(Final Version) Lattice diagrams and extended Pieri rules June 11, 1998 1

Lattice Diagram Polynomials
and
Extended Pieri Rules

F. Bergeron*, N. Bergeron*, A. M. GarsiaT, M. HaimanT, and G. Tesler!

Abstract. The lattice cell in the i + 1%¢ row and j 4+ 1% column of the positive quadrant
of the plane is denoted (i,j). If p is a partition of n 4+ 1, we denote by p/ij the dia-
gram obtained by removing the cell (i,j) from the (French) Ferrers diagram of u. We set
A, = det || 2}y I7'j=1, where (p1,q1),...,(Pn,qn) are the cells of u/ij, and let M,,/;;
be the linear span of the partial derivatives of A, /;;. The bihomogeneity of A, /;; and its
alternating nature under the diagonal action of S,, gives M, /;; the structure of a bigraded
Sp-module. We conjecture that M, ;; is always a direct sum of k left regular representa-
tions of Sy, where k is the number of cells that are weakly north and east of (4, j) in pu. We
also make a number of conjectures describing the precise nature of the bivariate Frobenius
characteristic of M, /;; in terms of the theory of Macdonald polynomials. On the validity
of these conjectures, we derive a number of surprising identities. In particular, we obtain
a representation theoretical interpretation of the coefficients appearing in some Macdonald
Pieri Rules.

Introduction
The lattice cells of the positive plane quadrant will be assigned coordinates i,7 > 0 as indicated
in the figure below.

(4,0)(4,1)[(4,2) | (4,3)|(4,4)

(3,0)((3,1)](3,2)[(3,3)](3,4)

(2,0)(2,1)[(2,2)[(2,3)](2,4)

(1,0)|(1,1)](1,2)[(1,3)|(1,4)

(0,0)|(0,1){(0,2)|(0,3)|(0,4)

A collection of distinct lattice cells will be briefly referred to as a “lattice diagram.” Given a partition
w= (1 > pa >+ > pg > 0), the lattice diagram with cells

as customary, will be called a “Ferrers diagram.” It will be convenient to use the symbol p for the
partition as well as its Ferrers diagram.

* Work carried out with support from NSERC and FCAR grant.
T Work carried out under NSF grant support.
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Given any sequence of lattice cells

L = {(pl,(h), (PZ;QZ); tet (Pan)} ) L1

we define the “lattice determinant”

Ap(zy) = p'iq' det || 77 ||Z].:1 , [.2
where p! = pi!po!---p,! and ¢! = ¢1!¢a!---¢,!. We can easily see that A (z;y) is a polynomial
different from zero if and only if L consists of n distinct lattice cells. Note also that Ay (z;y) is
bihomogeneous of degree |p| = p1 + -+ + py, in « and degree |¢| = ¢1 + -+ - + ¢, in y. It will be good
that the definition in 1.2 associates a unique polynomial to L, as a geometric object. To this end
we shall require that the list of lattice cells in I.1 be given in increasing lexicographic order. This
amounts to listing the cells of L in the order they are encountered as we proceed from left to right
and from the lowest to the highest.

Given a polynomial P(z;y), the vector space spanned by all the partial derivatives of P of all
orders will be denoted L5[P]. We recall that the “diagonal action” of S, on a polynomial

P(l‘,y) = P(mla"'amn;yla"'ayn)
is defined by setting for a permutation o = (01, 09,...,0,)
o P(z;y) = Py, %oy, Tan3YorYour -2 You) -

It is easily seen from the definition I.1 that Ay is an alternant under the diagonal action. This
given, it follows that for any lattice diagram L with n cells, the vector space

M; = Ea[AL]

is an S,-module. Since Ap, is bihomogeneous, this module affords a natural bigrading. Denoting by
Hr s[ML] the subspace consisting of the bihomogeneous elements of degree r in = and degree s in y,
we have the direct sum decomposition

lpl gl
M = P HroMyL]
r=0 s=0
and the polynomial
lpl gl
Fr(gt) = Y Y t7q° dim#, [M/]
r=0 s=0

gives the “bigraded Hilbert series” of M. In this vein, since each of the subspaces H, s[Mp] is
necessarily an S,-submodule, we can also set

Il lal

Cr(z;q,t) = Y > t"q¢° FchH, [Mp] L3
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where ch?#, s[Mp] denotes the character of H, s[Mr] and FchH,s[Mr] denotes the image of
chH, s[Mg] under the Frobenius map F which sends the irreducible character x> into the Schur
function Sy. The “z” in Cf(z;q,t) is only to remind us that it is a symmetric function in the infinite
alphabet x1, s, x3,... (as customary in [20]), and we should not confuse it with the “z” appearing
in Ar(z;y). This may be unfortunate, but it is too much of an ingrained notation to be altered
at this point. This notation should create no problems since all computations with symmetric
polynomials are seldom performed in terms of the variables, but rather in terms of the classical

symmetric function bases. For instance, if f is a symmetric polynomial, by writing

am f

we mean the symmetric polynomial obtained by expanding f in terms of the power basis and differ-
entiating the result with respect to p; as if f were a polynomial in the indeterminates p1, p2, ps, - - - -
Now it is known and easy to prove that for any Schur function Sy we have

8p1 S)\ = Z Sl/
v—A
where “v—\” is to mean that the sum is carried out over partitions v that are obtained from A by
removing one of its corners. Since, when A is a partition of n, we have the well-known “branching
rule”:

XA 122—1 = Z X7

v

we see that we must have

| lql

am CL(m;q)t) = Z Z t" qs F (ChHT,S[ML] J,g:l_l) '

In other words, 8,, Cr(x;q,t) gives the bigraded Frobenius characteristic of My, restricted to Sp_1.
In particular we see that we must necessarily have (for any lattice diagram L with n cells)

Fi(q,t) = 0y, Cr(z;q,t) . L4

Computer experimentation with a limited number of cases suggests that the following may hold
true:

Conjecture 1.1
For any Lattice diagram L with n cells, the module My, decomposes into a direct sum of left
regular representations of Sy,.

Unfortunately, the complexity of computing Cy,(x;q,t) for large lattice diagrams prevents us
from gathering sufficiently strong evidence in support of this conjecture. However, the situation is
quite different for lattice diagrams obtained by removing a single cell from a partition diagram. It
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develops that in this case we have tools at our disposal which allow us to convert our experimental
evidence into a collection of conjectures asserting that the Frobenius characteristics Cp,(z; g, t) satisfy
some truly remarkable recurrences. Since the latter may be expressed as very precise and explicit
symmetric function identities, we have been in a position to obtain overwhelming computational and
theoretical evidence in their support. To see how this comes about we need to state some auxiliary
results whose proofs will be found in the next section. To begin with we have the following useful
fact:

Proposition 1.1
Let L = {(p1,q1) , (P2,42) , --- » (Pn,qn) } be a lattice diagram. Then for any integers h,k > 0
(with h + k > 1) we have

Z or oy, Ap(z Z e(L bhy) Aryi (w3y)
i=1
where
LJ/;LI@: {(ply(h) y e (pz - h)Ql - k) y ey (men) } L5

and the coefficient e(L |}, ) is different from zero only if (p; — h,q; — k) is in the positive quadrant
and L i}bk consists of n distinct cells, in which case it is given by the sign of the permutation that
rearranges the pairs in 1.5 in increasing lexicographic order.

If 11 is a partition of n + 1, we shall denote by u/ij the lattice diagram obtained by removing
the cell (i,7) from the diagram of p. We shall refer to the cell (i,7) as the “hole” of u/ij. We can
easily see that the Proposition I.1 has the following immediate corollary:

Proposition 1.2
For any partition p and (i,7) € p we have

+ Ayjivnjrr(msy) i (i+hj+k)€

Zah By, Apyij(wy) = {

0 otherwise

where the sign is “+” if there is an odd number of cells (in the lex order) between (i, j) and (i+h, j+k)

“_»

and is otherwise.

It will be convenient to write (i, j) < (i’,j') meaning {i < i’ & j < j'}. This given, the collection
of cells

{65 ep s (6,5) < (5}

will be called the “shadow” of (i,j) in . It is a translation of the Ferrers diagram of a partition.
Let us also set

S0n. Dy = 30, e Dy o= Yohok
=1 i1

Now we have the following important consequences of Proposition I.2:
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Proposition 1.3
Let u be a partition of n + 1. Then for any pair of cells (i,j), (i + h,j + k) € p we have

DIDEM,ij = D Myjij = Myjisnjtk L6
meaning that both DQD’; and Dy, are surjective linear maps. In particular we have the inclusion

M C M L7

w/i'j w/ij

for all cells (i', j') in the shadow of (i,j) .

Proposition 1.4
The collection of polynomials

{ Aujiy(sy) « (i,4") € pand (i',5) > (i,7) }

form a basis for the submodule of alternants of M, /;; .

Note that Conjecture 1.1, combined with this result, leads us to a more precise statement
concerning our modules M, /;; :

Conjecture 1.2
For any p = n + 1 and any (i,7) € pu, the S,-module M, /;; decomposes into the direct sum of
m left regular representations of S, , where m gives the number of cells in the shadow of (i, j).

This may be viewed as an extension of the conjecture made in [7] that for any p F n the module
M,, gives a bigraded version of the left regular representation of S,. It was also conjectured in [7]
that the bivariate Frobenius characteristic of M, is given by the the symmetric polynomial

H 1‘ q: Z S)\ K)\u q, ) ) L8
AFn

where the coefficients K, (q,t) are related to the Macdonald [19] ¢,#-Kostka coefficients Ky, (q,t)
by the formula
K)\,u(q)t) = tn(ﬂ) K)\,u(q> ]-/t) .

Here as in [20], for any partition p we set

nw) = S G- L9

i
In the present notation, the latter conjecture may be expressed by writing
Cu(z;q,t) = I:Iu(:n; q,t) . 1.10

For this reason, we shall refer to this equality as the C' = H conjecture. Macdonald conjectured in
[19] that K,(q,t) is always a polynomial in ¢, with positive integer coefficients. Though recently
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n [12], [13], [15], [16] and [18] it was shown that they are polynomials with integer coefficients, the
positivity still remains to be proved. Of course, the equality in 1.10 would completely settle the
positivity conjecture. It follows from Macdonald’s work that

Ky,(1,1) = f» = #{ standard tableaux of shape \ } .

Thus I.10 is consistent with the statement that M, is a bigraded version of the left regular repre-
sentation of S,,. Now it develops that there is also a way of extending the C' = H conjecture to the
lattice diagrams p/ij. The point of departure here is the following remarkable fact.

Proposition L.5
For any 1 t-n + 1 we have

Il lal

Cupolzsgst) = Y Y t"¢" F (ch’Hr,s[Mu] li:“) = Op, Culz;q5t) . L11

r=0 s=0
Thus on the C'= H conjecture we should have

Cujoo(@;q,t) = 0p, Hu(wiq,t) 112

Since the operator J,, is the adjoint of multiplication by the elementary symmetric function e; with
respect to the Hall scalar product, it may be derived from one of the Macdonald Pieri rules (see [6])
that we have

O Hu(w;0,t) = ) cun(a,t) Hy(wig,t) 113
V—r it
with La(s) L(s) 41
e — q““ q — e
ew(t) = ][ RO H T I.14
SERH/,, SECM/V

Here R/, (resp. C,/,) denotes the set of lattice squares of v that are in the same row (resp. same
column) as the cell we must remove from p to obtain v and for any cell s € p, the parameter [, (s)
gives the number of cells of u that are strictly north of s and a,(s) gives the number of cells that
are strictly east. In view of 1.13, we may rewrite [.11 in the form

Cujool@ia,t) = D cula,t) Holzsq,t) - L15
V=i
Now extensive computations with the modules M, /;; have revealed that a truly remarkable analogue
of this formula may hold true for all the Frobenius characteristics C,/;;(7; q,t); we can state it as
follows:

Conjecture 1.3
For any (i,j) € u we have

Cusij@sa,t) = D erplast) Hurip (w50,1) 1.16

p—T
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where T denotes the Ferrers diagram contained in the shadow of (i,j) and the symbol “u — 1+ p”
is to represent replacing T by p in the shadow of (i, 7).

The following result not only reveals the true nature of 1.16, but sheds some surprising light on
the Macdonald Pieri rule corresponding to the identity in 1.13.

Theorem I.1
The validity of 1.16 for all (i,7) € p is equivalent to

(a) the four term recursion

tl _ qa+1 tl+ a+1

q
Curij+r +

_qa

1 a [+1
— $l
7 ¢

¢ o Cwitti T T

wlii = Th Cujigr,j+1 > L1T

— qﬂ
where | and a give the number of cells that are respectively north and east of (i,j) in u,

(b) together with the boundary conditions that the terms C,,/; j11, Cpyij+1 or Cp i
are equal to zero when the corresponding cells (i, + 1), (i +1,j) or (i + 1,57+ 1)
fall outside of u , and are equal to Iqu/i,Hl, gu/i,Hl or ];NI”/MH when any of the
corresponding cells is a corner of p.

Now a crucial development here is that 1.17 has a representation theoretical interpretation that
strongly suggests an inductive argument for proving both Conjectures 1.2 and 1.3. To present it we
must introduce some notation. For a given (i,j) € u , let K7; denote the kernel of the operator
D, as a map of M;; onto M;;,;. Similarly, let K?j be the kernel of D, as a map of M;; onto
M, j+1. It will also be convenient to denote by K and K ly] the corresponding bivariate Frobenius
characteristics. Note that since M; ;41 € M;; and M;1;; € M;; we see that we must have

Ki, .1 CKj; aswellas K C Kj .

y
+1l,j =
Note further that if u - n + 1 all of these vector spaces are S,,-invariant and the quotients

Aj; = Kj; /Ki; and A?i’]. = K?i’j /K?Z.’H’j 1.18

are well-defined bigraded S,-modules. Let Af; and A}; denote their respective Frobenius charac-
teristics. This given, a simple linear algebra argument gives that we have the following relations:

Proposition 1.6

a) K = Cuij—tCujivy » K = Cuij = Cuijn
1.19

r T T Yy _ Yy Yy
b) A = Kij— Kij ., A = K- Kl

In particular, the recurrence in 1.17 may be rewritten in the simple form

! _
t Ay = ¢" Al 1.20
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It develops that 1.20 encapsulates a great deal of combinatorial and representation theoretical
information. Indeed, a proof of this identity may turn out to be the single most important result in
the present theory and in the theory of Macdonald polynomials. For this reason we shall here and
after refer to 1.20 as the “crucial identity.”

To be precise, we shall show in Section 1 that 1.20 is more than sufficient to imply the validity
of Conjectures 1.2 and 1.3 and the ¢, t-Kostka positivity conjecture. The argument also shows that
for 1= n + 1 the modules Af; and A}, are all left regular representations of Sy. It will then result

L,
“atomic” decomposition of M, /;; into a direct sum of left regular representations of Sj,.

that in some sense the modules Af,;, and Aj,;, with (i',j') > (i, ), yield what may be viewed as an

This given, our basic goal here is to understand the representation theoretical significance of
1.20 in the hope that it may lead to the construction of a proof. Now it develops that the methods
introduced in [1] can be extended to the present situation to yield some very precise information
concerning the behavior of the Frobenius characteristics Aj; and Afj as (4, j) varies in y. One of the
main results in [1], translated into the present language, is an algorithm for decomposing M, /o9 as
a direct sum of appropriate intersections of the modules M, with a—u. This algorithm is based on
a package of assumptions which have come to be referred to as the “SF-heuristics.” We shall show
here that the SF-heuristics can be extended to yield a similar decomposition for all the modules
M,,/;;. We should mention that, as was the case in [1], all these decompositions, combined with the
C = H conjecture, yield (via the Frobenius map) a variety of symmetric function identities for which
we have overwhelming experimental and theoretical confirmation through the theory of Macdonald
polynomials.

To state our results we need to review and extend some of the notation introduced in [1]. The
reader is referred to [1] for the motivation underlying these definitions.

Here and after, if P(z;y) = P(x1,-..,%n;¥1,---,Yn) is a polynomial, we will let P(d,;9,), or
even simply P(0), denote the differential operator obtained by replacing, for each i and j, x; by 0,
and y; by 0y,. This given, we shall set for any two polynomials P(z;y) and Q(z;y)

(P, Q) = P(3:50,) Qz;y) | : 1.21

z=y=0
It easily seen that this defines a scalar product which is invariant under the diagonal action of S,,.
That is, for each o € S,, we have

(oP, Q) = (P,07'Q) . 1.22

Moreover, since the monomials {z?y?}, , form an orthogonal set under this scalar product, pairs of
polynomials of different bidegree will necessarily be orthogonal to each other.

If A(z;y) is any diagonally alternating polynomial, the space Ma = L[079] A(z;y)] spanned by
all partial derivatives of A(z;y) will necessarily be Sy,-invariant. If A is bihomogeneous of bidegree

(ro, s0), then Ma has a sign-twisting, bidegree-complementing isomorphism we shall denote by
flip A, which may be defined by setting for each P € Ma

flipy P(z;y) = P(0:;0y) Alzy) - 1.23
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In particular, this implies that the bivariate Frobenius characteristic ®a (z;q,t) of Ma will neces-
sarily satisfy the identity
Pa(w;q,t) = ¢ wlal(z;1/q,1/1)

where w, as customary, denotes the involution that sends the Schur function Sy into Sy/. It will be
convenient to set, for any symmetric polynomial ®(z;q,t) with coefficients rational functions of ¢
and ¢:

L ®(z;q,t) = wP(x;1/q,1/8) . 1.24

It can also be seen that if M; C M is any bigraded Sj,-invariant submodule of M a with bivariate
Frobenius characteristic ®;(x;¢,t) then the subspace

flipy M; = {flipy P: PeM, }
is also Sj-invariant, bigraded, and its bivariate Frobenius characteristic is given by the formula
Fchflipy M; = t"¢% | &y(z;q,t) . 1.25

Both the flip map and our scalar product have a number of easily verified properties that will be
used in our development. To begin with, we should note that the orthogonal complement M i of
MAa with respect to < , >, that is the space

Mi ={Q(z;y) : (PQ)=0 V PeMa},
consists of all the polynomial differential operators that kill A(z;y). More precisely,
Mi = {Qw3y) : Q(0:;0,) Az;y) = 0} . 1.26

Note that since
(P, flipy Q) = P(0:;0,)Q(0x;0,)Alx;y) |

we see that flip, is self-adjoint. That is, for all P and @, we have

z=y=0 "’

(flipAP, Q> = <P, flipa Q> . 1.27
For an element P € Ma, the (necessarily) unique P, € Ma such that
P(z;y) = Pi(0:;0y) Az;y)

will be denoted by flipg1 P. The following result will play a basic role in our development:

Proposition L.7
Let D(z;y) be a polynomial, A(z;y) be an alternant, and set &(a:, y) = D(02;0y)A(z;y). Let
M (resp., M) be the module spanned by all partial derivatives of A (resp., A). Then My isa
submodule of M and D(0,;0y) is a surjective map from Ma to M. Letting K denote the kernel
of this map, we have that
My N M3~ = flipy' K . 1.28
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This gives the direct sum decompositions

G,) MA = MZ D1 flip;1 K, 199
b) Ma = flipyM; @ K '

where the symbol “@” denotes the direct sum of disjoint spaces, and “®,” further denotes that
these spaces are orthogonal to each other.

