - 2 AT 0
0

+ O(AMJADT]? + | Ai1b” |} (5.35)

A 3 5 5
) AP 13A A
| VRS As)ds = T+ S AT (0) = AT )

+ O(AM[JAD" [P + | Aiab” %)) (5.36)

on H5(RY). Moreover, the bounding constant can be taken independent of i and
further depends only on € and the curvature of the manifold, and remains bounded

as e — 0.

Proof. This follows from multiplying together the appropriate operators using
the estimates from Lemma and integrating over [0, A] keeping in mind that
(AP = AP, O

In light of Proposition we decompose Rp (on H5(R?)) in the following way,

Rp =Up + Ep (5.37)
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where Up is defined by

16(4A7(0) = ALL(0) i=

AS
Uplis = 355 { 13AT(0) = 7TATL(0)  i=j+1i+1= (5.38)
0 otherwise
with A” | =0, and the blocks of &p have size estimates,
OA{NADP P + 1 Aind”IP}) i=jii=j+1i+1=]
[579]1‘73‘ = (5.39)

0 otherwise

where the bounding constant can be taken independent of i and further depends

only on ¢ and the curvature of the manifold, and remains bounded as ¢ — 0.

5.3 Proof of Theorem 1.4

Here we restate the main result of this paper and dedicate the remainder

of this section to the proof.

Theorem 5.11. Let (M, g,0) be a Riemannian manifold with metric g and fized
pointed o € M. Assume the curvature and its derivative on M are bounded and the
sectional curvature on M is non-positive. Then given a continuous and bounded

map f:W(M) — R,

lim F(o)dve (o) = / Flo)eT6 Jo Seal@(@)ds gy (o). (5.40)
PI=0 S Hp (a1) W (M)

Here P ={0,1/n,2/n,...,1} is the equally spaced partition of [0,1], 7¢ is defined
i Eq. , Scal is the scalar curvature of M, v, is defined in Eq. , and

v is the Wiener measure on W (M).

Our first step is to give another representation of pp. Eq (5.2]) implies that

pp = \/ det (1 + E;l/QRp£;1/2> (5.41)

_ \/det (I + L5 WUp + 5P)£;1/2). (5.42)
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On the event 4N H5(R?) where 4 is defined in Proposition [5.14] for small enough
e and |P|, ||£7_;1/2(Up + 579)57_91/2” < 1 and we can apply Lemma yielding
1 _ _ - — - _
pp = exp {tr(ﬁpl/ Up L) +tr(L5 PEpL5?) + Wy (L3 PR LY 2)}
(5.43)

with

B B £_1/2R £—1/2 2
‘\I’z(ﬁpl/zprﬁpl/Q) < | P Phlp 5

< — —Z_ (5.44
1— 125" *Rp L] )

Proposition |5.16| below shows that exp %{tr(ﬁ;/ 2up£;1/ %)} is what contributes in

the limit as |P| — 0, while the other factors vanish. This will then turns our focus

to understanding the behavior of tr(ﬁgl/ 2Up£;1/ %).

Lemma 5.12. Let U be an n X n symmelric tri-diagonal block matrixz with d X d
blocks. Then,
(L, PU L, %) = Xn: (G958 (a2 tr([U]mm) + 205+ tr([U] )]
P P - )\']7; k m,m k Yk m,m-+1 )
m,k=1

(5.45)

where BF AP, and o are as in Theorem . Moreover, this implies that there

ezists constants C' = C(d) < oo and A < oo such that

n

(L UL )] < o S (U] + 10U (5.46)
< 3 (Nl + NV} (5.47)

where we define [U],pni1 := 0.

Proof. The orthonormal basis of eigenvectors uy, , of Lp from Theorem are also

eigenvectors for £5' with respective eigenvalues 1/, Since tr(AB) = tr(BA),

tr (L, PUL") = o (UL

n d
ZZ /~" Uk, * Uk,q

n d

1
Z L) uk,a'uk,a-

k=1 a=1
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Eq. (5.45) now follows by applying Lemma [B.11]
For the size estimate, use Corollary below to see that |tr([U]; ;)] <

d||[U)i;]|. The estimates for 5, A}, and o} in Theorem |3.4] implies the existence
of A = A(d, curvature) < oo such that

> LB [0 P (V) + 20707 (U )]
()] 4 180

= (e ([Umm) | + [t ([Ulmmt1)]) -

Combining these facts gives the necessary size estimate. O]

Corollary 5.13. LetUp and Ep be as in Fqgs. and respectively. Then

there exists some C' = C(d, curvature) < oo such that,

[tr(L5 Up L5 %) < C Y A (5.48)
=1
and
| tr(L5 2Ep L5 %) < C Y (1A, (5.49)

i=1
Proof. Both Up and Ep are symmetric, so we can therefore apply Lemma to
find some A = A(d) < oo with

n

[ er( L Up L7 < AA S (tr(@plia)| + [tr(Upliien)])

=1

and

n

_ _ A
[or(L5 *Ep L% < 25 D (I€pLiall + lIEpLiisall) -
i=1

Eq. (5.39) along with the above estimate is enough to imply Eq. (5.49). To
finish the proof of Eq. 1 , it is sufficient to show that there is some C =

C(d, curvature) < oo such that | tr([Up]mm)| and |tr([Up]mms1)| are bounded by
C(||AD||? + || Aps1b]|?). However, the bound on curvature along with Eqs. (3.7)

and ((5.38)) imply just such a C. O
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Proposition 5.14. Define the event 4p C W (R?) by

- 1
ap = {§ :||Aib7’||4 < Z}'
=1

For sufficiently small € and |P|, there is a constant C' = C(d, curvature) < oo such

that

tr(Lp 2 Ep L)

+ | Wa(L PR £517)

d
<Oy JApP (5.50)
i=1

on H5(RY) N ap.
Proof. Focusing on the second term, from Corollary and Theorem [3.4]

—1/2 —1/2 —
1L Rp L5212 < 15 Rp |12
< 16A75|Rp| 2.

From Theorem [£.4]
1Rl 1Rt | Rl < 227 (cosh<2 KFA) cosh(6/KF,A) 1)
< 2A3 (cosh(2k||Abl|) cosh(6k|| Az 1b]]) — 1)

where the second inequality follows from Eq. (4.5). Further, with ||A;b]] < e for

each i,

(cosh(24]| Ab])) cosh(6x]| A1b]) — 1)
— (cosh(24]| Ab])) — 1) (cosh(6x]| Ai18]) — 1) + (cosh(2x]Ab]) - 1)
+ (cosh(6r][ Av1])) — 1)
< Cle, 1) (1A + 1A 1b]2).
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For sufficiently small ¢ we can take C? < (384d)~'. From Lemma ,

IRplI3 < d> " (IRplill* + Re)iis1ll” + [[Relisrall?)
=1

<12d A% (JADIP + [|Aiid]?)”

i=1

<24dCPA°) A

i=1
1 n
< —AS Ab||2.
SO
Therefore ||£;1/2Rp£7;1/2||§ < S IAD|[*. This further implies,

