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Xn = {x1,X2,...,Xn}
Q[X,.] = The algebra of polynomials in x;,x2,...,x,
V a graded vector space

Hm(V) = the subspace of the homogeneous elements of degree m in V.
V = \IOA/\V D \IHA/\V D \INA/\Q b---D \I_BA/NV D -
The Hilbert series of V

Fv(q) = ) dim(Hm(V)) g™

m>0
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Basics e

Let A be a Finitely Generated Graded Algebra.

H;@ﬁ m>0

 —
N——"

n; = the order of “1” as a pole of the Hilbert series Fa(q).

n, = the maximum number of algebraically independent elements in A.

/N N /N
L Do
— —

ns = the minimum number of elements q1,qa,...,q, such that

dim A/(q1,92,---,9n)A < 00 (%)

Fact: n; =ns = n3 = na = the “Krull dimension” of A
If (*) holds with n =na then qi,q2,...,q, are called a “System Of
Parameters’. “S.0.P.” in brief.
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More Basics e

Let q1,92,...,q9n € A be homogeneous of degrees d;,d,,...,d, and suppose
they constitute a S.O.P for A. Let B = {f,fs,...,fn} be a basis for the

uotient
! kP\AQHQQNU...UQUVLP < o0

Then every P € A has an expansion of the form

N
P = MUW_ @mAQHv@Mv..JQSV

i=1

with Q1,Q2,...,Qn € Qy1,...,yn]. In other words the collection
{fidd". a5, .. an"}, i n
spans A as a vector space. In particular it follows that

MUWH Q&mmwmmﬁwv
(1—q9)(1 —q92)--- (1 —qd»)

Fa(q) <<
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The Cohen Macaulay Property

If in the expansion

N
P =3 fiQi(q1,dz: - qn)

i=1

P uniquely determines the coefficients Q;(qi,qs,...,qn) then the collection
{fial" a5 . an”}, o

is a vector space basis for A. This holds true if and only if we have the

the equality
MUWH Qammu.mmﬁ.mv

(1-q%)(1 -q)---(1-q)
Then A is a free module over Q|q1,qz,...,qa] of rank N and A is said to be

Fa(q) =

“Cohen-Macaulay”.
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A useful criterion e

Theorem A
Let q1,92,...,9n € A be homogeneous of degrees d,,da,...,d, and an
S.O.P. for A. Let

dim A/(q1,92,---,9n)a = N

with basis B = {f1,f,,....fx} . Then the condition
limg.1(1 —q™)(1-q%)--- (1 —q")Fa(q) = N

forces the equality
MWH Qmmmwmmﬁmv

(1—q9)(1—q92)--- (1 —qd»)
yielding that A is a free module over Q|q1,qz,...,q.] of rank N and therefore

Fa(q) =

A is a Cohen-Macaulay algebra.
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m-Quasi-Invariants e

Denote by “s;;” the transposition that interchanges x; and x;. This given,

we set

QLa[X.] = {P(x) € QX,] : S0P

(x5 — x;)2md

€Q[X, vV 1<i<j<n}|
Note that
Q[Xn] = QIo[Xs] 2 QL1 [Xy] D QL2 [Xy] O -+ D QI [Xs] D -+ O QI [Xn] = SYM[X,]
Note further that for all 1 <i < j <n we have
(1 —s35)PQ = (1 —sy) P)Q + (syP)(1 —s55) Q

Thus each QI,,[X,] is an algebra and in fact also an S,-module.



r-Quasi-Symmetric

Recall the Florent Hivert “local” r-action of S,

a b .
a b XX ifa,b>r
Si Xj Xjr1 & b a th .
X; X{,; otherwise

here s; = s;5:1. Since we have

N [ ] [ ]
si =1, SiSit1Si=Si+1SiSit1, Sisj=s8;8 V |[i—]j|>2
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(*) defines an action of S, called the “r-action.” Florent Hivert defines

r-QSym = Twﬁxv : P(x) is invariant under the Tmnﬂo_pw

We have a descending chain of algebras

Q[Xxs] D 1-QSym(X,] D 2-QSym[X,] D -+ D r-QSym[X,] O -+ D Sym[X,]

Note that 1-QSym[X,,] is the space of Gessel’s “quasi-symmetric funtions”.
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What is common to all these algebras?
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What is common to all these algebras?