Now let p be a fixed partition of n + 1 and let
Pred(u) = {1/(1) Y N A } 1.30

be the collection of partitions obtained by removing one of the corners of u. For a pair v— p, it will
be convenient to denote by u/v the corner cell we must remove from p to get v. To be specific, we
shall assume that the partitions in 1.30 are ordered so that the corner u/v(¥) is northwest of the
corner p/v**+1) . Similarly, for a given cell (i,7) C p let

Pred;j(p) = {a(l) ,a® el } 1.31

be the subset of Pred(y) consisting of the v(¥) such that p/v(®) is in the shadow of (i,5). We again
assume that the a? are labelled so that, for i = 1,...,m — 1, the corner u/a'? is northwest of the
corner /a1

Following Macdonald [20] we call the “coleg” and “coarm” of a lattice cell s € y the numbers
[,,(s), and a;,(s) of cells that are respectively strictly south and strictly west of s in p. In our
notation, if s = (i, j) then I}, (s) =i and a;,(s) = j. We shall call the monomial w(s) = £ (9) g2 (9)
the “weight” of s. For any lattice diagram L we set

Ty, = H w(s) .

seL

We shall also denote by V the linear operator defined by setting for every partition p

V H,(z;q,t) = T, Hy(x;q,t) . 1.32

Since the polynomials ﬁu(m;q,t) form a symmetric function basis, .32 defines V as an operator
acting on all symmetric polynomials. For two subsets ' C S C Pred(u) set

Mg’:(ﬂMa)m (ZM[;)ﬁ(ﬂMa) 1.33

acT BES-T aeT

where the symbols “()” and “}_.” denote intersection and sum (not usually direct) of vector spaces,
and “1” denotes the operation of taking orthogonal complements with respect to the scalar product
defined in I.21. Since this scalar product is invariant under the diagonal action of S, , we see that
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Mg is a well-defined S,-module, and its bivariate Frobenius characteristic will be denoted by gzﬁg.
One of the assertions of the SF-heuristics is that in the linear span

LIH, : a€S]
we have m = |S| Schur positive symmetric polynomials
1 2 m
oL 6D o

such that for any T' C S of cardinality & we have
(k)

oL = —— . 1.34
HaES—T Ta
It is also a consequence of the SF-heuristics that for k =1,...,m — 1 we can set
k m— m
o) = (-, 135

while ng(Sm) itself can be computed from the formula

P =S (I o) e = DT oy ) e 130

a€S peS/{a} a€S peS/{a}

To be consistent with the notation we adopted in [1] we shall use the symbols ¢, or ¢)Lk) to denote
¢gm) or ng(Sk) when S consists of all the predecessors of p. In this vein, it will also be convenient to
set, for any subset S C Pred(u),

¢S = Pred(u)—S .

By comparing the expansion of ¢(Sm) with that of ¢, = (b(Sr,nl) (where S’ = Pred(p) has cardinality

m') in 1.36, it follows that
o = ( 1T (1__)> bu - 1.37

Beg ¢S
In particular, when S consists of a single partition v(? € Pred(u), this reduces to

d

Hyo (z34,1) = ( II (I—Tv. )) Pu 1.38

j=15# v

which may also be rewritten in the form (see 3.19 of [1])

d 1 1 1 1
H, (w39, ¢ e + 4ot - ) 1.39
@ ; d’“[ T T T-}

1/(1) 1/(2) u(d) u(l)

Finally note that if (¥ = o € S then by combining .37 and 1.38 we can also write

Ho(wqt) = ] (1—%)525(1—%)% = 11 (1—%) o™ 140

BES; BF#a BES; BF#a
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or equivalently, for S = {a®,a® ... o™} and a = a(?
1 1 1
i , [ _ ] . 1.41
ot (@34, Z¢’ R o U o

To complete our notation we need to recall that in [13] the weights of the corners

p/v D @

were respectively called

L1, T2, .-, g -

Moreover, if z; = tl;q“2 then we also let
u; = thiegs (for i=1,2,...,m—1) 1.42

be the weights of what we might refer to as the “inner corners” of u. The picture is completed by
setting
uy = tlrl/q , Uy = qa;"/t and =z = 1l/tq . 1.43

To appreciate the geometric significance of these weights, in the figure below we illustrate a 4-corner
case with corner cells labelled Aq, A>, A3, A4 and inner corner cells labelled By, By, B, B3, Bjy.

0T A
By A

.
B

s
B-
Ay

L [

Bs

By

It was shown in [13] that the products in 1.14 giving the coefficients ¢, (¢,t) undergo massive
cancellations which reduce them to relatively simpler expressions in terms of the corner weights.
This results in the formula

1 i H;io(x u;)

Cup () YV d 1.44
M Hj:l;j;éi(mi - ;)
where for convenience we have set
M=(01-1/t)(1-1/q) . 1.45
Taking account of the fact that z; T,y =7, , formula I.38 can also be written in the form
~ d :I/',
H, i (z;q,t) = H (1 — VT—l) by - 1.46

=154 .
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It was shown in [1] (Theorem 3.3) that using I.44 and I1.46 in I.13 yields the following beautiful
identities:

d

a) 8p1}~1’u = %% (H(l—vi,;_;)> ¢u

L.47

b) (9pll:l = Z Tm . emy1—k[To + - + 24 ]\7[ em+1—k[uo + -+ + ug] .

It develops that using the same argument we can obtain analogous identities for I.16. To state them
we need some notation. Let

S = Pred;j(p) = {a(l) ,a® el } , 1.48
and let 7 denote the partition that corresponds to the shadow of (i,7) in u. That is,

T = (Bit1 = JoMit2 = Jo- oy Miv141 = J)

where [ gives the number of cells above (i,7) in p. Finally, let ¥ and u¥ (for 0 < s < m) be the
corner weights of 7. This given, we can rewrite 1.16 in either of the two forms

Proposition 1.8

ij

]-Tz i s m
0 o = 55 (T 0-vp)) o
s=0

w/ij
m (k) i o Y B 1.49
b)) C = ¢s’  emti-k[rg + -+ 2H] — emyrwlug +- -+ udl
) u/iy = Z Tm= k M .
w/ij

Formula 1.49 a) enables us to obtain completely explicit expressions for the bivariate Frobenius
characteristics of the modules A7;.

Theorem 1.2
Letting | and a be the leg and arm of (i, j) and assuming 1.48, with the above conventions, we
have
!
ALfgt = AL = <H (1- _/)> g 150
= Toyig

This result has a truly surprising consequence. For a moment let Pred(u) be as in 1.30 and let
the weight of /v be t'ig%. For any pair 4, € [1,m] set

Rij = {sep:a;,<d(s)<a; ; Ui, <l'(s)<1; }, I.51

where for convenience we set ag =15, ; = —1. In words R, j, is the subrectangle of y consisting of
the cells which have in their shadow only the corner cells

(I, a}) for ig<i<yjo .
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This given, from 1.50 we immediately deduce the following.

Theorem 1.3
The bigraded modules Aj;, and A, ., up to a bidegree shift, remain isomorphic as the cell
(', ') varies in a rectangle R; ;.

This paper is divided into five sections. In Section 1 we prove all the propositions and theorems
stated in the Introduction. Some of these proofs rely on material presented in [1]. The reader will
be well advised to have a copy of that paper at hand in reading the present work. The main goal in
Section 2 is to give a representation theoretical interpretation of the “crucial identity” (1.20). The
basic tool there is an algorithm for constructing bases for all our modules M, ;. Since this algorithm
is based on the heuristics proposed in [1], its validity depends on the validity of those heuristics,
which at the present time are still conjectural. Nevertheless it will be seen that the symmetric
function identities implied by the validity of the algorithm are in complete agreement with massive
computational evidence provided by the theory of Macdonald polynomials. In Section 3 we treat in
full detail the case when p is a “hook” shape and show that all our conjectures are indeed correct
in this case to the finest detail. In Section 4 we give a combinatorial argument proving that for all
p = n, each of the modules M, /;; has dimension bounded above by n! times the number of cells
in the shadow of (i,j). Finally, in Section 5 we show that some of the modules whose existence
was conjectured in [8] have a natural setting within the theory of “atoms” we have developed in the
present work. In particular we are able to explain the origin of some puzzling identities derived in

[8].
1. Basic properties of our lattice modules.

This section is dedicated to proving all the propositions and theorems we stated in the intro-
duction.

Proof of Proposition I.1

For L = {(p1,q1) , (p2,42), -+, (Pn,qn) } we can write
Ap(zyy) = p' ] Z sign(o) zPrylt xb2y2 ... ghryln 1.1
oc€ES,

Thus using the diagonal symmetry of the operator Dy we have

Dpr AL Z pq' Z sign(o) 8, Oy (abiyd abzy® - abryln ) 1.2
ocES,
Now,
(Di)n (i) g 222 ydt - alihydi=h o gPnydnif b < p; and k < g,

o 8k (a:plyal- a:p"y(,n)

:L‘Ul

0 otherwise,

where for two integers h < p we set (p)p, =p(p—1)---(p—h+1).
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Moreover, we can easily see that the determinant

H P14 pi—h, ¢ —k D dn
> sign(o) eyl -ooabiThyEh gl yln 1.3
oc€ES,

fails to vanish if and only if the biexponent pairs

(p17q1)7 BRI (pi—laqi—l)a (pl _haql_k)a (pi—laqi—l)a BRI (pnaqn) 1.4

are all distinct. Putting all this together, formula 1.5 follows from our conventions concerning lattice
determinants.

Proof of Proposition 1.2
What we assert there is just a special case of Proposition I.1.

Proof of Proposition 1.3
Note that from Proposition 1.2 it immediately follows that

iDnggj Ausij = EDnk Bpusij = Aujivhjrk L.5

and this is easily seen to imply 1.6 and 1.7. To show the stated surjectivity, we use the nonsingularity
of the flip map and write every element Q@ € M, /i1 j4r in the form Q = P(0x,0y) A /ith,j+r With
P(z,y) a uniquely determined element of M, /i j4k- Now, we see from 1.5 that we also have

Q = +D!D} P(0,,0,)A = £Dpi P(0y,0,)A

w/ij w/ij -

This shows that both D;’D’; and Dy, map the subspace
{ P02 0)Ausij = PEe€Mysivnjre b = fliba,,0 Myujivnjee S My
isomorphically onto M, /i1 j4x- This completes our proof.

Remark 1.1

We get a better picture of what is going on here if we make use of Proposition I.7. For instance,
if we let K/ denote the kernel of Dy, as a map of M; onto My j & , then 1.29b), with A = A
and A=A, iip sk, gives the direct sum decomposition

w/ij

M,/i; = flipa,,, Myjitnjre @ KM . 1.6

Moreover, since Dy, (up to a bidegree shift of (—h, —k)), gives also an isomorphism of bigraded
Sr-modules of flipAM/iJ_ M, ith,j+r onto My, /i p j4r » we see from 1.6 that the bigraded Frobenius
characteristic Kfjk(a:; q,t) of K?j’“ must be given by the formula

KM = Cij(ziq,t) — t"¢" Cipnjur(zsq,t) L7
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Proof of Proposition 1.4

Our proof proceeds by induction with respect to the partial order (z,7) < (i’,j'). We know from
[10] that, up to a scalar factor, A, (z;y) is the only alternant in M,. This can also be seen from
the following reasoning. Note that all the monomials

p1,.q1 P2, 92 Pn o4
b Ve T e T 1.8
i, Qi

occurring in A, (z;y) consist of factors x}'y/* with (p;,¢;) € a. Since o has only n cells, all the
monomials contained in any derivative of A, (z;y) will have at least one pair of equal biexponents.
This forces the vanishing of the antisymmetrization of every derivative of A, (z;y). This proves
the assertion when (i,7) is a corner cell of p and a = p/ij. So let us assume that the assertion
is true for any (i',5') > (i,7). This given, note that every bihomogeneous alternating polynomial
A(z;y) € My, ;; can be written in the form

Alz;y) = P(0230y) Ayyij(w;y) 1.9

with P bihomogeneous and invariant under the diagonal action. Now it is well known (see [24])
that the ideal generated by the diagonal invariant polynomials with vanishing constant term is also
generated by the polynomials

n
meyzk with 1<h+k<n .
Thus, if P(z;y) is not a constant, we may express it in the form

P(z;y) = Z Apk(z;y) Z zh . 1.10

1<h+k<n

Substituting this into 1.9 and using 1.5 gives

Az y) = Z Apk(0z;0y) Drr Apyij(ziy) = Z T Ak (023 0y) Dpjivn,jrr(zsy) - 111
1<htk<n (i+h,j+k) € u
1<h+k<n

Thus, from the induction hypothesis we derive that any bihomogeneous alternant of M, ;; , with

lesser total degree than A must be a linear combination of the A, /; ;» with (i', j') > (i, 7). This

w/ij >
completes the induction since the only elements of M, /;; of the same total degree as A, /;; are its

scalar multiples.

Proof of Proposition 1.5
From Proposition I.1 it immediately follows that for any u F n + 1 we have

n+1
Zahak W(Ty) = 0 (V h+k>1). 1.12
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In particular, if D, and D, are as given in 1.6, we deduce that

6zn+1 Au(m;y) = -D, Au(x;y) )

1.13
6yn+l Au(w;y) = _Dy Au(ZU;y) -
This means that in constructing a basis for M, of the form
B, = {b(0:;0y) Ap(z;y) : beC}, 1.14

the polynomials in C need not contain any of the variables x,,+1 , ynt+1. Now we have the following
Lemma 1.1

If C is a collection of polynomials in Q[z1,...,2n ; Y1,...,Yn] then the collection B, given in
1.14 is a basis for M, if and only if the collection

is a basis for M, /o0 -

Proof
The Laplace expansion of the determinant giving A, with respect to the last row, gives that

Ay(zy) = Z a:iH_lnyH €ij Au/ij(ml,...,mn;yl,...,yn) 1.16
(4,3)En

with €;; = +1. Note then that for f € Q[z1,...,2n ; y1,...,Yn] We necessarily have
a) f(Ox;0y) Au(z;y) = 0 = b) [f(9:;0y) Apjoo(z;y) = 0 .

In fact, we see from 1.16 that b) immediately follows from a) by setting z,,+1 = yn+1 = 0. Conversely,
if b) holds true then by applying to it the operator D; ; we obtain that

f(02;0y) Ayyij(msy) = 0

must hold as well for all (i,7) € p and then a) again follows by applying f(0;0y) to both sides of
1.16. We thus derive that, for a given collection C, B, is an independent set if and only if B, oo is.
In particular, both spaces M, and M, oo must have the same dimension. Q.E.D.

This given, .11 follows by choosing C so that both B, and B,, /oo are bihomogeneous bases and
noting that (because of Lemma 1.1) the action of S, on corresponding bihomogeneous components
of B, and B, /oo are given by the same matrices. This completes the proof of Proposition L.5.

We should note that a useful consequence of Lemma 1.1 is the following.

Proposition 1.1
If By (z1,- - Tn, Tnt13 Y15 - -+ Yns Ynt1) I8 @ basis for M, then B} (w1, .., 2Zn,05y1,. .., Yn,0) is
a basis for M, /o0 -
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Proof
Let C C Q[%1,...,%n;¥Y1,---,Yn] be chosen so that both B, and By, (as given by 1.14 and
1.15) are bases for M, and M, /oo respectively. By assumption, for every element of b € C we have

the expansion
b(aﬂh)'"76In;6y1)"'>ayn)A.u(mla"')xn;xn+l;y1)"'>yn7yn+l)
= Z Cp= b*(xla"'7mn7mn+1;y17"'7yn7yn+1) -
b*eB;,

However, setting ©,+1 = yn+1 = 0 here (and using 1.16) gives the identity

b(amu"'761‘";63}17"'763}") Au/OO(xla"'amn;yla"'7yn)

= Z cpr 0" (1,0, T, 0591, -+, Un, 0)
b*€B;,

This shows that B;(xl, oy Tny 03915+ -, Un, 0) spans M, /o0. However, it must be a basis since its
cardinality is no larger than the dimension of M, and the latter has the same dimension as M, /go.

Proof of Theorem I.1
For a given cell (i,j) € p we are to determine if there are constants z, y and z such that

Cusii = ©Cuijr — YCuixr; + 2Cu 4141 = 0. 1.17

Let us begin with the generic case, that is when the shadows of the four cells (i, ), (¢, 5+1), (i+1, ),
(¢ + 1,7 + 1) contain the same corners of u. To this end, let 7 be the partition contained in the
shadow of (i,7) and p be one of the predecessors of 7. Denoting by ¢, cx*!, ¢417 and ¢4+ the
coefficients of ﬁu_T+p(m; q,t)in Cy/ij(259,1), Cpyijir(39,1), Cpyivaj(w39,t) and C ipq j11 (239, 1)
respectively, it is not difficult to derive from 1.16 and the definition I.14 that we must have

tll _ qa1+1 qaz _ tl2+1

&l = citLi+l
14 tl1 _ qal qa2 _ tlz 4 ’
as _ $la+1
gy _ 47—t i+1,5+1
€p = . %o )
qﬂz — {2
I, _ ja1+1
i+1,j " g i+1,j+1
CP - th g cP ’
with
Lh=l+i-1l', a=d-j, bL=I'-i, a=a+j—d , 1.18

where [ and a give the leg and arm of (i,j) and I’ and o' give the coleg and coarm of the cell
p/p =1+ p.

This given, equating to zero the coefficient of H,_,,(x;q,t) in 1.17 yields the equation

tll _qa1+1 qaz _tl2+1 . qa2 _tl2+1 . tl1 _qa1+1 Lo ci+17j+1 _ 0
tll — qa1 qa2 — tlz qaz — tlz tll — qal 14
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Since by definition the coeflicients c,, are never zero, we see that 1.17 will hold true if and only if
we can find z,y and z independent of p such that

(ti—qq)(qe —tt2) —x (g2 —tt2)(ts —q1) —y (tt —qaq1)(g2 —ta) + 2 (t1 —q1)(g2 — t2) =0, 1.19

where for convenience we have set

a1

ti=t", t=t, qg=¢", @=¢".

