Math 103A — Winter,2001
Professor John JWavrik

Quotient Groups

We use Group32 to generate G=S,. We notice that S, has a normal subgroup N of order
4. We determine the structure of the quotient group G/N.

STEP 1. Sisgenerated by (1234) and (1 2):

CENTER CENTRALI ZER CHART CONJ- CLS
COSETS EVALUATE EXAMPLES GENERATE
GROUP HELP I NFO | SOMORPHI SM
LEFT NORMALI ZER  ORDERS PERMGRPS
POVERS QU T RESULT RI GHT
SEARCH STOP SUBGROUPS TABLE

X

Gl>> PERMGRPS

CREATE ELEMENTS HELP I NFO
I NSTALL MAI N MULTI PLY QU T
X



PERM>> CREATE

Subgroup of Sn -- what is n? Nunber 4
Put in generators as product of cycles.
End with a blank Iine

Generator (1 2 3 4)

Generator (1 2)

Gener at or

Group is of order 24

A () B (34) C (23)

D (234) E (243) F (2 4)

G (12) H (12)(34) I (123)
J (1234) K (1243) L (124)
M (132) N (1342) O (13)

P (134) Q (13)(24) R (1324)
S (1432) T (142) U (143)
Vo (14) W (1423) X (14)(23

PERM>> | NSTALL
Install as table k (1..5) Nunber 1



PERM>> MAI N

CENTER
COSETS
GROUP
LEFT
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SEARCH
X
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EVALUATE EXAMPLES
HELP I NFO
NORMALI ZER  ORDERS
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STOP SUBGROUPS
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Step 2: Look at the subgroups of &4

of Group Nunber 1

Gl>> SUBGROUPS
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Step 3. Look at cosets of subgroup 19, generated by H and Q
Gl>> COSETS of subg generated by set: { hq }

Left Cosets Ri ght Cosets
{ AHQX} { AHQX}
{ BGRW} { BGRW}
{ CKNV} { CKNV}
{ DL MU} { DL MU}
{ EIl PT} { EIl PT}
{ FJ OS} { FJ OS}

The subgroup { AHQ X} is a NORMAL subgroup

Step 4: Select representatives and do some arithmetic

Gl>> EVALUATE (use ' for
Gl>> EVALUATE (use ' for
Gl>> EVALUATE (use ' for
Gl>> EVALUATE (use ' for
Gl>> EVALUATE (use ' for
Gl>> EVALUATE (use ' for
Gl>> EVALUATE (use ' for

nverse) bb= A
nverse) cc= A
nverse) dd= E
nverse) ee= D
nverse) ff= A
nverse) ddd= A
nverse) eee= A



Step 5: Trandateto notation used in class
[Al = NA={ AHQX}

[B] = NB={ BGRW}
[ = NC={ CKNV}
[D) =ND={ DL MU}
[ =NE={ EI PT}
[Fl =NF={ FJOS}

[B], [C], and [F] are of order 2
[D] and [E] are of order 3

We can eadily write a Cayley table for this group. However, Snceit isagroup of
order 6 we know it is either isomorphic to Sz or to Zg. Thereisno eement of order 6, 0
itmust be S;. ThusG/N » S;.



Step 6: Determine N

Noticethat N ={ A H Q X }. Aistheidentity whileH, Q and X have order 2. This

meansthat N » Z, X Z,. It might be interesting to look at thisin terms of permutations.
Go back to where we generated G:

The subgroup N consigts of the permutations of the form (a b)(c d) together with the

idertity.

Group is of order 24
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The importance of being Normal:

We defined the multiplication of cosets by picking representatives. [X][y] = [xy]. Itis
true (but we didn’t check) that we could pick any dement in [B] and multiply by any
other dement in [B] and we would dways get an dement of [A]. Thisjudtifies our
assertion that [B] is of order 2.

Let's see what would happen if we picked a subgroup, aso of order 4, which is not
normd.

Gl>> SUBGROUPS of G oup Nunmber 1
. owait

* = Normal subgroup

Cenerators Subgr oup

0 {1} { A}

1 {B} { AB}

2 {C} {AC}

3 { F} { AF}

4 { G} { AG}

5 { H} { AH}

6 { O} { AO}

7 {Q} { AQ}

8 {V} { AV}

9 { X} { AX}

10 { D} { ADE}

11 {1} { Al M}

12 { L} { ALT}

13 { P} { APU}

14 { BG} { ABGH}

15 { FO} { AFOQ}

16 {J} { AJQS}

17 { R} { AHRW}

18 { K} { AKNX}

19 { HQ} *{T AHQX}

20 { CV} { ACV X}

21 { BC} { ABCDEF}
22 { CG} { ACGI MO}

23 { FG} { AFGLTV}
24 { BO} { ABOPUV}
25 { FH} { AFHJOQS X}
26 { CH} { ACHKNQV X}
27 { BQ} { ABGHQRWX}
28 { DH} *{f ADEHI LMPQTUX}
29 {B1} *f ABCDEFGHI JKLMNOPQRSTUV WX}

The subgroups of order 4 which have one generator are cyclic, they are isomorphic to Z4.
The subgroups of order 4 which have two generators are isomorphic to Z; X Z».



Let me pick the subgroup 14 which has two generators but is not normd.

Gl>> COSETS of subg generated by set: { bg }

Left Cosets Ri ght Cosets
{ ABGH} { ABGH}
{ CDMN} { CEI K}
{ EFST} { DFJL}
{1 JopP} { MOS U}
{ KLUV} { NPTV}
{ QRWX} { QRWX}

The subgroup { AB GH} is NOT a NORVAL subgroup

The element C isin the second right coset. The square of C isin thefirst coset.
The dement E isdso in the second right coset. The square of E isin the third right coset.

Gl>> EVALUATE (use ' for inverse) cc= A
Gl>> EVALUATE (use ' for inverse) ee= D

Thisiswhat happens when the subgroup is not norma:  we cannot define multiplication

of cosets consigtently just by choosing representatives. We get different ideas of what the
square of the second coset should be: C tdls usit it should be the first coset — but its
companion, E, disagrees.



