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Abstract

We propose a three-dimensional level set method for dislocation dynamics in which the dislocation lines are rep-
resented in three dimensions by the intersection of the zero levels of two level set functions. Since the level set method
does not discretize nor directly track individual dislocation line segments, it easily handles topological changes occurring
in the microstructure. The dislocation dynamics are not limited to glide along a slip plane, but also account for three-
dimensional aspects of their motion: cross-slip occurs naturally and climb is included by fixing the relative climb and
glide mobility. The level set dislocation dynamics method was implemented using an accurate finite difference scheme
on a uniform grid. To demonstrate the versatility, utility and simplicity of this new model, we present examples includ-
ing the motion of dislocation loops under applied and self-stresses (including glide, cross-slip and climb), intersections
of dislocation lines, operation of Frank—Read sources and dislocations bypassing particles.
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1. Introduction interactions between dislocations are extraordi-
narily long-ranged and depend on the relative pos-
Although dislocation theory began in the early itions of the dislocations, the orientation of their
years of the last century and has been an active Burgers vectors (i.e. vector strength) and line ori-
area of investigation ever since (see R¢fs:3)), entating. Dislocation mobility depends on the
our ability to describe the evolution of dislocation orientations of the Burgers vector and line direc-
microstructures has been limited by the inherent tion with respect to the crystal structure. A descrip-
complexity of the problem. This complexity is tion of the dislocation structure within a solid is
associated with several contributing features. The further complicated by such topological events as
annihilation, multiplication and reaction. As a
result, analytical descriptions of dislocation struc-
msponding author. Tel+1-609-258-0494: fax-+1- ture havg been Ii.mited.to a small number of simple
609-258-6878. geometrical configurations. More recently, several
E-mail address: yxiang@princeton.edu (Y. Xiang). dislocation dynamics simulation methods have
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been developed that account for complex dislo-
cation geometries and/or the motion of multiple,
interacting dislocations (see e.g. [4-13]). This
approach is becoming an increasingly important
tool for describing plastic deformation.

The existing models for dislocation dynamics
can be divided into two main classes. The first is
based upon front tracking methods, in which dislo-
cation lines are discretized into individual seg-
ments. During these simulations, each segment is
tracked and the force on each segment from all
other segments are calculated at each time
increment (usually using the Peach—Koehler for-
mula [14]). Early front tracking simulations
focused on the motion of a single dislocation on
its dip plane (i.e. the plane containing the Burgers
vector and the line direction) interacting with
obstacles [15-17]. Kubin and coworkers performed
mesoscopic three-dimensional simulations of mul-
tiple dislocations [4,5,18]. In their model, dislo-
cation lines are discretized into straight, pure edge
and screw segments. More recently, other
researchers represented dislocation lines by seg-
ments with mixed character [6-8] and/or curved
spline segments [9]. Three-dimensional front track-
ing methods made it possible to simulate dislo-
cations motion with a degree of reality heretofore
not possible. However, such methods are necessar-
ily time-consuming, since they track each segment
of al dislocation lines and calculate the force act-
ing on it from all other segments at each time
increment. Moreover, special rules are needed to
describe the topological changes that occur when
two segments of the same dislocation annihilate (as
in Orowon loop formation) or when two dislo-
cations with the same Burgers vector meet and
annihilate [8,9,12]).

Another class of dislocation dynamics models
employs a phase field description of dislocations,
as proposed by Khachaturyan, Wang and cowork-
ers [10,11]. In their phase field model, density
functions are used to model the evolution of a
three-dimensiona dislocation system. Dislocation
loops are described as the perimeters of thin plate-
lets determined by the density functions. Since this
method is based upon the evolution of a field in
the full dimensions of the space, there is no need
to track individual dislocation line segments and

topological changes occur automatically. The elas-
tic interactions of the dislocations are determined
efficiently using fast Fourier transform (FFT)
methods for the case of periodic boundary con-
ditions. However, contributions to the energy that
are normally not present in dislocation theory must
be included within the phase field model to keep
the dislocation core from expanding (i.e. terms that
describe Burgers vector gradients, as in Eq. (9) of
Ref. [11]). In addition, dislocation climb is not eas-
ily incorporated into this type of model.

In this paper, we propose a three-dimensional
level set method for dislocation dynamics. We rep-
resent dislocation lines in three dimensions as the
intersection of the zero levels (or zero contours) of
two three-dimensional scalar functions (see Refs.
[19-21] for a description of the level set method).
The two three-dimensional level set functions are
evolved using a velocity field extended smoothly
from the velocity of the dislocation lines. The evol-
ution of the dislocation lines is implicitly determ-
ined by the evolution of the two level set functions.
Linear elasticity theory is used to compute the
stress field generated by the dislocation lines
[3,22,23]. The stress field can be solved efficiently
using an FFT method, assuming periodic boundary
conditions. Since the level set method does not
track individual dislocation line segments, it easily
handles topological changes associated with dislo-
cation multiplication and annihilation. This level
set method for dislocation dynamics is capable of
simulating the three-dimensional motion of dislo-
cations, naturally accounting for dislocation glide,
cross-slip and climb through the choice of the ratio
of the glide and climb mobilities. Unlike previous
field-based methods [10,11], no unconventional
contributions to the system energy are required to
keep the dislocation core localized.

