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A remarkable determinant

(1,0) | (1,1)
_Hv Asx(XY) = det
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General definition

If (p1,q1),(P2,42), -, (Pn, Gn) are the cells of the Ferrers diagram of x+ n then

AL(X,Y) = det |22y
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As a starter .....

Theorem (easy)
For any u F n the dimension of the finear span of the derivatives of A,(X, V) is at most n!

/ bol .
"o dim M, [X,Y] < n!
where

M,[X,Y] = L|67165167265% -+ 00m65n A (X,Y) « 1y, 8 >0

1 "Y1 T2 Y2 LTn Yn

For example ( using MAPLE]

DDmu([2,1]);

vl y2 3

HHH
xl a2 HL

D2l:z=det("):

D21=|v2x3 —v3x2 —vIx3+vIa2+xIv3-xIvy2

diff(D21,x1);

diff(D21,x3);

6 independent derivatives!

diff(D21,v1);

diff (D21,¥3);

Could it be 2?2?77
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The n! Conjecture
(1990 - 2000)

dim M,[X,Y]| = n!

For uHn

Proved by Mark Haiman using algebraic geometry

‘ 1,0009% f

Reward

for an “elementary” proof

“Elementary” means:
By calculus or/and combinatorics
give an algorithm

that produces a “triangular” set of n! derivatives

next




The basic construction

from a tableau to a pointin 2n dimensional space

6
MM%%%"VAOBQHQHQM Dﬁ@w@w@wﬁp Qw@w Qwﬁu QHV
5152 03 Ty T2 T3 T4 Ts Te Tr Y1 Y2 Y3 Y4 Ys Y6 Yt

some polynomials vanishing at this orbit point

T4 — Qg X4 — Qo Ty — Q9 Yo — ys — P2

Polynomials vanishing at all these tableau points:

(2 — a1)(z2 — az)(z2 — az)

(y5 — B1)(ys — B2)(ys — B3)

(3 — a1)(z3 — az)(ys — B1)

next




kicking for the shape
21

An Elementary Method

(kicking] Zo — O

L3 — Qg Y1 — B1
Y3 — P2 ys — B2
3 3
1 1 112 A 2 .m NRE 2
2|3 3] 2 (a1, a1, az; By, B2, B1) (a1, a1, az; B2, B1, B1) 113 31
(a2, a1, a1; 61, B1, B2) (a2, a1, a1; B, B, B1) (a1, e, a1; 1, B1, Bo) (@1, a2, a1; B2, B, Br)
1 Y3 — B2 L3 — a1 1 — L2 — Q] (2 — a1)(y3 — B2)
1 t t t t t2

/rl\\\)\l/lk
1+4t+t2

Y
DMLN“ M\_ @@wbwlkv M\_ @Hwbwlvﬁ ﬁ_ @SDMHTXM M\_ @&MDMLNQ M\_ @&w%@wbwixx‘u M\_

xI x2 A3

1 1 1
TH ¥2 uu.w% -x2 + x{ ¥v2 — vl -x3 + x2 —Y3 + Y1 1

AN INDEPENDENT SET WITH 6=3! ELEMENTS next




Kicking 22

Lo — (9

4| 4
L2 — 02
Y
3~ P1
Ys — P2 ys =P
T3 — Qo y1 — b1 ys — B2 T3 — Qg
2]3] 32] 1] 2] 2[1] 1]3] 3[1] [s]2 [2]s
[+ [ 3]+ [a]e 2]+ [2]4 B
1t t ot t 2t
/MEIQS
4
Iy — (X1
)
Y3 — [J2 r3 — oy v — B Yz — 3o Ys — QH
r3 — agq
(1] 4 1]4 (3] 4 3|4 (2] 4 2|4 E 4l1]
2]3] 3] 2] 1]2] 2[1] 1]3] 3l 1] [3]2 [2]3
t ot t= e i 2 3

1+6t+10t2+6¢ + ¢

The symmetry condition is satisfied

next




Kicking 211 o

\__ 4 _
(y3 — B1) (y2 + 1) W1 — B1)
A&w I~ QHV AHw . QHVAHw — Qwv
3 i
A A B B B
| - |5 |
3[4] 4] 4| 3| 4] 4]2] 4]1]
(o — 2) (xo — ) (xo — ) T\— Qo) T3\ — Qo) () — a2)
) | ) | ] | ) . ) . ) |
1 2 1 2 3 3 1 2 1 3 2 3
2] 1 3] 3 1 2] B ER 3] 1] 3] 2]
3|4] [3]4] 2(4] [1]4] 2[4] [1]4] al3] [a]3] al2] [a]2] al1] [4]71]
1 t t 2 2 3 q tq q tq q tq
(t4 — (24 — 1) (24 — a3 4]
4 |
1+6t+ 10t + 6t + ¢
To — 1) Same polynomial
4 4
- 2] il -
4 4
| ‘ | _ | _
3 — (2) ys — Bo) Awl\wwwlo: . (y3 — B2)
. A&wIQ SIQHV L _ [ _ [~ | -
El 1 3 3 2 2 d d d d d d
4| 4| 4| 4| 4| 4| 1 1 3 3 2 2
2[3] [3]2] 1]2] [2]1] 1[3] [3[1] 213| |3]2] 1]2] |21 ] 113] [3]1]
2 2 3 2 3 3
t tq 2 tq 2t t t"q t g e




