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1 Introdu
tionPra
ti
al optimization is usually done with limited knowledge of future events.The 
lass of problems known as dynami
 optimization or on-line optimizationseek to model this ignoran
e. One su
h problem is the dynami
 lo
ation prob-lem, whi
h models optimal movement of a unique resour
e on a network tominimize the 
osts of servi
ing sequential requests. This problem was originallyapproa
hed with respe
t to the development of self-modifying data-stru
turesfor sear
h eÆ
ien
y[2℄, but has sin
e been explored in the more dire
t terms ofresour
e management on a graph. One key question in the 
hara
terization ofa problem in an on-line environment is the extent to whi
h lookahead is useful;in parti
ular, is it possible to devise an optimal set of responses to a requestsequen
e if ea
h response is determined only by knowing the next few requests,and how many future requests are ne
essary? The required lookahead for anEmail address: dwildstr�math.u
sd.edu (D. Ja
ob Wildstrom).Preprint submitted to Elsevier 23 O
tober 2006



optimal response algorithm on an arbitrary graph has been fully 
hara
terizedfor the dynami
 lo
ation problem[2,3℄. However, the dynami
 lo
ation prob-lem as traditionally stated assumes that the 
osts of transporting the resour
eand of providing servi
e remotely are 
omparable, whi
h is in many s
enariosnot indi
ative of the true 
osts: for instan
e, a physi
al resour
e on a physi
alnetwork, su
h as a printer, may be prohibitively diÆ
ult to relo
ate but inex-pensive to a

ess remotely, whereas a high-data-transfer ele
troni
 resour
e,for example a �lesystem veri�er or database integrity 
he
k, may be extremelyeasy to relo
ate but use prohibitive amounts of bandwidth to run remotely.In 
ases where resour
e-movements and remote-servi
e 
osts are not equal,we shall see that algorithms for eÆ
ient resour
e lo
ation, and the informa-tion required to e�e
tively implement those algorithms, vary radi
ally fromthose used in the traditional solution to this optimization problem. We �ndthat when the dynami
 lo
ation problem is generalized in this fashion, therequired information for su

essful optimization is subje
t to abrupt transi-tions at 
ertain 
ost-ratios, and these transition-points are revealing about thenature of the underlying graph.2 The Dynami
 Lo
ation Problem GeneralizedThe 
lassi
al dynami
 lo
ation problem is that of of determining a minimum-
ost strategy for relo
ating a resour
e on a graph, given an initial lo
ationfor the resour
e and a series of requests. That is, given a graph G and inputs0; r1; : : : ; rn 2 V (G), where s0 is the initial resour
e state and r1; : : : ; rn arethe sequential requests in order, we wish to devise a sequen
e s1; : : : ; sn 2V (G) su
h that the total 
ost of moving the resour
e to ea
h si, and servi
ingri in turn, is minimized. The 
osts asso
iated with movement and remoteservi
e are de�ned to be simply equal to distan
e in the graph, so that the
ost of a request-response pair will be:nXi=1 d(si�1; si) + d(si; ri)The problem as formulated thus far, however, negle
ts the dynami
 aspe
ts ofthe situation. We de�ne a graph G to be optimizable within window k if for anyinitial resour
e state and request sequen
e, an optimal response sequen
e maybe determined by sele
ting si as a fun
tion of si�1; ri; ri+1; : : : ; ri+k�1; that is,if the response 
an be optimized solely based on the 
urrent lo
ation and thenext k requests. The least su
h k is 
alled the window index, or windex of G,written WX(G) = k, and if no su
h k exists we write WX(G) =1.The graph property WX(G) has been 
ompletely 
hara
terized; however, theunderlying question assumes that the 
ost of moving from one node to another2