This paper is organized as follows. In Section 2,
we review relevant aspects of the continuum theory
of dislocations. In Section 3, we describe the gen-
eral features of the level set method and how we
apply it to dislocation dynamics. In Section 4, we
discuss the numerical implementation of our level
set method for dislocation dynamics. In Section 5,
we demonstrate the generality and power of the
new method through a series of test applications
including the glide, cross-dip and climb of dislo-
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cation loops under applied and/or self stresses,
interactions between two non-coplanar dislocation
lines, operation of a Frank—Read source, and a ser-
ies of examples of dislocations bypassing particles.

2. Continuum dislocation theory

In this section, we briefly review aspects of the
continuum theory of dislocations that are used in
the development of the level set description of dis-
location dynamics, below. More complete descrip-
tions of the continuum theory of dislocations can
be found in, eg. [2,3,22,23].

Dislocations are line defects in crystals for
which the elastic displacement vector satisfies

ffdu —b )

L

where L is any contour enclosing the dislocation
line with Burgers vector b. Note, the elastic dis-
placement vector u is multi-valued. The Burgers
vector b and dislocation line direction & can have
any orientation with respect to one another. A dis-
location for which these vectors are perpendicular
is an edge dislocation and is a screw dislocation if
they are parallel. The general case is referred to as
a mixed dislocation.

We define the distortion tensor w in terms of the
displacement field u as

ou;

Wi = o @

for i,j = 1,2,3. We can now rewrite Eq. (1) as

%W-dx = h. 3
L

Using Stokes' theorem, we abtain
%V X w-n dS = jgw-dx =b 4
S L

= biﬁS(ﬁﬁ-n ds

S

where Sis any surface spanning the contour L, n

is the normal to the surface S, vy is the location of
the dislocation line, & is the unit vector tangent to
the dislocation line, &(y) is the two dimensional
delta function in the plane perpendicular to the dis-
location line and is zero everywhere except on the
dislocation line. It is convenient to rewrite Eq.
(4) as

V X w = E5()®b )

where the operator & implies the tensor product of
two vectors.

While the Burgers vector is constant along any
dislocation line, different dislocation lines may
have different Burgers vectors. Eq. (5) isvalid only
for dislocations with the same Burgers vector. In
crystalline materials, the number of possible Burg-
ers vectors is finite, N (e.g. typically N = 12 for a
FCC metal). Eq. (5) may be extended to account
for al possible Burgers vectors:

N
Vxw= > &3(r®b; (6)
i=1

where ¥ represents al of the dislocations with Bur-
gers vector b; and & is the tangent to dislocation
linei.

Now we consider the strain and stress tensors
associated with the dislocations. The strain tensor
is given by

&j = %(Wij + W) (7)

fori, j =1, 2, 3. The stress tensor ¢ is determined
from the strain tensor by the linear elastic consti-
tutive equations

3
Oj = 2 Cijkéu (8)
kl =1
fori,j =1, 2, 3, where{C;;q} isthe elastic constant
tensor. For an isotropic medium, the constitutive
equations can be written as

2v
o; = 2Gg;; + Gm(gu + €55 + €39)0; )
fori, j =1, 2, 3, where G is the shear modulus, v

is the Poisson ratio, and 9;; is equal to 1 if i = j
and is equal to 0 otherwise. In the absence of body
forces, the equilibrium equation is simply
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Vo = 0. (10)

Finally, the stress and strain tensors associated
with a dislocation can be found by combining Egs.
(5), (7), (8) and (10).

Dislocations can move under stress. The Peach—
Koehler force on the dislocations is given by

f=oh X & (11)

where the total stress field o' includes the self-
stress o obtained by solving Egs. (5), (7), (8) and
(10), and the applied stress "

o = g + o (12
The local dislocation velocity is given by
v=Mf (13)

where M is the mobility tensor.

A dislocation line can move conservatively (i.e.
without diffusion) only in the plane containing
both its tangent vector and the Burgers vector (i.e.
the dip plane). A screw segment on a dislocation
line can move in any plane containing the dislo-
cation line, since the tangent vector and Burgers
vector are parallel. The switching of a screw seg-
ment from one dip plane to another is known as
cross-dip. At high temperatures, edge segments of
a didocation can also move out of the slip plane
by a non-conservative (i.e. diffusive) process
known as climb. The mobility tensor M is defined
such as to account for the relatively high glide
mobility and slow climb mobility. The present
method is equally applicable to all crystal systems
and al crystal orientations through appropriate
choice of the Burgers vector and the mobility ten-
sor (which can be rotated into any arbitrary
orientation). In the present model, the dislocation
can slip on all mathematical slip planes (i.e. planes
containing the Burgers vector and line direction)
and are not constrained to a particular set of crystal
plane {hkl}. This restriction will be imposed in
later variations of this method.

The self-stress obtained by solving the elasticity
Equations (5), (7), (8) and (10) is singular on the
disocation line. This singularity is artificid
because of the discreteness of the atomic lattice
and non-linearities in the stress—strain relation not
included in the linear elastic framework. This non-

linear region is caled the dislocation core. One
approach to handling this problem is to use a sme-
ared delta function instead of the exact delta func-
tion in Eqg. (5) near each point on the dislocation
line. The smeared delta function, like the exact
one, is defined in the plane perpendicular to the
dislocation line, and the vector £ is defined every-
where in this plane to be the dislocation line tan-
gent vector. This smeared delta function can be
considered to be the distribution of the Burgers
vector in the plane perpendicular to the dislocation
line. The width of the smeared delta function is the
diameter of the core region of the dislocation line.
From this point forward, we will use this approach
to treat the dislocation core and its smeared delta
function description. A necessary condition for the
elagticity eguation (5) to have a solution is

V(é() = 0. (14)
Using the local system of coordinates on the dislo-
cation line, it is easy to verify that the smeared
delta function and the vector & defined in this way
satisfy this condition.

