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Abstract

We introduce a class of non-commutative Heisenberg-like infinite-dimensional Lie groups based on an
abstract Wiener space. The Ricci curvature tensor for these groups is computed and shown to be bounded.
Brownian motion and the corresponding heat kernel measures, {v;};~ ¢, are also studied. We show that these
heat kernel measures admit: (1) Gaussian like upper bounds, (2) Cameron—Martin type quasi-invariance
results, (3) good LP-bounds on the corresponding Radon-Nikodym derivatives, (4) integration by parts
formulas, and (5) logarithmic Sobolev inequalities. The last three results heavily rely on the boundedness
of the Ricci tensor.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Heisenberg group; Heat kernel; Quasi-invariance; Logarithmic Sobolev inequality

Contents
1. Introduction ... ... .. ... ... 2396
1.1.  Afinite-dimensional paradigm . .. ........ ... ... L. 2396
1.2 Summary of tesults . . . . ..o 2398

* Corresponding author.
E-mail addresses: driver@euclid.ucsd.edu (B.K. Driver), gordina@math.uconn.edu (M. Gordina).
' This research was supported in part by NSF Grant DMS-0504608 and the Miller Institute at the University of
California, at Berkeley.
2 Research was supported in part by NSF Grant DMS-0706784.

0022-1236/$ — see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2008.06.021



2396 B.K. Driver, M. Gordina / Journal of Functional Analysis 255 (2008) 2395-2461

2. Abstract Wiener space preliminaries . . ... ....... .. ... 2399
3. Infinite-dimensional Heisenberg type groups . . ... .. ... ...ttt 2402
3.1.  Length and distance estimates . . .. ... ... .. ...ttt 2405

3.2 NOM ESHMALES .« . . o o vt et et e e e e e e e e e e e 2409

33, Examples .. ... 2411

3.4. Finite-dimensional projections and cylinder functions . ....................... 2415

4. Brownian motion and heat kernel measures . .............. ... ... 2418
4.1.  Aquadraticintegral . ... .. .. .. ... 2418

4.2, Brownian motion on G(m) . . . . oot ittt e e 2421

4.3.  Finite-dimensional approximations . ... .............. ...ttt 2424

5. Path space quUasi-invarianCe . . ... ... .. ... ...ttt e 2433
6. Heat kernel quasi-invariance . .. ... ... ... ... ..ttt 2440
7.  The Ricci curvature on Heisenberg type groups. . . . . . ... ...ttt 2443
7.1, Examplesrevisited . . . . ... 2446

8. Heatinequalities . . . .. ... ...ttt e 2449
8.1. Infinite-dimensional Radon—-Nikodym derivative estimates . ... ................. 2449

8.2.  Logarithmic Sobolev inequality . ......... ... ... ...t 2450

9. Future direCtions . . . ... .. ..ottt 2451
Acknowledgments . . .. ... .. 2452
Appendix A.  Wiener space results . . . . . .. e 2452
Appendix B. The Riccitensoronaliegroup . ......... ... ... .. 2454
Appendix C.  Proof of Theorem 3.12 . . . .. ... ... 2455
C.1. Proofof Theorem 3.12 .. ... ... . . ... ... . . 2458
References . . ... ... .. 2459

1. Introduction

Both authors have been greatly influenced by Professor Malliavin and his work over the years.
In particular this paper is partially an attempt to better understand Malliavin’s paper [40]. It is
with great pleasure to us that this article appears in this special edition of JFA dedicated to
Professor Paul Malliavin.

The aim of this paper is to construct and study properties of heat kernel measures on certain
infinite-dimensional Heisenberg groups. In this paper the Heisenberg groups will be constructed
from a skew symmetric form on an abstract Wiener space. A typical example of such a group
is the Heisenberg group of a symplectic vector space. Before describing our results let us recall
some heat kernel results for finite-dimensional Riemannian manifolds.

1.1. A finite-dimensional paradigm

Let (M, g) be a complete connected n-dimensional Riemannian manifold (n < 00), A = A,
be the Laplace—Beltrami operator acting on C2(M), and Ric denote the associated Ricci tensor.
Recall (see for example Strichartz [48], Dodziuk [15] and Davies [12]) that the closure, A, of
Alcgo(my is self-adjoint on L2(M,dV), where dV = \/§dx1 ...dx" is the Riemann volume
measure on M. Moreover, the semi-group P; := ¢!*/2 has a symmetric positive integral (heat)
kernel, p;(x, y), such that fM pi(x,y)dV(y) < 1forall x e M and

Pif(x) = (22 f)(x) = / e, () dV(y) forall f e L*(M). (1.1)

M
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Theorem 1.2 summarizes some of the results that we would like to extend to our infinite-
dimensional Heisenberg group setting.

Notation 1.1. If p is a probability measure on a measure space (£2,F) and f € L'(n) =
LY(2, F, n), we will often write /() for the integral, f_Q fdu.

Theorem 1.2. Beyond the assumptions above, let us further assume that Ric > kI for some
k e R. Then

(1) pi(x,y) is a smooth function. (The Ricci curvature assumption is not needed here.)

2) fM p:(x,¥)dV (y) =1 (see for example Davies [12, Theorem 5.2.6]).

(3) Given a point 0 € M, let dv;(x) := p;(0,x)dV (x) for all t > 0. Then {v;};~o may be char-
acterized as the unique family of probability measures such that the function t — v;(f) 1=
/ u J dvy is continuously differentiable,

d 1
sz(f)=§vz(Af), and ltill})lw(f)=f(0) (1.2)

forall f € BC*(M), the bounded C?-functions on M.
(4) There exist constants, c = c(K,n, T) and C = C(K,n, T), such that,

C d*(x,y)
p(t,x,y)émexp(—c ; ),

forall x,y e M and t € (0, T], where d(x,y) is the Riemannian distance from x to y and
V (x,r) is the volume of the r-ball centered at x.

(5) The heat kernel measure, vr, for any T > 0 satisfies the following logarithmic Sobolev in-
equality:

(1.3)

vr (f2log £2) <2 (1 = e ¥ )vr (V£ 1) + vr (£2) logvr (£2), (1.4)

for f e CX(M).

These results are fairly standard. For item (3) see [17, Theorem 2.6], for Eq. (1.3) see for
example Theorems 5.6.4, 5.6.6, and 5.4.12 in Saloff-Coste [47] and for more detailed bounds
see [12,13,26,39,46]. The logarithmic Sobolev inequality in Eq. (1.4) generalizes Gross’ [28]
original logarithmic Sobolev inequality valid for M = R” and is due in this generality to D.
Bakry and M. Ledoux, see [2,3,38]. Also see [10,21,30,51,52] and Driver and Lohrenz [22,
Theorem 2.9] for the case of interest here, namely when M is a uni-modular Lie group with a
left-invariant Riemannian metric.

When passing to infinite-dimensional Riemannian manifolds we will no longer have available
the Riemannian volume measure. Because of this problem, we will take item (3) of Theorem 1.2
as our definition of the heat kernel measure. The heat kernel upper bound in Eq. (1.3) also does
not make sense in infinite dimensions. However, the following consequence almost does: there
exists ¢(T) > 0 such that

2
/exp(c(T)d ((;,x)> dv,(x) <oo forall0<7<T. (1.5)
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In fact Eq. (1.5) will not hold in infinite dimensions either. It will be necessary to replace the dis-
tance function, d, by a weaker distance function as happens in Fernique’s theorem for Gaussian
measure spaces. With these results as background we are now ready to summarize the results of
this paper.

1.2. Summary of results

Let us describe the setting informally, for precise definitions see Sections 2 and 3. Let
(W, H, ) be an abstract Wiener space, C be a finite-dimensional inner product space, and
w:W x W — C be a continuous skew symmetric bilinear quadratic form on W. The set
g =W x C can be equipped with a Lie bracket by setting

[(A,a),(B,b)]=(0,w(A, B)).

As in the case for the Heisenberg group of a symplectic vector space, the Lie algebra g= W x C
can be given the group structure by defining

1
(wy,c1) - (wz,c2) = <w1 +wa,c1 +c2+ 50)(‘017 wz))-

The set W x C with the group structure will be denoted by G or G(w). The Lie subalgebra
gcm = H x Cis called the Cameron—Martin subalgebra, and gcm equipped with the same group
multiplication denoted by Gcwm and called the Cameron—Martin subgroup. We equip Gem with
the left-invariant Riemannian metric which agrees with the natural Hilbert inner product,

((4,), (B, b))gCM :=(A, B)n +(a,b)c,

on gcm = TeGeMm- In Section 3 we give several examples of this abstract setting including the
standard finite-dimensional Heisenberg group.

The main objects of our study are a Brownian motion in G and the corresponding heat kernel
measure defined in Section 4. Namely, let {(B(¢), Bo(#))};>0 be a Brownian motion on g with
variance determined by

E[((B(s). Bo(s)). (A, )}, - [(B®), Bo(®). (C.0))

=Re((A, a), (C, c))gCM min(s, )

QCM:|

forall s,t €[0,00), A, C € Hy and a, ¢ € C. Then the Brownian motion on G is the continuous
G-valued process defined by

t
1
g(t) = (B(t), Bo(t) + Efw(B(r),dB(r))).

0

For T > 0 the heat kernel measure on G is vy = Law(g(T)). It is shown in Corollary 4.5 that
{vs}s>0 satisfies item (3) of Theorem 1.2 with o = (0, 0) € G(w).



B.K. Driver, M. Gordina / Journal of Functional Analysis 255 (2008) 2395-2461 2399

Theorem 4.16 gives heat kernel measure bounds that may be viewed as a non-commutative
version of Fernique’s theorem for G (w). In light of Theorem 3.12 this result is also analogous to
the integrated Gaussian upper bound in Eq. (1.5).

In Theorem 5.2 we prove quasi-invariance for the path space measure associated to the Brow-
nian motion, g, on G with respect to multiplication on the left by finite energy paths in the
Cameron—Martin subgroup Gcm. (In light of the results in Malliavin [40] it is surprising that
Theorem 5.2 holds.) Theorem 5.2 is then used to prove quasi-invariance of the heat kernel mea-
sures with respect to both right and left multiplication (Theorem 6.1 and Corollary 6.2), as well
as integration by parts formulae on the path space and for the heat kernel measures, see Corol-
laries 5.6-6.5. These results can be interpreted as the first steps towards proving v, is a “strictly
positive” smooth measure. In this infinite-dimensional setting it is natural to interpret quasi-
invariance and integration by parts formulae as properties of the smoothness of the heat kernel
measure, see [17, Theorem 3.3] for example.

In Section 7 we compute the Ricci curvature and check that not only is it bounded from below
(see Proposition 7.2), but also that the Ricci curvature of certain finite-dimensional “approxi-
mations” are bounded from below with constants independent of the approximation. Based on
results in [18], these bounds allow us to give another proof of the quasi-invariance result for v;
and at the same time to get L?-estimates on the corresponding Radon—Nikodym derivatives, see
Theorem 8.1. These estimates are crucial for the heat kernel analysis on the spaces of holomor-
phic functions which is the subject of our paper [19]. In Theorem 8.3 we show that an analogue
of the logarithmic Sobolev inequality in Eq. (1.4) holds in our setting as well.

In Section 9 we give a list of open questions and further possible developments of the results of
this paper. We expect our methods to be applicable to a much larger class of infinite-dimensional
nilpotent groups.

Finally, we refer to papers of H. Airault, P. Malliavin, D. Bell, Y. Inahama concerning quasi-
invariance, integration by parts formulae and the logarithmic Sobolev inequality on certain
infinite-dimensional curved spaces [1,4-6,32].

2. Abstract Wiener space preliminaries
Suppose that X is a real separable Banach space and By is the Borel o -algebra on X.

Definition 2.1. A measure ¢ on (X, By) is called a (mean zero, non-degenerate) Gaussian mea-
sure provided that its characteristic functional is given by

i) :=/ei"(x> di(x) = e~ 2900 forall u € X*, 2.1
X

where g = g, : X* x X* — R is a quadratic form such that g(u,v) = ¢q(v,u) and g(u) =
q(u, u) > 0 with equality iff u = 0, i.e. ¢ is a real inner product on X*.

In what follows we frequently make use of the fact that

Cp:= / x5 dp(x) <oo forall 1 < p < oo. (2.2)
X
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This is a consequence of Skorohod’s inequality (see for example [36, Theorem 3.2])
/}W”Hduu)<aa for all A < oo; (2.3)

X

or the even stronger Fernique’s inequality (see for example [8, Theorem 2.8.5] or [36, Theo-
rem 3.1])

/.ea”xngf du(x) <oo for some § > 0. 2.4)
X
Lemma 2.2. If u, v € X*, then

/M(X)U(X)du(x) =q(u,v) 2.5

X

and
lg(u, v)| < Callullx+ vl x+ (2.6)

Proof. Let u,/u ;= ou~" denote the law of u under . Then by Eq. (2.1),

1 12
(uxp)(dx) = 7me 24w dx
and hence,
/uz(X)du(X) = g 1) = g, ). @.7)
X

Polarizing this identity gives Eq. (2.5) which along with Eq. (2.2) implies Eq. (2.6). O

The next theorem summarizes some well-known properties of Gaussian measures that we will
use freely below.

Theorem 2.3. Let 1 be a Gaussian measure on a real separable Banach space, X. For x € X let

bl = sup —e 28)
ueX*\{0y Vq U, u)
and define the Cameron—Martin subspace, H C X, by
H={heX: |h|u < oo} (2.9)

Then
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(1) H is a dense subspace of X.

(2) There exists a unique inner product, {-,-)y on H such that ||h||%{ = (h,h) for all h € H.
Moreover, with this inner product H is a separable Hilbert space.

(3) Foranyh e H

Ihllx < v Callhlla, (2.10)

where Cy is as in (2.2).
4) If{ej}j?‘;l is an orthonormal basis for H, then for any u,v € H*

[e¢]

q(u,v):(u,v)y*=Zu(ej)v(ej). 2.11)

Jj=l1
The proof of this standard theorem is relegated to Appendix A, see Theorem A.1.

Remark 2.4. It follows from Eq. (2.10) that any u € X™* restricted to H is in H*. Therefore we
have

o
2
/uzdu=q<u,u)=||u||%1*=2|u<e,->| , (2.12)
X j=1
where {e; }OO | is an orthonormal basis for H. More generally, if ¢ is a linear bounded map from
X to C, where C is a real Hilbert space, then

lolac =3 o = f o) |2 ditx) < oo. 2.13)

j=1

To prove Eq. (2.13), let { f j};‘;l be an orthonormal basis for C. Then

/ oI duc) = [ S o). £l Pan =3 Jltoeor el auc

x J=1 j=ly
Z ORI P ZZW(ek) Fie
j=1 j=1k=1

ZZ vlen). i)l —Z”‘P(ek)nc ol 7gc-
k=1 j=1 k=1

A simple consequence of Eq. (2.13) is that

el sec < 1013mac / Ix1% diu(x) = Callel kg (2.14)
X
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3. Infinite-dimensional Heisenberg type groups

Throughout the rest of this paper (X, H, ) will denote a real abstract Wiener space, i.e. X
is a real separable Banach space, H is a real separable Hilbert space densely embedded into X,
and u is a Gaussian measure on (X, Byx) such that Eq. (2.1) holds with g (u, u) := (u|g, ulg) g+.