Setting T' =t and Q = ¢%, from 1.18 we deduce that t» = T/t; , ¢ = Q/q1. Thus, making these
substitutions and multiplying by ¢; ¢; , reduces 1.19 to

Q (z+y—z-1)t] — (z(tT+Q)+y(T+4¢Q)—2(T+Q)—(tT+qQ)) ity + T (xt+yg—z—tg)q; = 0 .

Now this is most fortunate since the coefficients of #3, t;q; and ¢? are independent of p.
Setting to zero these coefficients yields the system

r + T z = 1
tr+Q)z + T+qQ)y — T+Q)z = tT+4qQ
tex + qy — z = tq
whose unique solution
_ T—4q@ _ tT-@Q , - tT-4Q
- T-q@ ° YT T-q > T T-Q

establishes the identity in 1.17, in this case.

Let us deal next with the case when the leftmost corner of 7 is in the shadow of (i + 1,5) but
not in the shadow of (i,7 + 1) and (¢ + 1,5 + 1). Let p; be the partition obtained by removing this
corner from 7. This given we derive from I.16 that neither C),/; j11(x;q,t) nor C, /511 j41(;5q,t)
will contain a term involving H,,_,,, (x;¢,t) in their expansion. So, taking the coefficient of this
polynomial in 1.17 reduces it to

i i+1,j
Cor Yy, = 0.

Now, using again the same notation, we may write

lo+1
o 4Ty
P T an _ tlz P1 :
These two equations give that
qaz _ tl2+1
y qaz — tl2

However, in this case it is easily seen that s =1'—i =1 and o' = j, giving as =a+ j — a’ = a, and

we are led again to the solution
Q—-tT
Q-T ~
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The remaining cases can be easily checked to yield the same values of z and y. This completes the
proof of Theorem 1.1 since the other assertions are immediate consequences of 1.16.

Proof of Proposition 1.6

There is very little left to do here since (see Remark 1.1) both equations in 1.19 a) are but
particular cases of 1.7 and the equations in 1.19 b) as well as 1.20 are immediate consequences of the
definitions.

Proof of Proposition 1.7
By the properties of the map flipz , a polynomial Q(z,y) in M5 may be written in the form

Q(x,y) = P(9x;0,)A(z3y) with P(z;y) € Mg .

Since A(z;y) = D(0;0y)A(x;y) , we may also write Q(z,y) in the form
Q(z,y) = P(04;0y)D(0x; 9y) Az y) = D(0x;0y) P (003 0y) A(; y)

with
P(0:;0y)A(z;9y) € Ma .

This establishes surjectivity and the containment My C Ma. In fact, this argument shows that
D(0,;0,) maps the space

flip, Mx = { P(0:;0,)A : PeM; }

surjectively onto MK‘

Now we establish 1.28, the description of the kernel. To this end note that the polynomial
f = P(8,;0,)A(z;y) = flipa P is in K if and only if 0 = D(8,;8,)f(x;y) = P(8,;8,)A(x;y), or
equivalently, P € MKL. Thus we may write

K = {f=P(@:;0,)Aw;y) : PEMa & P(3:;0,)Aw;9) =0}
= flipy { P € Ma : P(9,;9,)A(z;9) =0}
= flipy MaNM;"

and 1.28 follows by an application of flipZ1 to both sides of this relation. This shows that the
orthogonal decomposition

My = Mz DL 1\/IAF‘|1\/IZL

in this case can be written in the form

Ma = Mz D1 flip;1 K,

establishing 1.29 a). Applying flip, to both sides gives .29 b), completing our proof.
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Proof of Proposition 1.8
Our point of departure is formula I.16. So let 7 be the partition in the shadow of (i,j) and let

a:f)], coxi uf)j, ...,ur) be the corner weights of 7. Let p(1), p) ..., p("™) be the predecessors of T
ordered from left to right so that :nl ,..., x4 are the respective weights of the cells T/p(l), cee T/p(m).

This given, using formula 1.44 with u replaced by 7 and v(9 replaced by p(®), formula I.16 becomes

1 & 1[I, (z¥ —uid) N
Cuij(T;q,t) = — — PO T Hy, e - 1.20
a M 52::1 xsj :‘n 1;r#s (msJ - mT]) e

For convenience set p — 7 + p(®) = a(®), so that as in 1.48 we have
S = Pred;j(p) = {a(l),a(2), ceey a(m)} .

Now, formula .40 for o = &(®) may be written as

Hoo(z3q,1) = H (1—Tv )d)(sm) . 1.21

Note next that from the definition of p/éj it follows that T}, = tiquu/ij , and since t'¢/z¥ is the
weight of the cell pu/p— 71+ p®) = p/al®) | we also have tiq?2¥ T, .y = T,. In conclusion we see that

1 i
= -5 1.22
Tow Tyuysij

Using this in 1.21 and substituting the resulting expression in 1.20 we finally obtain

1 m 1 H ( ijo_ ’U,ZJ) m J,'ij (m)
Copij(@igt) = — > — —-r=0 [T (1-va——)e” . 123
M s=1 1“1;] :‘n 1;r#s (l‘s] - x”]) r=1;r#s Tﬂ/ij
Now it develops that we have the following identity.
Lemma 1.2
If xg,x1,...,2ym and ug,uq,...,u,, are any quantities such that
ToT1 """ Tm = UolUl """ Um , 1.24

then for all z we have

OLL’S Uy 1 i m
Z LT L ) [T a-2z) = ;(H(l—zus) - H(l—zms)> . 125

r=1; T?és(xs —Zlﬁr) r=1;r#s

Proof
Note that because of 1.24 the expression on the right hand side of 1.25 evaluates to a polynomial
of degree at most m — 1. We can thus apply the Lagrange interpolation formula at the points

1z, Vze, ...y 1z,
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and obtain that

1 m m m m u, m (Z _ L)
;(H(l—zus) - H(l—zms)> - >a o= I =
s=0 s=0 s=0 r=0 5 p=lir#s \Ts Tr
Clearly this is just another way of writing 1.25.
This given, evaluating 1.25 at
rs=xY | us=uY and z= v ,
w/ij
applying both sides to ¢(Sm) and using 1.23, we finally obtain that
1T Jij U w m ]
Coij = —-4L4 [ (1-va=) - [T (1-v7 )]qs(sm). 1.26
o MV 31;[0 Toyi 31;[0 Toyi

We claim that this formula contains both 1.49 a) and b). In fact, expanding the products, collecting
terms according to powers of V, and using the identity

wfuloul = aPL gl 1.27
gives
m —k P .. . -
Cujij = Z (=V)m ’L(b(gm) emir Kl + -+ 2] ]\7[ etk + - uld
Tm "

k=1 w/ij

In view of 1.35, we see that this just another way of writing 1.49 b). Note next that, using 1.22, we

may write
s ij ij m
M(-vg) = (v ) I0-25)

However, using .36, we derive that

ﬁ(l—TV )¢(sm) = Z( 1T ﬁ)ﬁ(l—f—“)ﬁa - 0. 128

s=1 o) a€S BeS/{a} s=1 ol

Thus the second product in 1.26 is entirely superfluous and we see that 1.26 is also another way of
writing 1.49 a). This completes the proof of Proposition I.8.
Proof of Theorem 1.2

We see from the recurrences in 1.19 that we may write

a) Af = Cuij — tCuivry; — Cuiger + tCuiv1j L2
b) Af = Curij — ¢Cuijr — Cupiviy + aCujit1 1 -
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Let us, for a moment, assume (as in the proof of Theorem I.1) that the shadows of the four cells
(4,7), i +1,7), (4,5 + 1), (i + 1,5+ 1) contain the same corners of . This means that if

Pred; j(p) = S = {aM a® . o™}
then we also have
S = Prediy1,j(p) = Predijyi(p) = Prediprjra(p) -

Thus formula .49 a) applied to each of the four cells gives

1 T, ij i ij m
= 3% (T 0-v75))
s=0

w/ij
L Twivi (T ugt (m)
Cors = 3p5 (TL(-vg)) o7
=0 wLd 1.30
1 Tyyijr ( s ubitt (m) -
Clii = KT 1-V— m)
S MoV 31;[0 ( Tyjiger ) Ps
1 Tyyivign (1 uithit (m)
Clivt i = KT 1-V—_ m)
S MoV 31;[0 ( Tujirjer ) ’s

In the figure below we have depicted the generic situation we are dealing with.

™
Uo
T2
ull—
xr
po= s 0’
] ] - -
m
T umfll_
I_?\ [
X .. u
O (i) "

We have the partition 7 that is in the shadow of (i, 7), its corner cells, the corresponding corner
weights, the cell (i,7) and the adjacent cells (i + 1,7), (i,5+ 1), (i + 1,5 + 1). Now a look at the
figure should reveal that in this case we have the identities

j i+1,j 4,j+1 i+1,5+1
s Us = U = U (for 1<s<m-—1).
Thuyi Tyyitr,j Tyyij+r Tyitr,j+1

This implies that C,/i;, C,/i41,5, Cuyijer and Cp 441 j41 have the common factor

CF = —— (1— S'v). 1.31
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Note further that, from the figure and the definition of the corner weights, we see that we must also
have

ij — i+1,j — t,j+1 _ i+1,5+1
Ug = tug = Ug = t ug )
ij i+1,j S i+1,5+1
U = um = qugTh = qup T
Turij = tTuivry = @Tuijr = taTuipje -
Thus, setting for convenience
ij ij
i u o u
zg = T—O \Y and  z¥ = Tm \ A
r/ij w/ij

we can rewrite the identities in 1.30 in the form
C,u/ij = CF Tu/ij (]. - ZSJ ) (]. — Z;]z ) gm) y

Cojisr; = CF % (1—237)
Tyyij (
q

1.32
Cu/i7j+1 = CF

T, is ’ N o
Cpjisijsn = CF ’;g’ (1-az ) (1-t2) 0l

Substituting these expressions in 1.29 a) and grouping terms we get
AL = CF - T, [(1—zgj)(1—zf,{—1+tz:;{) - %(l—qzéj)(l—z,’;{—HtZZ)] &
— CF - T, [(1 —Z 2t -1) — = (1—qz)) 2 (t- 1)} 65"
= OF - Ty 239 (t—1) (1 -2 — % ) = CF - ¢V (1-1/t) (1-1/q) 65",

where the last equality is due to the fact that we have u¥ = ¢%/t with a the arm of the cell (i, j).
Using 1.31 yields our desired formula

m—1 'U/ij (m)
A?j — qa 61:_[1 (l_mv) 5. 1.33

Similarly, starting from 1.29 b) we derive that

3 y 1 . » 3 .
CF - T, [(l—z;ﬂl)(l—z(’f—l—quéj) — ;(1—tzﬁ,{)(1—zéj—1+qzéj)] ng(S)

AL,
ii 1 i ii m
= CF . Tu/ij [I—ZWJL—E*‘ZWJL]ZOJ (q_]-) .(S')

= CF - T,y 0=1/t) 2§ (q=1) = CF - 'V (1=1/t) (1= 1/q) 63"

where we have set uf = t/q with [ the leg of (i, ). This gives

T Y
A _ Ay 1.34
qa tl
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as desired.

Let us assume next that the shadows of (¢, ) and (i + 1, j) contain the same corners of y with
Pred; ;(n) = Predipj(p) = S = {aV,a® ... o™}

but (see figure below) the shadows of (i,j 4+ 1) and (i + 1, + 1) miss the corner u/a("). Thus

Pred; ji1(p) = Predigiji(p) = S* = {a®,... o™} = §/{a1} . 1.35
T
uOI__
T2
Uil
— T3
: .
T Um71|_ L]
U
N (%) tm N

Remarkably it develops that all the relations in 1.32 do hold true also in this case so that the final
conclusions in 1.33 and 1.34 still remain unchanged. To see how this comes about note first that,
since the situation is the same as before as far as (i,j) and (i + 1,7) are concerned, there is no
change in the first two equations of 1.30 and 1.32. On the other hand, in this case, the remaining

two equations in 1.30 become

1T Lusinj+1 (m ! ulIt (m—1)
a)  Cujij+1 = ’ (1 — ) s
Hd MV Sl;[g Tyuijt S
o #1541 1.36
/z+1,J+1 ug ) (m—1)
D) Cojivrjer = ( (1-v—— )) 3
) Curirrin 51;[0 Tyjit1,j+1 s
Now, using 1.35, from 1.37 we get
(m=1) _ (1 __V ) (m)
S Ta(l) S
However, since T, :rij =1T,/i; and in this case :rl =q Uo , this may be rewritten in the form
ij
(m=1) — (1 ~ 1% V) o™ 1.37
Tyyij
Note further that we also have
o 1
bttt = = wdy (for s=0,...,m—1) . 1.38
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Since T),/; j+1 = Tyyi;/q, substituting 1.37 and 1.38 in 1.36 a) gives

o m ’ u
Cujigr = %% (H (1—VTUZS]”)> (1—%&@) . 1.39
s=1

w/ij r/ij

Setting again zéj = Uo V/ wyij and 24 = U%V/Tu/ij; we see that 1.39 may be written as

Curijyr = CF “q/” (1—qzf)(1—2) 65",

which is in perfect agreement with 1.32.
Similarly, using 1.37 and the identities
1

1,j+1
p uly  (fors=0,...,m—-2) , ul it = p wgand Ty 41 = Tyyij/at

uz+1,J+1 —

S

we may write 1.36 b) as

m—1

Cujivijrr = %% < 3:1_11 (1 - VTU?._ )) (1 - t;;’/]@:) (1 _ qTU(ZiJV) ¢(Sm) ’

w/ij © ©

which is easily seen to be again in perfect agreement with 1.32. The case we have just considered
should be sufficient evidence that we have an underlying mechanism here that forces the same final
answer to come out in all the possible cases, completing our proof of Theorem I.1.

An immediate consequence of 1.50 is the following remarkable fact

Theorem 1.1
Under the SF-heuristic and the n! conjecture, all the modules Af;, Ai’], for p F n+ 1, are
bigraded versions of the left regular representation of .S,,.
Proof
Note that formula 1.50 may also be written in the form
. m ( )m—k¢(m) .. .. ..
ALl = ALt = Z e em k[0 +ud 4w ]
k=1 w/ij
thus, using 1.35 we get
l o J
AL lqt = AL/ = Z Tk Em- k[ul +u¥ +---+u%_1] ) 1.40
n/ij

To compare this formula with 1.41 we should set there, for every a; € S,
To, = Tu/xi

and obtain

FIal. = Z - kem,k[a:1+x2+---+a:m — ml] . 1.41
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Since a;—p gives that «; - n, we have the expansion

Z Sx(@) Kz a,(g,1)

AFn

which, together with the Macdonald result Kx,ai (1,1) = fy, yields that

Hozl 1’,1,1 Z S)\ = 1(1‘) .

AFn

Thus, placing ¢ =t =1 in 1.40 and 1.41 we obtain that
m 1 ~
age ) = Ay = 3 i@ (P1]) = Hully = i@

which proves that both A7; and Ay are Frobenius characteristics of bigraded left regular represen-
tations.

Another interesting identity relating the characteristics Aj; and Ay may be derived from the
theory of Macdonald polynomials as well as the present heurlstlcs.

Theorem 1.2
T4 A5 = Al - 1.42
Proof

Due to the fact that C,,/;;(; ¢, ) is the bivariate Frobenius characteristic of M, ;; = L5[A
from 1.25 with A = A, /;; we get that

w/igls

Tu/ij 3 C'u/ij = Cu/ij - 1.43
Now I.19 a) and b) give

a) A = Cusij — tCujivr; — Cuigrr + tCuivijtr
b) A}, = Cusij — a4Cuijr1r — Cupivry + 4Cuit1 s -

1.44

Using 1.43 on each term of the expansion in 1.44 a) yields

1 1 1 1

' Y Tu/ij wlig g Tu/i+17j u/itlg Tu/i,j+1 w/ig+1 T+ 7 Tu/l+17]+1 w/i4+1,5+1

Multiplying both sides by T}, /;; and using the identities
Tusij = tTusivr; = qTuij1 = tq T i1 541
we finally obtain

Tupij ¥ A = Cupig = Cupijrn = 4Cuijrn + ¢ Cuiin
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whose right-hand side is seen to be a rearrangement of the right-hand side of 1.44 b). This proves
1.42.

Remark 1.2

We should emphasize at this point that each symmetric function identity we write down here
may be studied from two different viewpoints. On one hand it can be viewed as an identity involving
Macdonald polynomials and may be verified using purely symmetric function manipulations. On
the other hand, if we view it as an identity relating two bigraded Frobenius characteristics, we may
try to give it a representation theoretical proof. It develops that 1.42, which here and after we shall
refer to as the “flip identity,” may also be shown in this manner. It is significant that the “crucial
identity,” which on the surface appears quite similar, nevertheless turns out so much more difficult

to prove.
Our point of departure is the introduction of a bilinear form in each of the spaces M, /;; , which
is defined by setting
(P,Q)) = (flip;/P,Q), 1.45

where for convenience, we set
e -1 . -1
flip;;7 = fllpAu/i]_
In other words, for any polynomial (z;y), flip;j1 P denotes the unique polynomial P, € M, /;; such
that P = P1(0)A, /5. In particular, we see that if P, = flipi_j1 P and @, = flipi_j1 Q@ then 1.45 may
also be rewritten as

(P, Q) = P9)Q100) Musij |peyms >

yielding that ((, }) is a symmetric bilinear form. Now it develops that this form may be used to

construct a nondegenerate pairing of A7; with A?j that forces the identity in 1.42. More precisely,

we have the following remarkable result.

Proposition 1.2
The two spaces Af; and AY; have the same dimension and we can construct two bihomogeneous
bases Bf; = {f{', f5,..., f} and B, = {f{, f5,..., fX} for Af; and A}, respectively such that

1,

1 ifr=s,
(f7s 1IN = { 1.46
0 ifr#s.
In particular, we must have
weight(f) x weight(fY) = Ty,/; , 1.47

where for convenience for a bihomogeneous polynomial P of bidegree (h, k) we set
weight(P) = th¢* .