3. The level set dislocation dynamics method

In this section, we first briefly review the exist-
ing level set framework for the motion of three-
dimensiona curves and then present our level set
approach to dislocation dynamics.

The level set method was devised by Osher and
Sethian [19] in 1987 and has been successfully
applied to a wide range of problems (as discussed
in a recent review [21]). Recently, Burchard et al.
[20] presented numerical simulations using a level
set approach for moving curves in three-dimen-
sional space. In their model, a three-dimensional
curve 1) is represented by the intersection of the
zero levels of two level set functions ¢(x, v, z t)
and y(x, v, z t) defined in the three-dimensional
space, i.e. where

d(xy,zt) = w(xy,zt) = 0, (15)
see Fig. 1. The evolution of the curve is
described by

¢ +Vv-Vp =0

16
v, + v-Vy =0 (16)
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y(x,y,2)=0

Fig. 1. A three-dimensiona curve pt) is the intersection of
the zero levels of the two level set functions ¢(x, y, z t) and

w(x Y, z 1).

where v is the velocity field extended smoothly
from the curve to the three-dimensional space. The
reason this system of partia differential equations
gives the correct motion of the curve can be under-
stood in the following way. Assume that the curve
Hs, t) described in parametric form using the vari-
able s, is given by

¢(nst).) =0
y(nsh).h) =0,

where t is time. Taking a derivative of Eqg. (17)
with respect to t gives

V(p(’y(s!t)vt)'/}/t(s!t) + ¢t(7’(5,t)1t) =0
Vu(rsh).)n(st) + vi(nsi).t) = 0.
Comparing with Eq. (16), we have

nsh = v, 19

which means the velocity of the curveis equal to v.
Geometric properties of the curve can be calcu-

lated from the level set functions ¢ and . For

example, the tangent vector £ can be written as

_ Vo X Vy
> Vo Xyl
In this paper, we use the level set framework for

three-dimensional curves to describe dislocation
dynamics. In our level set method for dislocation

(17)

(18)

(20)

dynamics, the union of the three-dimensional dislo-
cation lines 1) is represented by Eq. (15) and its
evolution is given by Eq. (16). The velocity field
of a didocation is computed from the stress field
using Egs. (11)—(13). The self-stress field is
obtained by solving the elasticity equations (5), (7),
(8) and (10). The tangent vector & in equations (5)
and (11) is calculated using Eqg. (20).

The above representation applies only to the
case where al dislocations have the same Burgers
vector b. For a more general case where dislo-
cation lines have different Burgers vectors, we can
use different level set functions ¢; and y; for differ-
ent Burgers vectors b, i = 1, 2, ..., N, where N is
the total number of the possible Burgers vectors,
and use Eq. (6) instead of Eq. (5) in the elas-
ticity equations.

The delta function in Eq. (5) is given by

6(y) = 6(9)5(y), (21)

where the delta functions on the right-hand-side are
one-dimensional, smeared delta functions

1(1 + cosnx> —E=X=¢
8(x) = {2 € T

0 otherwise

(22)

and ¢ scales the distance over which the delta func-
tion is smeared. The region where the delta-func-
tion is not zero represents the core region of the
disocation line. Usually in the level set method,
the level set functions ¢ and w are chosen to be
signed distance functions to their zero levels and
their zero levels are kept perpendicular to each
other. A procedure called reinitialization is used
to retain these properties of ¢ and y during their
temporal evolution (see the next section for
details). Therefore the delta function defined by
Eg. (21) is atwo-dimensional smeared delta func-
tion in the plane perpendicular to the dislocation
line. Moreover, the size and the shape of the core
region will not change during the evolution.

Now we define the mability tensor M. First note
that the normal vector of the dip plane that con-
tains the tangent vector & of the dislocation and the
Burgers vector b, is given by
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=5><b
€ < b

The orthogonal projection matrix that projects vec-
tors onto the plane with normal vector n is given

by
P =1-n®n, (24)
where | is the identity matrix and & is the tensor

product operator. We now write the mobility tensor
in the general form

M (25)
{mg(l —n®n) + mn®@n edge (£ not parallel to b)
myl screw (& paralel to b)

where my is the mobility constant for dislocation
glide and m. is the mobility constant for dislocation
climb, and

Osﬁs 1.
my

(23)

(26)

While we implicitly assume that the glide
mobilities of edge and screw segments are ident-
ical, this assumption is easily relaxed. Unless
otherwise noted, we will assume that m, = 0 (i.e.
dislocation can only glide) in this paper.

For simplicity, we employ isotropic elasticity
throughout this paper. While anisotropy will not
cause any essential difficulties in our model, the
added complexity clouds the description of the
method. If we further assume periodic boundary

1 kR+R
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conditions, the solution of the elasticity equations
(5), (7), (9) and (10) takes the form of Eq. (27)
below, where G;; is the Fourier coefficient of the
term ek * iy *ike? for oy, i, j = 1, 2,3, d, i = 1,
2, 3 are the Fourier coefficients of the term
glx+iky +ikz for the three components of £6(y),
respectively, and b,, b,, b; are the three compo-
nents of the Burgers vector b.