and serving that node remotely are identi
al. As previously mentioned, this isnot the 
ase for most situations in whi
h a resour
e is utilized on a network. Asimple modi�
ation to the 
ost-fun
tion serves to model this inequity. DonaldKnuth[4℄ suggested the generalized 
ost fun
tionnXi=1 
md(si�1; si) + 
rd(si; ri)where 
m and 
r are non-negative 
onstants representing, respe
tively, themovement 
osts and remote-servi
e 
osts asso
iated with this resour
e. Froman optimization standpoint, we may s
ale our 
ost fun
tion arbitrarily, sos
aling by 
r we get the 
ost fun
tionnXi=1 �d(si�1; si) + d(si; ri)where � is the ratio between 
m and 
r, this will 
orrespond to all 
asesex
ept when 
r = 0. The 
r = 0 
ase is demonstrably uninteresting from analgorithmi
 perspe
tive: if the 
ost of remote servi
e is zero, then 
ost 
an beminimized by simply letting si = s0 for all i, whi
h will in
ur no movement
osts. For all other values of 
r, we shall 
ondense 
m and 
r into their ratio �for simpli
ity. We may 
al
ulate minimum-
ost response sequen
es to requestsunder this new 
ost, and those optimal response sequen
es we shall 
all �-optimal; repla
ing optimality with �-optimality in the traditional de�nitionof the windex yields a graph parameter we shall 
all the �-windex. We denotethe �-windex of a graph G by WX�(G). Note that the traditional windex issimply the 1-windex under this nomen
lature.In pra
ti
e, the �-windex for a spe
i�
 � is rarely illuminating, as for valuesof � 6= 1 it only takes on a small range of values. An inversion of the questionof the windex is 
onsiderably more revealing: to wit, we want to ask not whatthe windex is for parti
ular �, but for whi
h � the windex is even �nite. Wethus de�ne a parameter to determine this 
riti
al �-value:De�nition 1 The windex algorithmi
 threshold, denoted AT(G), is equal tosupf� 2 [12 ; 1) : WX�(G) <1g:We shall see in the following se
tions that this parameter determines severalgraph properties, both familiar and novel.Theorem 2 If G is a median graph, then AT(G) = 1.Theorem 3 If G is a non-median graph with �nite 1-windex, then AT(G) =23 . 3



Theorem 4 If G retra
ts onto either C2k for k > 2 or K2;3, then AT(G) = 12 .Theorem 5 If G retra
ts onto C2k+1, then AT(G) � k+12k+1 .3 General-use toolsSeveral properties of the windex generalize to the �-windex, and some othernew tools may be used to 
hara
terize graphs of parti
ular �-windex. Thefollowing two properties are generalizations of tools used in [2℄.De�nition 6 For graphs G and H, G�H is a graph su
h that V (G�H) =V (G)� V (H) and f(u; v); (u0; v0)g 2 E(G�H) i� either u = u0 and fv; v0g 2E(H) or fu; u0g 2 E(G) and v = v0.Proposition 7 WX�(G�H) = maxfWX�(G);WX�(H)g. Consequentially,AT(G�K) = minfAT(G);AT(H)g.PROOF. Note that by 
onstru
tion, dG�H((u; v); (u0; v0)) = dG(u; v)+dH(u; v),so rearranging the terms in the 
ost, it is 
lear that the 
ost of a response(s11; s12); (s21; s22); : : : ; (sn1; sn2) to a 
hosen initial state and request sequen
e(s01; s02); (r11; r12); (r21; r22); : : : ; (rn1; rn2) is simply the sum of the 
osts of theresponse s1i; s2i; : : : ; sni to s0i; r1i; r2i; : : : ; rni for i = 1; 2, so minimizing the
ost of a response in G�H is identi
al to minimizing the 
ost of a response inea
h of G and H. Thus, if response sequen
es for G and H 
an be 
al
ulatedwith lookahead k, so 
an a response sequen
e in G�H, and 
onversely.De�nition 8 A subgraph H of G is a weak retra
t if there is a mapping f ofV (G) to V (H) su
h that for all u; v 2 V (G), dH(f(u); f(v)) � dG(u; v), andf restri
ted to V (H) is the identity.Proposition 9 If H is a weak retra
t of G, then WX�(H) �WX�(G). Con-sequentially, AT(H) � AT(G).PROOF. Given a request sequen
e s0; r1; r2; : : : ; rn 2 V (H), let s1; : : : ; sn 2V (G) be an �-optimal response in G, with 
ost 
. By the de�nition of aweak retra
t, the 
ost of f(s1); : : : ; f(sn) as a response to the same requestsequen
e in H is at most 
. However, the �-optimal 
ost of responding tothe given sequen
e in G must be at most the �-optimal 
ost in H, so the�-optimal 
ost of that request sequen
e in H is 
 and f(s1); : : : ; f(sn) is thusan �-optimal response in 
; thus, if s1; : : : ; sn is determined by lookahead k,we may determine f(s1); : : : ; f(sn) with lookahead k as well.4



