
Orders of Elements in a Group, Part II

Math 100A UCSD Fall 2001

Let G be a group and g 2 G. In the previous handout on orders, we

de�ned the order of g as the size of the group hgi. If the order of g is �nite

(as is the case for all elements in a �nite group), then the order of g was

shown to be the minimal positive exponent n such that gn = e (and when

there is such an exponent, g does have �nite order).

The key result for an element of �nite order n is that ga = e if and only

if nja. Know the proof for this cold! Only by mastering proofs of important

results will you develop any sense of technique in mathematics.

There are two basic questions we want to address in this handout: how

is the order of a power gj related to the order of g, and how is the order of

a product g1g2 related to the orders of the factors g1 and g2? Throughout,

we assume the group elements we are dealing with in our hypotheses have

�nite order.

When g has order n, clearly g�1 has order n, since its powers are the

same as the powers of g, but simply appear in reverse order. The next case

to consider is gd when djn. If n powers of g are required to �rst reach the

identity, it is plausible that gd should take n=d powers to �rst reach the

identity. (For example, i has order 4 and i2 = �1 has order 2 = 4=2.)

Theorem 1. If g has order n and djn, d > 0, then gd has order n=d.

Proof. First, note n=d 2 Z. Let t be the order of gd. Since

(gd)n=d = gn = e;

we see t � n=d. (In fact, tj(n=d).)

By de�nition, (gd)t = e, so gdt = e. A basic property of orders implies

njdt, say nk = dt for k 2 Z. Then (n=d)k = t, so (n=d)jt. Considering that

t � n=d, we conclude t = n=d.

What about the order of gj for arbitrary j, which may not divide d? For

example, if g has order 12, what is the order of g8? It can't be 12/8, as

that is not an integer. The philosophy here is that the order wants to be

12/8, but since 8 isn't a factor of 12 we compromise by only dividing by the

greatest common factor of 8 and 12, which is 4. The order of g8 is 12=4 = 3.

Here is the precise result along these lines. Pay close attention to how the
handout on greatest common divisors is used!

Theorem 2. Let g have order n and j 2 Z. The order of gj is n= gcd(j; n).

In other words, when n=j isn't an integer, we compute instead n divided

by the largest factor of j which is a factor of n (i.e., divide by gcd(j; n)).

Proof. Let t be the order of gj and d = gcd(j; n). We want to show t = n=d.

Write n = dn0 and j = dj0 for integers n0 and j0. We want to show t = n0.
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Since d = nx+ jy for some integers x and y (why?), division by d shows

1 = n0x+ j0y, so gcd(n0; j0) = 1.

To show gj has order n0, we �rst compute

(gj)n
0

= gjn
0

= gdj
0n0

= gnj
0

= (gn)j
0

= e:

Therefore t � n0. (Remember, t is the order of gj and we want t = n0.)

On the other hand, since (gj)t = e by de�nition of t,

e = gjt = gdj
0t;

so njdj0t. Writing dj0t = nk for some integer k, dividing both sides by d

gives j0t = n0k, so n0jj0t. Since gcd(n0; j0) = 1, this implies n0jt. Considering

that we already have t � n0, we conclude that t = n0.

For example, if g has order 12, here is a list of orders of the initial powers

of g.

j 1 2 3 4 5 6 7 8 9 10 11 12

order of gj 12 6 4 3 12 6 12 3 4 6 12 1

Corollary 1. For j 2 Z, its additive order in Zn is n= gcd(j; n).

Proof. Use Theorem 2 with G = Zn, an additive group.

Corollary 2. Let g 2 G have order n. Then gj has order n if and only if

gcd(j; n) = 1.

Proof. The order of gj is n= gcd(j; n), which equals n if and only if gcd(j; n) =

1.

Now we ask how the order of a product g1g2 is related to the orders of

the factors g1 and g2. Alas, in this generality nothing can be said. This

makes sense, since a relation between the order of g1g2 and the orders of g1
and g2 ought to 
ow from a relation between powers of g1g2 and powers of

g1 and g2. When g1 and g2 commute, we have (g1g2)
j = g

j
1
g
j
2
, and then we

can expect to prove something. For simplicity, we only consider the case of

relatively prime orders.

Theorem 3. Let g1 and g2 commute, where g1 has order a and g2 has order

b, with gcd(a; b) = 1. Then g1g2 has order ab.

In words, for commuting elements with relatively prime orders, the order
of their product is the product of their orders.

For example, if g1 has order 5, g2 has order 8, and g1 and g2 commute,

then g1g2 has order 40.