This solution is valid only for the case where
the summation of the total Burgers vector is equal
to zero in the simulation cell. If the total Burgers
vector is not equal to zero, the stress is equal to a
periodic function plus a linear function in x, y and
Z[24,25]. In this case, we also use the above for-
mula, since it only gives the periodic part of the
stress field. This is consistent with the approach
suggested by Bulatov, Cai and coworkers for com-
puting periodic image interactions in the front
tracking method [24,25].

In summary, in the case of isotropic elasticity
with periodic boundary conditions, our level set
method for dislocation dynamics consists of the
evolution equation (16), the velocity field equa
tions (11)—(13), and the self-stress field equation
(27).

4. Numerical implementation
The numerical implementation for our level set

dislocation dynamics method consists of two parts.
Thefirst is the elasticity part, which involves com-

1
- zel(m(kzbg kb1 o kD) + (kb —kiba)d + (kb kzbl)ds])

1 k2 + k3

620 = zeu(m(ksbl b1~ et 1 s grlllels kb + (b~ + (kb kzbl)ds])

1 1

i ie etk eb)d—

KR+

O33 = 2G|< W

1

kz)z[(kzbg kab)ds + (kebs—kibs)d, + (Kib,— kzbl)d3]>

61 = 6 = 2Gi <m[(k3bl kiba)ch + (kobs—ksb)da] + - vm[(kzm ksbz)ds + (keby—kubs)d + (Kub,—koby)ds]

Gy = 0z = ZGi< bz_kzbl)az + (k3b1_k1b3)as]

2w gl

O3 = 0z = 26i<

1
2+l

b,—keby)d; + (kobs—kebr)ds] + -

1

1-
1

Kiko )

Kok

vE T 1G + 17 kz)z[(k2b3 ksbz)dy + (kaby —kubs)dy + (Kibo—kob 1)d3])

Kiks

v (6 + 18 & kel (ebs b + (eby—kibo)d, + (klbszbl)as])

@
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puting the velocity field in the evolution equation
(16) from the elasticity theory, including Egs.
(11)—«(13) and (27). The second is the level set part,
which involves solving the evolution equation (16)
and maintaining good level set functions using
level set techniques such as reinitialization and
velocity interpolation and extension.

4.1. Computing elastic fields

We solve the elasticity equations associated with
the dislocations using the FFT approach, as given
by Eq. (27). First step is to compute the dislocation
tangent vector £6(y) from the level set functions ¢
and y. The delta function &(y) is computed using
Eq. (21) with core radius € = 3dx, where dx is the
spacing of the numerical grid. The tangent vector
& is computed using a regularized form of Eq. (20)
(to avoid division by zero), i.e.

Vo X Vy
JIVo X Vyf2 + o

¢= (28)
as is standard in level set methods.

The gradients of ¢ and v in Eqg. (28) are com-
puted using the third order WENO method [26].
Since WENO derivatives are one-sided, we switch
sides after several time steps to reduce the error
caused by asymmetry. The reason that one-sided
derivatives are used instead of a centered one is as
follows. The leading order effect of the self-stress
of the didocation is associated with dislocation
curvature [3,22], which tends to stabilize high fre-
quency oscillations of the disdocation line. If we
use centra differencing to compute the derivatives,
the formulation for the self-stress will not see the
high frequency oscillations and therefore does not
give the correct self-stress needed to stabilize the
dislocation lines.

After we obtain the self-stress, we compute the
velocity field using Egs. (11)—(13). We now use
central differencing to compute the gradients of ¢
and v in Eq. (28) to get the tangent vector £ in
Egs. (11) and (23). The mobility tensor in Eq. (13)
is computed using Egs. (23) and (25). We also reg-
ularize the denominator in Eq. (23) to avoid
divison by zero, as we did in Eg. (28). For the
mobility tensor (Eg. (25)), we use the mobility for

ascrew dislocation when |€ x b| < 0.1 and use the
mobility for an edge dislocation otherwise (see
Eq. (25)).

4.2. Numerical implementation of the level set
method

4.2.1. Solving the evolution equations

The level set evolution equations are commonly
solved using high order ENO (essentidly
nonoscillatory) or WENO (weighted essentially
nonoscillatory) methods for the spatial discretiz-
ation [19,26,27] and TVD (total variation
diminishing) Runge—Kutta methods for the time
discretization [28,29]. In this paper, we compute
the spatial upwind derivatives using the third order
WENO method [26] and use fourth order TVD
Runge—Kutta [29] to solve the temporal evolution
equation (16).

4.2.2. Reinitialization

In level set methods for three-dimensional
curves, the desired level set functions ¢ and v are
signed distance functions to their zero levels (i.e.
the value at each point in the scalar field is equal
to the distance from the closest point on the zero
level contour surface with a positive value on one
side of the zero level and a minus sign on the
other). Idedlly, the zero level surfaces of these two
functions should be perpendicular to each other.
Initially, we choose ¢ and w to be such signed dis-
tance functions. However, there is no guarantee
that the level set functions will always remain
signed distance functions during the evolution.
Numerical errors may be large if the level set func-
tions are not well-behaved. Standard level set tech-
niques are used to keep the level set functions
signed distance functions and their zero levels per-
pendicular to each other. We use the following
techniques found in Refs. [20,30-32].