Moreover, if for all o € S,, we have

N
off = Z F ars(o) 1.48
r=1
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then
N
ofy = sign(o) Z fYoas (ot . 1.49
r=1

Proof
Note that 1.29 gives the orthogonal decompositions

M,/ij =My @1 flipyt KY My =M, @0 flip; Kij 1.50
In particular this means that, for P € M, /;; , we have
(P,Q) =0
for all @ € flip;;' KY; if and only if
PeM, i1 -
We thus deduce the equivalences
PeKj, and Pec(flip;)"K!, << PeKj,, . 1.51
Similarly we derive that
PeK! and Pe(flip;) K, < PeK/,, . 1.52

In view of our definition 1.45 of the form ((, )) we deduce from 1.51 and 1.52 that if P, P» € K§;
and Q1,Q» € KY;, with P, — P, € K7, ; and Q1 — Q2 € K, ;, then

(Pr=P, Q1)) =0 and (P, @1 —Q2))=0.

Thus
(P, Q) =1 — P, Q1) + (P, Q1)) = (P, Q1))

and similarly

(Po, @) = (P2, Q1= Q2) + (P2, @2)) = (P2, Q2)) ,

yielding
(P, Q1) = (P2, @2)) - 1.53

This shows that ((, )) is a well-defined pairing of Af; = K}; /K., with A, = K{,/K?,, ; . We

are left to show that it is nondegenerate. To this end suppose that for some representative element

P e K{; of K{;/K? | we have

(P, Q) =(flip;;Q,P) =0 1.54

for all representatives Q € K?. of KY./K¥ , .. In view of 1.53, the relation in 1.54 must hold true
ij ij i+1,7

for all Q € K?j, but then the first equation in 1.50 yields that P € M,,/; ;11 and this, together with
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P € Ki;, forces P € Ki ;. In other words, P is equal to zero in the quotient Kf; /K7 ;. Similarly
we show that 1.54 for all P € Af; can only hold for @ = 0 in A};. Thus ((, )) is nondegenerate.

Now let {f1, f2,.-., fn} and {g1,92,---,9m} be bihomogeneous bases for A%, and AY

5 ;j» and set

Rij = ((fi,93) -

Note that we cannot have N < M for otherwise we would be able to construct a nontrivial solution
C1,Ca,. .., cpr of the homogeneous system of equations

ciRii+Ris+ -+cuRiv = 0 (for i=1,2,...,N)

and this would contradict the nondegeneracy of ((, )). For the same reason we can’t have N > M
nor M = N with R = ||R;;||X, a singular matrix. Thus A}, and AY; have the same dimension and
R must be invertible. This given, the two bases {f{, fs,..., f%} with the asserted properties may

be obtained by setting
{ff:f;::f]a\cf} = {fl;f27"'>fN}

and
{FLF, %y = B fs, . fRy xR

With this choice, 1.46 is immediate and then 1.47 follows from the fact that if for two bihomogeneous
polynomials P, Q) we have

P(0)Q(0)Ayi; =1

then necessarily their bidegrees must add up to the bidegree of A, /;;. Finally, to show that 1.49
follows from 1.48 note first that from 1.46 we derive that the expansion of any element Q) € A?j in

terms of the basis {f{, f¥,..., f%} may be written in the form
N

Q = S /U@ .
r=1

Thus we may write
N
off = Y flofl ) 1.55
r=1
However, we see that

(ofy, f2)) = (flip;; o f?, f¥) = sign(o) (o flip;;" f¥, f¥)
= sign(o) ( flip;;" ¥, o 17y = sign(o) ((f¢, o *fF)) .

Substituting this in 1.55 gives

N
of! = sign(o) > Y ((ff, o7 fE) . 1.56
r=1
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Now, from 1.48 for 0! and r, s interchanged we derive that

N
oy = Z fo asy(o7t)
s=1

and 1.46 then gives that
(f7, 07 ) = as(0™)) .

Substituting in 1.56 yields 1.49 as desired, completing our proof.

Remark 1.3

We should note that the fact that Af; and A}; have the same dimension is also an immediate
consequence of 1.44 a) and b). In fact, setting g = ¢ there yields the stronger result that these two
modules (graded by total degree) have identical Frobenius characteristics. We should also emphasize
that this argument as well as the proof of Proposition 1.2 makes no use of any of our conjectures

nor any identification of the polynomials C

,w/ij With expressions (such as in 1.20) involving the

Macdonald polynomials H,

Remark 1.4

Proposition 1.2 leads to an alternate proof of Theorem 1.2 and a direct representation theoretical
interpretation of the identity in 1.42. To see this note that 1.48 yields that the bigraded characters
of A7; and Aj; , are respectively given by the expressions

(ch A’” (03q,t) Z weight(fY) arr(0) , (ch A?j)(a;q, = sign(o Z weight(fY) a,.(c7") .

1.57
Now, 1.46 gives

weight(fY) = T, ; [ weight(fY) ,

and from 1.57 we derive that
(ch A?i’j) (05q,t) = Ty, sign(o Z ar,(07")/ weight(f¥) = T,,/;; sign(o) (ch A% (o;1/q,1/t) .

Equating the Frobenius images of both sides yields 1.42.

We shall terminate this section by showing that a proof of the “crucial identity” would in one
stroke establish Conjecture 1.2 as well as all the conjectured expansions in I.16. This implication
is based on a result of M. Haiman in [14] which asserts that a proof of the n! conjecture for a
given p yields that the bigraded Frobenius characteristic of M, for that same y must be given by
the polynomial I—~Iu (z;q,t). Since the n! conjecture has been verified by computer for all |u| < 8,
the argument can proceed by induction on |u|. So let us assume that for a given p F n we have
dimM, = (n — 1)! for all v—u. The Haiman result then yields that for all v—u the bigraded
Frobenius characteristic of M, is H,. Since 1.20 is just another way of writing the four term
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recursion in I.17, its validity implies (by Theorem I.1) that I.16 must hold true as well. Now, as we
have seen, I1.16, for (i,7) = (0,0) states (via the Macdonald identity in I.13) that

O,u/OO(x;(bt) = 61)11;[;1(1.;(177:) .
Combining this with Proposition 1.5 gives
Op, Cu(z;9,t) = 6p1f{u(x§(bt) .

In particular, applying 8{}1_1 to both sides we get that the bigraded Hilbert series of the module M,
is given by the polynomial

Fu(q,t) = Op Hu(w;q,t) = Y frEKlgt) -
AFn
Here, the last equality follows from I.8. But now, the Macdonald result that K’Au(l, 1) = f yields
that
dimM, = F,(1,1) = > f = n!,

AFn
completing the induction. Then of course we can combine this with Haiman’s result and obtain that
the K an (g, t) are polynomials with positive integer coefficients. To show that I.20 implies Conjecture
1.2, we use I.16 with the c,,(q,?) given by 1.14 and obtain

tl (s)+1

l- _ ~
Cu/z] T, q; Z H t q H q U«a— 5) _th—(s) Huf'r+p(x;%t) .

p—T SER.,./p SECT/p

Now this identity, for ¢ = 1/¢, may be rewritten as

1-— th(s) 1 ~
> II Hyrip(w30,1/9)
— hu(s o p—T1+p\Ls
P—>T(s€R1—/p 1—/} q ) )ql /|
_ 1 HsEr(l_th(S)) 1 7 .
T LTI ) g Dt/

pP—T

C,u/ij (1‘; q, l/q)
1.58

Here, the symbols . (s), h,(s) denote the hook lengths of the cell s with respect to the two partitions
7 and p. Using the fact that ZEI”_Ter(a:; 1,1) = A7, we see that letting g—1 reduces 1.58 to

Cpyij(z:1,1) = (Z % )h’f*l : 1.59

Now the classical recursion for the number of standard tableaux gives

hr(
5~ [Lerrls) _ 'T'pr -

p—T HsEp h ( p—T

p—T

Thus, 1.59 may be rewritten as
C,u/ij(m; 1) ]-) = |T| h?il )

which establishes that M, /;; consists of || occurrences of the left regular representation of S,_; ,
precisely as asserted by Conjecture 1.2.
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2. Conjectural Bases and the “crucial identity”.

As we have seen in the previous section, the proof of Conjecture 1.3 is reduced to establishing
the “crucial identity”
! _
t A = q° A?i’j . 2.1

Although at the moment we are unable to prove this identity except in some special cases (see the
next section), we can nevertheless search for the underlying representation theoretical mechanism
that produces it. Our main goal in this section is to provide such a mechanism. This will be
obtained by means of an algorithm for constructing bases for all of our spaces M, /;; which is an
extension of an algorithm given in [1]. All our constructs here, as in [1], are heavily dependent on
the SF-heuristic, and as such they are still conjectural. Nevertheless, the validity of our arguments is
strongly supported by amply verifiable theoretical and numerical consequences. Remarkably, these
heuristics not only yield 2.1 but reveal that both 2.1 and the “flip” identity

Ay = Ty LAY 2.2
are consequences of considerably more refined versions. Before we can state these results we need
to introduce some notation. Given that

Pred(u) = { SV C I AC) } ,

It will be convenient here to use the shorter symbol S;; to represent the subset Pred;;(u) define in
1.31. That is, we are setting

Sij = {v9 : pu/v isin the shadow of (,5) } 2.3

Given that S;; = {pl) =)y m) ) with iy < iy < -+ < i, here and after we shall identify
a subset T of S;; with its corresponding 0, 1-word €(T') = € - - - €, defined by setting e, = 1 or 0
according as v(’s) € T or v*s) g T. Conversely, given such a word €, we shall set

T(e) = {vl) . =1} .
This given, recalling the definition in 1.33, we shall also set (when |S;;| = m)

M = Mg 2.4

ij
Assuming that the corners of p in the shadow of (i, 7) have weights
i = g (for r=1...m)

we shall set

ijg o _ ! i _ !
w! =a,—a, ; and vl =0 -1, .
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Of course when dealing with a fixed pair (i,j) we shall drop the superscripts ij and simply write
Zy, Wy, V. In the figure below we have illustrated the geometric meaning of the parameters w, and
v, as representing the exposed “width” of corner r and the vertical “drop” immediately after it.

w, (wi,y...,wm) =(4,3,4,...,5)
1 (v, om) = (4,3,2,...,3)
L {U1

H ws

I

] vm

—

Given a subset T' = T'(e) C S;; we shall let D;;(T") denote the subdiagram of p obtained by the
following construction:
Divide the shadow of (i,j) in u into m rectangles, of widths wy,...,w,, from left to right, by
dropping vertical lines from each of its corners. Then delete the r" rectangle if €, = 0, and
slide the remaining rectangles horizontally left to fill the gaps, setting the southwest corner of
the leftmost rectangle at (i,7). This done, the cells covered by the resulting rectangles form
Di; (T).
In the figure below we illustrate this construction when p = (15,15,11,11,6,6,6,6,3,3,2,2) m =
5, i=7j=0 and T ={2,3,5} or e = 01101.

H —L e = 01101

(i,4)

We need one further convention before we can present our basic construction. In some of
the formulas that follow it will be more illuminating to use the symbol “M;(9)A” rather than
“flipn M;” to denote the image of M; by flip,. In other words, we are setting

M;(0)A = {P(O)A : PeM, } . 2.5
This given, extensive numerical and theoretical evidence strongly suggests that

Conjecture 2.1
The space M, /;; affords the following direct sum decomposition:

My = D D  MLOA 2.6

OATCS:; (i',§')€Di;(T)
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The constructions underlying this identity are of course heavily dependent on the “Science Fiction
Conjecture” (see [1]) which states that the modules M,,, M,,,...,M,, generate a distributive lat-
tice under span and intersection. Under this assumption, 2.6 yields an algorithm for constructing
bihomogeneous bases for the modules M, /;;. To be explicit, this algorithm consists in preconstruct-
ing bihomogeneous bases BY for all the subspaces ML given in .33 and for all pairs

{(T,8) : 0#TCSC{1,2,....d} } .

This done, for all (i,j) € u a basis for M, /;; should be given by the collection

Buij = Y, > flip,; BE, 2.7

0£TCSi; (i,5')€D:;(T)

where for convenience we have set flip; ;, = flip, g
n/i'j

Before we proceed any further it will be good to see what 2.6 yields in at least one concrete
example. We shall illustrate it in the case p = (3,2,1) and (4,5) = (0,0). To this end, we begin
by noting that under the SF hypotheses, in any three-corner case, the module M,, + M,, + M,
decomposes into the direct sum of the submodules M¢¢2¢¢ as indicated by the following figure.

MVl MVZ

M\)3 28

For = (3,2,1) we have vy = (3,2), v» = (3,1,1), v3 = (2,2,1). Accordingly we have the direct
sum decompositions
May = M0 g M0 @ MO @ M

M311 — MOIO D MllO D MOll D Mlll 2.9
M221 — MOOI D MIOI D MOll D Mlll .

After constructing bases B¢t€2¢3 for each of the submodules M¢€2¢s appearing above, the result of
applying the recipe in 2.7 with (4, ) = (0,0) and Spo = {1, 2,3} may be described by the following
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diagrams:

8100 8101
e(T) =100 — [B1o0| 0 e(T) =101 — |plo1| 0
BL00| 0 B0 gl01|
8111 8110
e(T) =111 — |gl11|pBLil e(T) =110 — |B110|pg110
8111 Blll 8111 8110 8101 0
0 0
e(T) =010 — |BO10| 0 e(T) =011 —|pO11| 0
BO10| 0 BO11| RO11|
0

e(T)=001 —| 0 | 0

8001 0 0

Placing a basis B¢ in cell (i’,j’) means that in the construction of the basis for the module
M3, /00 We are to apply each element of B1°2<® as a differential operator on the polynomial Agyy /-
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In the same vein all the diagrams above may be combined in the single diagram given below.

2.10

We should note that from the Venn diagram in 2.8 or the expansions in 2.9, we get from this picture
that a basis for the module M3y, /g is given by the following collection:

Basijo0 = flipyg B(Ms2) + flip;q B(Mss +Msi1) + flip;; B(Msz N Mai)
+ flipyy, B(Mss + Msi1 + Moaoi) + flipy; (B(M32 N Mszyp) + B0 + O )
+ flip02 B(M32 n M311 n M221) .

Here we have used the symbol B(M) to denote a bihomogeneous basis for a module M. If we
compare this result with the developments in Section 2 of [1] we see that although the algorithm
described there involved a recursive process rather than an assignment of bases to cells, the results
are identical. This is in fact a theorem that we shall soon establish. But before we get into that, it
will be good to see how the present construction leads to a representation theoretical explanation of
the crucial identity.

We should note that Conjecture 2.1 may also be stated in a manner which interchanges the roles
of x and y. This “dual” version requires that the subdiagram D;;(T") be replaced by one obtained
by dividing the shadow of (i, ) into m rectangles, of heights vy, vs,...,v,, from bottom to top, by
drawing horizontal lines from each of the corners of j, then deleting the r*" rectangle if ¢, = 0 and
vertically dropping the remaining rectangles to fill the gaps. This given, any of the constructions
and proofs that follow have dual versions which can be routinely derived from their counterparts.
We leave it to the reader to fill the gaps that result from our systematically dealing with only one
of the versions. With this proviso our basic result here may be stated as follows.

Theorem 2.1
Let (i,7) € p and |S;;| = m. Then on the validity of Conjecture 2.1, the following are isomorphic
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Ky

as bigraded S,-modules to K? .

o Aj; and A}; respectively:

R?j = @ @ Mgi(:)(6)Ai+€cvc+"'+€mvm_17jl 2.11
€1 em (i,5')Ep
em=1 4" >j

Ve T(e

K?ZJ‘ = 69 69 MSZ-(J-)(8)Ai’,j+e1w1+~~~+erwr—1 2.12
e1em (i',5)€En
e1=1 4 >

A T(e

Al‘t] = @ MSi(j )(6)Ai+€101+"'+6mvm71,]‘ 2.].3
€1 €m Em=1

A?J‘ = @ Mgi(;) (6)Ai,j+€1w1+---+emwm—1 2.14

€1 €m t€1=1
where r in 2.12 is determined so that within each term, the lowest corner weakly above (i, j') is
the rth (that is, I, <i'—i <1.), and in 2.11, the leftmost corner weakly right of (i’,j') is the c'"
(that is, a,_, < j' —j <al).
Proof

We shall prove the relations for KY

;; and Afj The relations for the other two are proved similarly

by means of the dual version of 2.6.
The kernel Kfj is isomorphic to

K! = M;;/D;" (M 1) 2.15

where D, (M j11) denotes any submodule of M;; whatsoever that is in one-to-one correspondence
with M ;41 via D,. We shall choose a preimage obtained by shifting each contribution to 2.6 one
cell to the left, noting that

DyME, (D)A iy = MS, (0)Au/i i1 -
This given we may set

Dy_l(Mi7j+1) = @ @ Mgi,jJrl (8)Au/i’,j’fl . 216

0#TCS;j+1 (#,5')€D; j41(T)

For simplicity we shall only deal with the case when the shadows of (i,7) and (i, + 1) contain the
same corners of y. In this case we may set S; j41 = S;; in 2.16 and obtain

D;l(Mi’]q,l) = @ @ Mg’ij (3)Au/ir7j,_1 .

0£TCSi; (i',§')ED; j4+1(T)

This may also be rewritten in the form

D;l(Mi’]q,l) - @ @ Mg’ij(a)Au/irjr ) 217
0£TCSi; (¥,5')€Df;,, (T)
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where the symbol “D;~ ., (T)” is to represent the subdiagram of p obtained by shifting all cells of
D; j1+1(T') one unit to the left. Now note that when €;(T") = 0, the diagram D; j 1 (T') is identical in
shape with D;;(T") but shifted one column to the right. Thus in this case D{ ,(T) = D; ;(T). On
the other hand, when €, (T') = 1 then D; j4+1(T) is D; ;(T) with the leftmost column removed and
then the difference D; ;(T') — D{~(T) is obtained by picking the rightmost cell from each of the

rows of D; ;(T'). In any case, in view of 2.15, we may write

K, = P D ML (D) Auij 2.18

OATCS:; (') €D (1) ~Di ., (T)

which is easily seen to be another way of writing 2.12.
To prove 2.14 we shall assume that the shadows of (4,5), (1 + 1,7),(i,7 +1) and (: + 1,5 + 1)
contain the same corners of u, so that in this case we can also write

Ifzgil+1,j = @ @ Mgzj (8)Aﬂ/i’j’

m;éTgSij (il rjl)eDiJrl,]‘(T)*D;:_Lj_{_l (T)

Moreover, we see that under these assumptions the diagrams D;;(T) and D, ;,(T) are simply
D; j(T) and Df;.(T) with the bottom row removed, thus the difference

SED;;(T) = (Dij(T) = D{;11(T)) = (Dis1,5(T) = Dy ja (1))

reduces to the southeast corner cell of D; ;(T') when €; = 1 and is otherwise empty when ¢; = 0. In
any case we may write

AY = KV /K, . = P D M, (0)A /i - 2.19
0ATCSi; (i',5')€SEDi;(T)

Since when € = 1, we have SED;;(T) = {(i,eiwi + - + emwm — 1)} , we see that 2.19 is just
another way of writing 2.14.