—1/2 —1/2 —1/2 -1/2
125 PR L < 1125 "R L35

> llap)
i=1

IN

<

| —

on 4p. Hence, 1 — HE;I/QRPE;UQH > 1 and we have

—1/2 —1/22
oL R L5 < - Hﬁﬁ’ Eﬁ;f’ﬁl”/é“
— ll&p Phlp

<2y |lAad]"
=1

Eq. (5.49) in Corollary above gives the existence of some A < oo

depending only on curvature and d such that,

tr(L5'2Ep L3 < A A
=1

Therefore on 4p,

tr(Lp 2 Ep L)

+ |WaLp R £517%)

SAY ADTIP 2> A
=1 =1

< (A+20)) A7)

i=1

<oy A
=1
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which concludes the proof. O]

Lemma 5.15. For 8], o and A as in Theorem (3.4

n P2
(5 ups ) = 32 Pl () te(Upl ) + 207 07 (Ul i)

~h L
m,k=1 A
(5.51)
_ N (B£)2A3<Ric Anb, Ab 5.52
- )\,P u(sm—1) =mU, 2m >§k,m ( . )
mk=1 "k
where for 1 <m < n (with of™ :=0),
2 m\2 m—1\2 1 m m+1 m—1
Ekm = 45 [4<04k) — (") } + @O‘k [130% — Tay, ] (5.53)
and form =1,
8 13 .. .
gk,m = 4_5<Oék )2 + mak ap +1- (554)

This further implies that there is some constant C' = C(d, curvature) < oo such

that,

tr (L5 Up 5

<CY 1A (5.55)
m=1

Proof. Eq. (5.51]) follows by applying Lemma|5.12} Eq. (5.55) is just a restatement
of Eq. (5.48) in Corollary above. By the definition of Up in Eq [5.38]

tr (U n) = 22 (AT (0) — AT (0)) and,
tr (Ul ner) = S22 1(184%(0) - 747, (0)).

This implies,
(O‘Zl)Q tr([up]m,m) + Qa?a}?ﬂ tr([up]m,m—&-l)
_ A [tr(Ag(o» ( s

4—5(% )2 + 5o o H)
— (A7, (0)) (

2

Sl + qarar )|
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Hence,

n

> (@ tr(Uplmm) + 205 ) tr([Uplim 1) = Zmr (AP (0))&km-

m=1

This leads to Eq. - by Eqgs. and ( . O

We now have the necessary bounds to show that in the limit as |P| — 0,

we need only concern ourselves with the tr(E;I/ 2Z/l7>£7_)1/ %) term.

Proposition 5.16. Let 4p be as in Lemmal5.15. Let Xp = %tr <£7_31/2Z/{'p£7_)1/2>.
Then for sufficiently small |P| and e, there exists a C' < oo depending only on d

and the bound on the curvature of M such that,

/ (R |pp — 57| dps, < C|PVA (5.56)
H5 (R

Proof. Let Yp := 3 (tr(£;1/25p£7;1/2) + \112(5;1/2727357;1/2)), so that from Eq.
643,

m = 7] = (e — )]
Given any a > 0, using Eq. (5.55)) in Lemma [5.15]
/ e*Pdus, <E [e“CZ?ﬂ HAinQdu} — e¢ < oo, (5.57)
Hp(R4)

where the right hand side follows from Lemma[A.2] By Hélder’s inequality,

1/2 1/2
/ |pp — 7| dus,, < ( / eQX”dusp> < / (e — 1)2dusp) :
HE (RT)NAp HE (RY)NAp HE (RY)Nap

From Eq. (5.55)) in Lemma and Eq. (5.50)) in Proposition there is some
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A = A(d, curvature) < oo such that,

1/2
(/ 62Xpd#sp) (/ (e — 1)2dﬂs7:)
HE (RY)Nap HE (RY)Nap
1/2 1/2
< </ eAzzl:l ||Aibp2dusp> (/ (eAZ;L:1 1ABP3 1)2dMSP>
H% (RY)Nap HE (RY)Nap
1/2 1/2
< (/ AT ||Aib7’|2dusp> (/ (AT AP _ 1)2@&))
Hp(R%) HE, (RY)

1/2
=K |:€Azz':1 ||Asz2du:| (/ (eAZizl (/AN 1>2d,u5p> .
H%(]Rd)

S C|P|1/4

1/2

Here the last inequality follows from Corollary 5.5l On the compliment of 4p,
[ 1= dns, < [ (ol +[¥7)) dus,
ap Ap

S <E |:|ﬁ’P|2:| 1/2 + ]E |:62X’P:| 1/2> ]E |:1{Z:L:1 ||A7;b||4>1/4}

Arguing as above and using Theorem ensures that E[|gp|2]"* + E [e2X7]
stays bounded for sufficiently small |P|. Noticing that

:| 1/2

1/2

n

=1
d n\ 1/4
=Ur ZZ > (—) ,
w iz (5)")

where {Z;} are i.i.d. with Z; £ b,. Lemma |A.1| gives for sufficiently small P,

n é s
E [1{2?:1 ||Az-b||4>1/4}] < Z %e s

Combining these facts imply the claim. O]
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An important fact that will be used is that from the definition of )" in

Theorem [3.4] we have for 1 <m <n—1
(af)* = sin®(mf})
1
=3 (1 — cos(2mb}))

and if also m + 1 < n,

1, . ) ' .
aZLO‘Z%H — _Z<ezmﬁf . e—zmekp)(ez(m-}l)e;’ . e_zmgkp)
= le <619k7’ e — (ei(2m+1)9kp + €f¢(2m+1)9§))
1
=3 (COS(QP) — cos((2m + 1)9P))

Therefore, for 1 < m <n — 1 and &, defined in Lemma [5.15|
2
4
2
= [2{1 — cos(2mf)} — —{1 —cos(2(m — 1)00)}

1
gk,m - [4(a2n)2 - (ak )2:| 180ak’ [130521+1 70621*1}

ot

4 ﬁ [%{cos(@kp) — cos((2m + 1)07)} — ;{cos(ﬁkp) — cos((2m — 1)07)}
_ 1 1 P
=T + 50 cos(6;, ) + remy (5.58)

where the remainder term is given by,

1 4
remyg ,, = _18 cos((2m + 1)07) — — cos(2m#y) + . cos((2m — 1)607)

360 45 360
1
+ = cos(2(m — 1)67) (5.59)
1 1
_ Py) L Py _ Ay P
= cos(2méb;, ) {45 (cos(26;,) — 4) 50 cos(6;, )}
1 1
: Py) L Py _ L P
+ sin(2mé;,) {45 sin(26;,) 50 sin(6;, )} (5.60)

It’s useful to write &, in this fashion since what follows shows that as |P| — 0,
the terms involving remy ,,, vanish. Intuitively, one might hope for this to be the

2imb}] it begins

case since as n — oo and we sum over something of the form f(67)e
to look like an application of the Riemann-Lebesgue Lemma. We formalize this

presently.
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Proposition 5.17. Take 6 > 0 and define Js = 0s(n) = {k € N : Tf—ﬁ <

507’””—4]_“1 > 7 —0} and Q5 = Qs(n) :={k e N: ¢ < n”—fl < m—208}. Let f:
0,7] = R be Lipshitz and bounded where we set A < oo with sup, |f(z)] < A
and |f(x) — f(y)| < Alx — y| for each x,y € [0,7]. Then there exists a constant
C = C(A) < oo such that if j € Qs,

n

P2 £( P 12507 C
;(Bk) f(OR)e™ | < nsin(0)’ (5.61)
And for any j =1,2,...,n,
> BE2FOF)e | < C. (5.62)
k=1

Proof. For notational convenience, define ( := 6 — n”—fl Using the notation and
results from Theorem [3.4] we start with the following estimates.