4.2.2.1. Sgned distance functions  To get a new
signed distance function ¢ from ¢, we solve the
following evolution equation to steady state:

o+ sign(9)(V9l 1) = 0
o(t=0) =9
where the function sign(x) is defined by

(29)
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-1, x<O0
signx) =<0, x=0 (30)
1, x>0

Since the signed distance function satisfies
|Vo| = 1 and the above evolution equation does not
move the zero level of ¢, theoretically the steady
state solution ¢ is the desired signed distance func-
tion. Similarly, the new signed distance function
y for the level set function y is found by solving
the following equation:

§n + dgn(y)(V{—-1) = 0
pt=0) = y.

Numerically, we use the following formulation
[31]

(3D

- # S
ot = 0) = ¢.

and

Ly _
N e AR @

Yt =0) = v

We solve for the steady state solutions to these
equations using fourth order TVD Runge—Kutta
[29] in time and Godunov’'s scheme [27,33] com-
bined with third order WENO [26] in space. We
iterate these equations severa steps using half of
the Courant—Friedrichs-Levy (CFL) number (i.e.
the numerical stability limit) of the fourth order
TVD Runge Kutta method [29] as the time
increment. We solve for the new level set func-
tions ¢ and i at each time step for use in solving
the evolution equation (16).

4.2.2.2. Perpendicular zerolevels Theoretically,
the following equation resets the zero level of ¢
perpendicular to that of v [20,32]

- Vv -~
b + sgn(w)ﬁ-w =0

ot=0)=¢

(34)

The numerica formulation is

4 Vy v
Y2+ [VyPde | [VyP + de
ot=0 =9 (35

o +
v

We solve for the steady state solution to this
equation using fourth order TVD Runge-Kutta
[29] in time and third order WENO [26] for the
upwind one-sided derivatives of ¢. The gradient of
v in the equation is computed using the average
of the third order WENO [26] derivatives on both
sides. We iterate this equation severa steps using
half of the CFL number of the fourth order TVD
Runge—Kutta method given in Ref. [29] as the
time increment.

Similarly, the following eguation resets the zero
level of y perpendicular to that of ¢:

- . Vo _ .
+ sign(¢)——Vy =0
¥ + Sig (</>)IV o vV (36)
pt=0) =y
and the numerical formulation is
- \Y
0 Y gy
V8% + VPP ||VoP2 + o
Pt=0) =y (37)

We implement it the same way as we do for the
equation for ¢.

We perform this perpendicular resetting pro-
cedure once several time steps for solving the evol-
ution equation (16).

4.2.3. Visualization

The plotting of the dislocation line configur-
ations is complicated by the fact that the dislo-
cation lines are determined implicitly by the two
level set functions. We use the following plotting
method, described in more detail in Ref. [20]. Each
cube in the grid is divided into six tetrahedra.
Inside each tetrahedron, the level set functions ¢
and y are approximated by linear functions. The
intersection of the zero levels of the two linear
functions is a line segment inside the tetrahedron
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if the intersection is not empty (i.e. we need only
compute the two ending points of the line segment
on the tetrahedron surface), see Fig. 2. The union
of al these segments is the dislocation configur-
ation.

4.2.4. Velocity interpolation and extension

We use a smeared delta function (rather than an
exact delta function) to compute the self-stress of
the dislocations in order to prevent the self-stress
from being singular on the dislocations. The region
near the dislocations where the smeared delta func-
tion is not equal to zero is the core region of the
dislocations. The leading order of the self-stress
near the dislocations, when using a smeared delta
function, is of the order 1/e, where ¢ is the dislo-
cation core size. This O(1/¢) self-stress near the
dislocations does not contribute to the motion of
the dislocations (it has the effect of expanding the
core region). We remove this contribution to the
self-stress by a procedure which we call velocity
interpolation and extension. We first interpolate the
velocity on the dislocation line and then extend the
interpolated value to the whole space using the fast
sweeping method [34].

In the velocity interpolation, we use a method

Fig. 2. A cube in the grid, a tetrahedron ABCD and a dislo-
cation line segment EF inside the tetrahedron. Point G is on the
segment EF and the length of CG is the distance from the grid
point C to the segment EF.

similar to that used in the plotting of dislocation
lines. For any grid point, the dislocation line seg-
ments in its nearby cubes can be found by the plot-
ting method. The distance from this grid point to
the dislocation line is the minimum distance to any
dislocation segment. The remainder of the pro-
cedure is most simply described by consideration
of the example in Fig. 2. The distance from the
grid point of interest, point C, to the dislocation
line is the distance from C to the segment EF. We
can locate a point G on the segment EF, such that
the length of CG is the minimum distance from C
to EF. We know the velocity on the grid points of
the cube in Fig. 2. We compute the velocity on
the points E and F by trilinear interpolation of the
velocity on these grid points. Then, we compute
the velocity on the point G using a linear interp-
olation of the velocity on E and F. The velocity of
point C is approximated as that on grid point G.
In summary, velocity interpolation alows us to
calculate the velocity associated with any grid
point as the velocity of the nearest point on adislo-
cation segment in adjacent cubes (if one is
present).

