Arithmetic of Genus 2 Real Hyperelliptic Curves

Y2+ (hsa® +hoa’ +hix+ho) y= fea® + fs2° + faat + f32® + fo2® + fiz + fo

If the characteristic of k is not 2, then h(xz) = 0. If the characteristic of k is not 3, then f5 = 0.
If the characteristic of k is 2 and fg = 1 (which is possible if and only the number of elements in k
is an even power of 2), then hy =1 and he = f5 = f4 = f3=0.

v=h+2v (mod u) i=r@®! (mod u)
k= f+h;’_’“2 K =k (mod u)
ss=k - s=1.4

U= s+ W v/ = % made monic

vV =—-h—s-u—v (modu)

Doubling, Reduced Basis, deg u = 2
Input | [u,v],u = 2 + w12 + up,v = 2> + v17 + Vg
Output | [v/, 0] = 2[u,v] := [u,v] ® [u, v]
Step Expression # of Ops
1 v =112 + Vg wlzu%
Odd: v = 2(v1 + w1 — up), Vo = 2(vy + up - u1) 1M, 1S
Even: v1 = h1 + w1 + ug, Vo = ho + up - w1 (1M, 1S)
2 resultant r = res(v, u), almost inverse i = 112 + ig 4AM
ngUO':l\)/l, wgzul'ﬂl, il :51, iozwg—ﬂo, TZﬁo-io—wQ-al
3 K =(f—h—v?)/u (mod u) = kjz + k)
Odd: k‘é = f4—2v1, k‘ll = f3—2v0—2k§-u1, k‘6 = fg—v%—k’l-ul—(wl—i—Quo)-k’Q 3M, 1S
Even: ki = ho + vo, kb = fo+ (h1 +v1) - (v1 +w1) + k] - ug + w? + ud (2M, 2S)
4 s = sz + s 4M
Sllzil'k‘é—go'k‘ll, Sézio'k‘é)—’wg'k‘/l
5 Inversion, HQ_I, r~1 59, 51 I, 6M, 2S
Odd: vy = (s} +7)> —r?>  FEven: ub = sy - (s) +r)+ 12 (I, 7M, 18)
I=1/(r-uy),7=ub-T,up=r-1%-1, s =7-58,8 =T s);
6 u = 2? + ujx + uf
0dd: u’1 = 2[(80 + ul) - 81 — 80] . ’172,
uy = [fa — 2v1 + (so + 2u1) - s + 2(ug — w1 — vo) - s1] - U 5M
Even: u} = (so +uy - s1) - Uz, uy = [v1 + h1 4+ 01 - 51+ (u1 + So0) - So] - U2 (5M)
7 v =2’ + vjx + v
Zp = up — up, 21 = Uy — ui, wo = 20 - o, Wi = 21 - 51
0dd: vy = 2(ufy — u?) —v1 + (20 + 21) - (50 + 81) — wo — (v} + 1) - wy,
vy = wo — vo — g - (2u) + wy) 5M, 1S
Even: v} = hy + vy +ufy +u? + (20 + 21) - (50 + 81) + wo + () + 1) - wy
vy = ho +vo + wo + (U] +w1) -y (56M, 18)
Total 11, 28M, 5S
(11, 28M, 5S)




Cantor’s Algorithm for Real Case

Let (u,v) = (22 + uiw + ug, 23 + viw + vo) be a degree two reduced basis Mumford representation
with both points of the divisor are not equal to their opposites. Then Cantor’s Algorithm for

doubling the divisor (u,v) must result in (Uy, V) such that
Uy = u?
Vo=v (mod u)
(Vo = v + su for some s)
Vi=h-Vo+ | %] Uy

_ fHRV =V
U, = —

Here, s is chosen such that Uy divides V02 — hVy — f. Again, LVOU—'ng is zero since Uy has degree 4

and Vp + d has degree 3. Hence, Vi =h —Vy = h — v — su and

+h(h—v—su)—(h—v—su)?
Uy = Lhth—vsu) )
_ [H+hv—v2+(h—2v)su—s?u?