).

n2

|(B1)* = (B0 = O(

s 1
001 — 67| = n—H|1+7’k+1—Tk| :O(ﬁ),

and

o 1

|Cktr1 — Ckl 1 Tht1 — Tk = O(ﬁ)

Therefore, there exists a ¢ = ¢(A) < oo such that

‘<5I?+1)2f<9kp+1)6i2j<k+1_ (5;?)2f(9,7:)e"2j<k|
< A(BEa)” = (BD)? + O(ﬁ) [1F(OF, 1) — FOF)] + A |eSn — 206 ]

< —.
_n2

Now, define the partial sum S, :== > ", 25T and Sp := 0. Using the

fact that .S, is a geometric series,

.o m(m+1)
1 — e
1 —¢e“n+t
) m(m+1/2) -
1 612] nt1 — ¥ nL

T2 sin(h)
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so that

+ 1

Sm| < =
[Sm| < sin(d)
Applying summation by parts,

n

N (B0 1(OF)e> % = (BP)2 (07 )™ + Z BP Y21 (6 ) o2

k=1

(673) 22]07’ +i Bk 07) szCk(Sk—Sk 1)

= (872 F(67)e ™7 (1 4 ¢ 5) — (8T )2 (07 )7
-1

+ > ((BE) (O )™ — (B7)2F(OF)e™) S,

k=1

and now using the above estimates and noting from Theorem 3.4} (57)? < O(1/n),

3

n—1

~ 2 i2j0), A 1 °
> stsne| <o+ (1+ 5 ) Z .
A 1 c
= O(E) N <1 * sin5) n
C

The second claim is nearly immediate since from Theorem , (BT)? = O(1/n)

and hence

n N n 1
2 270 < A -

> En)e ) < 32 A00)

<C.

O

Corollary 5.18. Let 6 > 0. Using the notation from Proposition[5.17, there exists

a C' = C(curvature) < oo such that,

)\73 < 1Cu(sp—1) mb, Amb> remg

m,k=1

Abl? Anb|? .
< ZH Wbl +C S A (5.6

meds
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Proof. Using Proposition and Eq. (5.60)),

n n

)\—p < 1Cu(sm—1) mba mb> remy m

m=1 k=1 k

< ” Ri ALb, ALD Y (BE)QA?’
>~ < 1ICu(sm_1) Bmb, Am >Z )\p Tremg m
m=1 k=1 7k
C
< — [ARD>+C Y 1A
nsin(d) mez% ’mezag
C n
< — AP+ C A,,bl?%.
@) 2 181+ € 3 1]

O

From here we are able to show that what actually contributes in the limit
allows us to ignore the remy ,, term. Moreover, we will see that those boundary
cases of &, for m = 1,n — 1, n are also negligible and allow us to further simplify

our expression when passing to the limit.

Proposition 5.19. Following the notation in Proposition for sufficiently
small |P|,

/ |e*P — e'?| dpg, < Cn~ V4 = op|M/*4 (5.64)
HE, (RY)

where C' = C(d, curvature) < oo,

n—2 n P\2

1 .
R + 60 COS(QkP)> <R1CU(8m—1) Amb, Ab)

and as before Xp := %tr(ﬁ;l/Qup,C;l/Q).
Proof. We first write,
|6X7> _ e_yP| — eyp|€X7>—y7> _ 1|

< e¥? (eaXP|eZ7’ -1+ |68X7’ — 1|)

= eV |e?P — 1| + ey7’|68X7’ — 1]
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where,
0Xp:= Y iw’?)ﬁm Anb”, AT
P = \P 1Cu(spm—1) gkm
me{l,n—1,n} k=1 k
?]79 =yp + 6X797
and

Zp = (Xp — 8X7>) — Yp

n—2 n ( 7;)
= — ;,P A3<R1Cu (Sm1) ALb" AT remy, ,, .
m=2k=1 K

Note that there is some A = A(curvature) so that we have the following size

estimates,

3
S|=

0Xp| < (A7 + [An—1b” [ + 12007 17)

k=1

< A (A7 + [ An-ab” (17 + | AR07]%)

|y79|7 |g73'| S A Z ||Ambp||2>

m=1

and from Corollary with § = 1//n,

Zp| < T Z IARDP 1+ A 1ARD7 7.
meds

Using Holder’s inequality with the above estimates and once again making use of

the fact that (e® —1)? < 2|ale?l,

1/2
|1 = emldus, < [ / €diusp] [ | v,
H%(Rd) H%(Rd) H,?,(Rd)
1/2
/ €2ydﬂsp] [/ (e = 1)%dps,
HE (RY) Hs, (RY)

where we have simplified notation by dropping the subscript P from y,y, X, and
Z. From Corollary , for sufficiently small ¢ and |P| here there is some A =

q1/2

11/2
+
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A(d, curvature) such that,

/ 6231 dlLLS'p < Aa
HE (R9)

/ e2§d,ug7, < A,
HE (RY)

and
/ (elPXI —1)%dus, < AP
HE (RY)
For the term involving 7,

/ (e —1)%dus, < 2E [|Z]e*?]]
HE (RY)

n n 1/2
A
CONTNIENS ISR IRES ST
m=1 m=1

meds

<E

Using Lemma [5.4]

A < : 2
El—= | A b||2e2A Em=r 1AmbI* | <

A N
— A 1/2
= ﬁ "P| )

and

K é Z ”AmbH2626~'2%21 |Amb|2

meds

< Ad = = A|P|Y/?

A
Jn

Here we used E as integration on W (R?) against Wiener measure. Hence 2E UZ 2% q <
2A|P|~1/2 = 2A|P|'/2. Therefore,

/ X7 — e¥?|dpus, < Cn~ Y4 = C\P|1/4.
HE (RY)
which is what we wanted to show. O

In Proposition [5.19 we defined the process yp. Rearranging the expression

and using the definition of A} from Theorem [3.4]

1 u prod+ cos(0]) =2 » »

TV {kzlw’“) 2+ cos(67) ;:;Rmu(sml)ﬁmb AP Y (5.65)
n—2

= —Tp <RiCu(sm,1) Ambp, AmbP> (566)

m=2
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Proposition below shows that

1 "4+ cos(mx) 2++3
- —  dr = = Tq.
20 Jy 2+ cos(mx) 20v/3

Proposition 5.20. Suppose that 0 <r < s <1 and f € C'([0,7] — R). Then,

SN (5.67)

n—oo
{kir<k/n<s}

lim ) (5,1’)2f(e;’)—2/3f(m)dt. (5.68)

Proof. Notice that %f (“—f) is the Riemann sum approximation to 2 [ f(wt)dt.
Hence it suffices to show that | Y {(8F)*f(6F) — 2f (=)} | — 0, which will be
done by showing that the summand (87)%f(6F) — 2 f (2£) is O(1/n?). To this end

we write,
rop =1 (Z)|+ |7 (2| |- 2|

1
r=o(1).

