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intemalization of the concepts by experience
with their use and symbolic representation,
(on higher levels) construction of theories to
organize the concepts.

7. During the exploratory phase of a c1rcle a low-
pressure environment is mandatory. Creative
processes are not enhanced in a high-pressure
environment. In particular, testing during the
exploratory phase will create an antipathetic
environment.

8. New ideas and concepts are best leamed in the
context of a student's present ideas and interests.
It should be possible for students to leam in this
fashion even if it produces unevenness or illogical
sequencing of subject matter.

9. A great deal is to be gained by encouraging in-
teraction between students as they generate
ideas.

These lists are not intended to be exhaustive but rather
to reveal the underlying basis of nonstandard instruction.
The contrast between the resulting styles of instruction
may perhaps be made clearer by an analogy:

Consider the task of finding our way from place
to place in a town. One way of doing this is to ask
someone familiar with the town to provide a list
of directions . lf we have, let's say, four places to
go to and from we will be supplied with 12 sets of
directions allowing us to go from any one of these
places to any other ("go doum two blocks. turn
left, elc.... "). The more places we want to go the
larger the set of directions will be.

Now imagine a new person coming to town.
Although a newcomer, this person seems to have
an uncanny ability to get from place to place. To
someone whose conception of getting around
toum involves memorizing directions this seems
to be an almost impossible feat. In fact, though,
the newcomer has a map and telephone directory.
He approaches the task in an entirely different
way. With his approach he will be able to get
around not only this town but any other...and
without the mental effort required by memorizing
directions.

The differences in approach to the task of getting around
a town are similar to the differences in the way successful
and unsuccessful students appro*h the leaming of mathe-
matics. More than any innate intellectual ability, success-
ful and unsuccessful stu&nts can be dbtirnuished by the
methods they use to leam. The broa&st distinction exists
between a successful , actirn approrh to leamirg rnathe-
matics and an unsuccessful, possirr orp. $rccessful stu-
dents actively involve themselves in the ideas of the
subject. They provide experiences for therrrsehres urhich
allow them to encounter the major ideas, they refect upon
their experiences and generate concepts from them. They
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set themselves tasks and projects, ask themselves ques-
tions. Unsuccessful students tend to approach mathe-
matics passively. Their main leaming technique is rote
memorization. To say that their approach is passive is not
to imply a lack of diligence: they will spend hours going
again and again through pages in a book or problems on
a page trying to memorize what is there.

The differences in approach between successful and
unsuccessful students could themselves form the sub.
ject of an article. Differences appear in almost every aspect
of leaming. In reading a mathematical book, for example,
successful students go through the material longitudinally;
skipping back and forth, gradually penetrating more and
more deeply (something like peeling an onion layer by
layer). Unsuccessful students read laterally. They will not
look at page two until they have mastered page one. Curi-
osity is a driving force for successfgfstudents. They, like
professional mathematicians, tend to organize their learn-
ing around questions they would like to answer, problems
they would like to solve, projects they would iike to do.
Their activities enable them to develop insight and intui-
tion. They can retain mathematical information more
readily because their involvement with the subject pro-
vides a kind of lattice or framework into which the infor-
mation fits.

The approach to mathematics which we have discussed
in connection with nonstandard instruction exemplifies
some of what we know about the leaming style of success-
ful mathematicians. Nonstandard instruction attempts
to provide the environment and support needed for the
development of a successful approach to the subject. It
is our contention that standard instruction teaches stu-
dents to approach mathematics in an inherently unsuc-
cessful way. Schools tend to overstress the information
content of the subject and to emphasize rote leaming.
They are trying to teach students to find their way around
a large and complicated mathematical world with an ap-
proach adequate only for getting around a very small
town. Recent trends in education (back to basics, ac
countability, mastery learning, diagnostic/prescriptive
programs, etc.) are further entrenching a commitment
to a mode of instruction that will not adequately equip
students to function in an increasingly mathematical world.

Educating Gifted Students
While it is doubtful that any student should be taught

mathematics in the standard way, such a method is com-
pletely inappropriate for gifted and talented students.
Talented students are capable of leaming a great deal of
mathematics by (selectively) recreating it. presumably
they ha'.re greater potential for developing the ability to
be creative and productive in mathematics and allied
areas. A style of instruction so clearly designed for con-
surprs rather than producers, which actively stifles curi-
osity, irsight, inragination, and creativity, which provides
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The Math Course is a course in teaching oneself mathe-
matics successfully. The children who attend the course
are provided with some of what they need to begin work-
ing independently in mathematics, and the parents are
taught how they can play a supporting role in their child's
intellectual development. Mathematics is a subject com-
monly misunderstood, and the idea that it can be an arena
for creative work is novel for most adults. Parents also
need to understand the rationale for the approach taken
in the course and why it does not primarily focus on increas-
ing their child's store of mathematical information.

