Arithmetic of Genus 2 Real Hyperelliptic Curve

Y2+ (hsa® +hoa’ +hix+ho) y= fea® + fs2° + faat + f32® + fo2® + fiz + fo

If the characteristic of k is not 2, then h(x) = 0. If the characteristic of k is not 3, then f5 = 0. If
the characteristic of k is 2 and fg = 1 (which is possible if and only the number of elements in k is
an even power of 2), then hg =1 and hy = f5 = f4 = f3 = 0.

1

inv =r(ug)” " (mod uq) s =rs=1inv- (v —vg) (mod uy)

k:f_h+2_”§ =5 uy

2

m=k—s-(l+h+2uv9) m' =m/m4 = m made monic
' =m'/uy v/ =h—vy—1 (mod u)

Addition, Adapted Basis, deg u; = deg us = 2, ged(ug, uz) = 1
Input Uy = 2 + U11T + U190, V1 = V11T + V10
ug = ? + un @ + ug, V2 = V21T + Vg

Output | [v/,v'] = [u1,v1] + [u2, v2]
Step ‘ Expression ‘ # of Operations
Composition
1 Y = 21T + 29 4M

Z0 = U10 — U20, 21 = U11 — U221, 22 = U1l * 21 — R0
wp = V1g — V20, W1 = V11 — V21, T = 21 - (21 - U10) — 20 - 22

2 s’ = sz + s 4M

8/1 = W21 — W1 20, S6=wQ'Z2—w1‘(21U1())
Reduction

3 k= k?4564 + ki3$3 + k2$2 + kix + ko 1S
ky = ,f67 ks = f5 — feua1, k2 = f1— havor — feuso — fsuar + feu3,

4 s=" =817+ 80 11, 2S, 6M
My = for® — sy - (sh +hgr), I = (r-mg) ", (11, 1S, 7M)
%:ﬁu-l, 81:8’1-%, 30236.%7 m%;:T'TQ'I

5 l= l31:3 + l2x2 +lhix+ 1y 3M

Wo = So - U0, W1 = 81 - U1, I3 = S1, la = sp + Wy
I = (so+ s1) - (u21 + ug) — w1 — Wy, lo = Wo

6 m' =zt + mhz® + mha? + mix + mf), v = 2% + ulz + u)) 6M
my = M = (1) - (k3 — 81+ (s0 + la + ha) — h3so)
mhy =12 = (L) - (kg — s1- (I + b+ 2v21) — 50 - (I2 + ha))
u) =mlh — ui, uy = mh — ujg — ug - U

7 v =iz + v 3M

v = hg —l3, w; = u} - v, vh = hy —lp —w;, wy = ug - vh

v] = h1—va1 =11 — (ug+u)) - (vh+vh)+wy+w;, vy = ho—vao—lo—wy
Total 11, 3S, 26M
(11, 28, 27M)

We don’t count multiplication by fs and hs, which almost always can be assumed to be either
0 or 1. Also, hy can always be assumed to be 0, and f5 may assumed to be 0 if chark # 3. We
leave them in the formulas for completeness. Also, it shown below that we can save one squaring
in the reduced basis v; = 2® + vj12 + v;o in odd characteristic when calculating k.



For the reduced basis, we make the following modifications (assuming fs = 1 and f5 = 0 in odd
characteristic and hy = fg = 1 and hy = f5 = f4 = 0 in even characteristic):

1. In Step 3, let k4 = 0, ks = 0, ky = f1 — 2v91 in odd characteristic, and let k4 = 1, ks = us1,
ko = h1 4+ v91 + ugg + u%l in even characteristic.

2. In Step 4, let my = r%2 — (s} +7)? in odd characteristic, and let m4 = r2 + s} - (s} +7) in even
characteristic.

3. In Step 7, let v§ = hy — I3 — 2.

In odd characteristic, the modification in Step 3 saves one squaring. The total number of field op-
erations for the reduced basis in odd characteristic is 1 inversion, 2 squares, and 26 multiplications.
The number of operations for the reduced basis in even characteristic is the same as the adapted
basis, 1 inversion, 2 squares, and 27 multiplications.