The Algorithm

Step 1 i
1

Fill the Ferrers diagram of u with 1,2, ..., n in all possible ways to get the n! tableaux 12
75

Step 2 306
. o 5040 3 807

Construct the corresponding orbit points In this case WMW
Order  the orbit points and construct the kicking polynomials. 306
41715 75

Step 4 Hw

Compute the kicking statistics.

Theorem

If the kicking statistic are symmetric then the top components of the kicking polynomials

give the n! independent derivatives of A, (X,Y) = det :&w:@,m@

MAGICS?

i,J=1

No
Only Algebraic Combinatorics

next




Triangularity
A typical term order

The degree-Lexicographic order

P_ P P2 P 41— d1d42 | q
X5 =Xy X, X" Cdlex X=X X, Xp"

degree(xP) < degree(x?) or  degree(xP)=degree(x?) and P <19

Where we have P <lex g if and only if for some 1 <i<n-1

P1=91.P2=492. ..... i =4i. and Humn_uu.ﬂmﬁmmu_u“_.

The “l eading monomial® in a polynomial P = > pCpxP

is the dlex highest monomial in P

Definition

In a vector space V of polynomials a collection C={Py,Ps, ..,Pm}

is said to be “triangular” if

wQEAHUHV <dlex MQEAHVNV <dlex * <dlex _,QEA”_.UEV
Note:

The polynomials in a triangular coflection are necessarily independent!

next




A basic tool

Let V' be a vector space of polynomials and suppose that|dim V< d

then | dim V=d| if and only if we can find in V

a collection of|d|polynomials with|distinct|leading monomialis.

Theorem
The vandermonde determinant An(x1, x2,...,xn) has n! independent derivatives
Proof
bﬁ_ﬂumr Xo,...., u_hﬁu_ = nmm._u__ummwl._ __”._H“_. = H%IHHWIMHWIW e H”Iﬁl_l Wn——mﬁn .
thus if
0<a;<n-1, 0<a,<n-2,0<az3<n-3, ,0=a,4=1
then
—1-— —2— 8 1-an_
531032033 - Ot Ay, Xa, ., Xn) = XSGR Raxn BTty oy
because

XF Cglex X1 = P77 <4, x17°

Note: . .
This proves the n! conjecture for A = 1"

(2,0)
1 1 1
(1,0) _Hv Aqys[X] = det| x4 X2 X3
2 2 2

X X X
(0,0) to72 s

next




Hilbert series

A vector space V is called “graded ” if and only if
V = Ho(V)e Hy(V) e Ha(V) @ --- & Hu(V) & ---

The subspace “H,,(V) ” is called the “m** homogeneous component” of V.

4/_ its elements are called homogeneous of degree m _

If dim H,, (V) < oc for all m, we set the “Hifbert series ® of V
Fy(t) = > t™dim Hu(V) \

=0

For instance for R = @[xy, Xa2,...,Xn] we have R = Ho(R)® H1(R)® Hz(R) & --- with

Hm@R) = L[*x5?--xB* : py+p2+ -+ pn=m]

In this case m+n—1 1
dim H,,(R) = = —
im (R) A noq v and Fr(t) i_tm

Our spaces M, [X,Y] are “bigraded that is we have the double decomposition

n(u) nip’)

ztﬁﬁvj = @ @ muvmmzluﬁ M«C

r=0 =0

With H, ,(M,[X,Y]) the linear span of derivatives of A ,(x,y)

that are homogeneous of degree I” in X;,X2,...,X, and degree S In ¥4,¥2,...,¥n

Here and after we set ;
niu) nip’)

F.l@t) = > > t'qdimH,.(M,[X,Y])

r=0 s=0 next




Some Hilbert series

Theorem
If vV is graded and B is a2 homogeneous basis of V then
”_mJH_q_”._uu _ MU .nn—,wwfwm_”_uﬁ_

beB
Using this we get for the linear span of derivatives of the Vandermonde

Fia(t) = (14+t)(1+t4+t2)---(14+t+---+t*1) = [n]!
Using Maple

hilb([3,2]);

g P+ t+4g Pt +5¢ H154°th 94" P+ 11 g + 224 t+|11 g+ 9¢* + 15gt+ 5 +dg+41t+1

2— 5 J11] 9 4 1

The dimension of 1 |vﬁw 5 22 [15]4
Hs 1 (Ma[X, Y]) 0— W 4 % % % The dimension of Hy 5(Ms o[X, Y])
O 1 2 3 4

