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Birch Swinnerton-Dyer Conjecture

First nonzero term of L-functions of elliptic curves FE.

L(s,F)=a.(s—1)"+...

Weak BSD: r = Ranky (E(Q))

Strong BSD: Explicit formula for a, in terms of elliptic curve

constants.
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Stark Conjectures

First nonzero term of Artin L-functions of number fields K/k.

Let p be a representation of Gal(K/k).

L(s,p) =a,s" + ...

Stark: Formula for a, computed “algebraically.”

Recent work has shown that both conjectures are related through

the Equivariant Tamagawa Number Conjecture.
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Notation

e K /k is an abelian extension of number fields.

e Wi is the number of roots of unity in K.
e G = Gal(K/k) is the Galois group of K/k.

o G is the group of characters on G.
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e v is a prime in k, w is a prime in K lying above v.

e 0, is the Frobenius automorphism of v (a%» = oN? (mod w)).

G

e (&, is the decomposition group of v (w~» = w).

e S is a finite set of primes of k£, including all ramified and

infinite primes. Throughout, assume |S| > 3.
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v-adic Absolute Values

Finite prime = prime ideal in ring of integers.

Infinite prime = embedding of k£ into R or C.

( (Nv)_ord”(a), if v is finite

a| =1 al, if v is real infinite
e, if v is complex infinite
If w lies over v and o € k, then ’oz’v = ‘a‘i)/'G”'
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For Re(s) > 1, the imprimitive L-function of y and S is given by

Ls(s,x) = || (1 - Xl\(g;)>l

vES

This function can be extended holomorphically to the entire
complex plane if y is nontrivial, and meromorphically with a simple

pole at s = 1 if y is trivial.
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Adding a Prime to S

If v is an unramified finite prime, then

Laugay (50 = (1= 32) - Ls(s. )

The order of vanishing of Lg(s,x) at s = 0 increases by one for
each v € S for which x(o,) = 1.

If S contains a prime vg which splits completely, then o,, is the
identity of G, and Lg(0,x) =0 for all x € G.
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First Order Abelian Stark Conjecture (1980)

Conjecture (St(K/k,S)). Suppose S contains a prime vy which
splits completely. Fixz some wqy lying above vy. Then there exists an

e € K™, unique up to root of unity, such that
. € 18 a vg-unit, that 1s, Mw =1 for all w not lying above vy.

1. For all x € é,

L's(0, %) ZX )log |7|
occG

iii. K("%/e) is an abelian extension of k.
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Examples of Stark Units

1. K = max real subfield of Q((y,), k= Q, S = {p|/m} U{oo}.
Then ¢ = (2sin Z)° = (1 — ) (1 = G1).

2. K =Q(Cn), k ZQS {plm} U {oc} U {po =1 mod m}.
Thenez(

) K is a power of a normalized Gauss sum.
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Explicit Class Field Theory

The main application of the First Order Stark Conjecture is to
construct maximal abelian extensions, conjecturally answering

Hilbert’s Twelfth Problem in certain cases.

The software package Pari uses Stark units to compute the Hilbert
Class Field for totally real number fields.
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Dummit’s Question

Can we relax the condition that S contains a prime which splits

completely?
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Dummit’s Example

k: Totally real cubic field, totally positive system of fund. units.
H: Hilbert class field (all primes are unramified)
K: Narrow Hilbert class field (all finite primes are unramified)

K;: Fixed field of the decomposition group for vgé).

K=HT
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Replacing an Assumption

The purpose of the splitting prime v is to create a first order zero
at s = 0 for all Lg(s, ).

To get a first order zero conjecture, it is enough to choose any set S
such that Lg(0,x) =0 for all x € G. We call S a 1-covering of G.