The cases we have omitted here are a bit more tedious to deal with if we stick with the convention
of making the set S;; vary with (i,7). A way to deal with all cases at the same time is to fix
S = {a(l), e ,a(m)} to be a set of predecessors of u obtained by removing some consecutive corners
from left to right. Suppose that corners u/a® ..., u/a(®) are the ones in the shadow of (i,j). In
2.6 we would have Mgi(;) with (up to renumbering) € = ¢, - - - €.; however, this decomposes further
into the sum of Mg(q"'e*") where €1 ---€,_1 and €.y 1 -+ - €, vary freely. Setting ws, = 0 and vs = 0
for each corner s where u/a(®) is not in the shadow of (i, ), the only dependence on T'(€) in our
construction is on €,...,€.. In particular, if we use the same set S in our decompositions of M,;,

M;11,5, M j+1, and M;1q j4+1, the the above reasoning works even in the omitted cases.

In the figure below we have illustrated 2.12 and 2.14 in the case

p=(27%,25°,20%,16,12%,9*,3%) | (i,j)=(4,5) , €=10011 , m=>5 .
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Here the vertical rectangles in bold lines give D;;(T'(¢)), and the drawn individual cells along the
righthand edge give the contribution of T'(¢) to Kfj with the lowest giving the contribution to A?j.

To proceed we need the following identity satisfied by the characteristics defined by 1.35.
Proposition 2.1

(m+1—k)

Loy = F—rtr
° Hﬁes T

Proof
Combining 1.35 and .36 we derive that

Z( 1] 1_T/T[>’)( mkHa:Z( I1 1—T/TB)( To)" " Hq -

a€S pes/{a} a€S BeS/{a}

Thus (since | Hy = Na/Ta):

=X (I 7

aeS BeS/{a}

ez ) () Fe
(m+1—Fk)

_Z( H I—Ta/Tﬁ) HBESTﬁ Ho = HﬁESTﬁ

a€S pBes/{a}

The last equality results from 1.35 with k replaced by m + 1 — k. Q.E.D.

We are now ready to show that both 2.1 and 2.2 may be derived from geometric properties of
lattice diagrams. To see how this comes about, for given 0, 1-words e = €1 ---€,p and n =m1 - -1
set

e T(e
AL(e) = M5 DA iseronttemom 1 2.20

and
e T
AV(n) = M (0)Au/ijtmwittmmuwm 1 - 2.21

1y
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We see from 2.13 and 2.14 that
A?j = ED —’ng (€) and A?ZI] = @ A?ZI] (n) -
€1 €Em t Em=1 N Nm i m=1

This given we have the following refinements of the crucial and flip identities.

Theorem 2.2

Fore=(e1,...,€m—1,1) andnp=(1,€1,...,€6m_1) we have (with the same !l and a as in 2.1)
. ~ B ~
t FchAf(e) = ¢* FchAf;(n) , 2.22
while forn = (1,1 —€1,...,1 — €,_1) we have
FchAf(e) = Ty | FchAl(n) . 2.23
Proof

We first determine the Frobenius characteristic of _/ifj (¢), and then that of :&fj (n). Let n =
(1,€1,-.-,€m—1)- Set €1 + -+ €, =k and V(e) = €;v1 + -+ + €vm — 1. Then from 2.20 we get
that

X Ty T(e)
F ch Af;(e) 3 L FehMg . 2.24

tiqjtV(e

Setting v(s) = a(®), that is
Sij = { a(l),a(z),...,a(m)} ,

the definition 1.34 gives

T(e) gk)
FchMg? = —m—
Y [T, To5e
and Proposition 2.1 yields
(m+1—k)
€ Sij
LFeh M = 2o
S [T T
This reduces 2.24 to
B T (m+1—k)
FchAf(e) = Z S

tigitY( T, T '

Recalling the definition of V' (€), we may write

(m+1—k)
- T bg..
FehAf(e) = —hr 50 = . 2.25
gt Hs:l (Ta(s)tvs)
In a similar way, for 9, + - -- + n,,, = k, we derive that
(m+1-k)
~ T Ds;.
Fch AL (n) 2 5 . 2.26

tigd T TT (T ge)™
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In conclusion, 2.25 and 2.26 yield the identity

(% H(Ta(s)t“)es) FchAfj(e) = (é H(Ta(s)t%)"s) Fch A () 9.97

s=1 s=1

To see that this is 2.22, note that the definition of the coefficients v; and ws gives
ul = g [tV = msﬂ/qws , 2.28

and since T,y = T}, ;5 /2% we may write (using €, = 1)

. €s Tk . m-l 1\
Z1/i o — Wi —) . 2.29
xy tuy, ud

Similarly when 7, = 1 we obtain that

1 A T T (1\"
E H a()q = i H( ”>

q Ug s Us

Thus, taking account of 2.28, we see that when n;41 = €5 for 1 < s < m — 1, this last expression

k -1 €s
Ty "i-[ 1
ij ij

q Ug s—1 Ug

may be written in the form

Comparing with 2.29 we finally derive that, after making the approriate cancellations, 2.27 reduces
to 1 1

tu, qug
which is another way of writing 2.22 since ¢t u% = ¢ and qu = t'.

Next let us assume that n = (1,1 —€1,...,1 — €p—1). Since €; + -+ + €1 = k — 1, this choice
gives Y " ns =m+1—k and in this case Afj (n) is given by 2.26 with k replaced by m + 1 — k.
Thus we may write

(k)
AV(n) = T —— _
ij w/ij -, (Ta(s)qu)n

Now using 2.20 again we obtain

¢(m+1*k) m

1 Si; ns
VAL = - Toig"*
(¥} q Tu/ij Hs:l Ta(s) 3:1—[1( @ )
(m+1—k) m.ws m
1 Sii Hs:l q n
= - o (Ta(s)qws) ° 2.30
0 Tysij ITemr (Taora™) 31;[1
1—k m w
1 FSTZ+ ) Hs:l q °

¢ Tosii Ty (Tacorqs) ™™
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Taking account of 2.28 and recalling that here n = (1,1 —€1,...,1 — €,,,—1), we see that we have

m I m qws €s—1 m—1 1
Tugis [T Taina™) ™ = Tip 11 (7;) = Tip |1 (ﬁ)
s=1 s=2 s s=1 s

Thus since Y .-, ws = a + 1, the identity in 2.30 reduces to

€s

q° ¢(m+1*k) m—1

LAy = —— ] )" 231
w/ij s=1

On the other hand, using 2.28 again, we can also rewrite 2.25 in the form

. E T, 06 il met
Aij (6) = TkJ H (us]) :
1/ ij s=1
Comparing with 2.31, we see that
tu
A?j(ﬁ) = q—am w/ij I Ai’j(n) )

and this is 2.23 since, as we have seen, tu¥ = ¢. This completes our proof.

The refined crucial identity 2.22 and flip identity 2.23 each relate a term 2.20 in the direct sum
decomposition 2.13 of the z-atom to a term 2.21 in the direct sum decomposition 2.14 of the y-atom.
We illustrate this in the figure that follows in the case

p=(242,224,19%,17%,15%,114,8%,6%,2%) , m=7 , (i,))=(3,4) , e=(0,1,0,1,0,0,1).

Draw 6 copies of the diagram of p with the shadow of (i, j) marked off. Put three diagrams on
the right and three on the left, labelled D1-D6, as shown. In diagram D3, write 1,€1,...,€65,-1,1
just northeast of the inner corner cells uf)j ,...,u¥ . Drop vertical lines from each corner to form m
vertical rectangles, and shade the rectangles underneath 1’s. The 1 at the bottom right does not
contribute a rectangle since there is nothing beneath it. Slide the shaded rectangles to the left to fill
in the gaps, forming the shaded region D;;(T'(¢)) in D5. The rightmost cell (¢, ') on the bottom row
of this region is drawn in, and gives a term 2.21 of the direct sum 2.14: Afj (n) = Mgi(j) (0)A

where n = (1,€1,..., €m—1)-

w/ig's

Via the refined crucial identity 2.22, this piece of the y-atom corresponds to a piece of the
z-atom that we locate as follows. Extend horizontal lines to the left from each corner in D3, forming
m horizontal rectangles. Shade the rectangles that are left of 1’s. The 1 at the top left does not
contribute a rectangle since there is nothing to its left. Slide the shaded rectangles down to fill in
the gaps, forming the shaded region in D1. The topmost cell (i’,7) in the left column of this region
is drawn in, and gives a term 2.20 of the direct sum 2.13: Afj(e) = Mgi(:) (0)A
related to the term from D5 via 2.22.

The three diagrams of p on the right side of the figure illustrate what happens when we apply

w/i g This term is

flip,,/;; to the modules constructed on the left side of the figure. Let & = 1 —¢;. In D4, write
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1,é1,...,6m_1,1 just northeast of the inner corner cells, and then shade vertical and horizontal
rectangles according to whether they have a 1 along the edge at their end. This has the effect of
complementing which rectangles are shaded in or not shaded in, except that the vertical rectangle
on the left and the horizontal rectangle on the bottom are fixed. Now slide all vertical rectangles
left to fill in the gaps, and place the result in D2. Its bottom rightmost cell gives a term Afj(n) of
2.14 for which the refined flip identity 2.23 holds with n = (1,¢é,...,€&xn—1)- Finally, slide down the
horizontal rectangles in D4 to form D6. Its top left cell gives a term of 2.13 corresponding to the
one in 2.14 from D2 via the crucial identity 2.22 and to the one in D5 via the flip identity 2.23.
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)

2.23

(_ %
0 flip identity

1

(4,9)

]

flip; ; M7 (cr=em—al) in AL,
. T(0101001
= flipy ;M4 )

compress ] horizontal rectangles  compress | vertical rectangles

] 1

0 D3
0
1 complement
0
rectangles

Bl

(ij 1

) ]
_'—,|
compress

] 1

(i,4)

(i,')

2.23
(_——>

0 Aflip identity

flip, ; MT(erem-1) in AY,

. T(1010010
= flip, ;M50

6a) (if)
flip, ;, MT(10Ent) in - AY.
_ flip&wMg(nomu)

2.22
0 D4 crucial
identity

(i,4)

- 1

(i.4) o

flip;, ; M7 (@ En1l) in AZ
_ fliprMg(mmnl)

45
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Remark 2.1

We should point out that since 2.22 is equivalent to the four term recursion and the latter in
turn implies the expansion in I.16, it follows from 2.6 that the Frobenius characteristic C)/;; of
M,/ is given by the formula

iy = Tt <ﬁ (l_vu_?')> (m)
1, - S .
MY MV Luyis
The reader may find it challenging to derive this identity directly from 2.6 making only use of the
fact that when S;; = { aM,a®, ..., al™ } and 3", € =k we have

7(e) 5 A S W)
FchMg, =~ = W = (H(—T ) >¢sij :

a(3) s=1 a(s)

We terminate this section with a proof that the bases for M, constructed in [1] by the recursive
algorithm of Bergeron-Haiman, may directly be obtained by the same module assignment process
we used in 2.6. We begin with a compact summary of this algorithm; then we give a direct formula
for the final result of the recursion. As before we set

Pred(p) = {I/(l),I/(Q), . I/(d)},

with the corner cells p/v™M, u/v), ... u/v(® ordered from left to right and respective weights

T = tlllqall , Ty = tllzqal2 y e, Xg = tlldqa:i .
The Algorithm is conjectured to produce a basis for M, from bases of M, «),..., M, . We abbre-
viate M- as M,, and we work with the “Science Fiction Conjecture” that My, ..., My generate

a distributive lattice under span and intersection.

In [1] the algorithm assigns a module B;; to each cell (i,5) of p by a process that starts from
the top row then proceeds down one row at the time ending at first row. For notational convenience
we shall also assign modules here to cells left or right of u in the strip 0 < i < (), —00 < j < o0,
according to the following recipe:

S M, ifj<0,
B, = 2.32
{0} if j > piya -

The algorithm starts with setting
B;;, = M; YV (i,7) in the top row of u , 2.33
this given, for all lower rows, the assignment is
Bit1,; + Biy1,j—w NM,) ifrow ¢+ 1 contains the rt" corner of

and  pip1 — fliy2 = w
B, = 2.34

Bit1,) if piv1 = pie -
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It is conjectured in [1] that, for any p - n, the module M, = £5[A,] , decomposes as the direct
sum
M, = P B9, 0 A, 2.35
(B,4)En

If B;; is a basis of B;;, then a basis for M, should be given by the collection

B, = |J By;0a: 9 A, . 2.36
(h,4)En
Since the distributivity conjecture assures that each B;; decomposes into a direct sum of various
components M ¢ = Mg(e) where S = Pred(p) and T'(e) = { v(") : ¢, = 1}, we must have direct
sum decompositions of the form
B; = @ Mo

€€&yj
for suitable subsets &£;;. It develops that these subsets can be given explicitly by a formula which is
essentially 2.6 for M, 9. In point of fact we have put together this formula by simply discovering
how to place the components M ¢ directly into the Young diagram of u , bypassing the recursive
process defined by 2.32, 2.33 and 2.34. To be precise we have

Proposition 2.2

Let wy = af +1 and ws = a,—a’,_, for s =2,...,d. Assuming the Science Fiction Conjecture,
the Bergeron-Haiman recursion is equivalent to placing M¢"¢¢ in cells (i,j) with j < eqw; + --- +
€-w,., where r is the number of corners of | that are above row i+ 1. In symbols,

B, = @ Mered 2.37
1-cq

Jj < erwi+ - +epw,

where €1, - -, €4 independently run over {0,1} in all ways with at least one of them being nonzero.

Proof
For convenience, we define

WT(E) = €1W] + €EW2 + - -+ €W,. 2.38

We shall work our way from the top row of the partition down, to establish that the B;; as given
by 2.37 satisfy the Bergeron-Haiman recursion. We start by checking the definition of B;; for cells
external to p. Noting that 0 < W,.(e) < wq + -+ wy = pi41, 2.37 states that B;; is the span of all
Me€a’s when j < 0 and is {0} when j > p;y1, in agreement with 2.32.

On the top row of the partition, we have r =1, wy = p;41, and

_ Hi+1 if €1 = 1
Wr(e) = {0 if e, =0,

so that in 2.37, B;; is the span of all M ""“¢’s for which €; = 1; and this is just M, agreeing with
2.33.



(Final Version) Lattice diagrams and extended Pieri rules June 11, 1998 48

On any subsequent row that does not contain a corner, we have p; 11 = piy2, and 2.34 gives
B;; = Bi;1,j; at the same time in this case we must use the same r in 2.37 for rows ¢ and ¢ + 1, and
this gives By; = Bt ;, as desired.

Finally, consider the row containing the r** corner, that is, i < I(u) — 1 with a’. + 1 = p;q >
Wit2 = a._; + 1 and thus i1 — pi42 = w,. In other words we must take w = w, in the first case
of 2.34. Now according to 2.37 we have M "¢ C B;; if and only if j < W;.(e) = Wy_1(€) + €,wy.
On the other hand if we assume inductively, that both B;y1 ; and B;y1 ;. are given by 2.37, then
we have

M C Big1,j + (Biv1,j—w N M)

if and only if either

(a) j <W,_1(e), or

(b) j —w, < Wy_1(e) and €, = 1.

When €, = 0, (b) is false, while (a) is equivalent to j < W,.(e) because W,(€) = W,_1(€) + e,w, =
Wiy_1(€e) + 0. When €, =1, (a) is equivalent to j < W,._1(¢), and (b) to j < W,_1(€) + w, = W, (e€),
so when (a) holds, so does (b). In total, (a) or (b) holds when j < W,.(e). This assures the equality

Biy; = Bip1,;+ (Bi+1,j—w NnM,)

in this case and completes our proof that the assignment in 2.37 satisfies the Bergeron-Haiman
recursion.
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3. Some examples.

In this section we shall illustrate the theory we have developed by applying it to the “hook”
case u = (n—k, 1%) . We shall see that in this case all our predictions go through in the finest detail.
More significantly, this example gives us a glimpse of the additional ingredients that are needed to
carry out our program in the general case.

We shall begin with the special case when p reduces to a column (u = (1")) or arow (u = (n)).
In either case, bases for M,, are well known (see [1], [6]). For instance in the case p = (1™), A,

reduces to the Vandermonde determinant in z1,...,z,
i—1 ||n
A = det| 2 [0 = An(@,22,...,75) .

The basic observation here is that we have

— 0,12 n—1
Ap(1,Z2,...,Tpn) = TjToxz - xp  + < oo

»”

where the symbol “< ---” is to mean that the monomials in the omitted terms are all greater than

the preceding one in the lexicographic order. This given, it is easily seen that, when ¢; <7 — 1, we
also have
0761 1762

2—e¢ —1—
051032 - - 05" A (21,2, .. ) = cle) 2y Tay Pag @eoxpT T 4 < -

with ¢(€) a nonvanishing constant. This shows that the Vandermonde A, (z1,...,x,) has at least
n! independent derivatives. Since we know ([7], [10]) that dim M,, < n! for u F n, it follows that the
collection

Bu(21,23,...,20) = {6;118;22---G;ZAn(ml,mg,...,mn) : Ogeigi—l} 3.1

is a basis for M.

Y

Of course, we have an analogous result in the “row” case u = (n) . In fact, then we have

Au = An(y17y27"'7yn)

and thus a basis for M, is given by the collection

Ba(y1,Y2s- - Yn,) = {a;;a;;---a;;An(yl,yz,...,yn) : Ogeigi—l} . 3.2

These classical results translate into the following basic facts concerning the modules M +1/; o and

Mn+1/0,j:

Theorem 3.1
For each 1 < i,j < n we have the following direct sum decompositions:

M1n+1/i’0 = Mln (8)A1n+1/i’0 @ Mln (6)A1n+1/i+1’0 @ @ Mln (6)A1n+1/n+1’0 33

Myi1/05 = Map(0)Ani1/05 & Mn(9)Anyij0401 ® -+ & Mp(9)Aniijomsr - 3.4
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Moreover, we can represent their respective atoms by the following modules.

(1) For = (1Y),
a) Aio = M , b) Ai'l,o = Ml"(a)AI"‘H/i,O .
(2) For = (n+1),

a) A?,o = M, , a) Ag; = Mn(a)A1"+1/0,j .