Following the discussion in [35] and [23] we will say that a (possibly infinite-dimensional)
Lie algebra, g, is of Heisenberg type if C :=[g, g] is contained in the center of g. If g is of
Heisenberg type and W is a complementary subspace to C in g, we may define a bilinear map,
w:WxW— C,by w(w, w) =[w,w] forallw,w € W. Then for & :=w; +¢; e W C =g,
i=1,2, we have

(61, &1 =[w1 +c1, w2 + 2] =0+ w(wy, wr).

If we now suppose G is a finite-dimensional Lie group with Lie algebra g, then by the Baker—
Campbell-Dynkin—Hausdorff formula

o152 — pfitiatslinial — ywitwaterteortioww).

In particular, we may introduce a group structure on g by defining

1
(wi+cp)-(wr+c)=wy+wr+c1+cx+ Ew(wl, wy).

With this as motivation, we are now going to introduce a class of Heisenberg type Lie groups
based on the following data.

Notation 3.1. Let (W, H, ) be an abstract Wiener space, C be a finite-dimensional inner product
space, and w: W x W — C be a continuous skew symmetric bilinear quadratic form on W.
Further let

lwllo := sup{|lw i, w2) | o w1, w2 € W with [[wy [lw = wallw = 1}. 3.0
be the uniform norm on @ which is finite by the assumed continuity of w.

We now define g := W x C which is a Banach space in the norm
||(w,6)||g = lwllw +licllc. (3.2)

We further define gom := H x C which is a Hilbert space relative to the inner product

((A,a), (B,b)). :=(A,B)y + (a,b)c. (3.3)

gcm

The associated Hilbertian norm on gcy is given by

lA. o), =lIAlF + llalg. (3.4)
gcMm
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It is easily checked that defining

[(wi,cD), (w2, 2)] == (0, w(wi, w)) (3.5)

for all (wy, c1), (w2, c2) € g makes g into a Lie algebra such that gcy is Lie subalgebra of g.
Note that this definition implies that C = [g, g] is contained in the center of g. It is also easy to
verify that we may make g into a group using the multiplication rule

1
(wi, c1) - (w2, 2) = (wl +wa,c1 + 2+ Ew(wl, wz))- (3.6)
The latter equations may be more simply expressed as

1
81g2=81+g2+§[g1,gz], (3.7)

where g; = (w;, ¢j), i =1,2. As sets G and g are the same.

The identity in G is e = (0, 0) and the inverse is given by g~! = —g for all g = (w,¢) € G.
Let us observe that {0} x C is in the center of both G and g and for & in the center of G,
g - h = g + h. In particular, since [g, k] € {0} x C it follows that k - [g, h] = k + [g, h] for all
k,g,hegG.

Definition 3.2. When we want to emphasize the group structure on g we denote g by G or G ().
Similarly, when we view gcm as a subgroup of G it will be denoted by Gcwm and will be called
the Cameron—Martin subgroup.

Lemma 3.3. The Banach space topologies on g and gcm make G and Gcw into topological
groups.

Proof. Since g~! = —g, the map g — g~! is continuous in the g and gcy topologies. Since
(g1,82) — g1 + g2 and (g1, g2) — [g1, g2] are continuous in both the g and gcym topologies, it
follows from Eq. (3.7) that (g1, g2) — g1 - g2 is continuous as well. O

1

For later purposes it is useful to observe, by Egs. (3.5) and (3.7), that

1
lg182llg < llgtllg + llg2lla + S lwloligiliglis2llg  forany gi.g2€G. (3.8)

Notation 3.4. Toeach g € G, letl, : G — G and r, : G — G denote left and right multiplication
by g, respectively.

Notation 3.5 (Linear differentials). Suppose f : G — C is a Fréchet smooth function. For g € G
and i,k € g let

d
f(@h:=0,f(g) = 7 flg+1th)
o
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and

f" (@) (h ® k) := 0pdx f (g)-
Here and in the sequel a prime on a symbol will be used denote its derivative or differential.

As G is a vector space, to each g € G we can associate the tangent space (as in the following
notation) to G at g, T, G, which is naturally isomorphic to G.

Notation 3.6. For v, g € G, let vy € T, G denote the tangent vector satisfying, v, f = f'(g)v for
all Fréchet smooth functions, f:G — C.

We will write g and gom for 7eG and T, G M, respectively. Of course as sets we may view g
and gcm as G and G, respectively. For /i € g, let /2 be the left-invariant vector field on G such
that ﬁ(g) = h when g = e. More precisely if o (¢) € G is any smooth curve such that o (0) =e
and 6 (0) = h (e.g. o (t) =th), then

- d
h(8) = lguh = — Og~6(t). 3.9)

As usual we view / as a first-order differential operator acting on smooth functions, f : G — C,
by

~ d
(hf)(e) =~ flg-o®). (3.10)

0

Proposition 3.7. Let f: G — C be a smooth function, h = (A, a) € g and g = (w, c) € G. Then

I;(g) i=lgh = (A,a—i—%w(w,A)) forall g =(w,c) e G (3.1
g

and in particular using Notation 3.6

— 1
(A,a)f(g)=f’(g)<A,a+Ew(w,A)) (3.12)
Furthermore, if h = (A, a), k = (B, b), and then
(hk f — ki f) =K1 . (3.13)

In other words, the Lie algebra structure on g induced by the Lie algebra structure on the left-
invariant vector fields on G is the same as the Lie algebra structure defined in Eq. (3.5).
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Proof. Since th =1t(A, a) is a curve in G passing through the identity at = 0, we have

~ d
hg)=—| [g- ] =—| [(w,0)-1(A, )]
0 0
_4 [( ViActtatt ( A))}
_dto w ,C a 2a)w,

= (A,a + %w(w, A)).

So by the chain rule, (fzf)(g) = f’(g)fz(g) and hence

[f'(g-thk(g-th)]

() = 2
FE© =]

3 3 dl -
=f”(g)(h(g)®k(g))+f’(g)a k(g -th), (3.14)
0

where

dt

. d 1 1
k(g-thy=—| | B = tA,B) | =0, zw(A,B) ).
. (g-th)=— 0( vat o4, )) <,2w( ; ))

Since f”(g) is symmetric, it now follows by subtracting Eq. (3.14) with /& and k interchanged
from itself that

(kf —kh f)(2) = £'()(0.0(A, B)) = f'(@)lh, k1 = (A K1f)(2)
as desired. O
Lemma 3.8. The one parameter group in G, e, determined by h = (A, a) € g, is given by
M =th=1(A,a). (3.15)

Proof. Letting (w(t), c(?)) := e, according to Eq. (3.11) we have that

d 1 .

E(w(l), c®)=|Aa+ Ew(w(r), A))  with w(0) =0 and c(0) =0.
The solution to this differential equation is easily seen to be given by Eq. (3.15). O

3.1. Length and distance estimates

Notation 3.9. Let 7 > 0 and CéM denote the collection of C!-paths, g:[0, T] — Gcm. The
length of g is defined as

T
LGy (8) = / ILg1(6)58"®) | 4o, d5- (3.16)
0
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As usual, the Riemannian distance between x, y € Gcwm is defined as

Aoy (x,y) = inf{ZGCM (g): g€ CéM such that g(0) = x and g(T) = y}.

It will also be convenient to define |y| := dgqy, (e, ¥) for all y € Gem. (The value of T > 0 used
in defining dc,, is irrelevant since the length functional is reparametrization invariant.)

Let
C :=sup{|lw(r, b | c: Ikl = Ikllm =1} < Callwllo < oo (3.17)
The inequality in Eq. (3.17) is a consequence of Eq. (2.10) and the definition of ||w||o in Eq. (3.1).

Proposition 3.10. Let ¢ :== 1/C where C is as in Eq. (3.17). Then for all x,y € Gcwm,

C
dGcm(x7 }’) g (1 + E”x"gCM A ”y”gcm)”y _x”ch (318)

and in particular, |x| = dgcy (€, x) < ||X || gey- Moreover, there exists K < oo such thatif x, y €
Gom with dgey (x,y) <&/2=1/2C, then

”y _x”ch g K(l + ”x”ch A ”y”gcm)dGcm(x’ }’) (319)

As a consequence of Egs. (3.18) and (3.19) we see that the topology on Gcwm induced by dgy, is

the same as the Hilbert topology induced by || - || gcy-

Remark 3.11. The equivalence of these two topologies in an infinite-dimensional setting has
been addressed in [24] in the case of Hilbert—Schmidt groups of operators.

Proof. For notational simplicity, let T = 1. If g(s) = (w(s), a(s)) is apath in C(le forO0<s <1,
then by Eq. (3.11)

1
L1528 (8) = (w’<s>, d'(s) = s (w(s), w’(s)))

/ 1 /
=8'() = 5[g().£'®)] (3.20)

and we may write Eq. (3.16) more explicitly as

1
EGCM(g) :/‘
0

If we now apply Eq. (3.21) to g(s) =x +s(y — x) for 0 < s < 1, we see that

ds. (3.21)

gcm

1
g'(s) — E[g(sx g'(s)]
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ds

gcm

1
1
dGey (X, ¥) S LGy (8) =/H y—x) = E[x +5(y—x), (y = 0)]
0

1 C
= H()’ _x) - E[xv(y_x)] g (1 + E"x”gCM)”y_x”gCM'

gcMm

As we may interchange the roles of x and y in this inequality, the proof of Eq. (3.18) is complete.
Let

B: = {x €gem: lIxllgem < 8}7
y € Bg,and g:[0,1] - Gcm be a Cl—path such that g(0) = (0,0) =e and g(1) = y. Further let

T € [0, 1] be the first time that g exits B, with the convention that 7 = 1 if g([0, 1]) C B,. Then
from Eq. (3.21)

ZGCM (g) = EGCM (g'[O,T])

T
1

> 166 gy = 310 €Ol s

0

c T c
> (1-5¢) - [18 @l 5> (1-5¢) e,
0

1 1

> 5184y, = 51l acu- (3:22)

Optimizing Eq. (3.22) over g implies

1
yI=dcen(€.y) 2 Slyllgen  forally € Be.
If in the above argument y was not in By, then the path g would have had to exit B, and we

could conclude that £G\(8) 2 |18(T ) gey /2 = €/2 and therefore that dg,, (e, ¥) > £/2. Hence
we have shown that

I .
Iyl =dGeu (e y) > 5 min(e, [|yllgey) forall y € Gem.

Now suppose that x, y € Gem and (without loss of generality) that || x| gy < 1Y [lgey - Using
the left-invariance of dg ., it follows that

1
dGey (x, ¥) = dGey (€, x71y) = 5 min(e, ) (3.23)

If we further suppose that dg,, (x, y) < % we may conclude from Eq. (3.23) that

= Hx_l'y”ch < 2dGCM(-x’ Y)
gacm

1
Hy —Xx— E[x,y]
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If we write x = (A, a) and y = (B, b), it follows that

1 2
HB—+W§+”b—a—EwULB) <Adg,, (x.)
C
and therefore ||B — Allg < 2dGey (%, y) and
1 1
Ib—alc<||b—a—sw(A, B)| +|50(A,B)
2 c 1I2 C

1
<2dGey(x,y) + 5||w(A, B—4)
c
< 2dGey(x.y) + EHA”H”B —Allm

C C
< 2dGey (x, y)(l + E”A”H) < 2dGey (x, y)(l + EllxllgCM)

Combining these results shows that if dgq, (x, y) < % then

C 2
H%ﬂﬁméM&wLwO+Q+§Whm>>

from which Eq. (3.19) easily follows. O

We are most interested in the case where {w(A, B): A, B € H} is a total subset of C, i.e.
span{w(A, B): A,B € H} = C. In this case it turns out that straight line paths are bad ap-
proximations to the geodesics joining e € Gcym to points x € Gem far away from e. For points
x € Gcwm distant from e it is better to use “horizontal” paths instead which leads to the following
distance estimates.

Theorem 3.12. Suppose that {w(A, B): A, B € H} is a total subset of C. Then there exists
C(w) < 00 such that

dem(e, (A, @) < C@)(IIAlla ++llallc) forall (A, a) € gem. (3.24)

Moreover, for any g > 0 there exists y (e9) > 0 such that and

y(€o) (1Al +Vllalc) <dcm(e, (A, @)  ifdem(e, (A, a)) > . (3.25)

Thus away from any neighborhood of the identity, dcm(e, (A, a)) is comparable to ||Allg +

Viallc.

Since this theorem is not central to the rest of the paper we will relegate its proof to
Appendix C. The main point of Theorem 3.12 is to explain why Theorem 4.16 is an infinite-
dimensional analogue of the integrated Gaussian heat kernel bound in Eq. (1.5).
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3.2. Norm estimates

Notation 3.13. Suppose H and C are real (complex) Hilbert spaces, L: H — C is a bounded
operator, w : H x H — C s a continuous (complex) bilinear form, and {e; }‘J?Ozl is an orthonormal
basis for H. The Hilbert—Schmidt norms of L and w are defined by

o0
LG gc =Y ILejliE, (3.26)
j=1
and
- 2
lol3 = lollrerec=Y_ |oep|c (3.27)
ij=1

It is easy to verify directly that these definitions are basis independent. Also see Eq. (3.29)
below.

Proposition 3.14. Suppose that (W, H, i) is a real abstract Wiener space, o: W x W — C is
as in Notation 3.1, and {e; }j=1 is an orthonormal basis for H. Then

2
lo@, )| jge < Colloliglwlly,  forallw e W (3.28)
and
2 N2 ’ 22
lwll3 = f o (w, w"| ¢ dp(w) dp(w) < ol[§C3 < oo, (3.29)
WxW

where C is as in Eq. (2.2).

Proof. From Eq. (2.13),

oo, g = [ ot ) [
w
< ||w||%;||w||%V/ w13, du(w) = CallwliF w3y
w

Similarly, viewing w — w(w, -) as a continuous linear map from W to H* ® C it follows from
Egs. (2.13) and (2.14), that

oty = |h = o) [ geac = / . ) |-ge dinw)
w

< / Crllwl2lwl? duw) = Clol2. O
w
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Remark 3.15. The Lie bracket on gcy has the following continuity property,

[[cA . B. D]y, < ClA. @]y, [B.D)]

gcm gcm gom’

where C < ||| as in Eq. (3.17). This is a consequence of the following simple estimates

[, @, B.B)][ g, = (0. 0(A, B[, = [(A. B

|B.5)]

acm
< ClAlulIBllE <C|(A,a)|

acMm

gcMm gom’

This continuity property of the Lie bracket is often used to prove that the exponential map is
a local diffeomorphism (e.g. see [24] in the case of infinite-dimensional matrix groups). In
the Heisenberg group setting the exponential map is a global diffeomorphism as follows from
Lemma 3.8, where we have not used continuity of the Lie bracket.