= w2

:l(%ﬁ+(h—2v)8)—82

u

=Lk + (h—2v)s) — s

where the division in k = =" ig exact. By choosing s = —k - (h — 2v)~! (mod u), we have

u

k+h—-20)s=k—(h—2v)-k-(h—20)"t=0

so that the division of k+ (h — 2v)s by u is exact. Finally, U; will be made monic, so we factor out

a negative (noting that A = 0 in odd characteristic or h = —h in even characteristic) to arrive at
u = 8%+ W made monic
vV =Vi=h—v—su (modu)

Composition, Reduced Basis

U =02+ Uy =h+2v (mod u), 1M, 1S

v = (h3 + 2)1‘3 + h2$2 + (hl + 2’1)1).%' + (ho + 21}0)

= (hg — (hg + 2)U1)$2 + (hl + 2v1 — (]’Lg + 2)’LLO)$ + (ho + 2’[)0)

= (h1 4 2v1 — (hg + 2)ug — (he — (hs + 2)uy)uy )z
+ (ho + 2vg — (h2 — (h3 + 2)u1)ug) (mod u)
U1 = hy + 2v1 — (hg 4+ 2)ug — (he — (hg + 2)u1)u;
o = ho + 2v9 — (ha — (hsg 4+ 2)u1)uo



In odd characteristic,

v = 201 — 2ug + QU% =2(v; —up + u%)

Vg = 2(1)0 + ug - ul)
In even characteristic,

U1 = h1 + haut + ha(ug + ul) = hy + ug + ul
0o = ho + haug + hauguy = ho + ug - u1

under the assumption that hg = 1 and he = 0.

i=i17 +1iy=7r()"" (mod u), 4M

Using the division algorithm for w =i - v 4 r, we have

2

2%+ ur + ug = (5—1133—1—(%11—;%’)) (Elx—l—iio)—l—(uo—%—l—g%) =0 (mod u)

vy

. S _ . =2 ~ o~ o
<%J} 4 (ulv%?vo)) (le + UO) = 'LLO’U1+7%%UOU1 vg (mod u)
(51‘% =+ (Ulfﬁl — 50)) (1711‘ + 50) = *Uofﬁ% + 50(’[1,1/171 — 50) (mod U)

Let wy = ug - v1 and w3 = uy - 3.

Then i = i1 + i is the “almost inverse” of ¥ modulo u, in the sense that i - v = r (mod u). We

postpone inverting r until later.
Note that we've split the square in ugv? into (uov;)v;. This will save one multiplication in

computing s, for a total savings of 1 square.

K = K+ ky = = (mod w), 3M, 1S (2M, 2S)

L — (foxS+fsxo+ faat+ faxd+ fox®+... )+ (hax3+hox?+hiz+ho) (3 +v1z+v0) — (23 4v12400)?

- z24u1x+ug

(fo+hs—1)z®+(fs+h2)xd+(fathi+hsvi—2v1)a? +(f3+ho+hovi+h3vo—2v0)z3+(fa+h1vi +hovo—vi)a?+...
24w x+uo

The coefficients of k = kqx*+ksz® +kox? +ki1x+ko are defined, then the reduction k&’ = Klx+kl =k
(mod u), as below (kj, k5, and k) are used for intermediate steps in the reduction):

ki=fo+hs—1 Ky = ky

ks = f5 + ha — kawy Ky = k3 — kjus

ko = fi+ h1 + hgvi — 2v1 — kgu1 — kauo Ky = ko — khuy — Kjug
k1 = f3 + ho + hovi + havg — 2vg — kauy — k3ug Ky = k1 — khuy — khug
ko = fa + hivr + havo — v} — k1u1 — kaug Kl = ko — khug

To reduce these equations, we use some simplying assumptions about the coefficients in odd and
even characteristic.



In odd characteristic (not equal to 3), we may assume h(xz) =0, fs = 1, and f5 = 0. Then

ky=ky=ks =k, =0 ko = ky = f1—2v1
k1= f3 — 2v9 — kauy ki = k1 — kbuy = f3 — 2vg — 2khuy
ko = fo — v} — kiug — kaug k) = (f2 — v? — kyuy — koug) — Khug

= f2 — U% — (kll + kéul)ul — QkQUQ

= f2 — U% — k’lul — (u% + QUO)]{IQ

Let kb = f1— 2v1, then k] = f3 — 2vo — 2k} - uy and k), = fo — v} — k] - uy — (w1 + 2up)

wy = u? was computed in Step 1.