"

Proof

By Proposition 1.1 we have
n+1

> 0a Apnn = 0.
i—1
It thus follows that if we set Dy = Y"1 | 0y, Dy =31, 0y, then

0

Tn+41

A1n+1 = —Dm A1n+1 5 Dy A1n+1 = 0 .

Thus the fact that By, as given by 3.1, is a basis for My»+1 yields that the collection
| {00500 D Ajusn 1 0< e <i—1}
k=0

is also a basis. Since

€n Nk
6anx A1n+1 |In+1:0 A1"+1/k,0 5

Proposition 1.1 yields that the collection
n
Bintijgo = |J {00202 00 Apnsaypg 1 0< e <i—1} .

k=0

is also a basis for M;»+1. Taking account of 3.1 we may also write this in the form
n
Bl"+1/00 = U B, (9) A1"+1/1c,0 .
k=0

From this we immediately derive the direct sum decomposition

Mivivon = @ L15:0) Aworyua]
k=0

50

3.5

3.6

3.7

3.8

Moreover, since Mjn+1/;0 = Di M;n+1 /99 and D: Aqntig,o = 0 for i + k > n, by applying Di to

both sides of 3.8 we also get that

Mty = @ L[Bn(d) Apsijio] -
k=1

3.9
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In particular we deduce that
dlm M1"+1/i,0 = (TL + 1 — 'L) X n' .

This given, since each of the summands in 3.3 has dimension n! and there are n + 1 — i of them, to
show 3.3 we need only verify that they are independent. To this end, assume that for some elements
@i, Git1,---,0n+1 € Min we have

ai(a)A1n+1/i’0 + ai+1 (8)A1n+1/i+1,0 + et + an+1 (8)A1n+1/n+1’0 = 0 . 3].0
Note first that for i = n + 1, this equation reduces to
Ap41 (8)A1n =0

and since by choice a,4+1 € Lo[A1-] this forces a,+1 =0 . So to show that a;,...,a,+1 =0 we can
proceed by descent induction on 7. That is, we can assume that 3.10 for i+1 forces a;y1,...,a,+1 = 0.
This given, note that applying D?*1~% to 3.10 reduces it to

al(a) A1n+1/n+1’0 = 0
or, equivalently,
a; (8) Aln = 0.

But this, as we have seen, forces a; = 0, yielding that we must have
ait1(0)Asntij1410 + 0+ @ny1(0)Arntijpgre = 0,

and the induction hypothesis yields a;y1,...,an,+1 = 0, completing the induction and proving 3.3.
It goes without saying that 3.4 may be proved in exactly the same way.
To show 3.5 a) we simply note that

Mln (6)A1n+1/k+1’0 for k S n .,
D.t Mln (6)A1n+1/k70 =
0 otherwise .

Thus from 3.3 it follows that
io = Min(9)A1» = M-

and since in this case K7, = {0} we must have K7, = A7,.

On the other hand, 3.5 b) follows from the fact that in this case for all i we have
K{y = Minti/ig
Thus, using 3.3 again we get

Aly = K{o/K{ o = Minti/;0/Minti/ip10 = Min(0) Arntiyig -
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This completes our proof since 3.6 a) and b) can be derived from 3.4 in precisely the same way.

Remark 3.1
We should note that the direct sum expansions in 3.3 and 3.4 bring to evidence that the modules

Min+1/40 and Min+1/g; afford exactly n + 1 — i copies of the left regular representation of S, in

complete agreement with our Conjecture 1.2.

Before we treat the general hook case u = (n + 1 — k, 1¥), it will be good to start by working
with g = (5,1,1,1). In this case we set

Mll
MlO

MOI —

and obtain the decompositions:

Ms11 N My

)

M;i N (M511 N M4111)L )
Myi11 N (Ms11 N 1\/14111)L

M511 — Mll D MIO
M4111 — Mll D MOl

3.11

Using the convention that placing a module M or a basis B in cell (i,j) of the diagram of pu

represents applying M(9) or B(9) to A, /;;, formula 2.6 asserts that we must have

M5111/00 =

Mll MIO @
Mll MlO @
Mll v MIO @
Mll Mll Mll Mll Mll MlO (Z) @ @ (Z) MOl MOl MOl MOl (Z)

Taking account of 3.11 and setting A = Mjz11 and B = Myq11 , this identity may be compressed to

Letting B, , By, Bats , Banp denote bases for A, B, A+B, ANB

Aij for A

w/ij>

Msi11/00 =

A
A
A

A+B|B

B

B

ANB

Bsi11/00 = Ba(0)Azo U Ba(0)Az U Ba(0)A1g
U Ba+b(8)A00 U Bb(a)Am @] Bb(a)A02 U Bb(a)A();; @] me(a)AM.

respectively, and writing

this formula asserts that a basis for the module Mj; /09 is given by the collection

3.12
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In particular we get that this set has cardinality
4xdimA + 4xdimB .

Thus, assuming that dim A = dimB = 7!, we deduce that Bsi11/00 has precisely 8! elements.
Since it was shown in [7] that for p - n we have dimM, < n!, from Proposition 1.5 we derive
that dim Ms;11/00 < 8!. Thus, to show that Bsi11/00 is a basis we need only verify that it is an
independent set. To this end let (for i =1,...,3)

a; € E[Ba] R b; € E[Bb] , uc E[Ba+b] , vVE E[Bamb]

and suppose if possible that
as (8)A30 + as (6)A20 + a; (8)A10 +

3.13
+ U(a)Ago + bl(a)Agl + bg(a)Aoz + b3(6)A03 + ’U(a)Ag4 = 0.
Let the symbol “ = ” represent equality up to a constant factor. Proposition 1.2 gives
D3Agy = D2A1g = DAz = Agp
DyAogo = DiAp1 = D3Ap2 = DyAgs = Apy 314
Dz‘AO,i =0 & DyAi,O =0 for i>0
D;EA?,[) - 0 & DyA[)4 - 0 )
where the last of these equations results from the fact that
Azp = Asir and Aoy = Aginr -
Thus applying D3 to 3.13 reduces it to
U(a) A511 = 0. 3.15
Similarly applying Dz to 3.13 gives
U(a) A4111 = 0. 3.16

Since by assumption v € L5[As11] + La[A4111], equations 3.15 and 3.16 force u to be orthogonal to
itself and therefore identically zero. So 3.3 becomes

a3z(0)Aszo + a2(0)A2 + a1(9)A1g

3.17
+ b1(6)A01 + bg(a)Aog + bg(a)Agg + U(a)A(M = 0 .
Now, the relations in 3.14 yield that applying D2 to 3.17 reduces it to
ap (6)A511 = 0
and since a; € Lg[As11], we derive that a; = 0 as well, reducing 3.17 to
az(9)Asp + a2(0)A
3(0)As 2(0)Asg 318

+ bl(a)A()l + b2(6)A02 + b3(8)A03 + ’U(@)A(M = 0 .
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Now an application of D, yields
as (6)A511 = 0

and as € Ly[As11] yields again ay = 0, reducing 3.18 to

as (8)A30 +
+ b1(6)A01 + bg(a)Aog + bg(a)Agg + U(a)A(M = 0 .

3.19

Since DyAszg = 0, we can now apply D3, D2, D, in succession to 3.9 and, by a similar process,
successively derive that

b17b2yb3 = 07

reducing 3.19 to
CL3(6)A511 + ’U(a)A4111 = 0. 3.20

As we let az vary in L£5[B,] without restriction, the term a3(9)As11 will necessarily describe all of
A. On the other hand, as v varies in £5[Bqns] the term v(9)A4111 will describe flipy;, (A NB).

This given, to conclude from for 3.10 that as and v must vanish we need to know that A and
flip,; 1, (A NB) have no element in common other than 0. It is at this point that the SF hypothesis
plays a role. In fact, in the particular case of a 2-corner partition u, with two predecessors oy, as,
condition (iii) of SF asserts (see [1] 1.29) that

1) flip, M" = M'* and 2) flip,, M"' = M’ . 3.21

This of course guarantees that the two terms in 3.20 must separately vanish, completing the proof
that the collection Bs;11 /00 defined in 3.13 is a basis for M54 /00-

Remark 3.2

We should note that although they can be verified by computer in several special cases, the
identities in 3.21 may be too strong to be true in general. A weaker form, which does not affect the
final conclusion, is obtained by changing the definitions of M'? and M°! by dropping the condition
that they be orthogonal complements of M in Ms;; and Myjq; respectively and just require that
they be simply “complements” constructed so that the relations in 3.21 are satisfied. Another way
to get around requiring 3.21 is to observe that the desired implication

az(0)As11 + v(0)Au11 = 0 = a3(0)As11 & v(0)As11 = 0

immediately follows, if the collection B, is replaced by any basis of flipzjll11 MOt This choice
guarantees that Bsj11/00 is an independent set. However, to conclude that Bsii1/99 is a basis we
need

dimM!'' = dimM® |

or equivalently

dimM'! = dlm%. 3.99
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Unfortunately, this equality, which has come to be referred to as the n!/2 conjecture, has to this
date remained unproved in full generality (even in the “hook” case). As a result, this modified
construction of Bsi11/00 only generalizes to a proof that

dim M > dim M°! .

These observations are essentially all contained in the SF paper [1]. What is new here is that
the introduction of the “atoms” Aj; and A?i’]- leads to a very elegant construction of a basis of M,
when g is a hook without any need of unproved auxiliary conjectures. We shall illustrate it here
again in the case p = (5,1,1,1,1).

Since the construction is inductive on the size of p we shall again assume that both Mj;; and
My111 have dimension 7! and that we have chosen Bsy; and Bysi11 as their respective bases. This
given, we may represent our alternate construction of a basis 35111/00 for Mi111/00 by the diagram

0
. Bs11
Bs111/00 = 3.23
Bs11

8511UX 84111 84111 84111 84111

where X is a suitable collection of monomials. Before we exhibit our choice of X, it will be instructive
to see that 3.23 gives a basis for Mj111 /90 as soon as X" satisfies the following three conditions:

(i) X(0)Agp is an independent set of cardinality 7!,
(ii) Dy m(0)Ago =0 ¥V me X, 3.24
(iii) For any 0 # & € L[X] the element £(0)Agg is never in
£[34111(3)A01 U B111(0)A02 U Ba111(0)Ao3 U 54111(8)A04] .

In fact, suppose that for some g, A1, a2 € 5[8511] R bl,bg,b3,b4 S [,[84111] and f S E[X] we
have

ag((?)Am + a1(6)A10 + Go(a)AOO 3.95
+ £0)Agp + b (0)An + by(8)Ag2 + b3(0)Ags + by(@)Aoy = 0.

To show that this forces ay,as,as,&,by,ba,b3,b4 = 0 we apply D, to both sides and, using the
relations in 3.14 and condition (ii) of 3.24, immediately derive that

az(0)Asz0 4+ a1(0)A2 + ap(0)Ap = 0. 3.26
This given, an application of D? reduces this to
ao(9)Az = 0,
which as we have seen forces ag = 0 and 3.26 becomes

ag(a)Ago + a1(8)A20 = 0. 3.27
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Applying D, , we now get

ajq (6)A30 = 0 ,
which forces a; = 0, reducing 3.17 to
a9 (6)A30 = 0 ,
and this in turn yields
ay = 0

So 3.15 becomes
£(0)Ag0 + b1(0)A01 + b2(9)A02 + b3(0)Aos + ba(0)Aos = 0 .
But then condition (iii) of 3.14 assures that we must separately have
£(0)Agp = 0
b1(0)Ao1 + b2(0)Ap2 + b3(0)Aos + ba(0)Aos = 0

Now, the first equation (using 3.24(i)) yields £ = 0, while the second yields by, b2, b3 = 0 by successive
applications of Dg, Dz, D,, as we have seen before. We are finally left with

bs(0)Ags = 0,

which forces by = 0 and completes the proof of independence of Bsy;, Jo0- Since by virtue of (i) in
3.14 the cardinality of Bsi1: /00 evaluates to 8!, we must conclude that Bsi1: /oo must also be a basis.

It develops that a collection of monomials that satisfies all of the condition in 3.14 is obtained

by setting
_ 1+e1 Jd+4e2 d+4er ,m M2 ,,M3 , N4 . . T I . s
X = U {1'1'1 Tiy ~ Ty, yjlyj2yj3yj4'0SezSZ 1;0<n; < 1}
1<i1 <i2<i3<T
1<j1<j2<js<ja<7

{i1,i2,%3,j1,j2,J3,ja }={1,2,3,4,5,6,7}
3.28

To see this, note first that since

Asiiioo = det | yi v Y3 Yi Y5 Ys Y7

we have
Oz, 0y Oy A = 6xd det | ¥4 Y3 Y& U7
o1 O2o O3 As11100 = 6xdet | 1 22 w3 | X det | 3 “3 5 “%
2 2 2 Y Ys Ys Y7
L1 T3 I3 4 .4 4 o4
Yo Ys Ys Yz
111 1 1 1 1
= 6Xysysysyr X det | @1 x5 x3 x det y% Ys yg y;
22 22 g2 Y Ys Ys Y7
1 T3 I3 3 3

vi yi oy oyl
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Thus using the notation we introduced at the beginning of the section (see 3.1 and 3.2) we may

write
{oyrroyfo, oo om 000 Asi11j00 :0<e<i—1;0<m <j—1}
= YaYs Y6 yr X Ba(w1,w2,23) X B3(ya,ys, Y6, y7)
So we see that the module L[X(0)As5111/00] may be expressed as the direct sum
L [X(a)Af)lll/OO] = @ Yjr Yja Yjz Yja X M13 [xil s Ligy xis] X M4 [yjl y Yjor Yjss yj4] )
1<i1<i2<i3 <7
1<j1<j2<js<ja<7

{i1,i2,13;51,42,73,54}={1,2,3,4,5,6,7}
3.29

where the symbols M;s |z, , iy, Tis | and Mu[yj,, ¥js, Vs> Yj.] denote Mys and My with x5 replaced
by z;, and y, replaced by y;.. Now we immediately derive from this that

7
yielding 3.14 (i). Now 3.14 (ii) is immediate since for any choice of z;, z;,z;, we have
Dz A3(1‘i1,1‘i2,1‘i3) = 0.

Finally we note that every one of the determinants A; ¢ is a sum of monomials only containing three
different y; ' s and thus none of their derivatives can contain monomials with four different y; ' s.
Since each element of L[X(0)As111/00] has yj, yj. ¥j, Yj. as a factor we see that 3.24 (iii) must
necessarily hold true precisely as required.

Now the fact that 3.13, with A’ given by 3.28, gives a basis for Ms111/09 yields that Ms;11 /00
has a direct sum decomposition

Msii100 = Ms11(9)Asi11/20 © Ms11(9)As111/10
& LIX(0)Ao] © Ms11(9)Aoo
® Ma111(9)As111700 ® Mar11(0)Asi11/02
® Mu111(9)As11103 © Ma111(9)As111/04 -

Since  Msi11/50 = D Msi11/00 for i =1,2,3 and D, kills L[X'(9)Ago] as well as each Azy11 /9
we immediately derive, by applying D,, D2, D3 to both sides of 3.30, that

Msiii/10 = Ms11(9)Asi11710 © Ms11(9)Asi11720 © Msig

Msi11/20 = Ms11(0)As111/20 © Misin 3.31

3.30

VA

Msi11/30 = Msn

where we have used the fact that As;11/30 = As11 . Similarly by inverting the roles played by the
x and y variables we derive the direct sum decompositions

Msi100 = Man1(0)Asinjor © Mai11(0)Asiio2 & Mar11(9)Asinijos © Muainn
Msii100 = Mua111(9)As11102 © Mu111(0)Asi11703 © M

Msi11/03 = Mui11(0)Asii1/03 © Marnn

Msi11/04 = Mann -

3.32
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Note that 3.30 gives as also that

Ko = L[X(0)Ao0] ® Ma111(0)As111701 ® Ma111(9)As111/02
® Mu111(90)As111/03 © Ma111(9)As111/04 -

In other words
Kg, = L[X(0)Ac] © Msiii/01 -

Since D, kills all of Ms;11/01 - This may be rewritten as
Kio = L[X(9)Aw] & Kg ,

yielding that in this case we have
Aj, = L[X(0)Ago] - 3.33

By “equality,” we mean that £[X(0)Ago] is a complement of K, within K, thus forming a system
of representatives of the quotient A%, = K{,/K§,. Similarly we can derive from 3.31 and 3.32 that

Afy = A5 = A5, = M5y 3.34

and
A.ai = M4111(6)A5111/0’i ( fOI' 'L = 1, 2, 3,4) . 335

We should point out that analogous results concerning the atoms Afj can be obtained if con-

struct the basis Bs111 /00 according to the “transposed” diagram

Bs11
~ Bs11
Bsi11/00 = 3.36
Bs11

84111 Uy 64111 64111 84111 @

with
_ €1 €2 €3 1+m  1+4+m2 1+n3  14+ns | X s 1. . s
Y= U {$i1$i2mi3yjl Yio "~ Yjs Yy, 1 0<e<i—-1;0<n; < 1}-
1<41 <i2<i3<T
1<j1<j2<gs<ja<7

{i1,i2,83;41,J2,J3,ja }={1,2,3,4,5,6,7}

It should also be clear that the argument we have illustrated in the case u = 5111 can be carried
out for all hook partitions. In fact, in this case all our conjectures can be proved in full including

the C' = H conjecture and the four term recursion.