The above propositions frequently provide lower bounds for WX�(G), butto determine upper bounds we will investigate spe
i�
 �-optimal responsesequen
es. The following tools will help determine the �-optimal responses tospe
i�
 request sequen
es.Remark 10 Let S be the set of all �-optimal s1 responses to the request
on�guration s0, r1; r2; : : : ; rn�1; rn on the graph G, and let S 0 be the set ofall �-optimal s1 responses to the request 
on�guration s0, r1; r2; : : : ; rn�1; r0n(that is, a request 
on�guration identi
al to the �rst ex
ept in the nth request.If S \ S 0 = ;, then WX�(G) � n.We will use this property by identifying request sequen
es of arbitrary lengthdi�ering only in their last term, and to identify the �-optimal response se-quen
es, we shall eliminate the distin
tly non-optimal sequen
es by investi-gating the 
ost of their pre�xes. It is frequently useful to notate request stringsand response sequen
es as words s0r1r2 : : : rn and s1s2 : : : sn on the alphabet
omposed of the verti
es of the graph.Proposition 11 (Pre�x Redu
tion) Consider a request sequen
e s0r1 : : : rn,and a pair of response sequen
es s1 : : : smsm+1 : : : sn and s01 : : : s0msm+1 : : : sn.If the �-
osts of s1 : : : sm and s01 : : : s0m as a response to s0r1 : : : rm are 
 and 
0respe
tively and 
 > 
0+�d(sm; s0m), then s1 : : : smsm+1 : : : sn is non-�-optimal.PROOF. The �-
ost of the response sequen
e s1 : : : smsm+1 : : : sn is
+ �d(sm; sm+1) + d(sm+1; rm+1) + nXi=m+2�d(si�1; si) + d(si; ri)and the �-
ost of s01 : : : s0msm+1 : : : sn is
0 + �d(s0m; sm+1) + d(sm+1; rm+1) + nXi=m+2�d(si�1; si) + d(si; ri)so the di�eren
e of these 
osts is 
 � 
0 + �d(sm; sm+1) � �d(s0m; sm+1). Theformer sequen
e is non-�-optimal if its �-
ost ex
eeds the �-
ost of the latter;that is, if the di�eren
e 
�
0+�d(sm; sm+1)��d(s0m; sm+1) ex
eeds zero. By thetriangle inequality, �d(sm; sm+1)��d(s0m; sm+1) � ��d(sm; s0m), so the abovenon-�-optimality 
ondition is implied by the inequality 
 > 
0 + �d(sm; s0m).Note that for the spe
i�
 
hoi
e of sm = s0m, the above demonstrates that, inorder for s1 : : : sn to be an �-optimal response, s1 : : : sm must be the minimum-�-
ost response to r1 : : : rm whi
h has the ending state sm. Thus, in 
onsideringpotential �-optimal responses, we may determine potential pre�xes by �ndingthe minimum-�-
ost response pre�xes with spe
i�
 ending states.5



4 Spe
ial 
ases and triviaThe trivial one-vertex graph has an �-windex of zero for all �, sin
e only one
hoi
e of response is possible. Its algorithmi
 threshold is thus 1. Hen
eforthin our exploration, we shall only 
onsider 
onne
ted graphs G with at leasttwo verti
es.Small values of � ne
essitate �nite windex. This will be a useful result, as itestablishes that every graph has an algorithmi
 threshold.Proposition 12 The �-windex of any graph is 1 for � � 12 .PROOF. Given a request sequen
e s0r1r2 � � � rn with response sequen
e s1s2 : : : sn,the 
ost of servi
ing these requests isPni=1 �d(si�1; si)+d(si; ri). For 1 � i � n,the assumption � � 12 and the triangle inequality give:�d(si�1; si) + d(si; ri) + �d(si; si+1) � �(d(si�1; si) + d(si; ri)) + �(d(ri; si) + d(si; si+1))� �d(si�1; ri) + d(ri; ri) + �d(ri; si+1)So we see that repla
ing si with ri in our response sequen
e does not in
rease
ost; repeating this n times, we see that the response sequen
e r1r2 : : : rn is nohigher in 
ost than our original response-sequen
e. Sin
e the original responsesequen
e was arbitrary, it follows that letting si = ri minimizes 
ost, whi
h
an be done without lookahead.Sin
e WX 12 (G) = 1 for all G, we are assured that the set f� 2 [12 ; 1) :WX�(G) <1g is nonempty, so that the AT(G) exists for all G.The omission of � = 1 from the algorithmi
-threshold exploration is justi�edby the 
omplete 
hara
terization of that 
ase in [3℄, but the � > 1 
ase oughtto be mentioned brie
y.Proposition 13 The �-windex of any 
onne
ted graph on 2 or more verti
esis in�nite for �nite � > 1.PROOF. Sin
e K2 is a weak retra
t of any nontrivial 
onne
ted graph, itsuÆ
es by Proposition 9 to show that WX�(K2) =1. Let the verti
es of K2be u and v.Let m = d�e, and 
onsider the request sequen
es uvm(uv)nu and uvm(uv)nvfor arbitrary n. For � = uvm(uv)nu, the initial position s0 = u. The minimum-�-
ost responses to uvm with ending states u and v 
an be determined exhaus-tively to be um and vm respe
tively, with respe
tive 
osts m and �. By pre�x6