- k%, where

In even characteristic, we may assume hs = 1 and hy = 0. If fg = 1 (which is allowed if and
only if the number of elements in the field is an even power of two), then we may also assume
f5s = fa = f3 = 0. We work out the coefficient of k& and &’ under these assumptions; the general

formulas above can be applied for other values of fg. Then

k‘4:k‘£1:1 k)gzul, k:gz()
ko = hi + v +u? +ug khy = hy + vy +ui

k1= hg 4+ vo + (hl + v —|—u% +u0)u1 + uiug kg =ho+wvy+ (h1 + vy —i—u%)ul + (hl + v —i—u%)ul

= ho 4 vo + (k1 4+ v1 + ud)uy = ho + vo

ko = fo+ hivi + 05 + (ho + vo + (k1 + o1 + ui)ur)uy + (h1 + v1 + uf + uo)uo

= fo+ (hy +v1)v1 4 (ho + vo)us + (h1 + vi)us + uj + (h1 + v1)ug + wou? + ud

= fo+ (hy 4+ v1)(v1 + u? + up) + (ho + vo)uy + uou? + (ud)? + ul

ky = ko + (h1 +v1 + u%)uo = fo+ (h1+v1)(v1 + u%) + (ho + vo)uy + (u%)2 + ug

Hence, ki = ho + vo and kfy = fo + (h1 +v1) - (v1 +w1) + k) - ug + w? + ud.

s =sr+s,=i-k (modu), 4M

We first compute s’ = rs, then compute s = 57/ after we’ve found the inverse of r.

ik

(i1z + o) - (Kyz + k)
(ilki):f + (lokll + Zﬂfé)ﬂ? + (’Loké)
(iok:ll + ilkf) - ulilki)x + (Zok:é — uOilki) (mod u)

Using the factors we and w3 found in computing i (recalling that i; = v, we have

5,1:’L'l-k‘é—l—(io—wg)-k?i:le-ko—ﬁo-kll

S{)Z’L'o-k‘é*’wg-kill



Reduction, Reduced Basis

(h+2v)s—k

ﬂ:ﬂ2x2+ﬂ1x+ﬂ0:32+ ”

Even though we don’t know s yet, we find what the leading coefficient of u in order to make
monic after the inversion step.

((h3+2)z®+hoa?+(h1+2v1)a+(ho+2v0)) (s12450) — (kaz* +ksa® +koa? + k1 z+ko)
24w x+uo
h3+2)s1—ks)zt+((hs+2)so+hasi—ks)@3+(haso+(h1+2v1)s1 —ko)z?+...
z24+uiz+ug

U= (s17+ s0) +

= (s22% + 250517 + 53) Nt

While it is possible to give an general formula for this division, it helps at this point to split
into odd and even characteristic and use the same simplifying assumptions. We will count the
multiplications in the final calculations.

In odd characteristic,

251z4+250x3+(2v1 sl—kg)x2+...
x2+uiz+ug

U = (six? + 250510 + s2) +
= (3%12 + 25081 + 8(2)) + (2811’2 + (250 — 2s1u1)z + (2v1s1 — ko2 — 2s51u9 — u1(280 — 251U1))
= (s% + 251)302 + (28081 + 250 — 251u1)T + (s% + 2v181 — ko — 251u0 — 2squq + 2511@))
= (s1(s1 +2))2* + 2(s0 + (50 — u1)s1)x + (—k2 + (50 — 2u1)so + 2(v1 — ug + u2)s;)

So for odd characteristic, let

Uy = 81(81 + 2)
up = 2(so + (so —u1)s1)
ﬂo = —ké + (S() - 2U1)30 + ’17181

In even characteristic, assuming hs =1, ho =0, fe =1, fs = fa= f3 =0,

~_ (2.2 2 (s14+1)z* +(so+u1)x®+(h1s1+(h1+v1+ud+ug))z?+...
U = (811’ + SO) =+ z2+urz+ug

= (s12” + 53) + (51 + D)a® + ((s0 + 1) +wa(s1 + 1))