Lemma 3.16. Suppose that H is a real Hilbert space, C is a real finite-dimensional inner product
space, and £ : H — C is a continuous linear map. Then for any orthonormal basis {e ?’;1 of H
the series

D e ®Uej)eCRC (3.30)
j=1

and
Zz(e,)epe,eC@H (3.31)

j=1

are convergent and independent of the basis.>

Proof. If { f,-}?i:"]C is an orthonormal basis for C, then

>l @ tepoe = Y- €enlle

j=1 j=1
dimC oo dimC

=3 X ten) = LA tO) e <00

i=1 j=1

which shows that the sum in Eq. (3.30) is absolutely convergent and that ¢ is Hilbert—Schmidt.
Similarly, since {£(e;) ® ;}72 | is an orthogonal setin C® H and

= 2 - 2
D lten@elcon = ltn]c < oo
Jj=1 Jj=1

the sum in Eq. (3.31) is convergent as well.

3 If we were to allow C to be an infinite-dimensional Hilbert space here, we would have to assume that £ is Hilbert—
Schmidt. When dim C <oo, £: H — C is Hilbert—Schmidt iff it is bounded.
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Recall that if H and K are two real Hilbert spaces then the Hilbert space tensor product,
H ® K, is unitarily equivalent to the space of Hilbert—Schmidt operators, HS(H, K), from H
to K. Under this identification, 7 @ k € H ® K corresponds to the operator (still denoted by
h ®k) in HS(H, K) defined by; H > h’' — (h, ')y k € K. Using this identification we have
that for all ¢ € C;

<25(e,-) ®z(e,-))c - Ze(ej)(e(ej), )= Zz(e,-)(e,-, t*c)e
j=1

j=1 j=1
o0
= E(Z(ej, Z*c)cej) ={0*c
Jj=1
and

o0 o0 o0
(Zﬁ(ej)ébej) Zel Lej), ¢ Zel ej, t* c ={*c,
j=1 j=1 j=1

which clearly shows that Egs. (3.30) and(3.31) are basis-independent. 0O
3.3. Examples

Here we describe several examples including finite-dimensional Heisenberg groups. As we
mentioned earlier a typical example of such a group is the Heisenberg group of a symplectic
vector space. For each of the examples presented we will explicitly compute the norm ||a)||% of
the form w as defined in Eq. (3.27). In Section 7 we will also explicitly compute the Ricci tensor
for each of the examples introduced here.

To describe some of the examples below, it is convenient to use complex Banach and Hilbert
spaces. However, for the purposes of this paper the complex structure on these spaces should be
forgotten. In doing so we will use the following notation. If X is a complex vector space, let XRre
denote X thought of as a real vector space. If (H, (-,-)g) is a complex Hilbert space, we define
(-,) Hge = Re(-,-) g in which case (Hge, (-,*) Hg.) becomes a real Hilbert space. Before going to
the examples, let us record the relationship between the complex and real Hilbert—Schmidt norms
of Notation 3.13.

Lemma 3.17. Suppose H and C are complex Hilbert spaces, L: H — C and w: H x H — C
are as in Notation 3.13, and ¢ € C. Then

L1 wcg. =21 17 (3.32)
2
[l >CRJIH* onz. = 2@ € el (3:33)
and
2 2
loC s omz ek =49 [amec: (3.34)

Proof. A straightforward proof. O
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Example 3.18 (Finite-dimensional real Heisenberg group). Let C =R, W = H = (C")ge = R?",
and w(w, z) := Im(w, z) be the standard symplectic form on R?" where (w,z) =w - Z is the
usual inner product on C". Any element of the group Hf, := G (w) can be written as g = (z, ¢),
where z € C" and ¢ € R. As above, the Lie algebra, by, of Hf, is, as a set, equal to Hy, itself. If
{e j}'}:1 is an orthonormal basis for R” then {e;, ie j}’}:1 is an orthonormal basis for A and (real)
Hilbert—Schmidt norm of w is given by

n n
ol gm= >, Y. [Im(ee,,sek>]2= > 285, =2n. (3.35)

jk=1 e,8¢{1,i} k=1

Example 3.19 (Finite-dimensional complex Heisenberg group). Suppose that W = H =
C'"x(C", C=C,and w: W x W — C is defined by

w((wr, wa), (z1,22)) =wi 22 — w2 - 21

Any element of the group Hfé := G(w) can be written as g = (z1, 22, ¢), where z1,z0 € C"
and ¢ € C. As above, the Lie algebra, bz, of Hf. is, as a set, equal to Hf. itself. In this case
{(e;,0),(0,e j)}’j’.: | is a complex orthonormal basis for H. The (complex) Hilbert-Schmidt norm
of the symplectic form w is given by

n
lol3rene =2 |o((e;.0). (0,¢))[* = 2n.
j=1

Example 3.20. Let (K, (-,-)) be a complex Hilbert space and Q be a strictly positive trace
class operator on K. For h,k € K, let (h,k)g := (h, Qk) and ||h]lg := /(h,h)g. Also let
(Ko, () 0) denote the Hilbert space completion of (K, || - ||¢). Analogous to Example 3.18, let
H := Kge, W :=(K@)re, and @ : W x W — R =: C be defined by

w(w,z)=Im(w,z)g forallw,ze W.
Then G(w) = W x R is a real group and (W, H) determines an abstract Wiener space (see for
example [36, Exercise 17, p. 59] and [8, Example 3.9.7]). Let {¢; }?’;1 be an orthonormal basis for

K sothat {e;, ie; }3?0:1 is an orthonormal basis for (H, Re(-,-) k). Then the real Hilbert—Schmidt
norm of w is given by

3o = Z > [im*(ee;. Q5er)]

Jj.k=1e,6€{l,i}
o0 o0 )
=2 ) [Im*(e;. Qex) + Re*(e;. Qer)| =2 > [(ej. Qex)]
Jjk=1 jiok=1
o0
=2 | Qexl* =2[1Ql7;5=2tr Q. (3.36)

k=1



B.K. Driver, M. Gordina / Journal of Functional Analysis 255 (2008) 2395-2461 2413

Example 3.21. Again let (K, (-,-)), Q, and (K¢, (-,-)¢) be as in the previous example. Let us
further assume that K is equipped with a conjugation, k — k, which is isometric and commutes
with Q. Analogously to Example 3.19,let W := K9 x Ko, H =K x K,andletw: W x W — C
be defined by

o((wr, w2), (z1,22)) = (w1, 22) 0 — (w2, 21) Qs

which is skew symmetric because the conjugation commutes with Q. If {e j}?il is an orthonor-
mal basis for K, then {e;} i is also an orthonormal basis for K (because the conjugation is
isometric) and {(e;, 0), (0, e j)};?oz | is a orthonormal basis for H. Hence, the (complex) Hilbert—

Schmidt norm of w is given by

loligm = Y ([o((e;.0). ©0.e0) + |o((0. e0). e}, 0)[)
j.k=1
=2 > |tej. Qe =2 Q& =203 s =20 Q% (3.37)
jk=1 k=1

Example 3.22. Suppose that (V, {-,-}y) is a d-dimensional F-inner product space (F =R or C),
C is a finite-dimensional [F-inner product space, «:V x V — C is an anti-symmetric bilinear
form on V, and {q j};?o | 18 a sequence of positive numbers such that Z?‘;] qj < oo. Let

o0
W = {v e v qu||v.,~||%, < oo} and
j=1

o0
H= {ve 7 <oo} cw,
j=1

each of which are Hilbert spaces when equipped with the inner products

(v, whw =

2

qj(vj,wj)y and

~.
I
_

(U,'LU)H:: (Ujij>Vs

L

—

J
respectively. Further let w: W x W — C be defined by
o
o, w) = Zq]-a(vj, wj).
Jj=l1

Then (Wre, HRre) is an abstract Wiener space (see for example [36, Exercise 17, p. 59] and [8,
Example 3.9.7]) and, since
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o0 o0
@, w)| =" gjle@; wp| < lelo Y gjlv;lviwlv

j=1 j=1
< llellolivliwllwliw,
we have ||w]o < ||a|lo. For v e V, let v(j) := (0,...,0,v,0,0,...) € H where the v is put in

the jth position. If {ua}a:] is an orthonormal basis for V,then {u,(j): a=1,.. d} | isan
orthonormal basis for H. Therefore,

le(.).e) ||H*®H*—Z Z ((a(). up (k). cg

Jj.k=1 a,b=1

ié 2t (1t up), ).
(o

for all ¢ € C. (3.38)

Vv

Example 3.23. Let (V, (-,-), @) be as in Example 3.22 with F = C,
W ={oeC([0,1],V): 6(0) =0}

and H be the associated Cameron—Martin space,
1
H:=H({)= {h eW: /”h’(s)”%,ds < oo}
0

wherein fol 1A (s)ll%, ds := oo if h is not absolutely continuous. Further let n be a complex
measure on [0, 1] and
1

w(oy,07) := /a(al (s),oz(s)) dn(s) foralloj,o0 e W.
0

Then (W, H, w) satisfies all of the assumptions in Notation 3.1. Let {ua}Z:1 be the orthonormal
basis of V, {lj}?i be the orthonormal basis of H(R), then {/ju,: a =1,2,.. d} 2, is an
orthonormal basis of H and (see [22, Lemma 3.8])

o0
Y L@l =s At foralls,t€[0,1]. (3.39)
j=1

If we let A be the total variation of n, then dn = p dA, where p = dk Hence if dn(t) := p(t) dA (1)
and ¢ € C, then
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[, )l
o0 d 2
=3 Y l@jua tus). )|

jk=1 a,b=1

2

Z Z‘ f 1 ()i ()p(s) dA(5)ee(tta, up), €}

j.k=1 a,b= 101]

= (@) e)es - Z / L ()l ()1 ()l (1) p () p (1) dA(s) dA (1)

Jik= [0 1]2
= et )3 - / (s A ()P (1) dA(s) dA(t)

(0,172

= e, el - /(S/\t)2dn(s)dﬁ(t), (3.40)

[0,112

wherein we have used Eq. (3.39) in the fourth equality above. Summing this equation over ¢ in
an orthonormal basis for C shows

Il = el - / (s ADPdn(s) dii (D). (3.41)
[0,1]2

3.4. Finite-dimensional projections and cylinder functions

Let i : H — W be the inclusion map, and i*: W* — H™ be its transpose, i.e. i*¢ := £ o i for
all £ € W*. Also let

={heH: (. h)y eRan(i*) C H*}

or in other words, h € H isin H, iff (-, h) y € H* extends to a continuous linear functional on W.
(We will continue to denote the continuous extension of (-, h)y to W by (-, h)p.) Because H
is a dense subspace of W, i* is injective and because i is injective, i* has a dense range. Since
h+> (-, h)y as amap from H to H* is a conjugate linear isometric isomorphism, it follows from
the above comments that H, > h — (-, h) g € W* is a conjugate linear isomorphism too, and that
H, is a dense subspace of H.

Now suppose that P: H — H is a finite rank orthogonal projection such that PH C H,. Let
{ej}’]’.:1 be an orthonormal basis for PH and £; = (-,ej)y € W*. Then we may extend P to a
(unique) continuous operator from W — H (still denoted by P) by letting

n
Pw:= Z(k ej)Hej = ZE (w)e; forallwe W. (3.42)
j=1 Jj=1
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For all w € W we have, |Pw|g < C2(P)||Pw|lw and

IPwllw < (ZH e,HHWne,uw>||wuw

i=1
and therefore there exists C < oo such that
lPwlg <Clw|w forallweW. (3.43)
Notation 3.24. Let Proj(W) denote the collection of finite rank projections on W such that
PW C H, and P|y : H — H is an orthogonal projection, i.e. P has the form given in Eq. (3.42).
Further, let Gp := PW x C (a subgroup of Gcym) and
n=np:G—Gp

be defined by 7p(w, ¢) := (Pw,¢).

Remark 3.25. The reader should be aware that 7p : G — Gp C Gcm is not (for general @ and
P € Proj(W)) a group homomorphism. In fact we have,

mp[(w,e)- (W', )] —mp(w,c) - mpw', )= Tp(w,w), (3.44)
where

I'p(w,w) = —(O ow,w) —w(Pw, Pw )) (3.45)

So unless w is “supported” on the range of P, 7 p is not a group homomorphism. Since, (w, b) +
0,¢) =(w,b) - (0,c) for all w € W and b, ¢ € C, we may also write Eq. (3.44) as

mp[(w,0)- W', )] =mpw,c)-wpw', ) Tp(w,w. (3.46)

Definition 3.26. A function f : G — C is said to be a (smooth) cylinder function if it may be
written as f = F o p for some P € Proj(W) and some (smooth) function F: G p— C.

Notation 3.27. For g = (w, ¢) € G, let y(g) and x (g) be the elements of gcym ® gom defined by

y(g) = Z (0.w(w.¢/)) ® (;,0) and

x(g): Z 0, w(w, e,) (O,a)(w,ej)),

where {e }Oo

Lemma 3 16

| is any orthonormal basis for H. Both y and x are well defined because of
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Notation 3.28 (Left differentials). Suppose f:G — C is a smooth cylinder function. For g € G
and h, hy,...,h, €g,neN,let

(D°f)(&)=fg) and
(D" f)(@)(h1 @ @hp) =h1...}h f(2), (3.47)
where & f is given as in Eq. (3.10) or Eq. (3.12). We will write Df for D' f.