redu
tion, we know that the �-optimal sequen
es for the given request se-quen
es begin with one of these two. If we extend this request pre�x furtherto uvmuv, we �nd that the minimum-�-
ost responses for ea
h ending stateare um+2 and vm+2 with respe
tive 
osts m + 1 and � + 1. Sin
e adding uvto the request string has only lengthened the response patterns and has nota�e
ted the relative 
ost of the two potential �-optimal responses, we mayindu
tively append as many o

urren
es of uv as desired, so the potential�-optimal response pre�xes asso
iated with the request pre�x uvm(uv)n areum+2n and vm+2n with respe
tive 
osts m + n and � + n. We may then tryea
h extension possibility of these two to �nd that the unique �-optimal re-sponses to uvm(uv)nu and uvm(uv)nv are respe
tively um+2n+1 and vm+2n+1;sin
e these responses di�er in the �rst element, but the requests di�er onlyat the (m+ 2n)th request, a lookahead of at least m+ 2n+ 1 is ne
essary tominimize 
ost. Sin
e n is arbitrary, it thus follows that the windex of K2 isin�nite.From a threshold-driven perspe
tive, this justi�es the maximum value of 1for the algorithmi
 threshold: regardless of the graph, numbers greater than 1ought ot ex
eed the algorithmi
 threshold.5 Proof of Theorem 2One of the major 
lassi�
ations integral in establishing windex in [2℄ and thejumping-o� point for the 
omplete 
hara
terizations in [3℄ is the median graphor unique Steiner point property. We shall see that su
h graphs have �nite �-windex for all � < 1.De�nition 14 A graph G has the unique Steiner point property if for everyu; v; w 2 V (G), there is a unique x 2 G minimizing d(u; x)+d(v; x)+d(w; x).De�nition 15 A graph G is a median graph if for every u; v; w 2 V (G),there is a unique x 2 G su
h that x lies on a shortest path between ea
h twoof fu; v; wg. Su
h an x is 
alled the median point of u, v, and w.It is shown in [2℄ that these two de�nitions are equivalent, and in [1℄ that these
onditions are equivalent to the property that G is a retra
t of Qn for somen. We may thus 
hara
terize this large 
lass by �-windex as follows:Proposition 16 For 12 < � � 1, it follows that WX�(K2) = 2.PROOF. Let the verti
es of K2 be u and v. Clearly WX�(K2) � 2, sin
eexhaustive sear
h reveals that the unique �-optimal response to uvv is vv,7



whereas the unique �-optimal response to uvu is uu, so a lookahead of atleast 2 is ne
essary. To demonstrate that lookahead 2 is suÆ
ient, we shalluse pre�x-redu
tion to determine potential optimal responses given sk, rk,and rk+1. Sin
e k is arbitrary, we may simplify by letting k = 0, so that weare 
onsidering the �rst three letters of an arbitrary request sequen
e. w.l.o.g.we may assume s0 = u, so we need only analyze the four possible pre�xesuuu, uuv, uvu, and uvv. For the �rst two, it is 
learly optimal to let r1 = u,sin
e the 
ost of doing so is zero. For the request pre�x uvu, the �-optimalresponse pre�xes asso
iated with the two di�erent ending states u and v areuu with 
ost 1 and vv with 
ost 1 + � respe
tively. We know that uu is atleast as low-
ost a response as vv, regardless of suÆx, sin
e even if it is in anon-ideal to have an ending state of u instead of v, the 
ost so in
urred is atmost �. Lastly, for the request pre�x uvv, the potential �-optimal responsepre�xes are uu (with 
ost 2) and vv (with 
ost �); by pre�x redu
tion, onlyvv 
an ever a
tually be �-optimal, sin
e the di�eren
e in 
ost ex
eeds �. Sin
ewe 
an always determine an appropriate r1 for an �-optimal response stringbased solely on s0, r1, and r2: thus, WX�(K2) � 2.Corollary 17 For 12 < � < 1, all nontrivial median graphs have �-windex 2.PROOF. Sin
e Qn = Qn�1�K2, it follows indu
tively, using Proposition 7,that WX�(Qn) = 2 for all n. By Proposition 9, it follows that any retra
t ofQn has �-windex at most 2, so, based on the 
hara
terizations of [1℄, everymedian graph has �-windex at most 2. Sin
e K2 is a retra
t of every nontrivial
onne
ted graph, it follows that every nontrivial graph also has �-windex ofat least 2.6 Proof of Theorem 3Sin
e graphs of �nite 1-windex are retra
ts of produ
ts of 
omplete graphs[3℄,an exploration of the algorithmi
 properties of graphs of �nite 1-windex beginswith the algorithmi
 properties of 
omplete graphs.Proposition 18 The �-windex of Kn is 2 for 12 < � � 23 .PROOF. In the following proof, u, v, and w will des
ribe distin
t verti
es ofKn (we may 
onsider only the arguments involving request sequen
es with uand v to show that this works for K2); x will refer to any vertex not previouslymentioned in the request sequen
e. 8