+ (hsy + hi + v 443 4 uo + uo(st + 1) 4+ ur((so + 1) + ur(s1 + 1))
= (s% + 51+ 1)a? + (so +ursy)x + (s% + his1 +hy +v1 + u% + ups1 + u1so + u%sl))
= (52 + 51+ D)a® + (so + u1s1)z + (hy 4+ v1 + u? + (sg + u1)sg + (b1 + ug + u?)sy)

So for even characteristic, let

Uy = s% +s1+1
up = sp + uis1
ug = k'/2 + (80 + Ul)S(] + U181

Inversion Step, compute [ = (r-u})"!, &, %, so, and s1, 11, 6M, 2S (11, 7M, 1S)

’62

We now need to find the inverses of  and us. Since we only know s = rs;, we must find the

inverse of @} = 727y instead. In odd characteristic,

uy = (s) +7)2 =12



In even characteristic,

~/ 12 / 2 / / 2
Uy =87 +s1r+r=sy-(s1+r)+r

In any characteristic, we compute the following expressions:

T=(r)"!
A:r.rQ.I
u
1 _ ~1
F=uy- I
1 !
80:;‘80
1 !
81:;'81
u = 2® + vz + upy, 5M
/2 ~ . /_@ /_@
u' is w made monic, so u] = = and uy = -

In odd characteristic,

uh = 2 - (2(s0 + (s0 — u1) - 51))
u’o = %~(—ké+(50—2ul)-80+51-81)
In even characteristic,

! fQ-(So-l-ul-Sl)

1
z
up = 75 - (ky + (so+u1) - so+ 01 - 51)

v =2 +viz + vy, BM, 1S

We start by calculating the coefficients of v = h — v — su before reducing modulo ' to get v'.

v = (h3® + hox® + hix + ho) — (2® + viz + vo) — (512 + 50) (2 + gz + p)
= (hg — 51 — D)2 4 (ha — so — s1u1)z® + (h1 — v1 — souy — s1ug)z + (ho — vo — Soug)
Let v3 = hg —s1 — 1, vy = ha — so — s1U1, ¥; = h1 —v1 — Sou1 — S1Ug, and vy = hg — Vo — SoUo.
Then reducing v = h — v — su modulo v results in
v =2 4 (vg — uh(vg — 1)2? + (v; — uglug — 1)z + vy
= 2° + (v —uplvg — 1) — u (v — vy (v3 — 1))z + (v — up(vy — v (v3 — 1))

Hence, v} = v; —ug(vg — 1) —uj(vy — uj(vg — 1)) and v = vy — up(vg — uj(vg — 1))

In odd characteristic,
v] = (—v1 — sou1 — s1ug) — up(—s1 — 2) — u)(—sp — s1up — uj(—s1 —2))

= —v; + 2ugj — 2u’12 + ((ufy — up) — vy (u) —u1))s1 + (u) —uy)so
vy = —vo — Soup — uG(—8so — s1u — uj(—s1 — 2))

= —vp — 2ugu) + (uf — ug)so — (u) — up)siug

= —vp + (uf — up)so — (2u] + (u) — u1)s1)u



To optimize this calculation, let zg = u), — ug, 21 = v}, — u1, Wo = 20 - So, and wy = 21 - s1. Then
’ 0 ’ 1 ) s

v} = —v1 + 2uf — 2 + (20 — uhz1)s1 + 2150
:—’U1—|—2U,6—2U/12+(z0+21)'(50+81)_w0_(u,1+1)‘w1
vp = —vo +wo — (2u] +w1) - ug

In even characteristic,

vy = (h1 +v1 + sou1 + s1ug) + ug(s1 + 1) + uf(so + syup +u)(s1 + 1))
= h1 + v+ ug 4+ uf + (W) 4 u)so + ((ug + u) + v (u) +ur))s1

vy = (ho + vo + soug) + ug(so + s1uy + uj (s + 1))
= ho + vo + uguy + (ug + uo)so + (u] + ur)ugpsy
= ho +vo + (ug + uo)so + (u) + (v + u1)s1)ug

Once again, let zg = uj + ug, 21 = u} + w1, wo = 2o - So, and w1 = 21 - s1. Then

v = hy +v1 +uh +uP + 2150 + (20 + uyz1)s1
= h1 +v1 +uf+uf + (20 + 21) - (s0 + s1) + wo + (u] +1) -wy
v[’):h0+vg+wo+(u’1+w1)~u6

This completes the reduction.