Proposition 3.29. Let {e j}?il and {fp }2’:1 be orthonormal bases for H and C, respectively.
Then for any smooth cylinder function, f:G — C,

e —2 d —2
Lf(®) =) [(;,0) f]®+ > _[©. f) f](®) (3.48)

j=1 =1

is well defined. Moreover, if f = F omp, 0y is as in Notation 3.5 for all h € gcwm,

Ag f(g) = Za(zej,o)f(g) =(ApgF)(Pw,c) (3.49)
j=1
and
d
Acf(g):= Z[B(zo,f,z)f](g) = (AcF)(Pw,o0), (3.50)
=1
then
1
Lf(®)=Anf+AcH+ (g <V(g) + ZX(g)>. (3.51)

Proof. The proof of the second equality in Eq. (3.49) is straightforward and will be left to the
reader. Recall from Eq. (3.12) that

— 1
(ej,0)f(g) =f’(g)<ej, Ew(w,ej))- (3.52)
Applying (ej/\,'()/) to both sides of Eq. (3.52) gives

—2 1 1
(ej,0) f(g)= f”(g)<(ej, Ew(w,ej)) ® (ej, zw(w,ej)» (3.53)
= ") ((ej.0) ® (¢j,0)) + f"(©)((0, w(w, €))) ® (e, 0))

1
+ Zf//(g)((O,a)(w,ej)) ® (0, w(w, e)))), (3.54)
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wherein we have used,
8€jw(~, ej)=w(ej,e;)=0.
Summing Eq. (3.54) on j shows,

— — 1" " 1
ST £l =3 /@ (. 0@ e, 0) + f (g)(y(g>+zx<g>>
j=1

j=1 j=

— 1
=> 0 e} o>f(g)+f”(g)(y(g)+ x(g)>
j=

The formula in Eq. (3.51) for Lf is now easily verified and this shows that Lf is independent of
the choice of orthonormal bases for H and C appearing in Eq. (3.48). O

4. Brownian motion and heat kernel measures

For the Hilbert space stochastic calculus background needed for this section, see Métivier [41].
For the background on Itd integral relative to an abstract Wiener space-valued Brownian motion,
see Kuo [36, pp. 188-207] (especially Theorem 5.1), Kusuoka and Stroock [37, p. 5], and the
appendix in [16].

Suppose now that (B(t), Bo(t)) is a smooth curve in gcpm with (B(0), Bg(0)) = (0,0) and
consider solving, for g(¢) = (w(¢), c(t)) € Gcwm, the differential equations

(W), é(0)) = &) = Loy (B(®), Bo(1)) with g(0) = (0, 0). 4.1

By Eq. (3.11), it follows that

. . 1 .
(b(1), (1)) = (B(t), Bo@) + so(w(@). B(t)))

and therefore the solution to Eq. (4.1) is given by

t

1 .
g(0) = (w(), c(1)) = (B(t), Bo(t) + E/a)(B(r), B(r))dr). 4.2)

0

Below in Section 4.2, we will replace B and By by Brownian motions and use this to define a
Brownian motion on G.

4.1. A quadratic integral

Let {(B(1), Bo(t))};>0 be a Brownian motion on g with variance determined by

E[{(B(s). Bo(s)), (A, @)}, {(B®). Bo()). (C.0) ]
=Re((4,a), (C.0)), , min(s, 1)
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for all 5,1 € [0,00), A,C € H, and a, c € C. Also let {ej} 2 C Hy be an orthonormal basis
for H. For n € N, define P, € Proj(W) as in Notation 3.24, i.e.

n

n
Py(w)=Y (w.ejlge;j =Y Lj(w)e; forallweW. (4.3)
j=1 j=1

Proposition 4.1. For each n, let M!' := fot w(B(t),dP,B(1)). Then

(1) {M}}i>o0isan L?-martingale and there exists an L*-martingale, {M;}:>0 with values in C
such that

lim B[ max|| M, — M}|¢| =0 forall T < o. (4.4)

n—o0 Z‘<T

(2) The quadratic variation of M is given by

1
M), = /Ha)(B(r), Vopocdr: (4.5)
0

(3) The square integrable martingale, M,, is well defined mdependent of the choice of the or-
thonormal basis, {e]} - | and hence will be denoted by fo w(B(t),dB(1)).
(4) Foreach p €[1, 00), {M,}@o is LP-integrable and there exists c,, < 0o such that

IE( sup ||Mt||g) <cpTP <00 forall0< T < oo.
0<t<T

(This estimate will be considerably generalized in Proposition 4.13 below.)

Proof. (1) For P € Proj(W) let MtP = fota)(B(t), dPB(1)). Let P, Q € Proj(W) and choose
an orthonormal basis, {vz}lN: | for Ran(P) + Ran(Q). We then have

Ty
Bl|mf - MEIR1=E [ Ylo(B). (2~ )t
=1

0

E |o(B@), (P = Q)er) |z de (4.6)

S~
WK

1

T o o0
[3 S lotew. 2 = @) eean
0

1

=1 k=

T2 0 @
72 > lo(er. (P = Q)er) ¢ 4.7)

=1 k=1
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Taking P = P, and Q = P, with m < n in Eq. (4.7) allows us to conclude that

E[|| M7 - MT” Z Z||w(€1,eJ)HC—>O asm,n — 0o
]_m+ll 1

because ||a)||% < 0o by Proposition 3.14. Since the space of continuous LZ-martingales on [0, T']

is complete in the norm, N — IE||NT||% and, by Doob’s maximal inequality [34, Proposi-
tion 7.16], there exists ¢ < oo such that

p p
E| max 1N < cBINTIC.

it follows that there exists a square integrable C-valued martingale, {M,};>0, such that Eq. (4.4)
holds.
(2) Since the quadratic variation of M" is given by

t tn
'), = [lo(B®.ar5@) [ = [ lla(b@.a)|ids
0 o =1

and

E[|(M), — (M") |] \/]E M —M"),]-E[(M + M"),]

S E|M, + M|

HC ||C—>0 as n — oo,

— B —
Eq. (4.5) easily follows.
(3) Suppose now that {e }oo | C H, is another orthonormal basis for H and P, : W — H, are
the corresponding orthogonal projections. Taking P = P, and P’ = P, in Eq. (4.7) gives,

P2 T2 oo o
E“M;J"_MT" CZTZZ )el)”c (4.8)
I1=1 k=1
Since
ZZ”a)(ek, Pﬁel)_w(ebel)”c ZZ”“’ P/_I el)”c
I=1 k=1 I=1 k=1
o0 o0
ZZ ZH‘“ ez)”c
I=1 k=1

o
> (e e ||C—>0 as n — 00
1 k=1

Mg

~

=n

+
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and similarly but more easily, > 1o Y 22, llw(ex, Prer) — o (ex, e[)||% — 0 as n — 00, we may

pass to the limit in Eq. (4.8) to learn that lim,,_, o E||M]If” — M;j’; ||2C =0.
(4) By Jensen’s inequality

T ) p/2 T 5 ds p/2
(1000 iacas) - W( [l o'y
0

< Tﬁﬂ/Hw B(s), )HH*®C T

/ Jo(BG5). )|

Combining this estimate with Eq. (3.28) and then applying either Skorohod’s or Fernique’s
inequality (see Eqs. (2.3) or (2.4)) shows

T
]E[(M)’;/z] <75 ! /EHw(B(S)a MNiegcds

0
T

< T%_lfCé’/z“w”o”B(s)”p ds
0

P _ 2
<riicl IIwIIf)’fIIyIvadu(y)/S”/st

by p/2+1
=T27'CY |olf Cp——— =, T". 4.9)
p/2+1 P

As a consequence of the Burkholder—Davis—Gundy inequality (see for example [49, Corol-
lary 6.3.1a, p. 344], [45, Appendix A.2], or [41, p. 212] and [34, Theorem 17.7] for the real

case), for any p > 2 there exists cg < 00 such that

p
B( sup IMlic)” < B[N ] =che, TP =, TP, O
0<i<T

4.2. Brownian motion on G(w)
Motivated by Eq. (4.2) we have the following definition.

Definition 4.2. Let (B(t), Bo(t)) be a g-valued Brownian motion as in Section 4.1. A Brownian
motion on G is the continuous G-valued process defined by

t

1
g(t) = (B(t), Bo(t) + E/w(B(r),dB(r))). (4.10)

0
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Further, for T > 0, let vy = Law(g(7')) be a probability measure on G. We refer to vy as the
time T heat kernel measure on G.

Remark 4.3. An alert reader may complain that we should use the Stratonovich integral in
Eq. (4.10) rather than the Itd integral. However, these two integrals are equal since w is a skew
symmetric form

t

1
/a)(B(t),odB(t)) :/w(B(r),dB(t)) + z/w(dB(r),dB(r))

0 0 0

~

t

t
/a)(B(r),dB(t)).
0

Theorem 4.4 (The generator of g(t)). The generator of g(t) is the operator L defined in Propo-
sition 3.29. More precisely, if f:G — C is a smooth cylinder function, then

1
d[f(g®)]= f'(s®)dg(®) + ELf(g(t)) dt, (4.11)

where L is given in Proposition 3.29, f' is defined as in Notation 3.5 and
1
dg(t) = (dBm, dBo(t) + 5(B(), dB(r))).

Proof. Let us begin by observing that
1 ®2
dg(t)®dg(t) = <dB(t), dBo(t) + Ea)(B(t), dB(t)))

1 ®2
= [(dB(t), Ew(JB(t),dB(t))) + (0, dBo(t))i|

00 1 ®2 d
- Z(ej, 5w(B(t), ej-)> dt + Z(o, fo®%dt, (4.12)
j=1

=1

where { fg}g: | is an orthonormal basis for C and {e j}‘;ozl is an orthonormal basis for H. Hence,
as a consequence of [td’s formula, we have '

d[f(s0)] = £ (s(t)) dg () + %f”(g(t))(dg(t) ®dg()

]

/ 1 1 1 2
= /'(s)dg) + 5 f (g<t>)2(e,-, 5w(B<r>,ej)> dt

j=1

d
1
+5"(8@) D0, f*2de

=1
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[e'9) d

1

2423

1
=f’(g<r>)dg<r>+52(<ej,0) f)(g®)dr+ > ; ©. 70 f)(g®) dr

j=1 =1

= f/(s))(dg(0)) + %Lf(g(t)) dt. O

For the next corollary, let P € Proj(W) as in Eq. (3.42), F € C2(PH x C,C), and f =
F omp:G — C be a cylinder function where P € Proj(W). We will further suppose there exist

0 < K, p < oo such that

|F(h,o)|+ |F'(h.o)| + |F"(h.o)| < K1+ Ihllg + lclic)”

4.13)

for any 7 € P H and c € C. Further let { fg}f:l be an orthonormal basis for C and extend {e; }7:1

to an orthonormal basis, {e ]}?" |» for H.

Corollary 4.5. If f : G — C is a cylinder function as above, then

T
1
B[/ (s(T)] = f@+5 / E[(Lf)(g(r))]dr
0
ie.
T
1
vT(f)=f(e)+§/v,(Lf)dt.
0

In other words, v; weakly solves the heat equation
1 o
0;v; = —Lvy  with limv; = 6.
2 10

Proof. Integrating Eq. (4.11) shows

| =

T
F(8(T)) = f(e) + Nr + / Lf(g()) de
0

where

t

t
1
N, ::/f/(g(f))dg(t):ff/(g(r))<dB(f),dBo(T)+szr>
0 0

(4.14)

(4.15)

(4.16)

and M; = fota)(B(t), dB(t)). Using Egs. (4.12) and (4.13) there exists C = C(P, |lwp|) < oo

such that
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d(N); := |sz|2 =("(80) ® f'(g1), dg: ® dg:)

1 2 -
1 (g <e,~,§w(3(z),e,»)> dt+2|f’(g(t))(0, fg)|2dt

=1

2 d
di+Y | F'(g0), fo)* di

=1

1

g(t) (ej, 50)(3([),@))

S Cl(P’ lool) (1+ [ PBO],; + [Bo) | ) ([BO, +1)

C(1+ B0, + | Boo)] ).
wherein we have used Eq. (3.43) for the last inequality. From this inequality and either of
Egs. (2.3) or (2.4), we find
T
E[(N)r] < C/E(l + By, + |Bo)] o) dt < 0
0

and hence that N; is a square integrable martingale. Therefore we may take the expectation of
Eq. (4.16) which implies Eq. (4.14). O
4.3. Finite-dimensional approximations

Proposition 4.6. Let { P,,}°° | C Proj(W) be as in Eq. (4.3) and

Bu(t):= P.B(t) € P,HC HC W. (4.17)
Then
lim E[ max ||B(t)—B 0|2]=0 forall pell,o0), (4.18)
n—oo
and
lim max HB(t) - B0,y =0 as. (4.19)
)’l*)OOO<[

Proof. Let {wi}2, C W be a countable dense set and for each k € N, choose ¢ € W* such that
llgllw= =1 and g (wi) = [|wk|lw. We then have,

lwllw = sup|<pk(w)| =supRegr(w) forallwe W.
k

By [8, Theorem 3.5.7] with A =1, if ¢, (¢) := B(t) — B,(¢), then

lim E|e,(T)[}, =0 forall p€[l,00). (4.20)
n—oo
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Since {@g (e, ())}s>0 is (up to a multiplicative factor) a standard Brownian motion, we have
{lok (€4 (2))]}s>0 is a submartingale for each k € N and therefore so is

{len® ] = sgp!m(en(r))!}go.
Hence, according to Doob’s inequality, for each p € [1, oo) there exists C,, < oo such that
E|max|en(®) | < CoE[en(T[}- @21)

Combining Eq. (4.21) with Eq. (4.20) proves Eq. (4.18). Eq. (4.19) now follows from Eq. (4.18)
and [11, Proposition 2.11]. To apply this proposition, let E be the Banach space, C ([0, T'], W)
equipped with the sup-norm, and let & := £ (B(-))ex € E forallk e N. O

Lemma 4.7 (Finite-dimensional approximations to g(t)). For P € Proj(W), Q := Iy — P, let
gp(t) be the Brownian motion on G p defined by

t
gp(t) == <PB(t), By (1) +%/w(PB(r), PdB(f))).
0

Then
1 t
gt) = gp(t)(QB(t), 5 /[Zw(QB(r), PdB(7)) +w(QB(1), QdB(r))]), (4.22)
0
and
1
gp(t)” 17-”3 g(t) E(O’,/ B(r) dB(‘L’)) (PB(‘E),PdB(T))]). 4.23)
0

Also, if { Py}, | C Proj(W) are as in Eq. (4.3) and

t

1
gn(0) = g, (1) = (&B(r), Bo(t) + 3 / o(PB(D). dPan)), (4.24)
0
then
Jim B[ max g) ~ g (0];] =0 (4.25)

forall 1 < p <oo.
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Proof. A simple computation shows

_ (dPB(),dBy(t) + Lo (PB(t), PdB(t))
lgP(t)‘]*ong(t)—< —i—%a)(—PB(t),iDdB(t)) )

= (dPB(t),dBy(1)) =d(PB(1), Bo(1)).
Hence it follows that gp solves the stochastic differential equation,
dgp(t) = lgpyx 0d(PB(1), Bo(r))  with gp(0) =0

and therefore gp is a G p-valued Brownian motion. The proof of the equalities in Egs. (4.22) and
(4.23) follows by elementary manipulations which are left to the reader.
In light of Eq. (4.18) of Proposition 4.6, to prove the last assertion we must show

lim [ Jma [Mym)|"] = (4.26)

n—o0

where M;(n) is the local martingale defined by

t

M;(n) == /[a)(B(t),dB(r)) —w(Bn(1),dBy(1))].