» Tk mrpn — 7k
0, — — —_—
n(n+ 1)

sprsar) -2 ()| < e

From Theorem [3.4]

ofY)
22 ;2 >OO(Z>1)
F n| n\l—-e&/) ~\n2/)

Here f € C'([0,7] — R), |f(6F) — f(xk/n)| = O(|6F — wk/n|) = O(1/n) and
|F(mhk/m)| = O(1). Therefore, (F)?f(6F) — 2 (%£) = O(1/n?). =

Proposition 5.21. Defining Rp as in Eq. , yp and Tp as in Egs.
and , and 17 as in Fq. , there is a constant C = C(d, curvature) < oo

such that,
/ €7 — e |dps, < C(V/|mp — 76| + VIP)). (5.69)
HE (RY)
Proof. Start with

TaRp +yp = (¢ — ™p)Rp + TPORp
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where

ORp = (Ricy(so) Ar1b7, A7) + (Ricy(s, 5) An 107, Ay 1)
+(Ricy(s, 1) Anb”, ADT).

Hence,

eyP e—TGKP| _ el/P’e_(TGRP"FyP) _ 1’
_ eyP’e—(TG—TP)RPG—TP(?RP _ 1|

< eyP—TP3RP|e—(TG—TP)RP _ 1| + eyple—ﬁnai’(? _ 1|‘
As usual, we find some constant A = A(d, curvature) < oo such that,

lypl, lyp — TPRp| < AZ 1A%,

i=1

and
0Rp| < A([AP]P + [[An_1b7 |1 + | A7 ).

Using Holder’s inequality, Lemma [5.4] Corollary 5.6 and the fact that Proposition
implies that 7p remains bounded as |P| — 0,

/ "7 — e |dps,
HE (RY)
1/2
< / erp—QrpaxdeSP 2|7.G _ T7>| |‘-7(1>| |62\TG—TPIIKP\dMSP
H5 (RY) HE, (RY)
1/2 1/2
/ 2Py, / (27 10%] _ 1)y
HE (R9) HE (R9)

< ¢ (VI —ral+ VIPI).

Proposition also implies that |7p — 7| — 0 as P — 0, which is why we

1/2

_|_

can choose C independent of 7p for sufficiently small P (as noted in the remark

following Lemma . O

We are now ready to piece together the proof of the main theorem.
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Proof of Theorem[1.4. Let A be the bound on f. In what follows we will liber-
ally use the triangle inequality and Hélder’s inequality without explicit mention.

Defining ®p and Sp as in Eqgs. (2.24) and (2.25)) resp.,

/ f(a)dVGp (0_) . / f(o_)e—TG fol Scal(a(s))dsdy(o_)
Hp (M)

W (M)

<

/HP(M)f(U)dVGP(O') —/ F(0)dve, (o)

Hy (M)

T /H o T (0) - / F(@)e e dpg ()

HE (RY)

—TaRp (W) _ —TaS5p (W)
U SO sy ) [ e s )

HE (R4)

+ / f(CL))e_TGSP(w)d/J/SP (CL)) _ / f(o_)e_TG fol Scal(U(S))deVSp (O_)
3, (RY) Hp (M)

+ / f(O')@iTG fol Scal(a(s))dsdl/s73 (0_) - / f(o_>€77'g fol Scal(a(s))dsdy(o,)
Hp (M) W)

We have completed most the work to show that each of these differences approaches
0 as |P| — 0. Indeed, fix € > 0. Corollary [5.3| gives,

C

e 4Pl
22

<

/HP(M)f<C7)dI/GP(U) —/ F(o)dve, (o)

H (M)

The definition of pp along with Propositions [5.16} [5.19], and [5.21] implies,

o)dva, (o) — w)e TekP (W) w
/H%(M)f( v, (0) / F(@)e e dpg ()

HS (RY)

/ F() (p — ) dus, ()
HE (RY)

<A pplw) — e dpg, ()
H5 (RY)

= A/ ‘(,57)(&)) _ eXP) 4 (eXP _ eyp) + (eyp _ e’TG%’(“’))‘ dﬁbsp (w>
HE (RY)
< (Vi — el +1PI"1),

where the notation is consistent with that in the aforementioned propositions.
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Using Proposition [5.7]

/ F@)e ™ @ dpg (@) — / (@)™ @ dug, (w)
H%(]Rd) H%(Rd)

- _1/2 -

1/2
<A / e >Pdus, / (e hpmsr) — 1)2 dpisy
HE (RY) HE (R9)

— 11/2 1 1/2
=A / 6_25PdHSp / {(6—2(?(7:—579) _ 1) ) (e—(?ip—&p) _ 1)} dMSp]
H5 (R H% (R)

<C,leClPl -1+ ge_é% + ¢ 6_8772"-
o |P|e

Let Zp := 1¢ <5p(w) — fol Scal(¢(w)($))ds). From Theorem [2.11|and Lemma [2.15]

\/HE ” f(w)e—TGSp(w)dluSp (CU) _ / f(O')G_TG fol Scal(a(s))dsdysp (0_)
P

Hp (M)

- A/ G o |Scal(¢(w)(s))lds ‘@—ZP — 1‘ diis, (w)
Hp(R4)

< AE [e?wc\blw]l/? {/
H

7 (R?)

, 1/2
2 1 s @)
L2 1/2
= AE [¢3el™]] { / {(e7??7 —1) = 2(e" 7" — 1)} dps, (w)]
Hp(R9)
< P4
Therefore all that remains is to show that

—0

/ f(a)e*TG fol Scal(o(s))dsdysp (O’) o / f(a)e*TG fol Scal(a(s))dsdy(o_)
Hp (M)

W(M)

as |P| — 0; however, this is the result of Theorem and why we chose to compare

Ve, With vg,,. O



Appendix A

Calculus and Probabilistic

Inequalities

The proof of Eq. (A.1)) can be found in [I, Lemma 8.6], but a full proof is

included here.

Lemma A.1. Let 7 < N40,1), k >0, and a > 0. Then there exists a C < oo
depending only on k and d such that

1.2

¢ 1,
B[4 2] 2 o] < e, (A.1)

If we further restrict k < 1/2, then we can take C' such that

C .
E[MZP |2 > a] < e T (A.2)

a
Proof. We can find a A = A(k,d) < oo such that rd-tef e /2 < Ae=3/8 and
pd—le=(1-2k)r2/2 < A =3(1-2k)r?/8, Now, let wy_1 be the volume of the unit sphere

in R%, and for b > 0 we have,

Awd—l(zﬂ)dm/ e ¥ dr < Awd—l(QW)d/2/ Ce’%b’“zdr
a a a
8Awd_1(27r)d/2 —%”a2
= e
6ba
< Ot
~ E@ 47,

84
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/ ..
Here, for example, we can take C' = \/g X %. Realizing that

E[M7 . ||Z|| > ] = wdl<27r)d/2/ = hr =32 g
a
< Awd_1(27r)d/2/ e~ 8" dr

and

_1-2k,2

E[tZF .|| Z| > a] = wdl(Zﬂ)d/Q/ rt ez "dr

< Awd_1(27r)d/2/ 6_3(1g2k)rzdr

a

implies the result. [

Lemma A.2. Given any C >0 and p € [1,00), if pCA;s < 1 for each i, then

n

E [e30Ti nAz-bH?] =1 - pCAs)~ (A.3)
=1
— ™92 45 |P| = 0. (A.4)

Proof. 1f Z < N4(0,1), the Elexp{pCA;s|Z|?/2}] = (1 — pCA;5)~%2. Therefore
the above equalities are elementary using independent increments and scaling of

