Math 20D Solutions April 30, 2008

1. Setting dy/dt we find the equilibria y = —v/2, 0 and /2. Either by sketching dy/dt
as a function of y, or by noting the sign of dy/dt on each side of an equilibrium,
or by noting whether dy/dt is increasing (unstable) or decreasing (stable) near each
equilibrium, we find that £1/2 are stable and 0 is unstable.

2. Separate variables and integrate: [ e Vdy = [te'dt. Thus —e™¥ = te' — e’ + C.

3. We have r2 —2r +2 = 0 and so r = 1 44. You can either leave the answer in complex
form or use trig functions:

y = Cre(HDt 4 0y e(1=it or y = Che'cost + Cae’sint.

4. We have 12 — 6r +9 = 0 and so r = 3 is a double root. Thus y = C;e3! + Cyte®.

5. Since y' — y = 2te!, an integrating factor is p = e = — =t Thus (e~ty) = 2t and
so ety = t2 + C. You can leave it this way or solve for y: y = (¢t + C)e!, which is
what you would have gotten using the formula for the solution to a linear first order
equation.

6. You can use the Wronskian method or the reduction of order method. We have
Yy = e”’.

e The Wronskian is C'ef(lJ“ﬁcil)dm = (C'ze®. Since C' is arbitrary, I'll let C' = 1.
Then e”yl, — e"yy = ze” and so y, —y2 = x. An integrating factor is up = e~ and
S0 yoe ™t = [we ¥dr = —ze”* + [e "dx = —e (1 + x). Thus yo = —(1 + x)
and so y = Cye” + C3(1 + x). (I included the minus sign in Cs.)

Alternatively, you can start with the Wronskian result in Problem 3.6.33:
(y2/y1) = W (y1,y2)/yi, which gives yo/y1 = [(ze®)e™**dx = [ze *du.

e For reduction of order, we set yz) = v(x)y1(z) = e”v(x) and obtain e”v" +(2e” —
(1+1/z)e”)v" =0 and so v" + (1 — 1/x)v" = 0. Separating variables or treating
this as a linear equation, z~'e®v’ = C. Choosing C' = 1, we have v’ = ze~* and
sov=—(x+1)e *. Thus yo = —(x +1).

Other choices of the constants along the way will give the general solution in other
forms. Regardless of how you do it, you final answer should have exactly two arbitrary
constants.