0
Since
o T T
(M), Z/\ (B(1), ¢; Hcdr—i—Z/Hw (Ba(0).ej)|edr
J:IO Jj= 10
n T
_22/ (B(x). ¢j), w(Bu(1), €)))cdt
j=1y
and

M(n) Z Ha)(ek,e])”c ZZ”w(ek,e])HC—)0

Jj.k=1 k=1 j=1

as n — 0o, it follows by the Burkholder—Davis—Gundy inequalities that M (n) is a martingale
and Eq. (4.26) holds for p =2 and hence for p € [1, 2].

By Doob’s maximal inequality [34, Proposition 7.16], to prove Eq. (4.26) for p > 2, it suffices
to show lim,,, o E[| M7 (n)|?] = 0. However, M7 (n) has Itd’s chaos expansion terminating at de-
gree two and hence by a theorem of Nelson (see [44, Lemma 2, p. 415] and [43, pp. 216-217]) for
each j € N there exists ¢; < oo such that E[M%J (m)] < ¢;[EM3.(n)}/. (This result also follows
from Nelson’s hypercontractivity for the Ornstein—Uhlenbeck operator.) This clearly suffices to
complete the proof of the theorem. O
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Lemma 4.8. For all P € Proj(W) andt > 0, let v}’ := Law(gp(¢)). Then v}’ (dx) = p} (e, x) dx,
where dx is the Riemannian volume measure (equal to a Haar measure) p,P (x,y) is the heat
kernel on G p.

Proof. An application of Corollary 4.5 with G replaced by G p implies that vtP =Law(gp(t))
is a weak solution to the heat equation on G p. The result now follows as an application of [17,
Theorem 2.6]. O

Corollary 4.9. For any T > 0, the heat kernel measure vy is invariant under the inversion map,
g+ gV forany g €G.

Proof. It is well known (see for example [20, Proposition 3.1]) that heat kernel measures based
at the identity of a finite-dimensional Lie group are invariant under inversion. Now suppose that
f:G — R is a bounded continuous function. By passing to a subsequence if necessary, we may
assume that the sequence of G-valued random variables, {g,(T)};>0, in Lemma 4.7 converges
almost surely to g(7"). Therefore by the dominated convergence theorem,

Ef(g(M™") = lim Ef(u(1)™") = lim Ef(gu(T)) =Ef (s(T)).
This completes the proof because vr is the law of g(7). O

We are now going to give exponential bounds which are much stronger than the moment
estimates in Eq. (4.9) of Proposition 4.1. Before doing so we need to recall the following result
of Cameron, Martin and Kac [9,33].

Lemma 4.10 (Cameron—Martin and Kac). Let {bs}s>0 be a one-dimensional Brownian motion.
Then for any T > 0 and } € [0, 57)

2 T
E[exp(%/bf ds>j| = [cosx.T)] " < o0. (4.27)

0

Proof. When T = 1, simply follow the proof of [31, Eq. (6.9), p. 472] with A replaced by —A2.
For general T > 0, by a change of variables and a Brownian motion scaling we have

1

T 1
/bfds=T/b3TdtiT2fb$dr.
0 0

S

Therefore,

=cos™/2(v212) (4.28)

provided that A € [0, 7). O
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Remark 4.11. For our purposes below, all we really need later from Lemma 4.10 is the qualitative
statement that for AT > 0 sufficiently small

T
E| ex ’\—2 b2 d =1 AT o(Ar? 4.29
Pl [ byds)|=1+——+ (A*T%). (4.29)

0

Instead of using Lemma 4.10 we can derive this statement as an easy consequence of the scaling
identity in Eq. (4.28) along with the analyticity (use Fernique’s theorem) of the function,

1

F(z):= E|:exp<z/bx2 ds>j| for |z| small.
0

Proposition 4.12. If {N;}; >0 is a continuous local martingale such that No = 0, then

Ee!Nel <2 /E[eZ(N%]. (4.30)

Proof. By Itd’s formula, we know that
Z, = o2Ni—(2N)/2 _ N2,

is a non-negative local martingale. If {0,,};° ; is a localizing sequence of stopping times for Z,
then, by Fatou’s lemma,

E[Z;|B,] <liminfE[Z]"|B]| = liminf Z{" = Z;.
n—0o0

n—oo

This shows that Z is a supermartingale and in particular that E[Z;] < EZy = 1.
By the Cauchy—Schwarz inequality we find

E[EN[] — E[eNt—<N>te(N)t]

< \/]E[ezfv,fzwn] "E[e2)] = \/E’[Zt] “E[¢2V)]
< E[eXVr]. 4.31)

Applying this inequality with N replaced by —N and using el < ¥ + ¢ easily give
Eq. (4.30). O

Proposition 4.13. Letn e N, T > 0, d = dimp C,

o
y = sup{ >l ep). el Ihlla = lellc = 1} < Jl3 < oo (4.32)
j=1

and for P € Proj(W) let Bp(t) := P B(t). Then for all
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g

0<A<4dTﬁ’ (4.33)
t
sup E|:exp<k /a)(Bp(r),dBp(t)) >:| <00 (4.34)
PeProj(W) 0 C

and

]E|:exp (k >i| < 0. 4.35)
C

Proof. Eq. (4.35) follows by choosing { P,}° ; C Proj(W) as in Eq. (4.3) and then using Fatou’s
lemma in conjunction with the estimate in Eq. (4.34). So we need only to concentrate on proving
Eq. (4.34).

Fix a P € Proj(W) as in Eq. (3.42) and let

t
/w(B(r), dB(1))
0

t

mr ::/a)(Bp(‘c),dBp(t)).

0

If { fg}?zl is an orthonormal basis for C, then

[MP e <D oIME, fo)e

=1

and it follows by Holder’s inequality and the martingale estimate in Proposition 4.12 that

d
E[e)»llM,PHc] < E[e)»ZL] I(M,P,fz)c\] < H(E[eldHM,P,fz)cl])l/d
=1

(2\/E[gzx2d2<<M.P,fz>c>,])l/d
1

d
<
=
d
=2 [ J([e¥ ¢ (M Fen]y /24, (4.36)
=1

We will now evaluate each term in the product in Eq. (4.36). So let ¢ := f; and N, :=
(MIP ,c)c,and Qp: H — H and Q:H — H be the unique non-negative symmetric operators
such that, forall # € H,

n

Z|(a)(Ph, e;), c>c|2 =(Qph,h)y forallhe H
j=1
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and

o0

S @k ep).c)e|* = (Qh.hyy forallhe H.
j=1

Also let {g;(P)}72, be the eigenvalues listed in decreasing order (counted with multiplicities) for
Q p and observe that

h,h Ph, Ph h,h
q1(P) =sup OP0R) g QPP g OMT) 437)
o 1B “hzo  WAIY azo IAI3

With this notation, the quadratic variation of N is given by

T

T n
(N)T:fZ|(w(Bp(t),ej),c>c|2dt:/(Qpo(t),Bp(t))Hdt. (4.38)

0o J=1 0

Moreover, by expanding Bp () in an orthonormal basis of eigenvectors of Q p|py it follows that

n T
N7 =Y ) [ B, (4.39)
=1 0

where {b;}}'_, is a sequence of independent Brownian motions. Hence it follows that
B[ (M o)) = 24" (N7 ]
" T
- ]—[ E[exp (mzdzq,(})) / b3 (1) dt):| . (4.40)
=1 0
If Eq. (4.33) holds then (using Eq. (4.37))

20d+/q1(P) = \/422d%q1 (P) < 2AdJy < /2T

and we may apply Lemma 4.10 to find

T
1
E| exp( 222d%(P / bi(mdr ) | = (P
[exp( qi( )O 7 (7) t)i| Vcos(2rd/q;(P)T)

=exp<—%lncos(2)»d q1(P) )) 4.41)

Moreover, a simple calculus exercise shows for any k € (0, 7/2) there exists c(k) < oo such
that —% Incos(x) < c(k)x? for 0 < x < k. Taking k = 2)d/yT we may apply this estimate to
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Eq. (4.41) and combine the result with Eq. (4.40) to find

B[ (M. fe ]_[ exp(c(k)422d> T2 (P)) = exp(c(k)422d* T te(Q p)).
=1

Since Qp < POP < Q, we have

o0

rQp <tr Z Qer.enm = |(0(er.e).clc| = (). el 5 < oo.

=1 ji=1

Combining the last two equations (recalling that ¢ = f;) then shows,
20200 P 2
E[e** /(M7 00T] L exp(c(k)4r*d> T (@), fo)e|)3)- (4.42)

Using this estimate back in Eq. (4.36) gives,

d
E[*MIe] < 2exp (c(k)ZAszz 3 o). fi)e ”§>

=1
=2exp(c(k)222dT?|w]|3) (4.43)

which completes the proof as this last estimate is independent of P € Proj(W). O

Proposition 4.14. Suppose that v and w are Gaussian measures on W such q,(f) := v(f?) <
qu(f) = w(f?) forall f e Wg. If g :10, 00) — [0, 00) is a non-negative, non-decreasing, cl-
function, then

/g(llwll)dV(w)</g(||w||)du(w).

w w

Proof. Theorem 3.3.6 in [8, p. 107] states that if g, < g, then w(A) < v(A) for every Borel
set A which is convex and balanced. In particular, since B, := {w € W: ||w|| < ¢} is convex and
balanced, it follows that w(B;) < v(B;) or equivalently that 1 — v(B;) < 1 — u(By) forall t > 0.
Since

o0

/g(llwll)dv(w)Z/[g(O)-i-/1t<||w|g/(l)dt:| dv(w)
w w 0
:g(0)+/(g/(t)/lt<||w|| dv(w)) dt
0 w
=g(0)+/g’(z)[1 —v(B))]dt (4.44)
0

with the same formula holding when v is replaced by w, it follows that
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e ]

/g(||w||)dv(w)=g(0)+/g/(t)[1—v(Bt)]dt
w 0
<g(0)+/dtg’(t)[1 —u(Bz)]=/g(||w||)du(w). O
0 w

Definition 4.15. Let p2: G — [0, 00) be defined as
p*(w, ¢) = wlfy + lclc.

In analogy to Gross’ theory of measurable semi-norms (see e.g. Definition 5 in [27]) in the ab-
stract Wiener space setting and in light of Theorem 3.12, we view p as a “measurable” extension
of dGcy -

Theorem 4.16 (Integrated Gaussian heat kernel bounds). There exists a § > 0 such that for all
£€(0,6), T >0, pell,o0),

sup E[eT” @M <00 and fe%f’2<g>dvT(g)<oo (4.45)
PeProj(W) J

whenever € < 8.

Proof. Let &' :=¢/T. For P € Proj(W),

1
p*(8p(D)) < [Bo(D) [y + [ BoD) | + 5 [ NP (D) .

where Np(T) := fOT w(Bp(t),dBp(t)) and therefore,
E[ee’/ﬂ(gpm)] < E[ee’[HBP(T)II%V+%IINP(T)IICI] LE[e1B0Mllc],

Moreover, by Holder’s inequality we have,

E[ee’pz(gP(T))] < ]E[eE'HBo(T)IIC]\/E[EZE’HBP(T)H%V] . E[eS’HNP(T)IIC]

<E[ef 1B0Dlc] E[ezs'umm%v] . sup B[ INe(Dc]
P’€Proj(W)
wherein we have made use of Proposition 4.14 to conclude that

]E[ezs’|\BP<T>u%v] < E[eze’us(nn%,] — E[eze/ruB(l)n%V]

which is finite by Fernique’s theorem provided 2¢ = 2¢'T < 8’ for some §’ > 0. Similarly by
Proposition 4.13,

sup  E[efINPDlie] < oo
P’eProj(W)
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provided ¢ = &'T < #. The assertion in Eq. (4.45) now follows from these observations and

the fact that E[ef' 1B0Dlc] < oo forall e’ > 0. O
5. Path space quasi-invariance

Notation 5.1. Let Wr(G) denote the collection of continuous paths, g:[0, 7] — G such that
g(0) = e. Moreover, if V is a separable Hilbert space, let H7 (V) denote the collection of abso-
lutely continuous functions (see [14, pp. 106-107]), h:[0, T] — V such that £(0) = 0 and

T 1/2
I2llHp vy == (/Hfi(t)“%,dt) < 0.
0

By polarization, we endow Hr (V) with the inner product

T
(h, k) Hp vy = /(h(;), k() dt.
0

Theorem 5.2 (Path space quasi-invariance). Suppose T > 0, k(-) = (A(-),a(-)) € Hr(gcm)
(thought of as a finite energy path in Gcem), and g(-) is the G-valued Brownian motion in
Eq. (4.10). Then over the finite time interval, [0, T], the laws of k - g and g are equiva-
lent, i.e. they are mutually absolutely continuous relative to one another. More precisely, if
F:Wr(G) — [0, o0] is a measurable function, then

E[F(k-g)] =E[Z«(B, Bo)F(g)], (5.1)

where

S (A@, dB@) g — L [ 1A@N3, dr
Zi(B, Bo):=exp |+ [T (a() + Sw(A(0) —2B@), A@0),dBo()c |- (5.2)
— L Mla@) + Lo (AG) —2B@), A@) 12 d1

Moreover, Eq. (5.2) is valid for all measurable functions, F: Wr(G) — C such that
E[|F (k- ¢)|] = E[Zk(B., Bo)|F(8)|] < oo.
Proof. The Cameron—Martin theorem states (see for example, [36, Theorem 1.2, p. 113]) that
E[F (B, Bo)] =E[Z(B, Bo) F((B, Bo) — k)], (5.3)

where

(54)

T, ‘
Zi(B, By) :=exp (fo [(A@),dB())n + (a(t),dBo(t))C]> |

— LA + a2 de
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Since

t
1 1
k-g)(1) = (B(t) + A(t), Bo(t) +a(t) + E[w(B(t),dB(r)) + Ecu(A(r), B(t))) (5.5)

0

is mapped to

t
1 1
(B(n, Bo(t) + 5 / o((B = A)(¥).d(B = A)(D) + 50(A®). (B - A)(r)))

0

under the transformation B — B — A and By — By — a, we may conclude from Eq. (5.3) that
E[F(k-g)] =E[Zk(B. By)F (B, By +¢)]. (5.6)

where

t

1
/w((B — A)(1),d(B — A)(1)) + Ew(A(t), (B —A)®).