1 1 1 1 1
I y2 ¥y oy ¥ ] . .
The determinant | y* 2> 3 £ 5 | has 15 independent bihomogeneous derivatives of degree
xl x2 x3 x4 x5 . .
Wyl x2y2 x3y3 wdyd 3535 [1]in x4, %5 ..., %5 and degree[3]in y4,¥2, ..., ¥s.

hilb([2,2,1]);

G+ P +Adgt*+9¢° P+ 15 +58+ 11 g t+ g+ 117 +5¢° +15g1t+98 +4g+41+1
5 4 1
11 15 4
9 22 9
4 15 11
1 4 5

next




Flip
Definition

We say that a vector space V of polynomials is a2 “cone " if it is the linear span
of derivatives of a single homogeneous polynomial A(x).

In this case V has an automorphism " Flip " defined by
flipP(x] = P{&)A(x)

Note this is a non-singular linear map of ¥V onto V since if

Plx) = Q(JA{x) and P8 )A{x) =10
then

o PEIP() = PEIAEIAK) = QBIP(EIAN) =0

AipP(x)=0 — P&IPx)=0 = Plxj=0
Note that this implies that if degree A{x) = n, then
Fy(t) = t"° Fy(1/t)
The same is true if V is a cone with summit a bihomogeneous polynomial A{x, y)

of bi-degree n.,n; In this case

Fy(gt) = t™q™Fy(l/q,1/t)
This explains the symmetry

5] 11 [9] [4] 1

U [ 19 1 3

next




Now the miracles

. 1 | . 5! : 1
Mooy = Mas AMaay & fliposg Mao A Mooy Maz = Maoq AMas & flipas Maag A Mas
n!
5 Conjecture (still open!) _
If o, BV n differ only by the position of one corner cell then dim M, A Mg = EM

SF Conjecture (still open!)
If o, g\ n differ only by the position of one corner cefi then
M., ”EQ}EE & m_mmunuz@}zm , zh ”EQ}EE & mmﬁmzﬁ}?ﬁm

T his impiies
H._mq?mﬁ _Mﬂu .nu_ - Hﬁm,?nm _”ﬂu.nu
To — Tp

”_m,?_mﬂ}?__.—m _Mﬂ“. ._UU_ =

with T, = t*®)gn) and n(p) = 3.0 — Dy

next




More miracles

1 AH|— M1

M0 =fipz11Mp1y
Moo = Aipaai Myq4 _/\_HOO Mi110 010

/\
LXK

<
Mio1 = flip221Mi10 M101

\ 4
Moo1
Moo1 = flipa2Mi11

n!

k!

Conjecture (still open!)

Mpio = Aipa11 M4y

—/\_OHH H{HQHH == mmﬁwwzu:u“—.

If ooy, aq, ..., o Fn differ only by one cefl from each other then

dim Mo, A Ma, A -+ A Ma,

Etc Etc Etc

next




Some facts about ideals of polynomials

Definition
We say that xP contains x4 ifand only if p1 > g1, P2 > 91, .. ., Pn = Gn

Under the containement partiai order every collection of monomials in x4, %2, .., Xn
Gordan: R
*  has a finite number of minimal elements
Let J C Q[xy, X2, ..., X,| be an ideal and let M(J) the collection of all th fi,fz,....f;y €J be such that ofJ
let my,m2,...,mN be the minimal elements of M(J) and

leadmon(f;) = m;
J=1(f,fa. ., )

Let By be the collection of monomials that do not contain any of m{, m2,..., mp

then

then Bj is a basis for the quotient
Ry = @Q[x4,%2, ..,%a|/J

For a polynomial P(x) we will denote by h(P) the homogeneous component of P of highest degree.

Define

grd = (h(P):PeJ) and grRy = Q[x4,Xa2, ..,Xnl/grJ

we have:
Bj is also basis for gr Rj.

Indeed M(J) = M(grJ)|land |grJ= ?_Mmuuu hifz), ..., T_mmzuu

In particular

dim Ry = dim gr Rj

next




Orthogonal complements of Ideals
Definitions:
(1) An ideal is calfed "homogeneous” if it is generated by homogeneous polynomials
(2) ForP,Q e q[xy,%s,..., %, S€t
(P,Q) = P8, 8xas ) QX1, X2, ., Xn)
(3) For any homogeneous ideal J set

Jt- = {Q:{P,Q)=0% PecJ}

MK, X =0

Theorem
ForJ homogeneous

1) I ={Q: P8y, 0 ) Q(x1,%a, .., Xa) =0 ¥ P eJ}
2] (It = J

3 Qlxy,Xa,....%,)/T and Jt have the same Hilbert series
Note:
For all P € J and all py,p2,.. . ,pn = U we have
BELOZ ... OFRP(8,, Ba ..., D JQ(X1, X2, . ., Xp) — 0
H4,K,. . Xn=0

and the assertion in 1) follows from Taylor’s Theorem.