Cantor’s Algorithm for Real Case

Let (u1,v1) and (ug,v2) be two reduced divisors written in the Mumford representation. Assume
u1 and ug are both degree 2 and are relatively prime. The composition step of Cantor’s Algorithm
is given by

U(] = Ui1u2

Vo = vo + sus = vy + 1 (mod Uo)

1

where s = uy " - (v1 —v2) (mod wp) and [ = sug. The reduction step is given by

Vi=h-Vo+ | %t U

_ fth Vi -V2
U = N

where d(r) is the principal part of a root of the equation y? + h(x) -y = f(z). Since V and d both
have degree 3 and Uy has degree 4, LVDU—JQdJ =0, and so

Vi=h—Vo=h—(va+1)

Plugging this into the formula U; and noting that either h = 0 in odd characteristic or 2 = 0 in
even characteristic,

Uy = THh(h=(oatD)~(h=(v21))?

wULUY
. ffhvthlfvgfl272v2l

- U U2

_ 1 (f-hva—wy _ I(h+l+2v3)
T u2 uz

_ k—s(h+1+2v2)
=0

where k = {=hv2—v2
ug :



Composition

mnv = z1x + 29, 4M

We can skip the calculation of Uy. We do need to calculate s, and consequently I. The first step
is to calculate inv = u2_1 (mod uy). Let zg = u1p — ugo, 21 = w11 — u21, 22 = Uiy - 21 — 20, and
r =21 (21 -u10) — 20 - 22 By the Euclidean algorithm,

uz = uy — (217 + 20)

up = (zl_l)Q(zlx + 2z9)(z1 + 20) + (zfl)zr

Solving for the constant term, we have
(272 = (1 — (27 H)2%inv)ug + (27 H)%inv)ug = ((271)%inv)uy  (mod uy)

Hence, inv is the constant r times the inverse of us modulo u;.

s’ = sz + sg, 4M

We next calculate s’ = rs = inv(v; — v2) (mod uy). Let wg = v1g — v90 and wy = v1; — v91. Then

"= inv(vy — o) = (212 + 22) (w1 + wo)

= w121)$2 + (U}122 + wozl):v + (’LU()ZQ)

i
(

= (w122 + woz1 — unw121)T + (Woz2 — UpW121)
(wi((u1121 — 20) — u1121) + Wo21)T + (Woz2 — Upw121)
(

woz1 — w12:0)56 + (w0z2 — wlzlulo) (IIlOd UQ)
Hence, if s' = sz + s{, then s} = wg - 21 — wy - 20 and s{; = wp - 22 — wy - (z1u10). We note that

z1 - uyg is calculated before in r, so this saves one squaring in the calculation. This improvement
applies to the imaginary formulas as well.

Reduction

k:k4$4+k3$3+/€21‘2—|—...

.2
We first calculate the first three coefficients of k = J“rhsizvz

representation, the division in the definition of k is exact.

. By the conditions on the Mumford

Adapted Basis (vy = vy + v9), 1S

= (for®+fsxd+fantt.. )+(haz®+haa? +hiztho) (va1z+vao) = (v2124va0)?
x2+ug1 z+ugo
_ fox8+ fsx®+(fathavar)zt+...
x2+ug1x+ugo

= foxt + (f5 — fouar)x® + (fa + havar — fouso — (fs — fouar) - ur)z® + ...

Hence, k4 = f5 (WhiCh is usually 1), ks = f5— feuor (WhiCh is usually —U21), and ko = f1+ hgve +
fo(u3y — u20) — fsuar.



Reduced Basis (vy = 2% + v9,7 + vy), (Even: 1S)

k= (fox®+fsxd+ faxt+... )+ (haaz3+hoz? +hiz+ho) (23 +v21 2+veg) — (23 +v21 2+ve0)?
x2+uz1 z+u0
(fet+hs—1)z®+(fs+h2)zd+(fath1+(hs—2)vor )zt +...
x2+ug1z+ug

= (fo+hs — 1) a* + (fs + ha — kauo1) 2> + (f1 + h1 + (h — 2)var — kaugg — kauar)z? + ...
~————

k4 kS

If the characteristic is not 2 or 3, we may assume fg = 1 and f5 = 0. Then k4 = k3 = 0 and
ko = fi — 2v91. In even characteristic and assuming fg = hs = 1, f5 = f4 = ho = 0, then k4 = 1,
k3 = ug1, ko = hy + v21 + ugo + u%l.

m = myx* + msx® + moz® + . ..

We now calculate the numerator m = k — s(l + h + 2v3) of Uy, the reduction of Uy = ujus. What

we really need is v/ = uﬂl made monic, which means we must invert the leading coefficient m4. We

leave the coeflicients in most general terms for now.