0

c(t) =

N =

By taking the differential of c, one easily shows that

t

1
C(t)=E/w(B(f),dB(f))+uB(t),

0
where
1 1
up(t) := Efw(A(r) —2B(1), A(r)) dx. (5.7)
0
Hence Eq. (5.6) may be rewritten as
o
E[F(k-g)]= IE|:Zk(B, BO)F<B, By +up + 3 / w(B(), dB(t))>:|. (5.8)

0

Freezing the integration over B (i.e. using Fubini’s theorem) we may use the Cameron—Martin
theorem one more time to make the transformation, By — By — u 5. Doing so gives

E[F(k-g)] =E|:Zk(B, BO)F((B,BO+%/w(B(t),dB(t)))>:|

0
=E[Z«(B, Bo)F ()], (5.9)
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where

T

T

. 1

Zi(B, By) := Zx(B, By —uB)exp</<L'tB(t),dBo(t))C - E/HL'tB(l‘)Hédt>. (5.10)
0

0
A little algebra shows that Z1(B, By) defined in Eq. (5.10) may be expressed as in Eq. (5.2). O

Remark 5.3. The above proof fails if we try to use it to prove the right quasi-invariance on the
path space measure, i.e. that g - k has a law which is absolutely continuous to that of g. In this
case

t

1 1
(g k@)= (B(t) + A1), Bo(t) +a(t) + E/w(B(r),dB(r)) - gw(A(t), B(t)))

0

and then making the transformation, B — B — A and By — By — a gives

E[F(g-k)] =E[Z(B, Bo)F(B, By +¢)],

where
1 t
c(t) = E/w(B(r),dB(r)) +up(t)
0
and
t
ug(t) = %/[a)(A,dA)—%)(A,dB)].

0

The argument breaks down at this point since u g is no longer absolutely continuous in ¢. Hence
we can no longer use the Cameron—Martin theorem to translate away the u p term.

Proposition 5.4. There exists a § > 0 and a function C(p,u) € (0,00], for 1 < p < co and
0 < u < oo, which is non-decreasing in each of its variables, C(p,u) < oo whenever

P<%(1+\/1+3/M), (5.11)

and,

E[Zk(B, BO)"] < C(p. Ikl (o) for all k € Hr (gem)- (5.12)
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Proof. For the purposes of this proof, let Ep, and Ep denote the expectation relative to By
and B, respectively, so that by Fubini’s theorem E = Ep Ep = EgEg,, We may write Zk(B, By)
as

T
Zi(B, By) := c(B)exp< / (a@) +ip @), dBo(r>>C)
0

where

T

T
¢(B) :=exp</ A(t),dB()) ——/||A(r)||Hdt— /||a(t)+u3(t)llcdt>
0

0

and up(¢) is as in Eq. (5.7). Hence it follows that,

T
Eg,[ Z«(B. Bo)"] = ¢ (B)Es, [exp(p / (a(t) +1ip (1), dBo(o)Cﬂ
0

’ T
:é—P(B)exp(%/”d(t)—}—L'tB(t)Hszt) —Uv, (5.13)
0
where
T | T
U= exp(p(/(A(t),dB(t))H - E/||A(t)||ildt>>
0 0
and

) T
V=exp<p z /I}d<r>+u3(t>||idf>-
0

Note that when p = 1, Eq. (5.13) becomes

T
1
Ex,[Zi(B. Bo>]—exp( / A).dB(),; — 5 / IIA(t>||de>

0

from which it easily follows that
E[Zi(B. Bo)] = EpEp,[ Z(B, Bo)] =

Now suppose that p > 1. By the Cauchy—Schwarz inequality,

E[Zi(B, Bo)’] = E5[U V1 < (Es[V2]) 2 (B5[U2]) .
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Because

T T
EU2=exp(—p/HA(I)”?{dt)E[exp(Zpf(A(t),dB(t))H):|
0 0

=exp(PllAll3y, () < exp(PIKIFy, gerp) < O©

we have reduced the problem to estimating EV 2. By elementary estimates we have

s )¢ = 7 lo(a® —280). Aw) |

< <ll3|am — 2805, A0},

<

R = B = e

lol3| A0 |5 (105 +41BO]3,)
and hence

la@ +ip @] <2[at)]2 + 2] in®)|

. 2 : 2 2 2
=20am g + Il A5 (4], +40<SI:2T”B(I)HW). (5.14)

By Eq. (2.10) there exits ¢ < oo such that || - [y < c] - ||g. Since
T
10|, <f||A<r)||Hdr < VTl ),
0

we find
V2 < Coxp(4(0> — D)l Al gy sup [BO)[3).
0T
where
C =exp((p® — p) 2llalizs, ) + < TIol§I Al i)

< C' (P, Ikl gew) < 00

Now by Fernique’s theorem as in Eq. (2.4) there exists §’ > 0 such that

M= E[exp(S’ sup || B(1) ”5‘,)] <00
0<t<T

and hence it follows that

EV? < C'(p. Ikl 1y (gean) - M < 00
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provided

4(p? = p) w3, o < 4(p* — p) ol I3, <4
T(H) r(gcm)

The latter condition holds provided

2
L+ 148/ 1K1, g
2 b

P<

where § := (?|lwll})7!16' > 0. O

Definition 5.5. We will say that a function, F: W7 (G) — R (Wr(G) as in Notation 5.1) is
polynomially bounded if there exist constants K, M < oo such that

M
[F@|<k(1+ sup [g)],)" forallge Wr(G). (5.15)
tel0,7T]
Given a finite energy path, k() = (A(?), a(?)) € gcm, we say that F is right k differentiable if

F((sk) - g) =: (kF)(g)

ds|o

exists for all g € Wr(G).

Corollary 5.6 (Path space integration by parts). Let k() = (:4(-),(1(.)) € Hr(gcm) and
F:Wr(G) — R be a k-differentiable function such that F and kF are polynomial bounded
functions on Wr(G). Then

E[(kF)(g)] =E[F(9)z], (5.16)

where
T
/ A(t) dB(t) <a'(t) —a)(B(t),A(t)),dBo(t)>C]. 5.17)
0

Moreover, E|zx|P < oo forall p € [1, 00).
Proof. From Theorem 5.2, we have that for any s € R

E[F((sk) - g)] = E[Z(B, Bo)F ()] (5.18)
Formally differentiating this identity at s = 0 and interchanging the derivatives with the expecta-

tions immediately leads to Eq. (5.16). To make this rigorous we need only to verify that derivative
interchanges are permissible. From Egs. (3.8) and (5.15), there exists C (k) < oo such that
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sup
Is|<1

— F((sk) - g)’ = ‘sltgol|(1€F>(<sk> -g)|

<K sup (1+ sup Ilsk] ¢ )
|s|<1 te[0,T

s C(k)(l - tes[g,pr] 5@ “g)

wherein the last expression is integrable by Fernique’s theorem and the moment estimate in
Proposition 4.1. Therefore,

d d A
R IR P R O] BE 1!

0

To see that we may also differentiate the right-hand side of Eq. (5.18), observe that

Z (B, Boy) = eXp(SZk +52B+53y + s4/<),

where
Lf Lf
=—§/1|A(z)}|i,dr+ E/(w(A(t),A(z)),dBo(r))C
0
T
1 2
/”a(t)— (B@), A1) | dt
0
| T
:_E/Re a(t) — o(B@), A®t)), (A(t),A(t)))Cdt
0
and

1
= g[||w A, A®) |2 dr.

Using Fernique’s theorem again and estimates similar to those used in the proof of Proposi-
tion 5.4, one shows for any p € [1, oo) that there exists so(p) > 0 such that

p
< Q.

Therefore we may differentiate past the expectation to find

— Zs(B, Bo)

E[ sup
Is|<s0(p)

- d -
E[F(g)Zs(B, Bo)] =E[F(g)$ Z(B, Bo)} =E[F(g)z].

Slo 0
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The fact that z; has finite moments of all orders follows by the martingale arguments along
with Nelson’s theorem as described in the proof of Lemma 4.7. Alternatively, observe that

fOT(A(t), dB(t))y is Gaussian and hence has finite moments of all orders. If we let M, :=
fé(d —w(B, A), dBy)c, then M is a martingale such that

T
. : 2 2
Myr = [ a@) - o(B@). Aw)|zdr < (1 BO[3,).
)7 = [ a0 - o(B). Aw) [fdr < € (1+ max |50)];,
0
So by Fernique’s theorem, E[{M )IT’] < oo for all p < oo and hence by the Burkholder-Davis—
Gundy inequalities, E|]M7|P <ooforall 1< p <oo. O

6. Heat kernel quasi-invariance

In this section we will use the results of Section 5 to prove both quasi-invariance of the heat
kernel measures, {vr}7~0, relative to left and right translations by elements of Gy .

Theorem 6.1 (Left quasi-invariance of the heat kernel measure). Let T > 0 and (A, a) € Gem.
Then (A, a) - g(T) and g(T) have equivalent laws. More precisely, if f:G — [0, o] is a mea-
surable function, then

E[f((A,a) g(D)]=E[f(g(T)) Zk(g(T))]. 6.1)

where

Zi(8(T)) =E[¢(a.a)(B. Bo)|o ((T))] (6.2)
and

1 A2, 1 f

In¢(a.q)(B, Bo) := ?(A, B(T)),; — 2T2H +7 /(a — w(B(1), A), dBo(1))
0
! T
- ﬁ/”a — w(B(), A)|ad. (6.3)
0

Proof. An application of Theorem 5.2 with F(g) := f(g(T)) and k(¢) := %(A, a) implies

E[f((A,a)-g(I))]=E[F(k-g)] =E[Zk(B, Bo) - F(3)]
=E[Z(B. Bo) f(8(T))]. (6.4)

where after a little manipulation one shows, Zk(B, By) = {(a,a)(B, Bp). By conditioning on
o (g(T)) we can also write Eq. (6.4) as in Eq. (6.1). O
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Corollary 6.2 (Right quasi-invariance of the heat kernel measure). The heat kernel measure, vr,
is also quasi-invariant under right translations, and

dl)T or]:] - 1
— * (9)=2Z,_ , 6.5
G @ =Z1(s7) (6.5)

where
Zy =dvr ol " dvr
is as in Theorem 6.1.

Proof. Recall from Corollary 4.9 that vr is invariant under the inversion map, g — ¢~ '. From
this observation and Theorem 6.1 it follows that v is also quasi-invariant under right transla-
tions of elements of Goym. In more detail, if k € Gem and f: G — R is a bounded measurable
function, then

/f(g k)dvr(g) = /f k)dvr(g) = /f k™ g )dvT(g)
/f )Zy-1(8) dvr (g) = /f(g)Zk (g7 dvr(g).
G

Eqgs. (6.5) is a consequence of this identity. O

Just like in the case of abstract Wiener spaces we have the following strong converses of
Theorem 6.1 and Corollary 6.2.

Proposition 6.3. Suppose that k € G\ Gem and T > 0, then vy o[, Y and vr are singular and

VT o rk_l and v are singular.

Proof. Let k = (A,a) € G\ Gecm with a € C and A € W \ H. Given a measurable subset,
V Cc W, we have

vr(V x C)=P(B(T) e V) =: ur(V),

where @7 is Wiener measure on W with variance 7. It is well known (see e.g. Corollary 2.5.3
in [8]) that if A € W \ H that ur(- — A) is singular relative to w7 (-), i.e. we may partition W
into two disjoint measurable sets, Wy and W such that ur (Wp) =1 = ur (W7 — A). A simple
computation shows for any V C W that

'V x O =r"(VxC)=(V-A4)xC.

Thus if we define G; := W; x C fori =0, 1, we have that G is the disjoint union of Gy and G
and v7 (Go) = ur (Wp) = 1 while

vr(re ' (GD) = vr (17 NG D) =vr (Wi = A) x C) =pur (Wi —A)=1. O
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Corollary 6.4 (Right heat kernel integration by parts). Let k := (A, a) € gcm and suppose that
f:G — C is a smooth function such that f and k f are polynomially bounded. Then

E[(kf)(g(T))] =E[f (s(T))z].

where k f (g) := %o f ((sk)g) and
] T
=g |:(A, B(T)),, +(a, Bo(T)) — f(w(B(t), A), dBo(z))C}.
0

Moreover, with vy := Law(g(T)), the above formula gives,

/ & f)dvr(g) = / F(9)3(2)dvr(g),

where
Zk(g(D)) :=E(zklo (g(1))). (6.6)
Proof. This is a special case of Corollary 5.6, with k(¢) := %(A, a)and F(g):= f(g(T)). O

Corollary 6.5 (Left heat kernel integration by parts). Let k := (A, a) € gcm and suppose that
f:G — C is a smooth function such that f and k f are polynomially bounded. Then

/(lgf)dw(g)Z/f(g)ii(g)dw(g),

where k f(g) == %|0f(g(sk)) and

28 =—(s7"), ©.7)
where Zj. is defined in Eq. (6.6).

Proof. Let u(g):= f(g~") sothat f(g) =u(g~"). Then

Flo-60) = L] u(=sky -7 = — Gy (g ™).

k)&= . as,

Therefore by Corollary 6.4 and two uses of Corollary 4.9 we find

/ Ef)dvr(g) = f () (57" dvr (g) = / (i) (g) dvr (g)
- / u(9)7(g) dvr () = / £l ") 2e(g) dvr (g)

/f(g)Zk )dvr (). O



B.K. Driver, M. Gordina / Journal of Functional Analysis 255 (2008) 2395-2461 2443

Definition 6.6. A cylinder polynomial is a cylinder function, f = F oxp : G — C, where P €
Proj(W) and F is a real or complex polynomial function on PH x C.

Corollary 6.7 (Closability of the Dirichlet form). Given real-valued cylindrical polynomials, u,
von G, let

Sg(u,v) ::/(gradu,gradv)ﬂdvr,
G

where gradu : G — gcwm is the gradient of u defined by
(gradu, k) oy = ku  for all k € geom.

Then Sg is closable and its closure, Er, is a Dirichlet form on Re L%(G, vr).
Proof. The closability of Sg is equivalent to the closability of the gradient operator,

grad: L2(vy) — L*(v1) ® geu,

with the domain, D(grad), being the space of cylinder polynomials on G. To check the latter
statement it suffices to show that grad has a densely defined adjoint which is easily accomplished.
Indeed, if k € gcm and # and v are cylinder polynomials, then

(gradu, v - k)2 y@gem = [1214 -vdvr
G
/[lz(u V) —u ~l€v]dvT
G

I/l, _Igv + Zf{v)Lz(l)T)’

wherein we have used the product rule in the second equality and Corollary 6.5 for the third. This
shows that v - k is contained in the domain of grad* and grad*(v - k) = —kv + Ziv, where zi is
as in Eq. (6.7). This completes the proof since linear combination of functions of the form v - k

with k € gcum and v being a cylinder polynomial is dense in L2(vr) ® gcm. O
7. The Ricci curvature on Heisenberg type groups

In this section we compute the Ricci curvature for G(w) and its finite-dimensional approxi-
mations. This information will be used in Section 8 to prove a logarithmic Sobolev inequality for
vr and to get detailed L”-bounds on the Radon—-Nikodym derivatives of vy under translations
by elements from Gcwm.