Brownian motion. ]
Lemma A.3. For any o > 0, there exists a C,, < o0 such that
cosh(z) — 1 < Cp(e™ —1). (A.5)

Proof. If o > 1, this is obvious by taking C,, = 1. For a < 1, expand the

exponential term,
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Define k = inf {k € N : ak > 1}. Stirling’s approximation ensures that (2k)!/k! >

k¥, so for any k > k and any [ < k, al% > 1. Therefore, setting C, := a~*,

- 2 (2k)! 2%k
Co(e® = 1) = ;o/“_k%(%)!
0 2k
Z ; 25)!
= cosh(z) — 1
]
Lemma A.4. For any x € R and p € N,
e — 1P < ePl#l — 1. (A.6)

Proof. A quick look at the Taylor sum of e® assures that |e* — 1| < el*l — 1, so
it suffices to show the above inequality for x > 0. In that case, when p = 1 this
result is trivial. Suppose that we have that this inequality holds for each £ for
1 <k <p, then

(1P < (e — e — 1)
=Pt v opr 4
< 6(p+1)x —1.

By induction we arrive at the desired result. O

Proposition A.5. We have the following estimates on the hyperbolic functions

for z,a,b>0
1) cosh(z) — 1 < min(z sinh(z), sinh(z))
2) sinh(z) < min(z cosh(x), cosh(z))
8) cosh(a) cosh(b) < cosh(a + b) and in particular, cosh®(a) < cosh(2a)
4) cosh(a)(cosh(b) — 1) < cosh(a) cosh(b) — 1

5) (cosh(a) — 1) (cosh(b) — 1) < cosh(a) cosh(b) — 1
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6) If a > 1 then a(cosh(a) cosh(b) — 1) < (cosh(aa) cosh(ab) — 1).
Proof. 1) By the fundamental theorem of calculus,
cosh(z) — 1 = /:C sinh(t)dt
0
< sinh(x) /Ox dt
= zsinh(x)
and also that sinh(z) — (cosh(z) —1)=1—e"* > 0.

2) Similar to the previous inequalities, sinh(z) = [ cosh(t)dt < x cosh(z) and
cosh(z) — sinh(z) = e™* > 0.

3) This is a simple identity expanding cosh in terms of exponentials and noting

that |[a — b <a+b

cosh(a) cosh(b) = i (e"+e ) (" +e)
_ i (e 4 e=(a) | b | o=(a-b))
= %(cosh(a + b) + cosh(a — b))
< %2 cosh(a + b)
= cosh(a + b)

4) With cosh(a) > 1, cosh(a) cosh(b) — cosh(a) < cosh(a) cosh(b) — 1.

5) (cosh(a) — 1) = cosh?(a) — 2cosh(a) + 1 < cosh(2a) — 1 since cosh?(a) <
cosh(2a) and 1 — 2 cosh(a) < —1.

6) We first establish that f(z) := a(cosh(z) —1) < f(x) := cosh(ax) — 1. With
f(0) = 0 = f(0) and f'(z) = asinh(z) < asinh(az) = f/(z) for a > 1
and x > 0 the first claim follows. Now, let g(x) = «(cosh(z)cosh(b) —
1) and g(z) = cosh(ax)cosh(ab) — 1. Then, by what we just established,
g(0) < g(0). Further ¢'(x) = asinh(z)cosh(b) < asinh(az)cosh(ab) =
§'(z). Hence the proof.

[l
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Proposition A.6. Let {X, : n € N} be a sequence of random variables on the

probability space (2, P). If there exists a p > 1 such that

limsup E [|.X,,|F] < o0, (A7)

n—oo

then the collection {X,,} is uniformly integrable.

Proof. Since any finite collection of random variables is uniformly integrable, we

may as well assume that sup,, E[|X,|] =: K < co. Let a > 0 and we have

X\
L{x,|>a) (T | X

E [ X))

E [1{x.2a|Xal] <E

IN

ar—1

IN

— 0 as a = oc.

ap~1



Appendix B
Some Linear Algebra

This chapter is dedicated to establishing some equalities and inequalities
that fall broadly into the category of Linear Algebra. Many have extensions to
bounded, compact, or trace class operators on Hilbert Spaces although for our
purposes we need only consider finite dimensional matrices. The interested reader

is directed to [25] 23] for further investigation.

Notation B.1. We will assume that V' is an N-dimensional complex inner-product
space, L(V') will be the collection of linear operators V. — V, and {e;}¥, is an
orthonormal basis. If A € L(V), then the operator A* € L(V') will denote the
adjoint of A, |A| = v/A* A will be the absolute value of A, || A|| = sup{||Av]| : ||v|| =
1} will denote the operator norm on A, and ||A|l2 := /tr(A*A) = /tr(|A]?) will
denote the Hilbert-Schmidt norm of A.

For the Hilbert-Schmidt norm, we can also define it so that it appears more

like l5 norm since,

N N
1A = tr(A7A) = Y (A" Ay e) Z 1Aeill* =) [{Aes e5)?
i=1

ij=1

where we recognize that (Ae;, e;) is the (i, 7)™ entry of the matrix representation
of A under the basis {e;}.

The following theorem generalizes the idea that if z € C, then we can find

some ¢ in the unit circle such that z = |z|e’. The proof is given in [25, Theorem

V1.10].
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Theorem B.2 (Polar Decomposition). Given A € L(V), there ezists a unique
operator U € (V) such that U is an isometry when restricted to (KerU)?t,
RanU = Ran A, and U|A| = A.

As a consequence of Theorem we have,

Proposition B.3. Let A, B € (V). Then,
| tr(AB)[ < [|A] tr(|BJ). (B.1)

Proof. Since |B] is self-adjoint, there is an orthonormal basis of eigenvectors of
{v;}¥, of |B|. Let {\}Y, be the respective eigenvalues with |B|v; = \v;. Let
U € £(V) be chosen as in Theorem [B.2] such that U|B| = B. Then,

n

[tr(AB)| = |> (ABuv;, vy)

i=1

= Z<AU|B|U1,M>

=1

= i )\1<AU’U“ UZ'>
i=1

i=1

< NUNAIY S Millol?
i=1
= [lAl te(|BI).