The minimal 1-subcovering, denoted by Sin, consists of all
v € S such that for some y € G, X‘G =1 and Lg(s,x) has

precisely a first order zero at s = 0. Alternatively,

Smin — m S’

where S’ runs through all 1-subcoverings of G.
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Extended First Order Abelian Stark Conjecture (2001)

Conjecture (St'(K/k,S)). Let S be a 1-covering of G containing
all infinite and ramified primes. Let Symin be the minimal
1-subcovering. Assume that |S| > |Smin| + 1. For each v € Syin, fix
some w lying above v. Then there exists an € € K, unique up to

root of unity, with the following properties:
7. ‘elw =1 for all w not lying above a prime in Smin-

1. For all x € @,

Ls(0,x) = =g >, x(0) log( I |€a}i}/|av|)

ceG 'UESmin

iii. K("%/€) is an abelian extension of k.
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Basic Example

K/k=Q(¢2)/Q, G = Gal(K/k) = (Z/12Z)*

1 5 7 11
1|1 1 1 1
Y2 |1 -1 -1 1
s |1 -1 1 -1
xall 1 -1 -1

S = {00,2,3,5,7}, Sumin = {00, 5,7}

Q(C12)

/
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Stark Units for Intermediate Fields

Field Prime Factor S-Unit G,

Q(4) p= ps = (2 + 1) £5 = 5T {1,5}
QV=3) | a=7 |ar= () | =222 | 17}
Q(V3) o0 0 foo =2+/3 | {1,11}
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oo splits in Q(\/g), Eoo = (2 — \/§ for oo, : (fund. unit) — 2 + V3.
\ 4
5 splits in Q(2), €5 = (gf;) = (#) for ps = (2 +19).

_ 4 12
7 splits in Q(v/—3), e7 = (3 (g \/\/j) — (\9;(—_7_)7> for q7 = (5+2\/§).

3 ~
Let € = ¢3_ - €2 - 7. Then for any x € G,

, 1/2 o11/21 511/2

Lg ZX log(‘s !5 } }6 %)

UEG

and Ve = (2—+/3) ((T)> (\/(—_7_)7> lies in an abelian extension of Q.
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Results

e Suppose v € Siin and X‘GU — 1. Let K/ = KCv,

From St(K'/k,S), there is an €, € K’ such that

= ) x(o)logleg

JEG/G

w
w

L's(0,x) =

w/

K
v k

Lifting the sum to GG and the absolute value to w,

W._./W._.,
Ls(0,x) = 3= > _ x(0)log ‘ (5’0 /W )

celG

0 11/|Gol?

w

By a variety of methods, we can show ¢, is a |G, |*"® power in K’.

The Stark unit for K ise= ] n Wi /W , Where 771|} vl = Ev-
UESmln
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Theorem. If
o K/k abelian such that St(K'/k,S) holds for allk C K' C K

o S'={vy,v9,...,v:} is a I-subcovering consisting of only

unramified finite primes
then St'(K/k,S) is true.

I7¢ Let ¢; be the Stark unit for K; and S; = (S \ Swmin) U {v; }.

Then the Stark unit for St'(K/k, S) is

W
Ki t W;{z |g7;|
£ = Hsi
i=1
k where p; = [] (1 — 0;1) € Z|G] is divisible by |G;].
JF#1
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Theorem. St'(K/k,S) is true when S has a 1-subcovering S’

consisting of only unramified finite primes and one infinite prime.

The theorem follows from the previous theorem, plus an

adjustment when v, is in S’.

These theorems imply that St'(Q(¢,,)/Q, S) is true for most m.
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Theorem. Let K/k be a multiquadratic extension of rank m, i.e.,
G = Gal(K/k) = (Z/QZ)m. Then St' (K /k,S) is true if
S| > m 4+ 1 —1r, where r is the 2-rank of the San-class group of k.

Corollary. St'(K/k,S) is true for biquadratic extensions.

When |§] is big enough, results of Tate and Sands give extra powers

of two. These powers are usually enough to get a factor of |G,]|.
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Dummit’s Example Revisited
S = Smin = S0 = {voo v ,voo)} is a 1-covering for K/k.
Gross’s local refinement of St(K;/k, S,) predicts g; = n? in K;.

St(K;/k,Ss) has been computationally verified for 26 base fields
by Dummit and Hayes.

e = [[n € K* is the correct L-function evaluator for St'(K/k, S ).
The abelian condition of St'(K/k, S ) does not hold for .

Does not satisfy |S| > [Smin| + 1. Adding a prime to S restores the
abelian condition.
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Open Questions

e Would like proof for £k = Q.

e Extension to r*® order vanishing. (Popescu, Emmons)
e Function field analogues.

e p-adic refinements.
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