Notation 7.1. Let (W, H, w) be as in Notation 3.1, P € Proj(W),and Gp = PW x C C Gcm as
in Notation 3.24. We equip G p with the left-invariant Riemannian metric induced from restric-
tion of the (real part of the) inner product on gcyy = H x C to Lie(Gp) = PH x C. Further, let
Ric” denote the associated Ricci tensor at the identity in G p.
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Proposition 7.2. If (W, H, w, P) as in Notation 7.1, P € Proj(W) is as in Eq. (3.42), and
(A,a) e PH x C, then

[RicP(A,a), (A, 0)),, o= Z (w(ex, e)),a | - —Z”a)(A ek)”C (7.1)

jk 1
2 2
=2 ||<a)(-,-),a)c ” (PHY*Q(PH)* E”“)(Af ')H(PH)*®C' (7.2)

Proof. We are going to compute Ric” using the formula in Eq. (B.3) of Appendix B. If { fg}d‘mC
is an orthonormal basis for C, then

dimC
ZHad(ek 0,04+ 2 lado.so A @ |30 = ZHW:«, e a3
k=1 =1 k=1
If (B,b) € PH x C, then
n dim C
ad;(kB,b)(A7 a) = Z(ad(B b)(A Cl) (ej’ O))QCM (619 0) + Z ad(B b)(Av Cl), (O’ f[))BCM(O’ fﬂ)
j=1 =1
=Y ((A.a).[(B.b). (e;. 0]}y, (€0
j=1
dimC
+ Y ((A,a), [(B, D), O, f)]),,, O fo)
=1
=Y ((A.a). (0, 0(B, e)))gen €750 = > (a.o(B.e))) (e}, 0).
j=1 j=1
This then immediately implies
dimC 5 n n 5
Z||ad(€k oA )i, + Z ladiy A @) =D D (a0l ep)e:  (T4)

k=1 j=1

Using Egs. (7.3) and (7.4) with the formula for the Ricci tensor in Eq. (B.3) of Appendix B
implies Eq. (7.1). O

Corollary 7.3. For P € Proj(W) as in (3.42), let
1 2
kp(@)i=—3 sup{l@C, A) [ (pyyegc A€ PH, IIAlpy =1} (7.5)
Also let

1 |
ko)==3 s JoC. ) |3ge = — 5 llollz > —oe. (7.6)
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Then kp(w) is the largest constant k € R such that

(Ric” (A, a), (A, a)) > kH(A,a)”i,ch forall (A,a) € PH x C (7.7)

PHxC

and k(w) is the largest constant k € R such that Eq. (7.7) holds uniformly for all P € Proj(W).

Proof. Let us observe that by Eq. (7.1)

(Ric? (A, a), (A,a)) prxc N (Ric?(A,0), (A,0)) prxc
1A, @)% (A, O)II% 5

the optimal lower bound, kp (w), for Ric? is determined by

(Ric”(A,0), (A, 0)) prxc

kp(w)= In
AP H\(0) 1A, O34
_ (_1 Ilw(-’Aﬂl%pH)*@c)
AePH\[O}\| 2 IAI%

which is equivalent to Eq. (7.5). It is now a simple matter to check that k(w) = infpeprojw) kp (@)
which is the content of the last assertion of the theorem. O

In revisiting the examples from Section 3.3 we will have a number of cases where H and C
are complex Hilbert spaces and w: H x H — C will be a complex bilinear form. In these cases
it will be convenient to express the Ricci curvature in terms of these complex structures.

Proposition 7.4. Suppose that H and C are complex Hilbert spaces, w: H x H — C is complex
bi-linear, and P : H — H is a finite rank (complex linear) orthogonal projection. We make G p =
P H x Cinto a Lie group using the group law in Eq. (3.6). Let us endow G p with the left-invariant
Riemannian metric which agrees with {-,-)[gplge := Re(-,")g, 0n gp = PH x C at the identity
in Gp. Then forall (A,a) € gp,

. ) )
(RICP(A’ @), (4, a))[gP]Re ) ||<w('*')’a>c ||(PH)*®(PH)* - ”“’(A’ ')H<pH)*®C (7.8)
1 & n
=5 2l ep. a)e =Y oA, e (7.9)

Jk=1 k=1

where {e; };'.:1 is any orthonormal basis for PH.

Proof. Applying Eq. (7.2) with PH, C, and gp being replaced by (P H)Re, Cre, and [gp]Rre
implies

(Ric? (4, a), (4, a))[ !

2 1 2
arlRe — 4 ([CICO? “)CRe I (PH)3®(PH);. 2 Joca, )] (PH)%,®Cre”
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However, by Lemma 3.17 we also know that

2 2
||<“)("')’ “)CRe ”(PH);;e@(PH)i‘;e = 2“(“’('9')’ a)c ||(PH)*®(PH)*

and

2 2
|eoca, ')H(PH);;eQz)CRe =2|w(4, ')H(PH)*®C
which completes the proof of Eq. (7.8). O

Remark 7.5. By letting n — oo in Propositions 7.2 and 7.4, it is reasonable to interpret the Ricci
tensor on Gy to be determined by

1 1
RictA, 0, (4,00, =5 (100Nl = 510 M ge) 10
=ot]1:< Z | a, (e, e]) Z”a)(ek,A)”C), (7.11)

Jj.k=1

where {e; }?O | is an orthonormal basis for H, IF is either R or C and a is one or two, respectively.
Moreover if C =TF, then Eq. (7.10) may be written as

. 1 1
(Ric(4. a). (4. @))gey = aw(z ¢ 10 = 3o A>||i,*)- (7.12)

7.1. Examples revisited

Using Eq. (7.10), it is straightforward to compute the Ricci tensor on G for each of Exam-
ples 3.18-3.23.

Lemma 7.6. The Ricci tensor for Gom associated to each of the structures introduced in Exam-
ples 3.18 and 3.19 are given (respectively) by

2
1
(Ric(z. 0). (@ )y = — = §||z||én forall (z,¢) e C" x R, (7.13)

2

and

(Ric(z, €), (2, ))n . =nlcl” = lIzlIga,  forall (z,¢) e C*" x C. (7.14)

[heIr

Proof. We omit the proof of this lemma as it can be deduced from the next proposition by taking
0=I1. O

Proposition 7.7. The Ricci tensor for Gem associated to each of the structures introduced in
Examples 3.20 and 3.21 are given (respectively) by

(Ric(h, ¢, (h, c))gCM = %[6‘2 tr Q> — |QhI%] forall (h,c) e H x R, (7.15)
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and
(Ric(ki, k2, ), (ki ko, )y o =elPr Q% = 1 Qki Ik — | Qkellk (7.16)
forall (ki,kr,c) € K x K xR.

Proof. We start with the proof of Eq. (7.15). In this case,

Mg

oo e, = e, A7 + wtiej, 4)7]

~.
I
_

[(Im(h, ej)Q)2 + (Im(h, iej)Q)z]

r”18

~.
I
—_

[(1m(.e))0)” + (Reth, e;)0)°]

I
81M8

[(h,e)o|” = lQRI%,
1

<
Il

and from Eq. (3.36), ||a)||% = 2tr(Q?). Using these results in Eq. (7.12) with ' = R gives
Eq. (7.15) with F = C and H = K x K. Eq. (7.16) follows from Eq. (7.12) with F = C,
Eq. (3.36), and the following identity:

M

|o(tki.k2). )| > (o (1, k2), (¢, ) 1+ (ki k2. 0,¢)) %)

~.
I
<

r”18

|k2,er ’ +Z’ (k1. Qej) ’

J Jj=1
IIQk1IIK + 110k 1% - O (7.17)

Proposition 7.8. The Ricci tensor for Gowm associated to the structure introduced in Exam-
ple 3.22 is given by

o]
=Y q;(Ric* (v, 0), (V. )y o, V€ € H XF, (1.18)
j=1

(Ric(v, c), (v, c))

[gcmIre

where Ric® denotes the Ricci tensor on G(«) :=V x C as is defined by Eq. (7.19) below.
Proof. Using Eq. (3.38) along with the identity,

oo d

d
Z|w ua(j).v) g = ZZ |t v)) |

|0C.0) [ Fege = 2]
1

Mg uMg

VA CTOUR]

.
I
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in Eq. (7.10) shows

1
[Rie(v. 0. (0:)) gy, = quj(—u el = ot o) gc )

Moreover, by a completely analogous finite-dimensional application of Eq. (7.10), we have

1 1
(Ric* (v}, ), (07, )y e = oqg(Z le,) el — 5 v ZV*®C>. (7.19)

Combining these two identities completes the proof. O

Proposition 7.9. Let « : V x V. — C be as in Example 3.23. Forv e V, let ay, : V — C be defined
by ayw = a(v, w) and o : C — V be its adjoint. The Ricci tensor for Gom associated to the
structure introduced in Example 3.23 is then given by

(Ric(h, c), (h, c))

[gcMmIRre

1
=5[ / (S/\t)zdn(S)dﬁ(t)} Jes )l

VE*QV*
[0,112

- f (s A tE(o] i) ) dn(s) dif(0). (7.20)
(0,12

Proof. In this example we have

|t )3 epe = ZZHw(h L) &

C

dn(S)/dn(t)(s /\t)z (@p(s)a, Cp(rylila)C

a=1

Il
S t—

_ / s At[te(e] gy nis))] dn(s) dii(o).
[0,11%

Using this identity along with Eq. (3.40) in Eq. (7.10) with o = a¢c = 2 implies Eq. (7.20). O
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8. Heat inequalities
8.1. Infinite-dimensional Radon—Nikodym derivative estimates

Recall from Theorem 6.1 and Corollary 6.2, we have already shown that vr o lh_1 andvror, !
are absolutely continuous to vy for all h € Gem and T > 0. These results were based on the
path space quasi-invariance formula given in Theorem 5.2. However, in light of the results in
Malliavin [40] it is surprising that Theorem 5.2 holds at all and we do not expect it to extend to
many other situations. Therefore, it is instructive to give an independent proof of Theorem 6.1 and
Corollary 6.2 which will work for a much larger class of examples. The alternative proof has the
added advantage of giving detailed size estimates on the resulting Radon—Nikodym derivatives.

Theorem 8.1. For all h € Gcpm and T > 0, vy o l;l and vr o r;:] are absolutely continuous

d(vrol;! d - . ; L
to vr. Let Z) = (V;S ) and zZ, = % be the respective Radon—Nikodym derivatives,
T vr

k(w) is given in Eq. (7.6), and

t
c(t) := 1 forallt e R

with the convention that c(0) = 1. Then for all 1 < p < oo, Z}Z and Z;; are both in LP (vy) and
satisfy the estimate

k(@)T)(p—1
12y <0 CLDE=D e, &1

where x =1 or x =r.

Proof. The proof of this theorem is an application of Theorem 7.3 and Corollary 7.4 in [18] on
quasi-invariance of the heat kernel measures for inductive limits of finite-dimensional Lie groups.
In applying these results the reader should take: Go = Gcm, A = Proj(W), sp :=mp, vp =
Law(gp(T)), and v = vy = Law(g(T)). We now verify that the hypotheses [18, Theorem 7.3]
are satisfied. These assumptions include a denseness condition on the inductive limit group,
consistency of the heat kernel measures on finite-dimensional Lie groups, uniform bound on
the Ricci curvature, and finally that the length of a path in the inductive limit group can be
approximated by the lengths of paths in finite-dimensional groups.

(1) By Proposition 3.10, | pcpyoj(w) G P is a dense subgroup of Gewm.
(2) From Lemma 4.7, for any {P,}°, C Proj(W) with P,|y 1 Iy and f € BC(G,R) (the
bounded continuous maps from G to R), we have

/fdv: lim /f|GP”dvpn.
n—oo
G Gp,

(3) Corollary 7.3 shows that Ricp > k(w)gp for all P € Proj(W).
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(4) Lastly we have to verify that for any Py € Proj(W), and k € C([0, 11, Gem) with k(0) = e,
there exists an increasing sequence, {Pn}f;o: 1 C Proj(W) such that Py C Py, P, 1 on H,
and

CGen () = Tim €, (7, 0 k), (8.2)

where , :=mp, and £g, (k) is the length of k (see Notation 3.9 with T = 1). However,
with k() = (A(?), c(2)), using the dominated convergence theorem applied to the identity
(see Eq. (3.21))

dt

gcm

”nk(t) ! [”nk(t) nnk(t)]

1
EGP,L (nn Ok) :/
0

1
: 2
-/ / [P A}, +
0

shows Eq. (8.2) holds for any such choice of P,|g 1 Iy with Py C P, € Proj(W). O

2

&) — lw(PnA(t), P,A®)| dt
2 C

Remark 8.2. In the case of infinite-dimensional matrix groups three out of four assumptions hold
as has been shown in [24]. The condition that fails is the uniform bounds on the Ricci curvature
which is one of the main results in [25].

8.2. Logarithmic Sobolev inequality

Theorem 8.3. Let (E7,D(E7)) be the closed Dirichlet form in Corollary 6.7 and k(w) be as
in Eq. (7.6). Then for all real-valued f € D(Er), the following logarithmic Sobolev inequality
holds

| — p—k@T
/ (f*In f?)dvr < ﬁfr(ﬁ N+ / f2dvr -In / fdvr. (83
G G

G

where vy = Law(g(T)) is the heat kernel measure on G as in Definition 4.2.

Proof. Let f:G — R be a cylinder polynomial as in Definition 6.6. Following the method of
Bakry and Ledoux applied to G p (see [22, Theorem 2.9] for the case needed here) shows

_ o kp(w)
EL(1og £)(er(1)] <2255 S Bl (gwa” 1) (o) 2,
+E[£*(gp(T))]10gE[ £*(gp(T))] (8.4)

where kp(w) is as in Eq. (7.6). Since the function, x — x711 = e™), is decreasing and
k(w) < kp(w) for all P € Proj(W), Eq. (8.4) also holds with kp(w) replaced by k(w). With
this observation along with Lemma 4.7, we may pass to the limit at P 1 [ in Eq. (8.4) to find
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, ) _—k(@)T
E[(f log f )(g(T))]gzw

+E[f2(g(T))]logE[ £2(g(D))].

E|grad f(g(T))|?

This is equivalent to Eq. (8.3) when f is a cylinder polynomial. The result for general f € D(Er)
then holds by a standard (and elementary) limiting argument—see the end of Example 2.7
in[29]. O

9. Future directions

In this last section we wish to speculate on a number of ways that the results in this paper

might be extended.

(1) It would be interesting to see what happens if we set By to be identically zero so that g(¢) in

@

3

Eq. (4.2) becomes

gt) = <B(t) —/ (B(r), B(1))d ) O.D

0

The generator now is L = %Z,‘?‘;l (ex, 0)2 and if w(gcm X gem) is a total subset of C,
L would satisfy Hormander’s condition for hypoellipticity. If dim H were finite, it would
follow that the heat kernel measure, vy, is a smooth positive measure and hence quasi-
invariant. When dim H is infinite we do not know if v7 is still quasi-invariant. Certainly
both proofs which were given above when By was not zero now break down.