As another, more concrete, example, in Z�
21
, �1 has order 2 and 4 has

order 3. Therefore �4 = 17 has order 6.

For noncommuting elements with relatively prime order, Theorem 3 can

fail. In S3, (12) has order 2 and (123) has order 3 while (12)(123) = (23)

has order 2, not 2 � 3 = 6.
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Proof. Let n be the order of g1g2. We want to show n = ab. Since

(g1g2)
ab = gab

1
gab
2

= (ga
1
)b(gb

2
)a = e;

we have njab.

By de�nition, (g1g2)
n = e. From this we show ajn and bjn. By commu-

tativity,

gn
1
gn
2
= e:(1)

Raising both sides of (1) to the power b (to kill o� the g2 factor) gives

gnb
1

= e:

Therefore ajnb by a basic property of orders. Since gcd(a; b) = 1, we con-

clude ajn. Now raising both sides of (1) to the power a gives gna
2

= e, so

bjna, so bjn by exactly the same reasons as before.

Since ajn and bjn and gcd(a; b) = 1, we conclude that abjn. Since we

already showed njab (in the �rst paragraph of the proof), we conclude n =

ab.

While Theorem 3 shows that a product of commuting elements with rel-

atively prime orders has a predictable order, what if we start with g 2 G

of order n and write n = ab where gcd(a; b) = 1? Can we express g as a

product of commuting elements with orders a and b? Yes! That is, Theorem

3 admits a (strong) converse, as follows.

Theorem 4. Let g 2 G have order n, where n = ab with gcd(a; b) = 1.

Then we can write g = g1g2 where g1 has order a, g2 has order b, and

g1g2 = g2g1. Moreover, such g1 and g2 are unique in G.

Proof. To concretely illustrate the construction we will give in the proof, we

start with an example. Suppose g has order 40 = 5 �8. Then g = g1g2 where

g1 = g16 and g2 = g�15 have respective orders 5 and 8 (using Theorem 2).

Since g1 and g2 are powers of g, they commute!

There is no uniqueness in the exponents used in the de�nition of g1 and

g2, but only in g1 and g2 themselves. For instance, we could just as well

write g1 = g96 and g2 = g25. These are the same g1 and g2 as before. since

g has order 40 and 96 � 16 mod 40, 25 � �15 mod 40. For example,

g96g25 = g121 = g(g40)3 = g;

as it should be.

Now we turn to the construction of g1 and g2 in the general case.

Since gcd(a; b) = 1, ax+ by = 1 for some integers x and y. In particular,

ax � 1 mod b and by � 1 mod a. Then

g = g1 = gaxgby:

We know ga has order n=a = b. Since gcd(x; b) = 1 (why?), (ga)x = gax has

order b by Corollary 2. Similarly, gby has order n=b = a.
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Let g1 = gby and g2 = gax. These elements commute, since they are

powers of g. (Note: We don't set g1 = gax and g2 = gby because we want g1
to have order a; although gax has an a in the exponent, its order is actually

ab=a = b.)

Now we treat uniqueness. To prove this, suppose

g = g1g2 = g0
1
g0
2
;

where g1; g2 2 G and g0
1
; g0

2
2 G have the relevant properties: g1 has order

a, g2 has order b, g1g2 = g2g1, and likewise for g0
1
and g0

2
. We want to show

g1 = g0
1
and g2 = g0

2
.

Since g1g2 = g0
1
g0
2
, raising to the power a implies ga

2
= (g0

2
)a (here we need

commutativity of g1; g2 and g0
1
; g0

2
). Raising further to the power x gives

gax
2

= (g0
2
)ax. Since g2 and g0

2
both have order b and ax � 1 mod b, we can

replace the exponent ax with 1 and �nd that g2 = g0
2
. Then the equation

g1g2 = g0
1
g0
2
implies g1 = g0

1
.

Corollary 3. The unique elements g1 and g2 from the previous theorem are

powers of g.

Proof. In the constructive part of the proof of Theorem 4, we de�ned g1 and

g2 as suitable powers of g.

That g1 and g2 commute in Theorem 4 is essential in the proof of their

uniqueness, and without commutativity we can �nd additional pairs satis-

fying the other conditions. For example, in S9 let

g = (124)(35)(6789):

This has order 12 = 3 � 4. We can write g in two ways as a product g1g2 of

an element g1 of order 3 and an element g2 of order 4:

g1 = (124); g2 = (35)(6789)

and

g1 = (123); g2 = (2435)(6789):

The �rst pair commutes while the second pair does not. It is the �rst pair

that is constructed in Theorem 4.