For a given subset S = {i1 < iz < --- < i} let |S| =k and set

X(S) = {xilvxizv"'vxik} > Y(S) = {yiuyiza---ayik} -
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Moreover, if M is a space of polynomials in the variables z,zs,...,z , let M[X(S)] denote the
space obtained by replacing zs by z;, in all elements of M. Let M[Y(S)] be analogously defined with
the y's replacing the z's. Recall that according to the definitions made in the introduction, M=

and M,, denote the linear spans of derivatives of the Vandermonde determinants in z1,x2, -, z,
and y1,¥y2,- ..,y respectively. With these conventions, our general result for hooks may be stated
as follows.
Theorem 3.2
Forp=m+1-k,1%), set a=(n+1—k,1¥1) and B = (n — k,1*). Let
X =@ (IIv)xMe[XES)]x M, [v(D)] 3.37
|S|=k JET
|T|=n—k

S+T={1,2,...,n}

and

Y = P (Hm) x My [X(S)] x M,_¢[V(T))] . 3.38

|S|=k €S
I T|=n—k
S+T={1,2,...,n}

This given, we have the following direct sum decompositions:

k—1 n—k
a) My = PMa(@)Aui0 © X & PMs(0)A0,;
=0 =t 3.39
k n—k—1
D) My = PMa(®Aui0 & Y & @ Ms(d)Au0,;
i=1 j=0
k n—~k
a) Mu/i,O = @Ma(a)Au/r,O ; b) Mu/O,j = @Mﬁ(a)Au/O,s 3.40
r=t s=j
with
a’) A%O = X ’ A?,O = MD& ) Ag,] = Mﬁ(a)Au/U,] ) 3.41
b) AYy = Y , AV, = Muy(0)Au0, Af; = Mg . '

Moreover, the Frobenius characteristics of these modules may be expressed in terms of the Macdonald
polynomials as follows:

a) FchAf = ¢ % Hy H, 4 }
B 5 C) Fch M(nJrl,k’lk) = H(n+1,k71k) 3.42
b) fChAgO = tk Hlk Hn—k
Proof
Formulas 3.39 a) and b) may be obtained by generalizing the argument that yielded 3.30.
Similarly 3.40 a) and b) can be easily established by the process that gives 3.31 and 3.32. This

given, since D, X = {0} and D;A o ; = 0, it follows from 3.39 a) and 3.40 a) that

k
D: M, /00 = @ M. (0)Au/i0 =Myuj0 ,  DaMyp1 =0 .
i=1



(Final Version) Lattice diagrams and extended Pieri rules June 11, 1998 60

Thus
n—=k
Kii =My , Kj = X & ED M3(0)Au0,; = X & My »
j=1
yielding

Kip = X & Kf;

and 3.41 then follows from the definition I.18. Formula 3.39 b) is established in a similar manner.
The remaining identities in 3.41 follow from 3.39 and the stated properties of D, and D,.

Thus it only remains to prove the Macdonality of the Frobenius characteristics as stated in
3.42. To begin with we note that it is well known (see [2], [10]) that the linear span of the deriva-
tives of the Vandermonde determinant A,,(z1,zs,...,x,) yields a graded version of the left regular
representation of S;, with Frobenius characteristic given by the symmetric polynomial

Q=1 =)L =t") ho[5] = DY SAXIS\Lt2%,. ] =t (1 =) - (1 —1") .
AFn

Now we have shown in [10] that

Hiv = (L=1)(1 =) (1= ") b [X5]

and
Hy = (1-q)(1=¢")---(1—¢") ha[£] -

Thus formula 3.37 defines X as the bigraded module obtained by inducing from Sj x S, to
S, the tensor product of a representation with Frobenius characteristic H;r by one of Frobenius
characteristic ¢"*H,_. A known result of representation theory (see [20]) then yields that

FchX = qn—k glk f{n—k

and 3.42 a) then follows 3.41 a). Similarly we derive 3.42 b) from 3.38 and 3.41 b).

We should note at this point that the identities we have established so far already yield an induc-
tive mechanism for proving the n! conjecture for hooks. Indeed, making use of I.11 we immediately
derive from 3.39 a) and b) that

a) Op, Cpu=Clroo=(t+t*+ - +t") Co+¢" " Hyo Hoo+ (L4+q+--+¢" " 1) Cs

3.43
b) Opy Cpu=Cljoo = (L +t+ - +t") Co+t" Hp Ho_p+ (g +¢* +--+¢"%) Cs
Now either of these two equalities yields the implication
dimM, =dim Mg =n! = dimM,=n+1)!. 3.44

In fact, applying 9;, to both sides of 3.43 a) gives (using the notation in 1.4)

_ n
F(n+17k’1k) = t[k]t F(n+17k,1k_1) + q" k (k) [k]t' [n—k]q' + [n—k]q F(nfk,l’“) 3.45
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with [k]; = 14+---+t*1 ) [k]! = [1]¢[2]: - - [k]: and [n—k],, [n—k],! analogously defined. Thus
3.44 follows from 3.45 by setting t = ¢ = 1.

To prove 3.42 c) we need a few auxiliary identities. To begin with note that subtracting 3.43
b) from 3.43 a) we obtain that

tk_l 1— n—k
C q

Hyw Hyp_p = N 3.46

th —gn-k th —gnk Cs -

On the other hand, from suitably modified Macdonald Pieri rules (see [6] or [8]) we derive that

- . tk _1 .
Hu Hoo = g mmp Honpropaeon +

1— qnfk

m H(n_k71k) . 3.47

Finally, subtracting 3.47 from 3.46 and recalling that a = (n + 1 — k,1¥71) and 3 = (n — k, 1¥) we
are led to the recursion

1— qn—k 1— qn—k ~
th — gn—k Cin—kavy = th — gn—k Hnpax)
. . 3.48
t 1 - t 1
+ T Hpp1opav-1) — pr— Clng1—k,14-1) -

This enables us to prove 3.42 c) for each n by induction on k . Indeed, since My, 1), by definition,
is the linear span of derivatives of the Vandermonde determinant in (yi,y2,- -+, yn) We necessarily
have

F ch M(n+1) = I:I(n+1) .

This gives 3.42 ¢) for k = 0. However, if by induction, we assume 3.42 c¢) for k — 1, which is

C(n+1_k71k—l) = fChM(n+1_k71k—1) = H(n+1_k71k—l) y

from 3.48 we immediately obtain that

Conkary = Hpppary -

Thus 3.43 c¢) must hold true for all k¥ and our proof is complete.

Remark 3.3

We should point out the remarkable agreement that our conjectures have with the theory of
Macdonald polynomials. To begin with note that substituting 3.46 in 3.43 a) or b) and carrying out
the simplifications yields that

qnfk _ tk+1 1— tk _ tk _ qn+1fk 1— qnfk
+
g F—tk  1—¢ (kIR th—gnk 1-—gq

f{(n—k,l’“)

6101 H(n—i—l—k,l’“)

and this is precisely what may be obtained from I1.13 and I.14. In the same vein, we can show that
3.46 itself, which is an instance of higher order Pieri rules, is in fact a consequence of Conjecture 1.16
or the four term recursion (which are the same because of Theorem I.1). This can be seen from the
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following formula which expresses Frobenius characteristics of atoms directly in terms of Macdonald
Polynomials.

Theorem 3.3

Let I and a be the leg and arm of (i,7), let T be the partition in the shadow of (i,j). As in the
proof of Proposition 1.8, let z,...,z4 ; u[)], ...,u¥d be the corner weights of T, pt"), p(2) ... p(™)
be the predecessors of T ordered from left to right so that mij ,..., T are the respective weights of

the cells 7/p™M), ..., 7/p™). Set a'®) = y — 7 4 p*). Then on the C = H conjecture, we have

1 i -
— AZ, Z BES u) Hy. - 3.49

g I N r;ss(fﬂzs] —a:f?)

Proof
Our point of departure is the definition

AY = Cu/ij —t C,u/i—i-l,j - Cu/i,j+1 +t Cu/i+1,j+1 3.50

ij
with the C''s computed by means of formula 1.20, that is

LR |
Cujij(w50,t) = Z—m
_ S

slm

s

H:*n 1;r#s (msj - [1;},.])

where M = (1 — 1/t)(1 — 1/q). For simplicity we shall assume that the shadows of (i,7), (i +
1,7),(i,7+ 1) and (i + 1,j + 1) contain the same corners of u. This given, note that for s # 0 we

1™ (¢ — uif 3
So(#d — ) Ay 3.51

have the relations

i i+1,j4+1 i+, _ i+1,j4+1 hj+l i+1,5+1
xy = tqx , zgtd = qalt , zy? = tqxy 0T
Moreover, we recall that
1 1 ;5 i1 i1
J Lj+1 i+l i+l
T U = T U = Yo = YU )
t t
and 1 1
ij i i+1,j+1
- U% — = ul+1,] — u;,l]+1 — u6+ J+ )
q q

Using these relations in 3.51 written for (¢,7), (¢ +1,5),(i,7 + 1) and (i + 1,j + 1), we obtain from
3.50 that the coefficient of fla(s) in Afj is

CF tuo qUum
x _ - _ _ _
A |H,1(s) M <a:stq (1 ths)(l tqms)
(i )0 )
qrs qxs
— (1 — tu_o) (1 — u_m)
tag tag
).
Ts Ts

3.52
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where for convenience we have set

A I T e an ST
and L
el s g
op - DS (@ —ud)
- Hm (l‘ij _ :L‘ij)
r=1;r#s\"s 7“
Now a little manipulation simplifies 3.52 to
1
v _ st (3 -0 —q) um _
A” |FIQ(3) = CF M ;L’_S = CF q t Um
and this is 3.49 since
tquy, = tquii{l’jﬂ = ¢ .

this completes our proof.

Note that for = (1¥*,n +1— k), and i = j = 0, formula 3.49 gives

F Ao = x(l)o :Zéo ZEI(l’“—l,n+1—k) + i(j)o :Z(I)o g(l’“m—k)
Since in this case
20 =t" 2P =¢"* and u’=1,
substituting this in 3.53 we get that
1 - th -1 - k-1

ar Ao = g Hovwny + i Home)

63

3.53

which is in complete agreement with what we obtain by combining 3.42 a) with the Macdonald Pieri

rule given in 3.47.
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4. Dimension bounds.

In this section, we derive a dimension bound for the spaces M, /;;. We begin by reviewing the
construction that yields the dimension bound of n! for M,,. The reader is referred to [10] for proofs
and further details.

Given a finite subset S of n-dimensional Cartesian space, we let Jg denote the ideal of poly-
nomials P(z1,a,...,%,) which vanish on S. The quotient ring Rg = Q[z1, 22, ...,zy]/Js may be
viewed as the coordinate ring of the algebraic variety consisting of the elements of S. This given, it
is clear that

dimRs = |9] . 4.1
Although Ry is not graded it has a filtration given by the subspaces H<i(Rs) spanned by the
monomials 2P = 2" z%? - - zP» which are of degree < k. A graded version of Rg is obtained by
setting
grRs = Qlz1,22,...,2,]/8grJs 4.2
with

grJs = (h(P): PelJs)

where for a polynomial P we let h(P) denote the homogeneous component of P that is of highest
degree. It is also convenient to introduce the space Hg = (gr Js )L , the orthogonal complement
of gr Jg with respect to the scalar product

(P, Q) = POQE)|,_, -

We may also define Hg as the space of polynomials that are killed by elements of gr Jg as differential
operators. In symbols

Hs = {Q(m) : P(a)QZO 4 PEngS} . 4.3

It is easy to show (see [6]) that any homogeneous basis Bg for Hg is also a basis of gr Rg and Rg.
In particular, the dimensions of these three spaces must be the same and thus equal to |S|. In fact,
we also have for all £k > 0
k k
dimH<p(Rs) = » dimH_,(Hs) = > dimH_,(grRs) , 4.4
s=0 s=0

where H_s(Hg) and H_;(gr Rs) denote the subspaces of Hg and gr Rs consisting of their homo-
geneous elements of degree s .

The natural action of GL,, on polynomials P(z1,xs,...,z,) is defined by setting for an n x n
matrix A = [la;;|7 ;-
Ty P(z) = P(zA) 4.5
where £ A denotes matrix multiplication of the row vector x = (21, z2,...,z,) by A. It is not difficult
to show that if A is an orthogonal matrix, then for all P,Q € Q[z1,z2,...,Z,] we have

(TAP, T4Q) = (P, Q) 4.6
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If G is a group of n x n matrices that leave S invariant then both Js and gr Js remain invariant
under T4 for every A € G and we can define an action of G on the two quotient spaces Rg and
grRg. It develops that the resulting G-modules are easily shown to be equivalent. If in addition G
consists of orthogonal matrices, then from 4.6 it follows that Hg = (gr Js)* is also G-invariant and
equivalent to gr Rg as a graded G-module. Moreover we have the following character identity for

all £ > 0:
k k

chHep(Rs) = > chH_y(Hs) = Y chH_(grRs) . 4.7

s=0 s=0
Given a group G, the simplest G-invariant subsets are its “orbits.” More precisely, for any point
p= (Pl>P2: v ;pn), we set
[ple = {pA : AeG} . 4.8

Clearly, G acts on the orbit [ p]e as it does on the left cosets of the subgroup that leaves p invariant.
It follows from this that both Ry,}, and grRy,,
a regular point (that is, p has a trivial stabilizer), then R

afford this left coset action; in particular, if p is
ple and gr R, ), are versions of the left
regular representation of G. Moreover, if G is a group of orthogonal matrices, then Hj ), affords a
graded version of the left regular representation of G and consists of polynomials that are killed by

all G-invariant differential operators (see [6]). In particular, all elements of H,j, are harmonic.

rla

To get our dimension bounds we need to suitably specialize G and the point p. To this end,
given = (g > p2 > ... > ux > 0) Fn let h = p; be the number of parts of the conjugate of
w and let (a1, q2,...,ak;01,02,...,0,) be distinct rational numbers. If preferred, the latter may
be taken to be two additional sets of indeterminates. Recall that an injective tableau T of shape
u = n is a labeling of the cells of p by the numbers {1,2,...,n}. The collection of all such tableaux
is denoted by Z7 (u). Given a tableau T' € ZT (i), for each i =1,2,...,n we set

az(T) =0Qr , bz(T) =B 4.9

if the label 7 is at the intersection of row r with column ¢. The resulting point of 2n-dimensional
space will be denoted by p(T). In other words we set

p(T) = (al(T))aQ(T):'--;an(T);bl(T)>b2(T))'--:bn(T)) .

For instance, for y = (3,2) and

2[1]4]

we set
p(T) = (a17a17a27a17a2;ﬂ?:ﬁlaﬂ?:ﬂfbﬂl) -

Note that the collection
{p(T) : TeIT(n) } 4.10

consists of n! distinct points. Indeed, since the a’s and the 3's are assumed to be distinct, we
can reconstruct the position of any label i in T by simply looking at the it" and the (n + 4)t*
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coordinates of p(T'). Note that the collection in 4.10 may also be viewed as an Sp-orbit under the
diagonal action. More precisely, we see that for any T' € Z7 (i) and o = (01,02,...,0,) € Sy, we
have

oo(T) = (a0 (T)a0,(T), - 00, (1) by (T), b (1), b, (1)) = plo " T)

where 0! T is the tableau obtained by replacing the label i in T by the label ai_l. This given, we
can consider the collection in 4.10 as the S,-orbit of a point p, corresponding some specially chosen
injective tableau of shape u. To be specific we may let Ty be the “superstandard tableau”; this is the
tableau obtained by labeling the cells of u F n successively from 1,... n starting from the bottom
row and proceeding on up, from left to right in each row. Set

o = o(Ty) . 111

We can thus apply the theory we have outlined at the beginning of the section with G specialized
to the group of matrices yielding the diagonal action of S,, and construct the three spaces
R, grRy,) and  Hp,,

pul

where [p,] denotes the orbit of p(Tp) or, equivalently, the subset of 2n-dimensional space defined by
4.10. We thus obtain three left regular representations of S;, and in particular we have

dim R[pu] = dim gI‘R[pH] = dim H[Pu] = n' . 4.12

The definition of these spaces suggests that they may depend on our choice of the a}s and ﬁgs This

is clearly the case for the coordinate ring R Nevertheless, there is strong evidence that the space

pul-
of harmonics Hj,, | as well as the ideal gr.Jj, ; and the quotient ring gr Ry, | only depend on the

choice of the partition u. The reason for this stems from the following result:

Proposition 4.1

If (i, ) is an outer corner cell of ji then for any s = 1,2, ...,n the monomial 'y} belongs to the
ideal gr Ji,,). In particular, if a monomial xPy? = it abry!t - yln does not vanish in gr R,
then all the pairs (ps, qs) must give cells of . For the same reason, every polynomial in H,, must
be a linear combination of monomials satisfying the same condition.

Proof
This result was first proved in [10] (see Proposition 1.2 there). Since the argument is quite
simple and illuminating, we will include a proof here as well. To this end note that the polynomial
i J
P(i,j)(xay) = H (zs — i) H (ys — ﬁj’)

i'=1 j'=1

must necessarily vanish throughout [p,]. Indeed, for any point

p(T) = (at,...,an;b1,...,by) € [py]
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our definition gives that a, = oy for some i’ <4 if s is south of (¢,7) in T and b, = B for some
j' <j if sis west of (i,7). Since every cell of y satisfies at least one of these conditions we see that
at least one of the factors of P(; j) must necessarily vanish for (2;y) = (a1,...,an;b1,...,b,). This
places P

in .Ji,,; and its highest homogeneous component ziyJ in gr Ji, ;. Thus every monomial

7/7]) pu]'
which contains xiy] as a factor must necessarily vanish in grRy, | and every polynomial in H, |
must be killed by 9. 8 . Since this must hold true for any s = 1,...,n, we deduce that every
element of grRy, j or H, ; must be a linear combination of monomials z}* - -- 2~y - - - yi» where

each pair (ps, gs) must be a cell of p.
This result has the following immediate corollary

Theorem 4.1
For any choice of the «; and 3; we have the containment

M, CHp, - 4.13
In particular,
dimM, <n! . 4.14
Thus on the n! conjecture we have
M, = Hj, and grdyp, = Ia, , 4.15

where I, A, denotes the ideal of polynomials that kill A,,.
Proof

These results were first proved in [10] (see Theorems 1.1 and 1.2 there). We sketch the idea of
the argument here. Since H, | affords a version of the left regular representation of Sy, it must
contain a polynomial A(z;y), unique up to a scalar factor, which alternates under the diagonal
action. Clearly all the monomials appearing in A(z;y) must be of the form

l‘pyq = {L’?lmgz .. .xz"yglyg2 .. yz/"
with (p1,q1), (p2,42),-- -, (Pn,qn) all distinct. On the other hand, Proposition 4.1 guarantees that
each of these pairs must give a cell of . Combining these two facts yields that the sequence

{p1,q1), (p2,a2)s -, (Pnran) }

must be a permutation of the cells of y. Thus A(z;y) can only be a multiple of A,(z;y) and we
must have

Au(z;y) € Hy 4.16

pu] :

However, since Hj, | is derivative closed, we must also have

MM = ﬁa[Au] QH[

pul o

proving 4.13. This completes our proof since 4.14 and 4.15 are immediate consequences of 4.13.
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Now let o - n + 1 and [p,];; denote the subset of the orbit [p,] consisting of the points p(T')
corresponding to tableaux T' where n + 1 lies in the shadow of the cell (i, 7). Clearly the cardinality
of this set is

| louli | = #shadow(i,j) x n! 4.17

where “#shadow(i,7)” denotes the number of cells that are in the shadow of (7, j). Moreover, it is
easy to see that under the diagonal action of S, the set [p,];; splits into as many as #shadow(i, )
distinct regular orbits. It follows then that each of the three spaces

Rip.pi 5 grRyp,;; » and Hp;

breaks up into a direct sum of #shadow (i, j) regular representations of S,,. These observations yield
the following extension of Theorem 4.1.