That the windex is at least 2 is easy to see: 
onsider the request sequen
esuvv and uvu. The minimal-
ost responses to these are respe
tively uniquelydetermined to be vv and uu; sin
e they di�er in the �rst response, a lookaheadof 2 requests is ne
essary to determine the �rst response.Showing that the windex is at most two requires breaking a response stringinto two 
omponents: we 
onsider both short-term and long-term optimization.Thus, in response to a request, we 
an 
onsider both the long-term (i.e. whi
hstate we want to be in at the end of 2 responses) and the short term (i.e. howto a
hieve that state at minimum 
ost). Note that being in an undesirablestate would have at most a 
ost of �, sin
e the option to move to the desiredstate in response to the third request is always an option.Without loss of generality, we may assume that r0 = u. If r1 = u, the optimalresponse is obviously u, sin
e this in
urs no 
ost and leaves all long-termstrategies viable. We shall thus 
onsider responses to situations where r1 6= u;w.l.o.g. we may say that r1 = v.We have three possible 
ases to 
onsider: r2 = u, r2 = v, and r2 = w (whi
hrepresents any 
ase where r2 is neither u nor v). For ea
h of these 
ases weshall 
raft the short-term optimizations 
orresponding to ea
h desired stateafter two responses.In the 
ase where the request sequen
e starts with uvu, our �rst two responsesshall be uu, with 
ost 1, if we want to end in the state u; vv, with 
ost 1 + �,if we want to end in the state v; and ux, with 
ost 1 + 2�, if we want to endin the state x. Note that both of the latter 
osts ex
eed the �rst by at least�, so no matter what state we wish to be in by the third request, uu is anoptimal response pre�x to a request starting with uvu.In the 
ase where the request sequen
e starts with uvv, our �rst two responsesshall be vu, with 
ost 1+2�, if we want to end in the state u; vv, with 
ost �,if we want to end in the state v; and vx, with 
ost 1 + 2�, if we want to endin the state x. As before, one of these response strings (vv) has a 
ost whi
his less than the others by at least �, so regardless of what state we wish in thethird and later requests, this response pre�x is optimal.Lastly, in the 
ase where the request sequen
e starts with uvw, our �rst tworesponses shall be uu, with 
ost 2, if we want to end in the state u; vv, with
ost 1 + �, if we want to end in the state v; vw, with 
ost 2�, if we want toend in the state w; and vx, with 
ost 1 + 2�, if we want to end in the statex. We may eliminate as before those strings whi
h 
ost 3� or more, sin
e vwis preferable even in the long term; this leaves vv and vw as viable responses,so some response pre�xed with v is optimal.9
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Fig. 1. Request lo
ations on C2k for Proposition 20Thus, regardless of r3 and later requests, we may determine s1 optimally fromr0, r1, and r2. Performing this task iteratively, we may determine optimal s`from s`�1, r`, and r`+1, so Kn has a windex of at most 2.From the above, we 
an use known properties of the 1-windex to demonstratethat a relationship between the 1-windex and �-windex.Corollary 19 If WX1(G) < 1 and G is nontrivial, then WX�(G) = 2 for12 < � � 23 .PROOF. Sin
e G is nontrivial, it follows that WX�(G) � 2. It was shownin [3℄ that WX1(G) = k i� G is a retra
t of Kk�Kk�Kk� � � ��Kk. Sin
eWX�(Kk) = 2 for any k, it follows from Propositions 7 and 9 that WX�(G) �2.It thus follows that for WX1(G) < 1, AT(G) � 23 . That this is an equalityfollows from the result, shown in the next se
tion, that AT(K3) = 23 , so sin
eK3 is a retra
t of G, AT(G) � 23 as well.7 Proof of Theorem 4There are two varieties of graph whi
h have in�nite �-windex for even smallvalues of �. If G retra
ts onto either of these, it will inherit their algorithmi
intra
tability.Proposition 20 For k > 2, if 12 < � < 1, then WX�(C2k) = 1, and thusAT(C2k) = 12 .PROOF.Let u, a, b and 
 be verti
es in C2k su
h that d(u; a) = 1, d(u; 
) = d(u; b) =k � 1, and d(a; 
) = k � 2, as shown in Figure 1. Then we shall 
onsiderthe request sequen
es ua(b
)nb and ua(b
)n
. The �rst request is at a in both10