Adapted Basis (vy = va1 + vy), 25 (Even: 1M, 1S)

m = (k‘4{L‘4 + ]{731'3 + k2$2 “+ .. ) — (511} + 80)((Z3 + hg)l‘g + (lQ + h2)1’2 + (ll + hy + 2U21)l’ + .. )
= (kg — s1(I3 + hs))x"* + (k3 — s1(la + ha) — so(l3 + h3))2®
+ (kg — 81(11 + hi + 21)21) — So(lg + hg))xZ —+ ...
Plugging in k4 = fg and I3 = s1, we have my = fg — s1(s1 + hs). Since only s} = rs; is known, we
multiply my by r%:
My = 1°myg = fer® — sy (s} + har)

2

In odd characteristic, m4 = 72 — s}°. In even characteristic, my = 72 + s} - (s} + 7).

Reduced Basis (vy = 2% + vy,7 + v99), 2S (Even: 1M, 1S)

m = (]{4174 + k‘gl‘g + k’2$2 + .. ) — (811‘ + So)((lg + hs + 2)$3 + (l2 + hg)ZEQ + (ll + hy + 2U21)ZL‘ + .. )
= (k4 — s1(l3 + hg + 2))554 + (k3 — s1(l2 + he) — so(l3 + hs + 2))333
+ (k‘g —s1(ly + hy + 2v21) — 80(l2 + hg))$2 + ...

In odd characteristic, my = kg — s1(l3 + hg + 2) = —s1(s1 + 2) and
my = 1r2my = 1% — (s +1)?

Note that we need 72 in the next step, which is why we write my in this way. In even characteristic
(assuming fg =1), mg =14 s1-(s1 + 1) and

2

My =r?my =%+ - (s) +7)



Inverse Step, [ = (r-my)~!, 11, 6M

Perform the following calculations:

I = 7"-7714)71
1 2
m74—7’ T I
1—~ .
;—m4 I

1 /
S0 ;'80

1 /
31—;'31

[ = 131’3 + l2I2 + llx + l(), 3M

= sup = (512 + s0)(x? + ug1x + ugp)
= 512° + (80 + ua151)2% 4 (Sou21 + S1U20)T + SoUs0
By combining wy = ugg - So and wy = ug; - 1, we save one multiplication in calculating 1:
ly = so+w
1 = (so + s1) - (u21 + ug0) — wo — w1

l():wo

m' = az* + mha® + mha® + ..., v =2 + ujz + uj, 6M

We now make m monic by multiplying ms and msg by m%;:

é (%4)(,163 —s1(la + ha) — so(ls + h3))

= (%4) - (k3 — 51+ (80 + l2 + h2) — h3so)
(m%) (kg — 81+ (I1 + h1 + 2v21) — 50 - (I + h2))

my
We reduce by one multiplication by plugging in I3 = s and factoring out s1, and recognizing the

hs either equals 0 or 1.

/ at4mbad+mba? ... . L .
Now v/ = & = s 2 . Once again, the division is exact by the Mumford represen-
u r*+uiiz+tulo
tation.

/ /
ul :m3 — Uil

/ / !
Uy = My — U0 — UL1 - Uy

v =h—vy—1 (mod ), 3M

Note that this step can be skipped if one wishes to directly plug into baby step, which can take in
any degree 3 polynomial and returns a reduced basis vector.
The adapted and reduced bases are essentially the same, except for the leading term

v = (h3 — I3)x3 + (hg — l2)2® + (hy — vo1 — 1)z + (ho — v20 — lo)
= (hg — Iy — v (h3 — 13))2® + (h1 — va1 — Iy — ug(hs — I3))z + (ho — v20 — lo)
= (hy —wvo1 — Iy —ul - (hg —13) —uy - (hg —lo —u} - (hs — I3)))x
+ (ho — vag — lo — ufy - (hg — lo — - (h3 —13)))  (mod v/ = 22 + ujx + up)



Then

Adapted Basis: v§ = hz — I3
Reduced Basis: vy = hg — I3 — 2
vh = hg — Iy — u} - v}
vy = hy — w9 — Iy — ufy - v — uj - vh

/ / /
UOZhO—UQO—ZO—Uo'UQ

for a total of 4 multiplications. However, a more careful implementation removes one more multi-
plication:

Adapted Basis: v§ = hs — I3
Reduced Basis: vé =hg—1Il3—2
wy = uj v
vé =hy —la—wy
wo = up
v] = hy — w9 — I1 — (uf +uf) - (v +v5) + wy + wy

!/
vy = ho — v — lop — wy

This concludes the addition formulas.