Are they all Cohen-Macaulay?
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What is common to all these algebras?
Are they all Cohen-Macaulay?
Almost
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What is common to all these algebras?

QI [X,] is a free module over Sym[X,]
(Conjectured by Felder -Veselov for all Coxeter Groups )
(proved by Etingov-Ginsburg)
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What is common to all these algebras?

QI [X,] is a free module over Sym[X,]
(Conjectured by Felder -Veselov for all Coxeter Groups )
(proved by Etingov-Ginsburg)

1-QSym[X,] is a free module over Sym[X,]
(Conjectured by J. Y. Thibon and also by F. Bergeron and C. Reutenauer)
(proved by A. M. G. and N. Wallach)
F'. Bergeron and C. Reutenauer have a conjectured basis

for the quotient 1-QSym|[X,]/(e1,e2,...,eq)



June 30, 2005 14
What is common to all these algebras?

QI [X,] is a free module over Sym[X,]
(Conjectured by Felder -Veselov for all Coxeter Groups )
(proved by Etingov-Ginsburg)

1-QSym[X,] is a free module over Sym[X,]
(Conjectured by J. Y. Thibon and also by F. Bergeron and C. Reutenauer)
(proved by A. M. G. and N. Wallach)
F'. Bergeron and C. Reutenauer have a conjectured basis

for the quotient 1-QSym|[X,]/(e1,e2,...,eq)

r-QSym[X,] is a free module over Sym|[X,,] for all r > 1
(Conjectured by Florent Hivert)

(Still open inspite of some premature announcements)
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Towards common Proof ane

Theorem

Let A be a finitely generated graded algebra such that
(1) ACQ[Xy]
(2) a1,92,-..an € A homogeneous S.O.P. for Q[X,] of degreesd;,d,,...d,

(3) We have II(x) € Q[ai,qz, - .- qn] Such that
II(x)Q[Xn C A

(4) dim A/(q1,q2,...An)a < d = dids...d,

This given, A is free over Q[qi,q2,...q,] of rank d
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We begin by chosing a point a = (a;,as,...,a,) such that
(1) TI(a) 0
(2) The set [a] = {ai(x) = ai(a), a2(x) = qz2(a),...,an(x) = an(a)} has
cardinality d = d;dz - - - dy.

This given, we define
.HE = Au.um> : HUANVHO i Nm?@v

and set

R = A/Jpq

We show next that
dim Hw_m_ =d



The dimension of Ry,

If [a] = {b1,b2,...,ba} construct &;(x) e Q[X4] so that

1 if x = Um
B;(x) =
%) =10 if x = b; with j # i
Set
II(x
Wilx) = i
Ui(x) =

0 if x =b; with j #1i
Moreover for all P(x) € A we have

P(x) = .MHVAUL ¥;i(x) (modulo Jp))

Thus TFG&% is a basis for Ry, consequently dim Ry = d

i=1
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More Quotient Rings
For P(x) € Q[X,] let h(P) denote the homogeneous component of highest

degree in P(x) and set

gr .HE = AFAHUV P e .HEV.P and gr Hﬂz = >\®H .HE

We can easily prove that

dim gr Hﬂz = dim HWTL =d
Now note that

QmANv — QmAmv c .HE — QWANV cgr HE

in particular
gr p.-?._ i AQ”_; qz2, - - - u@5v>

and thus
d = dim A/gr J) < dim A/(q1,Qz2,---,9n) 5

but then hypothesis (4) gives the equality
dim kP\AQH_LQNu...QQBV»P =d
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Hypothesis (3) gives

degree IT(x) 1

q
i—qr SIS g

Thus
limg_.; (1 — QQHXH _ Qamv (1= QasvmuPAo_v = dydy---d, =d

and the Cohen-Macauliness of A now follows from Theorem A.
It remains to verify that the hypothese of Theorem B are satisfied

for Quasi-Invariants as well as r-Quasi-Symmetric

(1) Is trivially satisfied

(2) In both cases we take qj(x) = e;(x)