Theorem 4.2
For any choice of the «; and 8; and any cell (i,j) € u, we have the containment

Ea[aénﬂagn“Au(x;y)] C Hpy,,; - 4.18
In particular,
dimﬁg[ainHaZ"HAu(m;y)] < #tshadow(i,j) x n! . 4.19

Moreover, equality here forces the equalities

ﬁé’[ai o Aﬂ(m;y)]:H[Pu]i]‘ ) ng[pM]ij = Iy

Tn+1l Yn+1 Tp41 Yn4l

AL 4.20

where I, i = denotes the ideal of polynomials that kill ot 9J A,. But then

Tn4+1l " Yntl
o %1 %nga
Lpl0s 07 A,(x;y)] must necessarily break up into a direct sum of #shadow(s, j) regular repre-

Tngl” Ynt1
sentations of S,,.
Proof

Note that if P(x;y) is an element of the ideal .Ji, .. then the polynomial

Q(r;y) = P(x;y) H (mn+1 - ai’) H (yn+1 - ﬁj')

ir=1 j'=1

must necessarily vanish throughout the orbit [p,]. In fact, P(z;y) vanishes in [p,];; and the product

of the two remaining factors vanishes in the rest of [p,]. This places Q(z;y) in J; Denoting as

Pul -
before by h(P) and h(Q) the highest homogeneous components of P and @, we derive that

h(Q) = 35;4-13/%4-1 h(P) € gr i,

and therefore h(Q)) must kill all the elements of H[, ). In particular, in view of 4.16 we must also
have

h(P)(®) 8. & A, = 0.

Trng1 P Ynt1
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Since this holds true for any P € Jj,,},; we are brought to the conclusion that

8 ol & Ia;nHangAp : 4.21
Now it is easy to show that
— i j L
Ia; 8 A, T ﬁé’[aalanrlazJ;nJrlAu] :

nt1 Yn+1TH
This gives
W)Y = Ll 8 A

Trnt1 Ynt1

(Iai ad

Zp41 Yntl
and thus 4.18 follows from 4.21 by taking orthogonal complements. This given, 4.19 follows from
4.17 and 4.18 since

dimHy,) = [lpa] | -

Finally, equality in 4.19 forces equality in 4.18 which in turn can only hold true if equality holds
in 4.21. This completes our proof since the last assertion is a consequence of our preliminary

observations.
We are now in a position to derive the main result of this section.

Theorem 4.3
For any ptn+ 1 and any cell (i,j) € u we have

dimM,,/;; < #shadow(i,j) x n! . 4.22

Moreover, if equality holds here, then M, ;;, breaks up into a direct sum of #shadow(i, j) regular
representations of S,,.
Proof
In view of Theorem 4.2 we only need to show that M, ;; and Lp[d; . 0]  Au(z;y)] are
equivalent as S,-modules under the diagonal action. To this end note that from 1.16, we derive
that:
llai  A(zy) = € Az Tn; )
Z|]' Tngl Ynt1 BT 0.3 Rp/ij (Tl Tns Y1y - -5 Yn
+ Z wi;{ ny:f Cirjr Dy (T, T3 Y1, -, Yn)
(i.5') € n
i'>i or j'>j

4.23

where €;; = +1 and the ¢y j are suitable constants. Thus for any f € Q[z1,...,Zn;y1,...,Yn] We
necessarily have

a) f(amaay) 6Z aj Au(m;y) =0 A b) f(aaway) A,u/ij = 0.

Tnt1 " Ynt1

In fact, we see from 4.23 that b) immediately follows from a) by setting x,+1 = y,+1 = 0. Conversely,
if b) holds true then applying to it the operator

n
NV
I — E : i —t9j —Jj
Dz’—m’—] - 6903 6ys
s=1
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we obtain that

f(02;0y) Apyiyo = 0

must hold true for all (i, ') € p that are in the shadow of (i, ) and this forces a) to hold true as
well.
Now from the relations in 1.13 it follows that

aQEnJrl ( 6;n+16:’.§n+1Au (1‘; y) ) = - Z 69”5 ( 6;n+1a?]1.n+1AM (1‘; y) )
s=1

s (02,105,120 (39) )

Tn4+1l " Yn+l

n
o Z 6745 ( aﬂlﬂnﬂag/wrlAu (1‘; y) ) :
s=1
This means that we can construct a basis for

Lo[0,,,,0), ., Du(@;y) ]

Tn+1 " Yn+t1

of the form

Bij = {b(0:;0,) 0% 0/  Ay(z;y) beC}

Tn+1 " Ynt1

with C a collection of polynomials in the variables x1,...,%n;y1,..-,yn- But then it follows from
the observations above that, with the same C, the collection

B = {b(8x;0,)A,(z;y) - beC}

must give a basis for M, /;;. This given, if the elements of C are chosen to be homogeneous, it follows
that the action of S), on the corresponding homogeneous components of B;; and B}; must be given
by exactly the same matrices, proving that My; and Lp[ 9% , 3} . A,(r;y)] must be equivalent
also as graded S,-modules. This completes our argument.
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5. Atoms and further lattice diagram characteristics.

In [8] Garsia and Haiman call two lattice diagrams D; and D, “equivalent” and write Dy ~ Dy
if and only D» can be obtained from D; by a sequence of row and column rearrangements. Diagrams
that are equivalent to skew diagrams are briefly referred to there as “gistols.” We should note that
it is not visually obvious when two diagrams are equivalent. For instance we have

|:—I zlqlzllﬂzﬂll
L] L L] L

Following standard convention, the “conjugate” of a diagram D, denoted by D’ is the diagram
obtained by reflecting D across the diagonal line x = y. Similarly, the reflection of a lattice square
s = (i,j) across x = y is denoted by s' = (j,7). Finally, if D may be decomposed into the union of
two diagrams D; and D- in such a manner that no square of D5 is in the same row or column of a
square of D1, then we shall say that D is “decomposable” and we write D = Dy x D,. This given,
Garsia-Haiman postulate the existence of a family of polynomials {Gp(z;q,t)}p, and a family of
weights ws p(g,t), with the following basic properties:

((0) Gp(z;q,t) = Hy(z;9,t) if D is the diagram of x
(1) Gb,(z;9,t) = Gp,(z;9,t) if D= D:
(2) Gp,(w;9,t) = Gp,(x;t,q) if Dy~ D, 5.1
(3) Gp(=z;q,t) =Gp,(z;9,t)Gp,(x;q,t) if D~ Dy x Dy

L (4) 0y, Gp(z59,t) = Y.,cp ws,p(q,t) Gpys(z;q,t) , with D/s = D minus s .

It should be noted at the onset that these properties overdetermine the family {Gp(x;q,t)}p, so
that existence is by no means guaranteed. Nevertheless, all the experimentations so far indicate that
the existence of such a family is consistent with the theory of Macdonald polynomials. In particular
it was shown in [8] that for any partition u we have

Hy(7;q,t) = Hyu(z;t,q)

which is in perfect agreement with condition (2) in 5.1.

Experimentation suggests that the weights ws p(g,t) should be monomials in ¢,¢, but there
are no conjectured formulas for general lattice diagrams. Nevertheless, we should point out that if
condition (4) holds for the conjugate D' of a diagram D, that is we have

apl GD’(m;q,t) = Z ws’,D’(q)t) GD’/S’(x;Q7t) ) 5.2

s'eD’

then, upon interchanging ¢ and ¢, from condition (2) we immediately derive that we must also have

am GD(m;q)t) = Z ws’,D’(taq) GD/s(x;(bt) : 5.3

seD
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Thus the conditions in 5.1 force the existence of at least one pair of “weights” both yielding the
expansion in 5.1 (4). Now, in the case that D is a skew diagram, representation theoretical reasons
suggest that we should use either one of the following two choices of weights:

a) ’LU[S, D] = tlD(s)qa;:)(s) and b) ’LU[S, D] — tlID(S)an(s) 5.4

where as customary Ip(s), !, (s) denote the number of cells strictly north and south, respectively, of
s in D, and likewise ap(s), a’,(s) give the number of cells strictly east and west, respectively. It is
easy to see that is consistent with the relations given in 5.2 and 5.3. Using these weights, we can
determine a wide variety of the polynomials Gp, and each via a number of different independent
ways all leading to the same final Schur function expansion. Remarkably, all the polynomials thus
obtained reduce to h‘lD‘ when we set ¢ = ¢ = 1. In particular, when D is a skew diagram or a
diagram obtained by removing a cell from a Ferrers diagram, we invariably obtain an expansion of
the form

G :L’ q> Z S)\ K)\D q> ) 5.5
AFn

with K p(q,t) polynomials with nonnegative integral coefficients satisfying
f()\,D(l, 1) = fn = #{standard tableaux of shape A } . 5.6

Even more remarkably, all the identities involving Macdonald polynomials we have been able to
derive by means of the rules in 5.1 end up to be computer verifiable and/or theoretically provable.

To get our point across, it will be good to review some of these calculations here. As a first
example, we shall apply rule (4) to the diagram D = {(0,2),(1,0),(1,1),(1,2),(2,0),(3,0)}. In
the figure below, the first tableau is obtained by filling the cells of D with the weights computed
according to formula a) of 5.4 and the second according to formula b).

1 t2

t t

2] a4 | ¢ @ | a |t
t 1

Thus, if we use the diagrams themselves to represent the corresponding polynomial, rule (4) with
the first set of weights gives

6p1_||:(1+t) + + q + ¢ + t [
] [ ]
while the second set gives
8p1_||:t(1+t) 7 + q + ot + [0
] [
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We can thus obtain by subtraction that
t? — ¢? ¢ —t t—1 [
= X X | . 57
H:E t2—IEH:‘+t2—1EZ|D+t2—1 ]
It easily obtained, either by computer or by means of Macdonald Pieri rules, that

_ (0=ne-¥) O (1-2*)(g-1) (¢ = 1(¢* —¢?)
170 = ¢ She=m i * eeme-s 3 * <q—t2>(q2—t3>Ej >

-0 -1 . 1=®)e-De-£) 0
3t = oy 8 * e o |

|
5.9
(1-=*)(g-=D(¢" - 1) (¢—D(¢* = 1)
e Bt e Ej

Using 5.8 and 5.9 in 5.7 yields the surprisingly simple final expression

and

_ A=-9m (-1 H
H:H = (q—t)l—l—|—|+ TED 0 5.10

Applying rule (4) to the diagram {(0, 1), (1,0), (1,1),(2,0), (3,0)} according to the weights

1 t?
+ t
2 q q t
¢ 1
gives
3P1E3 = (1+t)Ha + 752E3 + qﬂm + tﬁj
and
a’“Eﬂ = (t2+t)Ba + qEﬂ + tﬁm + 1%

so by subtraction we get

gt t—gq 1—t
Ea o1 —¢2 BH + 1—¢2 @D + 1—¢2

Using Pieri rules again gives

_ a-na-# (1= t)(g = D1 +1 (4= -1)
BH - woem B+ Toosare - bt (q—t2><q—t3>E 2

5.11

+-
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2 -1 1—gq
0 -t af

Substituting 5.12 and 5.13 in 5.11 produces

and

EH - 1=t 4 o9zt 5.14

q—t g—t [’

leaving us with the puzzle of explaining why the coefficients we get here are the same we got in 5.10.

But we have more surprises coming. We have yet another path that yields an expression for

D = H:H 9.15

This is based on applying rule (4) to the following diagram.

H

Omitting the details, the resulting expansion turns out to be
t—gq n ¢ —t t—q? 1—t
— S 1
E:H 1_qD><I_I_I_I+ 1—gq D:‘XHH+ 1—gq EHHXD+ 1_qEE:|:| 5.16
Note next that applying rule (2) we can transform 5.14 into the expansion
(1-9q) t—-1)
= + . 5.17
EHH (t—q) Bﬂ (t—q) HZD

Omitting again the details, we can show that

the polynomial indexed by the diagram

T - (-6 t-1)
[0 = o OO 1 g O 518

Now miraculously, after we substitute 5.17 and 5.18 into 5.16, apply the required Pieri rules and feed
the rather monstrous result into the computer we witness the occurrence of massive simplifications
yielding that 5.16 is yet another way of writing 5.10.

The reader may find it amusing to play this game by means of Stembridge’s SF Maple package.
Seeing is believing that there must be a beautiful explanation for all these miraculous identities.
Now it develops that we can use the present theory to remove the mystery out of some of them. To
see this we start by writing the identities in 1.19 in the form

@)y Curij =K + tCuiyry  a)y Cuyy =K + qCuijn 10

D)o K =Af + K o by KfG=AL 4+ K
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Iterating a), and using the fact that C* = {0} we obtain

w/
T _ T T lij 77z
wiig = B H RS+ OO 5.20
where l;; = pj,, —i—1 is the leg of the cell (i,7). Similarly from b),, using K7, = = {0} we
derive that
AI + AI]+1 +oee Al sip1—1 - 521
Taking account of 3.47 let us set for each cell s = (i, j)
1 1 @il — i .
Eug) = AL = AL = Z JE — 3] Hyo . 5.22
q # Hr 17“;65(‘7’.3 _‘7’.7‘)

This given, we may rewrite 5.21 in the form

R N LE

(,5)— s’

where we have used the symbol “ (i,j)— s’ ” to indicate that we are to sum over cells s’ that are
directly east of (i,7) including (4,7) itself and a(s’) denotes the arm of s’ in u. Using such an
expression for each of the characteristics K3 ,j occurring in 5.20, we derive that

Cuij = > i) 2, 5.23
()< (3=

where “(i,7) < (i',7')” is to represent that we are to sum over all cells (i’,j') € p that are in the
shadow of (i,7). Denoting the partition in the shadow of (i,j) by 7;;, we see that 5.23 may be
rewritten as
Cu/ij = Z tlfrif (&) qa"—if (s") EM’S' . 5.24
(5,5)< s’

On the other hand, we can derive from the recurrence in 5.19 a), that we also have

Cu/l] = K + qK i1t q"" Kz pig1—1 5.25
where a;; = pti11 — j — 1 is the arm of (4, j) in p. Moreover, from 5.19 b), we derive
Y _ Ay y
K} = Al +Al+1] '+Au’j+1—1,j . 5.26
Proceeding as we did above, the identities in 5.22, 5.25 and 5.26 now yield that we also have
Cupi = > gt =, o 5.27

(1,5)< s’
Since on the C' = H conjecture we have (see 1.12)

Cu/OO = 6101 gu )
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we get that the special cases (i,7) = (0,0) of 5.24 and 5.27 yield

Op Hy, = > th gz, 5.28
sEp
and
Op Hy = >t gz, 5.29
sER

Comparing with 5.1 (4) and 5.3 written for D = p and with w(s, D) and w(s’, D") respectively given
by the weights in 5.4 a) and b) we come to the inescapable conclusion that at least for D the diagram
of a partition, these mysterious polynomials G p,,(z;¢,t) must be none other than our normalized
atom characteristics =, s . To be precise, we are thus led to the addition of one further rule to the
heuristic apparatus exhibited in 5.1, namely that we must also have

(5)  Gus = Zus (V sep) . 5.30

It develops that accepting this hypothesis, we can easily explain a wide variety of formulas that may
be derived from the rules in 5.1. This is best seen through a few examples. Let us begin with 5.10
which heretofore could only be obtained through the two intricate paths we illustrated above. Now,
we saw at the beginning of the section that we have the equivalence

|:
0 ™ Ejﬂ '
Thus from rule (1) and formula 5.22 for p = (3,2,1) and s = (1,0), we obtain the expansion
T1 — U1 1] T2 — Uy
= 9.31
T1 — T2 L1 * L2 —T1 EE‘
where z1 and o must be the weights of the two corners of the partition H:‘ (which is the shadow

of (1,0) in (3,2,1) ), and u; must be the weight of the inner corner. We thus deduce that 5.31 must
hold true with

r =1t , To=q , up =1 . 5.32

Now we can easily see that making these substitutions in 5.31 immediately yields our formula 5.10.

p - Hy.

In this case we use 5.30 with g = (2,2,1) and s = (0,0), obtaining that we must have
T —u L2 — U
= . 5.33
Ha 331—352BE|+ 562—561@3

z =t° , Ty =tq up =t . 5.34

For our next example we take

Here we must take
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Making these substitutions we see that 5.33 reduces to 5.14. The the fact that the weights in 5.14
are the same as those in 5.10 may be explained from the equivalence

3

which shows that we could also use 5.30 with u = (2,2,1) and s = (1,0), yielding that we must also
have 5.33 with the weights given in 5.32.

Remark 5.1

Incidentally, the reason that the weights in 5.34 yield the same result as those in 5.32 is due to
a special instance of Theorem 1.3 stated in the introduction. In fact, we should note that we can
easily deduce from formula 5.22 itself that the normalized atom characteristics Z, , must remain
constant within any of the rectangles defined in I.51.

Formula 5.30 can also yields the expansion in 5.18. Indeed if we use it with u = (4,2) and
s = (0,0) we immediately derive that

T R L + T2 — W1 5.35
LIT] T, — 1o L] Ty —xy 111 '
with
wlth ) 272:(]3 ) ur =9q ’
or with the weights
rn=t , Iz = q2 ) up =1 )
because of the equivalence
| ~
LT~ O Ll

We should point out that we haven’t proved anything here, since a number of the above deriva-
tions are based on various yet unproven conjectures. Nevertheless, the variety of identities that may
be constructed in this manner should be taken as evidence in support of the conjectures. More im-
portantly, these calculations open up a number of avenues for further investigation. To begin with, it
is difficult to believe that we could not find some very natural quotients of subspaces of the modules
M,, whose Frobenius characteristics may be identified with the conjectured polynomials G'p(z;g,t)
(as we have done for the polynomials Aj; and Afj). Our experience suggests that these subspaces
should result from restricting to smaller and smaller Young subgroups of S,,. In this vein, just as the
characteristics 2, s do extend and simplify the Macdonald (first order) Pieri rules, we would expect
that ,using the general polynomials G p(x;q,t), we should be able to unravel the combinatorics of
higher order Pieri rules. From this point of view it appears that we have uncovered what may be
the tip of an iceberg of further research. Only time will tell the significance of what may ultimately
be found in explaining some of the mysteries that stem from the present developments.
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