The atmosphere or environment provided in the course
is perhaps more important than any of the specific activi-
ties used. From the start, an environment is established
in which students feelfree to explore. Children are told at
the beginning that there will be no tests and no grades.
Testing and grading not only puts the students under
pressure, which interferes with creative leaming, but it
reinforces a value system (which many of them already
bring with them) in which one works for external rewards
rather than internal satisfaction. This is not to say, how-
ever, that the students' ideas are not evaluated: it is more
that they are not judged. In keeping with the ultimate goal
of the course students are expected to turn in (at the next
to last meeting of the class) a report on a self-selected
independent project. The reports are read and com-
mented upon (but not graded) and are presented to the
rest of the class at the last meeting.

Subjecf Matter
Subject matter for the course is selected from areas of

mainstream mathematics and their applications which
have been found to be accessible to elementary school
students. The specific areas used have varied from class
to class. Some of the fields represented are:

1. Geometry-straight-edge and compasses con-
structions, areas and volumes, pi (what it is and how it can
be calculated), coordinate geometry, dimensionality (in-
cluding dimensions higher than 3), equations of lines.

2. Probability and Statistics-collecting, analyzing,
and presenting data, sampling experiments, the influence
of sample size on accuracy, observation of chance events,
comparing observations with the calculation of proba-
bilities.

3. Numbers and Number Theory-numbers and nu-
meration, devising numeration systems and computa-
tional algorithms for these systems (the relationship be-
tween numeration and computatbn algorithms), special
numbers or classes of numbers (prirnes, arithrnetic and
geometric sequences and series, Fibonacci numbers),
negative numbers, and decimals.

4. Functions and their Graphs.
5. Topology and Combinatorics.
6. Scientific and Business Applications-the law of

the pendulum, curve fitting, finding functional rehtbn-
ships, interest, percentage, discount, inflation, profit, the
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relationship between selling price and demand, etc.
The subject matter is most often presented in the form

of projects, problems, games, or computer programs. In
each case activities are selected in which students will
encounter some of the main ideas of the subject in ques-
tion. A variety of formats are used. In one case, for
example, students were divided in groups of four. Each
group was presented with a collection of problems which
involved adjusting "paynffs" for some two-player chance
games to make the game "fair." No prior discussion of
probability or fairness was conducted, and the object was
to have students work from whatever ideas they already
had to a concept of probability. Students were told to read
over the problems themselves and then begin discussing
them with others in their group. The rules were that each
group must unanimously decide on an answer to each
question, and that they cofifid-lrgue but not use physical
violence to achieve unanimity. When all groups indicated
that they had completed their work, they reported the
results to the class. If any disagreements arose, spokes-
persons were asked to present justifications for their
group's position. If the disagreement still persisted they
were asked to devise sorne means (e.g., an experiment
that could be performed) to resolve the disagreement.

Use of Computers
One of the integral parts of the math course is an intro-

duction to computer programming. In a search for good
problem-solving activities for elementary school students
we found that the act of writing original computer pro-
grams provides an excellent opportunity for students to
exercise and develop creativity, imagination, and reason-
ing skill. The computer is also an effective leaming tool
which can be used in the exploration of many branches of
mathematics. To leam computer programming effectively
one must have prolonged access to a computer. Program-
mable calculators were used in the course. A program-
mable calculator is actually a low-cost, special purpose
computer which only deals with numbers, but has many
of the features of other computers. In addition to their low
cost they have several other advantages. The instructions
are on the keys and so can be entered into a program at
the press of a button. This means that a lack of typing
ability does not inhibit students from making full use of
the machines. The programming language used by the
calculators, moreover, is sirnilar enough to computer lan-
guages that students have found it easy to make the
transition if the opportunity arises, yet it has a simple
enough grammar and syntax that students don't need to
spend a great deal of time on the programming language
and can proceed to the design of algorithms. The ma-
chirps currentb in use are HP-SIE programmable cal-
culators manufactured by Hewlett-Packard. The logic
used in tle mchirs, *'hile orlinally designed for effi-
cierrcy fc adult users, lus proved to har,e a simplicity that
children can grasp.
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