ases, so our �rst response 
an plausibly be u, a, or one vertex beyond a. Noother response 
an possibly be optimum, sin
e movement further than u froma 
learly in
reases 
ost for the �rst request, but provides no bene�t that 
ouldnot be realized by performing the desired relo
ation on the se
ond responseas well. The vertex one beyond a is, for the same reason, at best as good as u,so we may limit our 
onsideration to the possibilities of responses beginningwith u or a.If s1 = a, then the remainder of the response sequen
e is a response to a(b
)nbor a(b
)n
. Sin
e a, b, and 
 all lie on one half of C2k, we may safely ignorethe other half of C2k as not relevant to optimization (sin
e relo
ation by wayof that half is at best as good as relo
ation through the half 
ontaining a, b,and 
. Thus, we may 
omplete our optimizations on a Pk+1 rather than a Ck.The response algorithm on a path is 
omparatively simple and identi
al forall � 2 (12 ; 1℄: in this situation, all further responses would be 
, until perhapsthe last. Thus, subje
t to s1 = a, the �-
ost-optimizing responses to ua(b
)nband ua(b
)n
 are a
2nb and a
2n+1 respe
tively, whi
h have respe
tive �-
ostsof (k + 1)� + 2n and (k � 1)�+ 2n.On the other hand, if s1 = u, then the remainder of the response sequen
e isa response to u(b
)nb or u(b
)n
. It is 
learly optimal for the �rst response tobe b, 
, or the point in between, so as to minimize distan
e to all the remain-ing requests at b and 
. Hen
eforth we 
an restri
t our 
onsideration to theP3 
ontaining these three points and easily determine the �-
ost-minimizingresponses subje
t to s1 = u to be ub2n+1 and ub2n�1
2, with respe
tive �-
ostsof (k � 1)�+ 2n + 1 and (k + 1)�+ 2n� 1.Thus, in response to the sequen
e ua(b
)nb, we may 
hoose either s1 = a ors1 6= a (represented by the 
ase s1 = u above), leading to minimum �-
ostsof (k + 1)�+ 2n and (k � 1)�+ 2n+ 1 respe
tively. The latter is smaller, soevery possible �-optimal response to ua(b
)nb has s1 6= a.Similarly, in response to ua(b
)n
, we may 
hoose either s1 = a or s1 6= a, withrespe
tive minimum �-
osts of (k�1)�+2n and (k+1)�+2n�1. The formeris smaller, so every possible �-optimal response to ua(b
)n
 has s1 = a. Sin
ethese two sequen
es di�ering only in their (2n+2)th request require di�erent
hoi
es of s1 in �-optimal responses, it follows thatWX�(C2k) � 2n+2. Sin
en is arbitrary, it follows that WX�(C2k) =1.Proposition 21 WX�(K2;3) =1 for 12 < � < 1, and thus AT(K2;3) = 12 .PROOF. Let the verti
es in the 2-vertex part be x and y; let those in the3-vertex part be u, v, and w. Consider the request sequen
es u(vw)nx andu(vw)ny. Response 
ost to requests alternating between v and w is optimized11
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Fig. 2. Request lo
ations on C2k+1 for Proposition 22when the resour
e state is on the shortest path between v and w, so to optimizethe 
ost for arbitrarily high n, we would wish to 
hoose s1 to be v, w, x, ory, then remain in this position for all states until s2n+1 = r2n+1. Thus, ourpotential �-optimal responses to u(vw)nx are v2nx, w2nx, x2n+1, and y2nx,with respe
tive 
osts of 3� + 2n, 3� + 2n, � + 2n, and 3� + 2n; thus x2n+1is the unique �-optimal response. Similarly we 
an establish that y2n+1 is theunique �-optimal response to u(vw)ny, so sin
e a di�eren
e in the (2n+ 1)threquest indu
es a di�eren
e in the �rst response, WX�(K2;3) � 2n + 1, andsin
e n is arbitrary, WX�(K2;3) =1.Theorem 4 follows naturally from Proposition 9 and the fa
t that the algo-rithmi
 threshold 
an be no smaller than 12 .8 Proof of Theorem 5Proposition 22 For k � 1, if k+12k+1 < � < 1, then WX�(C2k+1) = 1. ThusAT(C2k+1) � k+12k+1 .PROOF. Note that k+12k+1 > 12 , so we will hen
eforth assume that � 2 (12 ; 1).Let u, v, and w be verti
es in C2k+1 su
h that d(u; v) = 1 and d(v; w) =d(w; u) = k, as shown in Figure 2. Then we shall 
onsider the request sequen
esuvw(uw)nu and uvw(uw)nw. We shall start by noting that at no time is anypoint midway along of any of the paths between u, v, and w an �-optimalresponse to these request sequen
es: if the long-term bene�t of traversing apath ex
eeds the 
ost of movement along the path, then traversal of the entirepath is warranted; that is, if movement away from one request and towardsanother results in improved 
ost, improvement is maximized by moving all theway along the edge. Thus we may 
onsider responses whi
h 
ontain only theresour
e states u, v, and w.If s1 = v, then the �-optimal 
hoi
e of s2 must be w: if it were u, then theresponse pre�x vu 
ould be 
hanged to uu redu
ing �-
ost by 2� � 1, andif it were v, then s3 would be 
learly optimally u, and on
e again the pre�xvvu 
ould be modi�ed to uuu, redu
ing �-
ost by 2� � 1. Hen
eforth, sin
e12