Here the second inequality comes from applying the Cauchy-Schwarz inequality to

|(AUwv;, v;)|. The last equality comes from the fact that ||v;|| = 1. O

Corollary B.4. Let A and B be defined as in Proposition [B.3 above. Then
IAB|l2 < [[A[[[|B]|2. (B.2)
In particular,

1Al < VN A\ (B.3)
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Proof. Recall that for Cy,Cy € L(V), tr(C1Cy) = tr(CyC). Therefore,

|AB|? = tr(B*A*AB)

=tr(BB*A*A)
< ||[A*A||tr(BB*) by Proposition [B.3]
= [|A]I* tx(|BJ*)
= [|Al*]I B3
For the second claim, set B = I. O

Corollary B.5. Let A€ L(V). Then
| tr(A)] < VN|[All2 < N A]. (B-4)

Proof. Let {\;}; be the eigenvalues of |A|. Since |tr(A)| < tr(]A|) by Proposition
and using the Cauchy-Schwarz inequality,

tr(| A ZA

1/2
(89

= VNt (|A]?)
= VN A2,

the result follows when combing this with the fact that ||Al|, < v/N||A|| by Corol-

lary B.4] O

Lemma B.6. Suppose that n,d € N and N = nd. Let A € L(V), where we
consider A to be an n x n block matrixz with d x d blocks. If A is block-tridiagonal

then,

|AH2<dZ IEAT a1 + NALvall + AL 1) (B.5)

where [A];; represents the (i,j)" d x d block of A and we define [Alpny1 =
[A]n—i—l,n =0.
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Proof. Since we can calculate || A]|2 as the sum of squares of each entry in A,

1AIZ = D AL 13

ij=1

= (IlALisrall3 + 1AL 13 + [Ali i)
=1

= dz (AT + NTALsll* + 1A ]I7) -

Here the final inequality comes from Corollary [B.4] O
Lemma B.7. Let U € £(V) with ||U|| < 1. Define To(U) = S2F | EV" gp(pm)
and U (U) =>4 (_11);“ tr(U™). Then,
det(I +U) = exp {Te(U) + Vi11(U)} (B.6)
with
N||U**+
U (0] < —————. B.7
If we further assume that U is normal then,
Ukal
U1 (0)| < U ” : B.8
| k+1( )’—H ||21_||U” ( )

Proof. With ||U|| < 1, R(det(/ +U)) > 0, and hence we have the familiar formula

log(det( +U)) = i =om

m=1

tr(U™). (B.9)

m

Eq. now results. Eq. (B.7) then comes from estimating the trace as
| tr(U™)] < N||U||™ which yields,
— i U]+
|V (U)| <N — < N——.
’ 2 m 1= U]l

m=k+1

If U is normal then, |[U?| = |U|2. Using Proposition [B.3] for m > 2,
[t (U™ < O™ e ((UP]) = U™ tx([UP) = U205

Thus for k£ > 1,

o U m—2
o)< S WYl

m=k+1

o I

Ul < U :
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Lemma B.8. Suppose that A, B € L(V') with A invertible. Then ABA* is positive
(semi-)definite if and only if B is.

Proof. For any v € V, (ABA*v,v) = (BA*v, A*v). This immediately implies that
if B is positive (semi-)definite, then so is ABA*. However, if we assume that B is
not positive definite, then find w € V such that (Bw,w) < 0. Set v = (A*) lw
to see that ABA* cannot be positive definite. A similar calculation holds for the

semi-definite case. O

B.1 Kronecker Product Results

Take A and B to be k x m and p x ¢ matrices respectively. Define the
Kronecker product of A with B, denoted A ® B, by the £ x m block matrix with

p X q blocks,
a B ai2B -+ a1 B
A® B = GQ’}B a2‘72U2 ' a2’r‘nB , (B.10)
axa B agoB -+ apmB
where,
11 Q12 - Qim
A= a?’l (%2’2 . a2_’m . (B.11)
a1 Qg2 - Qkm

As notation would suggest, the Kronecker product is related to the tensor product.
Indeed, if A : R™ — R* is the matrix representation of the linear operator A :
Vi — V5 under the bases g1 C V; and By C Vs, and similarly B : R? — RP? is
the matrix representation of the linear operator B : W, — W, under the bases
'y € Wy and I'y € Ws, then A ® B is the matrix representation of the linear
operator A® B : V@ W, — Vo @ W, under the bases £ ®T'1 and By ® I'y. Under

this identification of the tensor product, the vector v ® w, where v € R™ and
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w € RY is the given by,

mw
VoW

VR W = . (B.12)
VW

where v = (v, ..., v)".

This differs from the more common identification of
v ® w with the matrix vw'; however, this ambiguity does not alter the results
needed. In particular, it is easy to check that A ® B(v ®@ w) = (Av) ® (Bw), from
which it also follows that if A;, A, By, and B, are matrices such that A; A, and
B1Bs exist, then (A1 ® By)(Ay ® By) = (A143) ® (B1Bs). This implies that for
invertible A and B, (A® B)™! = A™' @ B!, and for vectors vy, vy, wy, and ws,

(V1 ® Wy, vy ® wy) = (v, Vo) (w1, we) where (v, u) := v u.

Proposition B.9. Suppose A is an n x n square matriz with eigenvalues {\A}1_,
and B is a d x d square matriz with eigenvalues {)\JB}?ZI. Then A® B has eigen-
values { )\j 1 <i<n,1<j<d}. Moreover, if u is an eigenvector of A with
eigenvector N and v is an eigenvector of B with eigenvalue NP, then u ® v is an

eigenvector of A® B with eigenvalue NA\B.

Proof. This result is immediate in the case that A and B are upper triangular
matrices. Now if P and @ are such that PAP~! is upper triangular and QBQ~!
is upper triangular, then by the comments above, (P ® Q)(A ® B)(P ® Q)! =
(PAP™') ® (QBQ™") is upper triangular and similar to A ® B. Since similar
matrices share eigenvalues, this is enough to conclude the first claim. For the

second, we calculate A ® B(u ® v) = (Au) ® (Bv) = MM B (u @ v). O

The following corollary is immediate as a special case of the above comments
and proposition. It is given special attention here because it is the case that

manifests itself within this paper.

Corollary B.10. If {u;} is a basis of eigenvectors of A with respective eigen-
values { N}, then {u; ® e, 1 1 < i <n,1 <a<d} is a basis of eigenvectors of
A1y with AR Ii(u; ®ej) = N\i(u; ®e;). Here 1y is the d x d identity matriz. If the
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collection {w;} is orthonormal, then so are {u; ® e;}. Moreover, the eigenvalues of

A® Iy are again given by {\;} with each \; repeated d times.

Lemma B.11. Let U be an n x n tri-diagonal block matriz with d x d blocks given

by
Uip U2 O 0 0
U1 Usp Usgs 0 0
U= 0 Usp Uszz Usy 0
0 0 Un-1n
0 0 0 Upna1 Unp

Let {eq}e_, be the standard basis for R? and for 1 <k <n, ux = (ct,...,c})" € R™.
Set {wyq:1<a<d1<k<n}CR™ with

1

cie;
= up ¥ e;.

wa‘ =
n
Ck€j

Then,

d
E ka:,a * Wk,q
a=1

where we set CZ“ = tr(Up+1.n) = tr(Upnt1) = 0. In particular, if U is symmetric

Ufl; then

)

d
§ ka,a * Wk.a
a=1

= Z [(62)2 tI‘(ULi) -+ CZC?FI(JEI'(ULFA) + tr(UiJrl’i))}

i=1

(B.13)

so that Ui,i+1 ==

= Z [(62)2131'([]1’@) + QCZC;j1 tI‘(Ui’i_H)} .

=1

(B.14)



Proof. For simplicity, let us agree that U; o = 0. We then have,

d d n n

_ '
§ Uwg,q * Wk,a = E E § Ui w0 Wh g
a=1

a=1 i=1 j=1

i+1 i
- E E zz lwka +Uzzwka+Uzz+1wka) 'wkﬂ

a=1 i=1
= Z Z Ck Ck: i,i—1€q -+ (CZ,)2U1'71'€G + cﬁjlc;ﬁUi’iHeG) * €q
1 1
an 1=
= (i tr(Usin) + () te(Usiea) + e tr(Usin))
i=1

= Z () tr(Usa) + iy (tr(Usiga) + tr(Uiga))] -

which proves the first claim. The second follows since tr(A) = tr(A").
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Appendix C
Some (Geometry

Notation C.1. If 7 : TM — M is the projection, f : ToM — T, M is an isometry,

recall the following
1. Qp:T,M x T,M x T,M — T,M is defined by Q(a,b)c = f~'R(fa, fb)fc.