(8) For QI,[X,] we take TI(x)=[];<j 5<q(x —x;)%™
(3) For r-Qsym we take II(x) = (x1X2 - - Xp)"
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The Crucial Inequality
(4) dim A/(q1,92,...9n)a < d = dydz...d,
For 1-Qsym the proof took a considerable effort.
For r-Qsym when r> 1 it is an open problem.
For QI [X,] it is not difficult and we can give here a brief sketch
of the argument.

Recall that if we set for two polynomials P,Q € Q[X,,]

(P,Q) = P(2,)Q(x)|,_,

we get a non degenerate bilinear form. Now there is an m-deformation of

this form which is non degenerate on QI [Xy]
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The m-Bilinear form ane

For any homogeneous polynomial P(x) of degree d we have

P(0x) = mo_n__ A v 1*ATT P(x)A" ADHHMM@MV

Define
HLE — A —2m MU .|A®uﬁ|®u£v

and for each P € QI_,[X,], homogeneous of degree d set

vp (X, Ox) |mo_% Av LAk P(x)LE

For P,Q € QI,,,[Xy] we set (P, Q) = 7p(x,0x) Q(x)

x=0



The m-Harmonics

Using the m-bilinear form define “the m-Harmonics of [a] ” by

I_ISD
Hgj(m) = (grJpa))
and the “the m-Harmonics of S, 7 by
|_|H5
)

EMSAEV = AmHumwu ...,€pn

we have that (eq,ez,...,en) CgrJ, =  Hp(m)C Hg, (m)

and the non degeneracy of the m-bilinear form gives

n! = dim grR, = dim Hj,;(m) < dim Hg,(m) = dim QI[X,

so we only need to show that dim Hg_(m) < n!

June 30, 2005
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The Dimension Bound

It can be shown that
Hs, (m) = {Q € QI [Xh] : 76,(x,0x)Q =0 for i=1,2,...,n}
Now it follows from the definition that
v, (X, 0) = ;(8y) + --- (lower order nterms)

From this it follows that every derivative of an m-Harmonic Q(x) at the

point a espressed in terms of the n! derivatives

oRL1oR2 ... OR*Q(x) for 0<p;<i—-1

X=a

from which it follows that dim Hg_(m) < n!
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for m-QUASI-INVARIANTS

ORBIT QUOTIENT

REGULAR REPRESENTATION

GRADED ORBIT QUOTIENT QUOTIENT BY INVARIANTS

REGULAR REPRESENTATION REGULAR REPRESENTATION

NON DEGENERACY OF THE BILINEAR
FORM HILBERT SERIES LIMIT

ORBIT HARMONICS GROUP HARMONICS

REGULAR REPRESENTATION REGULAR REPRESENTATION

DIMENSION BOUND
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2]

June 30, 2005 25

REFERENCES

Yu. Berest, P. Etingof and V. Ginzburg, Cherednik algebras and
differential operators on m-quasi-invariants , math. QA /011005.

O. A. Chalykh and A. P. Veselov, Commutative Rings of Partial Dif-
ferential Operators and Lie Algebras, Comm. in Math. Phys. 126
597-611 (1990).

P. Etingof and V. Ginzburg, Om m-quasi-invariants of a Coxeter group
, arXiv:math.QA /0106175 v1 Jun 2001.

P. Etingof and E. Strickland, Lectures on quasi-invariants of Coxeter
groups and the Cherednik algebra, arXiv:math.QA /0204104 v1 9 Apr
2002.

G. Felder and A. P. Veselov, Action of Coxeter Groups on m-harmonic
Polynomials and KZ equations arXiv:math.QA /0108012 v2 3 Oct 2001.
M. Feigin and A. P. Veselov, Quasi-invariants of Coxeter groups and
m-harmonmic polynomials, arXiv:math-ph/0105014 v1 11 May 2001.