s2 and r3; : : : ; rn are all on the unique shortest path between u and w, wemay simply �nd the �-optimal response on Pk: there may be multiple su
hresponse sequen
es, but one su
h is that whi
h remains un
hanging until theend, i.e. s2 = s3 = s4 = � � � = sn�1 and sn = rn. Thus, representative possible�-optimal responses to uvw(uw)nu and uvw(uw)nw subje
t to the 
onditionthat s1 = v are vw2n+1u and vw2n+2 respe
tively, with respe
tive �-
ostskn + (2k + 1)� and kn + (k + 1)�. Note that these sequen
es may not be�-optimal overall, but are the least �-
ost sequen
es subje
t to the 
onstraints1 = v.If s1 = u, then the sin
e s1 and r2; : : : ; rn are all on the unique shortestpath between u and w, we may again restri
t to Pk in order to optimizethe remaining responses, so representative possible �-optimal responses touvw(uw)nu and uvw(uw)nw subje
t to the 
ondition that s1 = u are u2n+3 andu2n+2w respe
tively, with respe
tive �-
osts 1+k(n+1) and 1+k(n+1)+k�.We may omit the 
ase s1 = w from 
onsideration, as d(w; v) � d(u; v), andthus any 
ase in whi
h s1 = w has an �-
ost of at least the same as s1 = u,and we may thus 
onsider these 
ases in tandem with the s1 = u 
ases, thatis, as an s1 6= v 
ase.Thus, in response to the sequen
e uvw(uw)nu, we may 
hoose either s1 6= vor s1 = v, leading to minimum �-
osts of 1 + k(n + 1) and kn + (2k + 1)�respe
tively. Sin
e � > k+12k+1 , it follows that 1 + k(n+ 1) < kn+ (2k + 1)�, soevery possible �-optimal response to uvw(uw)nu has s1 6= v.Similarly, in response to uvw(uw)nw, we may 
hoose either s1 6= v or s1 = v,with respe
tive minimum �-
osts of 1 + k(n + 1) + k� and kn + (k + 1)�.Sin
e � < 1, 1 + k(n + 1) + k� > kn + (k + 1)�, so every possible �-optimalresponse to uvw(uw)nw has s1 = v. Sin
e these two sequen
es di�ering only intheir (2n+3)th request require di�erent 
hoi
es of s1 in �-optimal responses,it follows that WX�(C2k+1) � 2n + 3. Sin
e n is arbitrary, it follows thatWX�(C2k+1) =1.This bound on the algorithmi
 threshhold is in fa
t sharp:Proposition 23 For k � 1, if 12 < � < k+12k+1 , then WX�(C2k+1) = 2. ThusAT(C2k+1) � k+12k+1 .PROOF. Let us 
onsider a two-request pre�x uab on C2k+1, where u anda are 
onne
ted by a path of length p, u and b by a path of length q, and aand b 
onne
ted by a path of length r, so that p + q + r = 2k + 1 as shownin Figure 3. First of all, let us note that if p � q + r, no optimal responsetraverses the path ua, so we 
an, from an algorithmi
 perspe
tive, 
onsider13
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Fig. 3. Request lo
ations on C2k+1 for Proposition 23this situation identi
al to one in whi
h we remove an edge from the path ua,whi
h will redu
e to the path P2k+1, in whi
h we 
an �nd optimal responseswith a lookahead of 2, so these 
ases will not be algorithmi
ally 
ompli
atedenough to require a windex of greater than 2. Likewise we may dispense withany 
ase where q � p+ r or r � p+ q.Therefore, we need only 
onsider responses to this pre�x in whi
h p, q, and r
onform to the triangle inequality. As in the previous proof, the only responseswe need 
onsider are those involving the verti
es mentioned in the requestsequen
e, sin
e if movement of a request along one of the paths redu
es 
ost,the 
ost redu
tion will 
ontinue until it rea
hes the end of the path, and thusthe minimal-
ost response will ne
essarily involve an endpoint of the path.This 
onsideration yields nine possible response pre�xes, sin
e there are threeverti
es and two requests.Several of the responses 
an be reje
ted out of hand. The response ua is higher-
ost than aa; au and bu are higher 
ost than uu; and ba is higher-
ost thataa; we are left with only �ve potential response-pre�xes: uu, ub, aa, ab, andbb. Sin
e we are dealing with a request/response pair as a pre�x to a possiblylonger sequen
e, the end-state of the resposne is of interest. The end-states uand a are uniquely asso
iated with uu and aa respe
tively. The end-state bmay be asso
iated with any of 3 di�erent responses of di�erent 
osts.The 
osts of the responses ub, ab, and bb are p + �q, �p + �r, and r + �qrespe
tively. Note that 1��� = p+q+r�1p+q+r+1 � 2p�22p sin
e p+ q+ r� 1 � 2p and x�1x+1is an in
reasing fun
tion. Then:1� �� p � 2p� 22p = p� 1 � r � qso, redistributing terms, p + �q � �p + �r; likewise we 
an show r + �q ��p+ �r. Thus, the least �-
ost resposne with an end-state of b is ab.We thus have three viable response-pre�xes depending on the desired end-state: uu with 
ost p+ q, aa with 
ost �p+ r, and ab with 
ost �p+�r. Sin
ethe distan
e between u and b is q, pre�x redu
tion ensures that the pre�xab with an additional expenditure of �q 
an be 
onsidered to have the same14