It should be possible to remove the restriction on C being finite-dimensional, i.e. we expect
much of what we have done to go through when C is a separable Hilbert space. In doing
so one would have to modify the finite-dimensional approximations used in the theory to
truncate C as well.

It should be possible to widen the class of admissible ws substantially. The idea is to assume
that w is only defined from H x H — C such that ||w||> < co. Under this relaxed assumption,
we will no longer have a group structure on G := W x C. Nevertheless, with a little work
one can still make sense of Brownian motion process defined in Definition 4.2 by letting

t

t
/a)(B(r),dB(r)) = Lz-nlggo/a)(PnB(r),dP,,B(r)). 9.2)
0

0
In fact, using Nelson’s hypercontractivity and the fact that

t

/a)(P,,B(r),dPnB(r))

0

is in the second homogeneous chaos subspace, the convergence in Eq. (9.2) is in L? for all
p €[1, 00). In this setting we expect the path space quasi-invariance results of Section 5 to
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remain valid. Similarly, as the lower bound on the Ricci curvature only depends on w|yx i,
we expect the results of Section 8.1 to go through as well. As a consequence, G should carry
a measurable left and right actions by element of Gcy and these actions should leave the
heat kernel measures (end point distributions of the Brownian motion on G) quasi-invariant.
One might call the resulting structure a quasigroup. Unfortunately, this term has already
been used in abstract algebra.

(4) We also expect that level of non-commutativity of G may be increased. To be more precise,
under suitable hypotheses, it should be possible to handle more general graded nilpotent Lie
groups. However, when the level of nilpotency of G is increased, there will likely be trouble
with the path space quasi-invariance in Section 5. Nevertheless, the methods of Section 8.1
should survive and therefore we still expect the heat kernel measure to be quasi-invariant.
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Appendix A. Wiener space results

The well-known material presented in this appendix may be (mostly) found in the books [36]
and [8]. In particular, the following theorem is based in part on Lemma 2.4.1 in [8, p. 59], and
Theorem 3.9.6 in [8, p. 138].

Theorem A.l. Let (X, Bx, i) be a Gaussian measure space as in Definition 2.1. Then

(D) (H, |- llg) is a normed space such that

Ihllx <V Callhlln forallh e H, (A.1)

where Cy is as in (2.2).
(2) Let K be the closure of X* in Re L*(w) and for f € K let

tf ==hy :=/xf(x)d,u(x) e X,

X

where the integral is to be interpreted as a Bochner integral. Then «(K) = H and1: K — H
is an isometric isomorphism of real Banach spaces. Since K is a real Hilbert space it follows
that || - || g is a Hilbertian norm on H.

(3) H is a separable Hilbert space and

(wu,h)g =u(h) foralluec X*andh € H. (A.2)

(4) The Cameron—Martin space, H, is dense in X.
(5) The quadratic form g may be computed as

o0

q(u,v) =Y ule;)v(e;) (A3)

i=1
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where {e;}:° | is any orthonormal basis for H.

. tr
Notice that by item (1) H < X is continuous and hence so is X* <> H* = H = (-, ).

Eq. (A.3) asserts that

q =) E* X x*.

Proof. (1) Using Eq. (2.6) we find

u(l O
Illx = sup sup <VCllhla.
ueX*\(0) ||u||x* wex*\(0y v/qu, u)/Ca

and hence if ||h]|gz =0 then ||h||x =0 and so 2 = 0. If h, k € H, then for all u € X*, |u(h)| <
A1l i /g (u) and |u(k)| < ||kIl /g () so that

Juh + 1| < |+ [u)| < (1l + 1K11) Vg @),

This shows & + k € H and ||h + k|lg < |kllg + |k||g. Similarly, if A € R and h € H, then
M e H and |AR||g = |A|||k]|g. Therefore H is a subspace of W and (H, || - ||z) is a normed
space.

(2)For fe K andu € X*

u(Lf) =u</Xf(X)du(x)> =/u(x)f(X)du(x) (A4)
X X

and hence

| @f)] < el 200 1f 120y = V@ flix

which shows that «f € H and |if||lg < || fllx. Moreover, by choosing u, € X* such that
L2(w)-lim,_, ooty = f, we find

2
i B WO @ f@ dpl W g,
n—>00 \/q(u,) 100 letnll 22,0 I f 220

= ||f||L2(M)

from which it follows ||¢cf ||z = || fllx. So we have shown that .: K — H is an isometry. Let us
now show that «(K) = H. Given h € H and u € X* let h(u) = u(h). Since

()| < Juth)] < Vq@)lhllg = lull 20 1B = lullk 1All#

the functional / extends continuously to K. We will continue to denote this extension by heK*.
Since K is a Hilbert space, there exists f € K such that

h(u) = / Foux)du(x)
X
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for all u € X* (and in fact all u € K). Thus we have, for all u € X*, that

u(h) = / u () £ () du(x) =u< / xf(x)du(x)> — uuf).

X X

From this equation we conclude that 2 = (f and hence («(K) = H.
(3) H is a separable since it is unitarily equivalent to K C L*(X,B, ) and L*(X, B, ) is
separable. Suppose that u € X*, f € K and h =(f € H. Then

(u, Mg = (u, f)g =, fk

=fu(x)f(X)dM(x)=u</Xf(X)dM(X)>

X X

=u(tf) = u(h).

(4) For sake of contradiction, if H C X were not dense, then, by the Hahn—Banach theorem,
there would exist u € X*\ {0} such that u(H) = 0. However from Eq. (A.2), we would then have

q(u,u)=(w,w)yg =u(u)=0.

Because we have assumed that ¢ to be an inner product on X*, u must be zero contrary to u
being in X* \ {0}.
(5) Let {e;}72, be an orthonormal basis for H, then for u, v € X*,

q(u, v) = (u, )k = (, )y = Y (i, ) (ei, w)n

i=1
=Y uevie)
i=1

wherein the last equality we have again used Eq. (A.2). O
Appendix B. The Ricci tensor on a Lie group

In this appendix we recall a formula for the Ricci tensor relative to a left invariant Rieman-
nian metric, (-,-), on any finite-dimensional Lie group, G. Let V be the Levi-Civita covariant
derivative on TG, for any X € g let X (g) =1 ¢+ X be the left-invariant vector field on G such that
)~((e) =X,andfor X,Y € g,let DxY := fo € g. Since Vf(f’ is a left-invariant vector field and
(Vg Y)(e) = VxY = DxY, we have the identity; V;(f = B}T/ . Similarly the Ricci curvature
tensor, Ric (and more generally the full curvature tensor) is invariant under left translations, i.e.
Ricg = 1,1, Rice [gy for all g € G. Hence it suffices to compute the Ricci tensor at e € G. We
will abuse notation and simply write Ric for Ric,.
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Proposition B.1 (The Ricci tensor on G). Continuing the notation above, for all X,Y € g we
have

. 1 * *
DXY.:E([X, Y]—ady Y —adj X) €g, (B.1)

where ady, denotes the adjoint of ady relative to (-,-).. We also have,
(Ric X, X) = tr(ad,g x) — ltr(ad2 ) + ! Z |ad} X\z ! Z lady X |? (B.2)
’ . 2 . 4 YeI’ ' 2 YerI’ ’ '

where I' C g is any orthonormal basis for g. In particular if g is nilpotent then tr(adadj(x) =0
and tr(adi) = 0 and therefore Eq. (B.2) reduces to

1 1 1
(Ric X, X) = ; > |ady X |7~ 3 > lady X2 > -3 > lady XP2. (B.3)
Yel YerI’ YelI’

These results may be found in [7], see Lemma 7.27, Theorem 7.30, and Corollary 7.33 for the
computations of the Levi-Civita covariant derivative, the curvature tensor, and the Ricci curvature
tensor, respectively.

Appendix C. Proof of Theorem 3.12

Before giving the proof of Theorem 3.12 it will be necessary to introduce the Carnot—
Carathéodory distance function, §, in this infinite-dimensional context.

Notation C.1. Let 7 > 0 and HClCM denote the horizontal elements in CéM, where g € C(le is
horizontal iff lg(s)fl*g’(s) € H x {0} for all s. We then define,

8(x,y) = inf{€Gey (): g € HCly such that g(0) = x and g(T) = y}
with the infimum of the empty set is taken to be infinite.

Observe that §(x, y) > dcm(x, y) for all x, y € Gem. The following theorem describes the
behavior of §.

Theorem C.2. If {w(A, B): A, B € H} is a total subset of C, then there exists c € (0, 1) such
that

c(lAlla +llallc) <8(e. (A, @) <c ' (IAlu +Vlalc) forall (A,a) € gem. (C.1)

Proof. Our proof will be modeled on the standard proof of this result in the finite-dimensional
context, see for example [42,50]. The only thing we must be careful of is to avoid using any
compactness arguments.

For any left-invariant metric d (e.g. d = é or d = dcm) on Gem we have

de,xy)<d(e,x)+d(x,xy)=d(e,x)+d(e,y) forallx,ye Gcm. (C2)
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Given any path g = (w, ¢) € CéM joining e to (A, a), we have from Eq. (3.20) that

1
KGCM(g)=/\/Hw’(S)Hi,+ |¢/(s) — w(ws), w'(s)) /2] 2. ds
0

1
>f||w’(s>||Hds>||A||H
0

from which it follows that
5(e, (A, @) = dewi(e, (A,0)) > Al . (C3)
Since the path g(¢) = (A, 0) is horizontal and
IAllE = Lieu(8) = 8(e, (A,0)) >dem(e, (A,0)) = |Allg
it follows that
S(e, (A, 0)) = d(e, (A, O)) =||Allg forall Ae H. (C4)

Given A, B € H,let £(t) = Acost 4+ Bsint for 0 <t < 2m and

t

1 .
gt = (sm A, E/w(é(r) A, s(r>)dr)

0
so that lg(t);lg(t) =(&(),0), g(0) =e, and

2

1 .
g(2m) = (0, ; / o(£(0). £()) dr)

0
| 2
= (0, 3 / w(A, B)dr) =(0,7w(A, B)).
0
From this one horizontal curve we may conclude that

2
6(e, (O, Tw(A, B))) <oy (@) = / |—Asint + Bcost| g dt
0
<27 (I Allg + IBllg). (C.5)

Choose {Ay, Bg}‘é:l C H such that {mw(Ay, Bg)};};l is a basis for C. Let {sl}zzl be the
corresponding dual basis. Hence for any a € C we have
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d
3(e. (0,a) —8<e, ]_[ (0, e (@) (Aq, Bg)))
=1

3(e, (0,6 (@mw(A¢, By)))

N
M=~

=1

5(e. (0. mo(sen(e’ @)/ [e4(@)| Ar. /|t @)] Br)))

I
M&

o~
Il

1
d

<27 ) (IYlef @l Acly + Iy [et @] Bell )
=1

wherein we have used Eq. (C.2) for the first inequality and Eq. (C.5) for the second inequality. It
now follows by simple estimates that

d
8(e, (0,@)) < Cy Z\/ let@)| < Ca
=1

for some constants C; < Cr < C(w) < oo. Combining Egs. (C.2), (C.4), and (C.6) gives,

d
Y let@] < C@)lallc (C.6)
=1

5(e, (A, a)) = 8(e, (A, 0)(0, @)
<5(e, (A,0) +8(e, (0,0) < |Aln + C@)V/llallc (C.7

To prove the analogous lower bound we will make use of the dilation homomorphisms defined
for each A > 0 by ¢y (w, ¢) = (Aw, Azc) for all (w, ¢) € gcm = Gem- One easily verifies that gy,

is both a Lie algebra homomorphism on gcy and a group homomorphism on Gey. Using the
homomorphism property it follows that

d .
Lo ens! dt‘PA(g(f)) 01(l )1 8)

and consequently; if g is any horizontal curve, then ¢, o g is again horizontal and £, (¢) 0 g) =
Al Gy (8). From these observations we may conclude that

8(pa(x), @1 (y)) =28(x, y) forallx,y € Gewm. (C.8)
By Proposition 3.10, we know there exists ¢ > 0 and K < oo such that
Kd(e,x) > Kdgey (e, x) = ||x]lgcyy  Whenever |[x]lgoy < €. (C9)

For arbitrary x = (A, a) € Gcm, choose A > 0 such that

= |ler )| = 221413 + A lalZ,
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i.€.

2 VAT +4lalige? = AN

2]alig

It then follows from Egs. (C.8) and (C.9) that AK (e, x) = Kd(e, 5 (x)) > ¢, i.e.

2 2 2
Ple) > 2 laliZ
K52 K 1Al + 4lalze? — 1413,
elall? 1 .10
K2NAly [) | #alke '
A1

Since 4/1 + x — 1 < min(x/2, /x) we have

1 2 1 1 1
- smax| =, — >+ —.
JT+x =1 <x ﬁ) X 2Jx

Using this estimate with x = 4/|a||2||A||;;*¢? in Eq. (C.10) shows

e x) > 25 alle ( IAlIE Al

1
=—(IAlI% +elalic),
K2)|AlI%, \4llallEe? 48||a||C) 2K2( H )

which implies the lower bound in Eq. (C.1). O
We are now ready to give the proof of Theorem 3.12.
C.1. Proof of Theorem 3.12

Proof. The first assertion in Eq. (3.24) of Theorem 3.12 follows from Theorem C.2 and the
previously observed fact that dcy < 8. To prove Eq. (3.25), let g < €/2 where ¢ > 0 is
as in Proposition 3.10. Then according to that proposition, if dcm(e, x) < &g then [|x|[goy <
Kdcm(e,x) < Kep. So if x = (A, a), we have ||[A||lg < Kep and |a||c < Kegp and hence by
Theorem C.2, (e, x) < ¢ 1 (Keo + Keg). This implies that

M (gg) := sup{B(e,x): x >dcem(e, x) < 80} < c_l(Kso ++/Kep) < o0. (C.1D

Now suppose that x € Gem with dem(e, x) > 9. Choose a curve, g € CéM such that
g0) =e, g(1) =x, and LG, (g) < dcm(e, x) + go/4. Also choose €1 € (g9/2, e9] such that
lGem(g) =ney withneNandlet0=1 <t <t <--- <t, =1 be a partition of [0, 1] such
that LGy (8liy,5) =61 for i =1,2,...,n. If x; :=g(t;) fori =0,...,n, then g9 > &1 =
L6em@lsi_1,61) = dem(xi—1, x;) and therefore from Eq. (C.11) and the left invariance of dcm
and § we have 1 > M(eo)’lcS(xi_l, x;) fori =1,2,...,n. Hence we may conclude that
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2dcm(e, x) > dom(e, x) +80/4 2 Loy (8) = €1n

n
_ &0 —
>e1) M(e0) ™ 81, x1) > 5 M(e) ™' 8(e, ).
i=1

Combining this estimate with the lower bound in Eq. (C.1) shows Eq. (3.25) holds for all &g
sufficiently small which is enough to complete the proof. O
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