2. Ric : T,M — T,M is the linear map defined by Ric(v) = Zle R(v,e;)e;

where {e;}!, is an orthonormal basis for Ty M.

3. Ricy : T,M — T,M is the linear map defined by Rics(v) = 320, Q4(v, e;)e;

where here {e;}_, is an orthonormal basis for T,M .

4. Scal : M — R is the defined by Scal(p) = tr(Ric|r,a). That is Scal(p) gives

the trace of the linear operator Ric on the tangent space T,M.

Proposition C.2. Using the notation above, we have the following properties
1. Forv € T,M we have that Ricy(v) = f~' Ric(fv).

2. If o is a curve in M starting at o € M and u(s) := //s(co), then tr(Ricy)) =
Scal(o(s)).

3. tr(Q¢ (v, -)v) = —(Ricsv,v).

97



98

Proof. Let {e;}¢, be an orthonormal basis for T, M

1. Note that if & := fe;, the {&;} forms an orthonormal basis for 7, M since f

is an isometry. Hence, following our nose from the definition

d
Ricy(v) = ZQf(v, e;)e;
zzl
=D _ [T R(fv. fei)fei

= f_l <Z R(fv, gz)gl)
= /7' Ric(fv)

2. Using that {//s(c)e;} forms an orthonormal basis for T,,(;)M and that //,(c) ™!
is an isometry,

d
tr(Ricy(s)) = Z(Ricu(s) €i, i)

i=1
d

=3 "{//slo) Ric(//s(0)e), e5)  from (1.)

=1

d

=" (//s(0) " Ric(//u(0)ei). / /(o) 1/ [s(0)es)

- Z(Ric(//S(O—)e,-), //s(o)ei)

= Scal(o(s)).
3. Recall the Bianchi identity (R(a,b)c,d) = —(R(a,b)d,c). Hence,

(Qs(v,ei)v, i) = (fT'R(fv, fe) fu, e)
= (f7'R(fv, fe:) fo, " fe)
= (R(fv, fei) fv, fei)
= —(R(fv, fei) fei, fv)
= (Qs(v, e;)e;,v).
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Therefore, by summing over 7 and using the definition of Ricy, the result

follows.



Appendix D

ODE Estimates

Proposition D.1. Let s > 0 and J be an interval of R containing [0,s|. Sup-
pose that z : J — Hom(RN — RY) satisfies 2"(r) = A(r)z(r) where A €
CY(J — Hom(RYN — RY)). We also suppose that there exist Ko, Ky > 0 such
that sup,¢p 5 |1A(r)|| < Ko and sup,¢o 4 [|A'(r)|| < Ky Then,

12(s) — 2(0) — s2(0)|| < [|2(0)]|(cosh( Kos>_1)+,|2/(0)”5(smhw_s) 1>'

VvV Kos
(D.1)
If we assume that z(0) = 0 and 2'(0) = I, then
s st s (sinh(v/Kys) 1

—sl ——A <K 4o |/ —1--Kys*|. D.2
I+(5) = o1 = GAO < T30+ 5 (2 sR). (D2

If instead we assume that z(0) = I and 2’(0) = 0, then

1 1,

H ( ) I — —A( )H < Kl + = 9 COSh( K()S) —1- 5[(08 . (DB)

Proof. Start with the following calculus facts,

// / (5= s)(s; — 8,_1) - (sz—sl)dsl...dsj:é;j)! (D.4)

$29+1
/ / / s —5;)(s; —sj-1) - (s2 — s1)s1dsy - - -ds; = CE (D.5)
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By Taylor’s theorem with integral remainder,
AQ:z@}+%ﬂD+A?&—ﬂfWMT
:4m+@zmy+lis—wAwpwmﬁ
From here, iterating Talyor’s theorem,
z(s) — 2(0) — s2'(0)
::A?s—ﬂAﬁﬂﬁMT
:ZFS—MMM{4®+w2my+A%r—ﬂA@dﬂﬁ}m

j:l 0<51<<SJ<8

(Z/ (5= 8;) - (51— 1) A(8;) -~ A(s1)dsy - - ds; | 2(0)

11

A
7~ ™~
m

+ Z/ (s —8j) (82— s1)s14(sj) - - A(s1)dsy -+ -ds; | 2'(0)

0<s1 <+ <s5<s

Jj=1

117

A

~

+ / (5 = Smg1) -+ (52 — 81) A(Smy1) -+~ A(s1)2(51)ds1 - - - dSpny1 -
0<s1<<8m41<58

Therefore by using Eqgs. (D.4]) and (D.5)) and the bound on A,

m

SQjKj

j=1

< cosh(y/Kps) — 1 (D.6)

3

2j+1Kj inh(/X,
ST Ppaaiip LU CECU N, (0.7)
= 2i+1)! VKo
and
2(m+1)
IIT|| < sup ||2(7)|| = D.8
Il < s 1)l (D5)

Taking m — oo completes the proof of Eq. (D.I)).
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If 2(0) = 0 and 2/(0) = I, then
sinh(v/ Kor)
[2(r)]| < T.

Again iterating Taylor’s theorem,

2(s) = sI + /Os<s — ) A(r) {TH/OT(T - t)A(t)z(t)dt} dr

—sI—i-/ (s —r)rA(0 dr—i—/ (s — r)yrA'(t)dtdr

// s—r)(r—t)A(r)A(t)z(t)dtdr
— sl 42 A // (s —r)rA'(t)dtdr
—|—/0/0 s—r)(r—t)A(r)A(t)z(t)dtdr

—i—fo A'(t)dt. Hence
smh \/ ot) sinh(vKot) .,

where the second equality came from A(r)

||z(3)—s]——A ||<—K1—|—K2// s—r)
0 Jo
5
s(smh(\/ 05) 1—1K03).

_ _Kl
12 6 Kos 6

If 2(0) = I and 2/(0) = 0, then ||z(r)|| < cosh(v/Kr), a similar expansion as above

shows
z(s)—]+/ s—r) dr—i—// (s —r)A'(t)dtdr
// s—r)(r—t)A(r)A(t)z(t)dtdr
- A // (s —r)A'(t)dtdr
+// s —r)(r — AR A(t)2(1)drdr.
Therefore, Y

2 3 s T
2(s) — I — %A(O)H < %Kl n Kg/ / (s — r)(r — t) cosh(v/Kot)dtdr
0 0

L. h(y/Kos) — 1 — - Kys?
—6 1 9 COS 0S 9 oS .
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Proposition D.2. Let z(s) be as in P'roposz'tz'on and f(s) := Z(A);Z(O)S—i-z(O).
Then,

() = £)lI < 5 (1= ) (=) K A cosh(VEEA)
+1120)]] (cosh(\/EA) - 1)) (D.9)

Proof. Let G(s,t) be the Green’s function for s,t € [0, A],

t
G(s,t) =t <1 — %) Los) + s (1 — Z) Lis,a

so that we have
A
()= 1) = [ Gl )+ £t
= /A G(s,t)2"(t)dt
_ /A Gls, 1) A(t)=(1)dt.