end-state as uu. Then note that sin
e � < p+q+r+12p+2q+2r ,�p+ �q + �r � p + q + r + 12 � p+ qso the response pre�x uu is no better than ab. Thus, given this request pre�x,regardless of what follows, the response pre�x aa or ab will always be ap-propriate. Sin
e we 
an determine the �rst response solely from the �rst tworequests, we may thus assert that the �-windex of C2k+1 is 2.
9 Chara
terization by Odd Cy
lesSin
e odd 
y
les (and thus produ
ts of odd 
y
les) have highly 
hara
teristi
algorithmi
 thresholds, the algorithmi
 threshold of a given graph may illu-minate its retra
tability onto an expression as a retration of odd 
y
les. Forexample, the following proposition follows simply from a threshold argument:Proposition 24 No even 
y
le of more than 4 verti
es, or odd 
y
les of morethan 2`+1 verti
es 
an be expressed as a retra
tion of a produ
t of odd 
y
lesof lengths at most 2`+ 1.PROOF. Let G = C2k1+1�C2k2+1� � � ��C2kr+1; by Theorem 5 and Propo-sition 7, AT(G) = min( k1+12k1+1 ; k2+12k2+1 ; : : : ; kr+12kr+1) = minfkig+12minfkig+1 = `+12`+1 . So byProposition 9, if H is a retra
t of G, then AT(H) � `+12`+1 . Sin
e AT(Cn) < `+12`+1for even n > 4 or odd n > 2`+ 1, H 
annot be a 
y
le of su
h length.It is established in [5℄ that every graph 
an be retra
ted to a minimal 
y
le,and the possible retra
tions of a graph pla
e an upper bound on its algo-rithmi
 threshold; we may thus establish that graphs of algorithmi
 thresholdlarger than 12 ne
essarily la
k minimal 
y
les of even order; furthermore, if agraph's algorithmi
 threshold ex
eeds 23 , then it is triangle-free, and graphswith signi�
antly larger values of the algorithmi
 threshold have even greaterrestri
tions on the orders of 
y
les present therein.Thus, the algorithmi
 threshold of a given graph reveals signi�
ant informa-tion about its expression as a retra
tion, in parti
ular of Qn, and its ownretra
tability onto various 
y
les. 15
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