The trilinear interpolation can be described as
follows. Assume we have grid points
(X 112 + 10Z +1,) and the veloCity Vi .y j + 1,k + 15 0N
them, where |, |,, I; =0, 1 for some i, j, k. The
trilinear interpolation of v on a point (X, Yy, 2) is
given by

1

WA =g S kS G
where o

%, =1+ (2|1—1)<2(Xd;*)—1>

§i, = 1+ (2,— 1)(2(yd;”)—1> (39)
Z,=1+ (2|3—1)(2(Zd_zz<)—1).

Bilinear and higher order interpolations have
been used in other level set method applications
[35,36].

To extend the velocities calculated at grid points
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neighboring the dislocation lines, we employ the
fast sweeping method [34,36-38]. The fast sweep-
ing method is an agorithm for obtaining the dis-
tance function to the dislocations at all gridpoints
from the distance values (obtained as described
above) at gridpoints neighboring the dislocations.
Velocity extension is incorporated into this algor-
ithm by updating the velocity at each gridpoint
after the distance function is determined such that
the velocity is constant in the directions normal to
the dislocations (the gradient directions of the dis-
tance function).

4.2.5. Initialization
Initially, we choose the level set functions ¢ and
v such that

1. The intersection of their zero levels gives the
initial configuration of the dislocation lines;

2. ¢ and v are signed distance functions to their
zero levels, respectively;

3. The zero levels of ¢ and w are perpendicular to
each other.

Though we solve the elasticity equations
assuming periodicity, the level set functions are not
necessarily periodic and may be defined in aregion
smaller than the periodic simulation box.

4.3. Outline of the algorithm

Finally, we summarize the steps of our algor-
ithm as follows:

Step 1. Initialize the level set functions ¢ and .

Step 2. Compute the tangent vector £ and the delta
function 6(y) from the level set functions
¢ and y using Egs. (21) and (28).

Step 3. Compute the self-stress tensor {o;} using
Eq. (27) and a FFT.

Step 4. Compute the velocity field using Egs.
(11)—13).

Step 5. Perform velocity interpolation and exten-
sion.

Step 6. Update level set functions ¢ and y using
Eqg. (16).

Step 7. Reinitiaize the level set functions ¢ and
v as signed distance functions at each

time step using Egs. (32) and (33); reset
their zero levels perpendicular to each
other using Egs. (35) and (37) after severa
time steps.

Step 8. Plot the dislocation lines as required for
visualization.

Step 9. Repeat step 2 through 8.

5. Examples

In this section, we present several example
applications using the level set method for dislo-
cation dynamics proposed above. The simulations
were performed within simulation cells that were
| x| x| (wherel =2, except as noted) in arbitrary
units. The stresses are scaled by Gb/2l, al
mobilities are normalized by the glide mobility my,
and the time is scaled by 4l/Gb*m,, where b is the
magnitude of the Burgers vector. We assume per-
iod boundary conditions and discretize the simul-
ation cell into 64 x 64 x 64 grid points, except
where noted. We set the Poisson ratio v = 1/3 and
the climb mobility m. = 0 except where noted. The
simulations described in the next subsection, per-
formed with these parameters, required less than 5
h on a persona computer with a450 MHz Pentium
I microprocessor. The computational efficiency is
independent of the absolute value of the glide
mobility or the absolute value of the grid spacing.

5.1. Prismatic loop shrinking under its self-stress
by climb

At high temperature, a prismatic loop (Burgers
vector perpendicular to the plane containing the
loop) will shrink under its own self-stress by climb
(assuming m. > 0). The leading order term in the
force that tends to shrink the loop is [3,22]

Gb? 4
a0 (40)

where k is the curvature of the loop and € is the
core radius. For a circular prismatic loop, thisis

Gh2 1 4R
a1—v) R%¢ (41)
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where R is the radius of the circular loop.

Fig. 3 shows a circular prismatic loop shrinking
under its own self-stress by climb. The Burgers
vector b is in the z direction. (Recall that our
choice of Burgers vector is arbitrary and that the
orientation of the coordinate system used to
describe the simulation cell may be different than
the orientation of the traditiona crystal coordinate
system.) The initia loop is a circle with radius r
= 0.7 in the x-y plane. We choose time step dt =
0.0001 and plot the loop every 100 time steps.
Note that the rate a which the loop shrinks
increases in time (i.e. with decreasing radius), as
expected based upon the driving force dependence
on the loop radius (see Eq. (41)). The loop eventu-
aly disappears.

5.2. Glide loop expanding under an applied
stress

A glide didocation loop (i.e. aloop in the plane
containing the tangent vector of the dislocation and
the Burgers vector) will shrink under the action of
its self-stress, in the absence of an applied stress.

-1 L L L L L L L L L
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

X

Fig. 3. A prismatic loop shrinking under its self-stress by
climb. The Burgers vector b is pointing out of the paper. The
loop is plotted at uniform time intervals starting with the outer-
most circle. The loop eventually disappears.

The leading order term in the shrinking force is
[3,22]
Gb?

m[(l + v)cos?0 + (42)

(1-2v)s nze]Klogi
EK

where k is the curvature of the loop, € is the core

radius, and 6 is the angle between the tangent vec-

tor of the dislocation and the Burgers vector.
The leading order shrinking force for the pure

edge segments of the dislocation loop is

Gb? 1-2v 4

I 1y Klog?. (43)

That for the screw segments of the loop is

Gh?21+v 4
a1y %, (44)

For v = 1/3, the shrinking force on the screw
segments exceeds that on the edge segments.
Therefore the sections of the loop in the screw
orientation shrink faster than those in edge orien-
tations when they have the same curvature.