Therefore, using the fact that 0 < G(s,t) < s (1 — %) and the estimate from
proposition , we have

l2(s) <M<sr~—K/ @ |w%V7HM(mmMﬂ@>ﬁ

VE
=1 %Wﬂﬁwfmﬁg“+W@WM“fm—j

<s (1 - i) (Hz(O)HKA cosh(VEA) + [|2(0)]] <cosh<\/?A) . 1)) .

g

]



Appendix E

Existence and Bound of S;(A)~!
on Manifolds with Non-Positive

Sectional Curvature

Lemma E.1. Let t — £(t) € RN fort > 0 be a smooth map with £(0) # 0 and set
z(t) == [IE@)]. 1f£(0) = 0 then

lim(t) = |€(0)]]. (E.1)

t—0
In particular, by defining ©(0) = ||£(0)||, & is smooth for t > 0 and continuous for
t>0.

Proof. By Taylor’s theorem we can write £(t) = t£(0)+O(t2) and £(t) = £(0)+O0(t).

Hence,

(€(),£(1) =t €)1 + O(t?)

and

&l = (P10 + o)

= )& (1+0(#") "
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Therefore,

(6 E)

S0 = )
O+ 0w)
SO (1+0)

= [|£(0)]]-

O

Proposition E.2. Suppose thatt — A(t) is a smooth map where A(t) is an N x N
positive semi-definite matriz. Let t — £(t) € RY for t > 0 be a smooth map with

E(t) = A(t)E(t),£(0) = 0, and £(0) # 0. Then,
€@ > t]1€(0)]]. (E.2)

Proof. If x(t) := ||&(t)||, what we want to show is that z(¢) > ¢[|£(0)|| which, in
consideration of the previous Lemma [E.1] is equivalent to showing z(t) > ti(0).
Therefore, it suffices to show that #(¢) > 0 for all ¢ so that & is increasing and
hence x(¢ fo s)ds > ti(0). By assumption ©(0) > 0 and since z(0) = 0, there
exists some € > 0 with x(t) > 0 for all t € (0,¢). For ¢t € (0,¢), we calculate,

sy — EOE0) TIEDI _ (). &2
l@r U OF
_ ADEW D) | [E@IPIEDI? - (€0).E0?
€@ €@

>0

where the last inequality comes from the positivity of A(¢) and the Cauchy-Schwarz
inequality. Now, suppose we set 7 = sup{e > 0 : z(t) > 0 for allt € (0,¢)}.
Then a continuity argument reveals that if 7 < oo, z(7) > 74(0) > 0, but by
the definition of 7, (1) = 0, a contradiction. Therefore 7 = oo and the above

argument shows that Z(t) > 0 for all £ € (0, 00). O

Proposition E.3. Let M be a manifold with non-positive sectional curvature. For
1 <i<mn, let AT be as defined in Eq. and ST be as in Eq. . Then,
with A € (0,1], SP(A)™! exists and further | ST (A)7H] < &
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Proof. Since we are assuming that M has non-positive sectional curvature, this
therefore implies that A? is positive semi-definite. Let v € R? and define £(t) =
SP(t)v. Then, £(0) = 0 and £(t) = AP(t)£(t). Using Proposition along with
the fact that SZP(O) = I, we have

€AY > AJE0)]
= A|ISP ()]
= Alf]|.

That is
IST (D)ol = Allv]

which shows that ST (A) : RY — R? is injective and hence invertible and also that
the spectrum of S”(A) is bounded below by A in magnitude, which implies that
IS7(A) 1 < & O



Appendix F
Stochastic Notions

Throughout this section, we let {b : s € [0,1]} be an R%-valued Brownian
motion and F; :=o{b, : 0 < s < t}.

Lemma F.1. Let R be ad x d random symmetric matriz which is Fs, | -measurable.

Then,

<MA@¢M»:2/%mwfwwgdmymﬂmAﬁ (F.1)
Therefore,
(R(AD), Ab) — tr(R)Ags = Mi(Ass) (F.2)

where M; s the square-integrable martingale given by

Si—1+t
Auozz/ (R(bs — by,_,). dby) (F.3)
and, i particular,
E [(R(A;D), Ajb)] = tr(R)A;s. (F.4)

Proof. Tt suffices to assume that R is a constant matrix. In this case, let f : R — R

be defined by f(z) = (Rz,x). Then,

0 d
= 2<RZL‘, ei)
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and

(aii>2f($) =2 % O<R(m+t6i);€i>

== 2<R6i, €Z‘>.

In particular, V f(z) = Rx and Af(x) = 2tr(R). Therefore, by Ito’s lemma,

[0 = f00) = [ (V50.db) +5 [ Areds

Si—1 i

- 2/2 (Rbs, db,) + tr(R)Ass,

and hence,
(R(Ab), Aib) = (Rby,, bs,) + (Rbs, ,,bs, ) —2(Rbs, ,,bs,)
= flbs;) = flbs, ) + 2 {(Rbs,_,,bs, ) — (Rbs,_,,bs) }
= ) = ) =2 [ ()

= 2/ Z (R(bs — bs,_,),dbs) + tr(R)A;s.

O

Corollary F.2. If {R;}, is a collection of random d x d symmetric matrices

such that R; is Fs, ,-measurable then,

n

((Ri(A;b), A;b) — tr(R;)A;s) = M, (F.5)
2

i=1

where My is the square integrable martingale given by

t
M, =2 / (Ry(bs — by), db,) (F.6)
0
with Ry = R; when s € (s;_1, 8;] and, as usual, s = s;_1 whenever s € (s;_1, s;|.
Proof. Apply Lemma [F.]] for each i and sum. O

Lemma F.3. Let {X, : s € [0,1]} be an R-valued process adapted to {F, : s €
[0,1]}. Define the square-integrable martingale Y; by

t
Y;f:/<Xsydbs>
0
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N

Suppose that for each p € R, E [e%<y>1] =S, <00. Then,

1 <E[e"] < /Sy (F.7)

2
Proof. From [24], Chapter VIII, Proposition 1.15], Zt(p) = =M s o (uni-
formly integrable) martingale and particularly E[Z;] = 1 for all ¢ € [0,1]. There-

fore,

The proof of the following Corollary follows that of [1, Proposition 8.8].

Corollary F.4. Suppose that there is some K < oo with ||R;|| < K for all i.
Given any p € R,

1<E exp{pi((RiAib, Ab) — tr(R))}| < 24P EIPL (F.8)

i=1

Proof. Defining M, as in Corollary [F.2] the quadratic variation is given by,

: t
0y =1 [ IRufb. = b s < 4K [~ b
0 0

Therefore,

2

1
EleZMh) <E {exp{2p2K2/ |bs — bs|2ds}}
0
n 1
= HE {exp{2p2K2(Ais)2/ |bs|2ds}1 .
i=1 0
An application of Fernique’s Theorem tells us that

1
E [exp{2p2K2(Ais)2/ \bﬁds}} < exp {2dp° K*(A;s)*}
0
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which together with the above inequalities implies that

2

E[e=Mh] < exp {2dp*K*|P|} .

Therefore, we can apply Lemma yielding,

1<E exp{pz ((Ril\b, AD) — tr(R)}H| < (24P K (P|

=1
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