The assertion in 3) holds because the elements of J- can be taken as representatives

of the elements of Q[xy, Xa.. ... %Xal/J

next




ORBITS

Let G be a group of permutations of 1,2, ..., n. 0=1(01,02,",0n) €G

(Given an element

and a vector a= (ay,as,....a,) we set

da = _mm...qtm.nﬁu Ce um._uuu_

This given, we let
lale = {b=va:oeG}

and call it the “orbit” of a under G. The subgroup
Ga = {0eG:oa=a}

iz called the “stabilizer “ of a.
If G, is trivial then a is called “regufar» and the orbit [a]g has cardinality |G].

In general we have
lalal = [Gl/|Gal

In any case we set
Jale = ﬁu :P(bj=0 ¥ be Emu

and
Riaje = QX1, X2, . - -, Xn|/J s + grRjje = Qxe, X2, .., X0/ Jpa)q

We also set N
Hale = (grdpe)
and call the elements of this space the “orbit harmonics>.

Now it follows that

dim Ry, = dimgrRy, = dimHp,, = |Gl/|Ga|
next




Conical Orbit Harmonics

(This is why symmetry proves the n! result)
Theorem

Let a be a regufar point. Set

n, = maxdegree R,

Suppose that B is a basis for Ry, with

BEme— g and  |BS|=d.+di+---+d; (i=0,1,.

Then the equalities
d = dp.; (i=0,1,...,n,)
imply
i)  h(B) = {h(b): beB} is a basis for gr Ry,

_Mmmu_ memeﬂ_ﬂﬂu_ = ”_m,m?_ﬂ_ﬂﬂu_ = Munmu Emv
1=0

(iil) Hpje I8 a cone

next




Where A, |X;Y] comes from

Step 1
Fili the Ferrers diagram of . with 1,2,...,n in all possible ways to get then! tabieaux

Step 2
Construct the corresponding orbit points

Theorem
Calf (a,b) = (ay,a3,---,an; by, ba, ..., by) the first point so constructed.

Then
(1) (a,b) together with all the other points are none other than the orbit

[(a,b)]s, = {(ar,,805,---,80,:b0y, Doy, .., by ) 1 0 €Sy}
(2) AuX,Y] € Hiapys,

(3) and since H, 1), i5 closed under differentiation it folfows that

M, [X; Y] € Hia by,
T his implies
dim M, [X; Y] < n!

with equality if and only if H 1y, 5 3 cone.

next




The Algorithm

Step 1 .
Fill the Ferrers diagram of u with 1,2, ..., n in all possible ways to get the n! tableaux 12
75

Step 2 306
. o 5040 3 807

Construct the corresponding orbit points In this case WMW
Order of the orbit points and construct the kicking polynomials. 306
41715 75

Step 4 Hw

Compute the kicking statistics.

Theorem

If the kicking statistic are symmetric then the top components of the kicking polynomials

give the n! independent derivatives of A, (X,Y) = det :&w:@,m@

MAGICS?

i,J=1

No
Only Algebraic Combinatorics

next




The Group Harmonics

Let Jo be the ideal generated by the homogeneous G-invariant polynomials and set
It is customary to call the elements of Hg “G-Harmonics » .
Note that if P{x) is any homogeneous G -invariant polynomial then for any point
a=(ay,as,...,a,) we have

Plga)—Pla)=0 (¥ oG = m:mHU_Iﬁ_”mu_mu_m_m — Hu_ﬂHu_mmH..u_m_ﬂ

Thus
.Hﬂ m mﬁ..uﬂ _ku

and taking orthogonal complements gives
m_m_ﬂ C He _Mwu_

Now if a is regular we have |G| = |[a]g] = dim H,), and thus in full generality we must have
|G| < dim Heg

It is interesting to know when equality holds

Can you guess”?

next




Groups Generated by Reflections

Theorem

If G is a finite group of n x n matrices then
any of the statements below implies the remaining ones.

(A) Hue = He for all regular points,

(B) dim Hg = |G

r

(C) Hg is a cone with summit the product of the reflecting hyperplanes,

(D) G is generated by reflexions

The classical example

The space Hg_ (Harmonics of S,) is the linear span of derivatives of

DDi(x) =[] (s -x)

1<i<j<n

next




THE ENI