The glide dislocation loop can expand in its dlip
plane provided that a sufficiently large externa
stress is applied. The leading order term in the
expansion force is

2

Gb
Tb_m[(l + v)cos?0 + (45)

4
— i N2,
(1-2v)sin G]Klogg—K

where 0 is the angle between the tangent vector of
the dislocation and the Burgers vector and 7 =
o,, is the applied shear stress (see Fig. 4). The
expansion force on the screw segments is smaller
than that on the edge segments, at fixed curvature
and applied stress. Therefore, an initialy circular
loop should expand slower in the direction parallel
to the Burgers vector than in any other direction.

Fig. 4 shows the simulation results for a dislo-
cation loop expanding in its slip plane under an
applied stress and the self-stress. The loop isin the
x-y plane (the z direction is pointing out of the
paper), the Burgers vector b is in the x direction
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Fig.4. A didocation loop with a Burgers vector b in the x
direction expanding in its slip plane under an applied stress
o, # 0 (the z direction is pointing out of the paper). The loop
is plotted at uniform time intervals starting from the innermost
circular loop.

and the tangent vector rotates along the loop in the
clockwise direction. The applied shear stress o,,
= 7.5, while the other components of the applied
stress are 0. Initialy, the loop is a small circle with
radius r = 0.15. We choose the time step to be
dt = 0.0001 and plot the loop every 100 time steps.
The loop expands and elongates in the direction
of the Burgers vector, as expected based upon the
discussion above.

5.3. Didlocation loop expanding under an
applied stress: general case

While the previous two cases considered pure
climb and pure glide dislocation loop geometries
in which the loop remained planar, the evolution
of aloop under an arbitrary applied stress need not
aways move in the initial plane of the loop. Fig.
5(a) shows the expansion of an initially planar, cir-
cular loop under the action of an applied stress
with non-zero components o,, = 2.5, which tends
to expand the loop, and o,, = 4.0, which tends to
move it out of the xy plane. Only the screw seg-
ments of the loop move out of the initial plane of

the loop. Although there is a finite force on the
non-screw oriented segments, they cannot move
out of the dlip plane because the dislocation
mobility in such directions is zero (see Eq. (25)).

At high temperatures, the non-screw compo-
nents of a dislocation can move out of their slip
plane by climb. Fig. 5 shows a ssimulation of the
expansion of the dislocation loop under a range of
different climb mobilities. Fig. 5(a) corresponds to
the extreme case of m,/my = 0. In this case, only
the screw part of the dislocation can move out of
the dip plane by cross-dip. Fig. 5(€) shows the
extreme case of the climb mobility equal to the
glide mobility m./my = 1. In this case, the screw
segments cross-dlip and the non-screw components
climb out of the dlip plane. The loop appears to
rotate as it expands. Fig. 5(b)—(d) show intermedi-
ate cases where the degree of climb of the edge
components vary.

5.4. Didlocation intersections

We now examine the case of the intersection of
pairs of perpendicular dislocation lines for two
relatively ssmple cases. Fig. 6 shows the intersec-
tion of a straight edge dislocation with Burgers
vector b parallel to the x-axis and line direction
parald to the y-axis and another straight edge dis-
location with the same Burgers vector and the line
direction paralel to the z-axis. The first dislocation
line is driven towards the second by an applied
stress o,,. A dislocation reaction occurs when they
meet, temporarily joining half of one dislocation
with half of the other. As the two halves which
originaly belonged to the first dislocation continue
to move forward, they rejoin and the two halves
of what was originally the second dislocation aso
rejoin. (The level set method represents the two
dislocations at the point of intersection by two 90°
dislocations. Thisis equivalent to a pair of perpen-
dicular intersecting dislocations. The choice of rep-
resentation is arbitrary.) This procedure looks like
the first dislocation cutting through the second one.
This cutting should produce Burgers vector size
kinks in dislocations. However, kinks cannot be
resolved in the continuum model. Nonetheless, the
barrier to form kinks is reproduced, as indicated
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Fig. 5. Aninitialy circular glide loop, with a Burgers vector b in the x direction, expanding under a complex applied stress (o,
= 2.5 and oy, = 4.0) with mobility ratios m/m, of (a) 0, (b) 0.25, (c) 0.5, (d) 0.75 and (e) 1.0. The loop is plotted at regular intervals

in time (every At = 0.02).

by the cusps in the dislocation lines formed as one
dislocation cuts through the other.

Fig. 7 shows the intersection of two straight
screw dislocations with different Burgers vectors
b, and b,, respectively. The directions of the two
dislocation lines are the same as those in Fig. 6.
The Burgers vector b, is parallel to the y-axis and
the Burgers vector b, is parallel to the z-axis. Dis-
location 1 moves towards dislocation 2 under the

applied stress oy,. One pair of level set functions
is used for each unique Burgers vector (two in this
case): dislocation 1—¢, and v, and dislocation 2—
¢, and y,. Accordingly, we describe the elastic
fields using Eq. (6) rather than Eq. (5). Moving
screw dislocation 1 cuts through dislocation 2. In
an atomistic view, this cutting operation leaves
kinks on each of the screw dislocations, which are
not resolved here. The cutting distorts both dislo-
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(a) (b)
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Fig. 6. Intersection of two initially straight edge dislocations
with the same Burgers vector b. The dislocation that is initially
parallel to the y-axis, is driven in the +x-direction by an applied
Stress o,

cations and acts as alocalized barrier to the motion
of didocation 1.

Admittedly, these two examples are rather sim-
ple compared with the types of intersections and
junctions (e.g. Lomer locks) that occur in the
dynamics of large dislocation ensembles. We will
present a more complete analysis of junction
formation/dislocation intersections in a sub-

sequent paper.

5.5. Frank—Read source

A Frank—Read source is one of the classic dislo-
cation multiplication mechanisms [39]. We simu-
late the Frank—Read source in a4 x 4 x 2 simul-
ation cell that is discretized into 128 x 128 x 64
grid points. The initia configuration is a rectangu-
lar loop in the y—z plane, as shown in Fig. 8(a).
The Burgers vector is parallel to the x-axis and a
stress o, is applied. We operate the Frank—Read
source under zero climb mobility conditions, such
that only the initially horizontal segments are

(a)

/

Fig. 7. Intersection of two initially straight screw dislocations
with Burgers vectors b; and b,. Dislocation 1 is driven in the
direction of the x-axis by the applied stress o,,.
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Fig. 8. Frank—Read source. (&) Initia configuration. (b) Con-
figuration after some time.

mobile (i.e. the dislocation can glide only in x-y
planes). In order to avoid the effects of the very
large forces near the corners of the loops, we fix
the level set functions near the immobile vertical
segments. Fig. 8(b) shows a three-dimensiona
configuration at some time during the expansion of
the Frank—Read source. The evolution of an
initially horizontal segment in its dip plane is
shown in Fig. 9 (the two end points are pinned).
When the stress is applied, the segment increas-
ingly bows out, until opposite sides of the loop
meet and annihilate. The meeting and annihilation
of opposite sides of the loop is aided by the attract-
ive interaction between these two segments (i.e.
which have the same Burgers vector but opposite
line direction, £). The result of this process is the
formation of a large loop with a dislocation seg-
ment, similar to the initial one, inside. This seg-
ment then bows out under the applied stress and
the entire process repeats itself, thus generating a
series of concentric dislocation loops.

(a) (b)

Fig. 9. Simulation of the Frank—Read source. The configur-
ation in the dlip plane is plotted at different times during the
evolution.

5.6. Didlocations bypassing particles

We applied the simulation procedure described
above to dislocation dynamics in the presence of
an array of impenetrable particles. A critica
applied stress exists beyond which a dislocation
can bypass the array of particles. Thisisthe source
of particle strengthening of metals. The value of
this critical stress depends upon the particle bypass
mechanism. Classicaly, dislocations can bypass
impenetrable particles by either leaving (Orowan)
loops behind as the dislocations glide pass the par-
ticles [40] or by cross-dlip [41,42].

We assume that the particles exert short-range
repulsive forces on the disocations. This short-
range repulsive force relaxes the hard core repul-
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sion that would occur if the dislocation did not
sense the particle until it reached the interface. In
nature, such forces are the rule, rather than an
exception and can be associated with such
phenomena as misfit stresses, interaction associa
ted with elastic heterogeneity or core
compression/changes as the dislocation approaches
very close to a particle. We assume a repulsive
force of the form

A
i—8p C (46)
where r is the distance from a point on the dislo-
cation line to the center of the particle. More pre-
cisely, for a spherical particle with radius R, we
choose a repulsive force with hard core repulsion
and a cut-off at large dislocation—particle separ-
ation:

+ oo, if r=R/2

Gh?( (1.5R)® .

ol ((r—O.SR)3 l), if RI2<r=2R (47)
0, if r>2R

where we recall that | is the dimension of one edge
of the simulation cell.

Numerically, in the velocity interpolation pro-
cedure, if there are dislocation segments in the
cubes adjacent to a grid point, we compute the
repulsive force (Eg. (47)) acting on the nearest
point on the dislocation to this grid point and add
it to the total force. We then extend the velocity
defined near the dislocations to the whole space by
velocity extension.

We study the critical applied shear stress for an
initially straight dislocation to bypass a regular
array of particles. When a dislocation line cannot
bypass the particles, it will reach an equilibrium
configuration. We assume the equilibrium state is
achieved if the averaged velocity of the dislocation
v, over a long time (10,000 time steps in the
simulation) is less than 0.002 of the initial velocity
of the straight dislocation. The averaged velocity
v, is defined as

(loR—0R| + [wR—wil)

|¢i(JJ|‘()\<dx, |y/i(jlk)\<dx
Va N H
(48)

where the subscript ijk is the index of the grid
point, ¢ and yiR are the values of the level set
functions on the grid point ijk at a particular time,
o2 and Y@ are the values of the level set functions
on the grid point ijk at a later time, N is the tota
number of grid points where |¢(R| < dx and |y
< dx. A similar definition of the equilibrium state
was used in level set method calculations of two
dimensional, multiphase motion [38].

5.6.1. Bypassing mechanisms

5.6.1.1. Orowan mechanism Fig. 10 shows a
simulation of an edge dislocation bypassing a lin-
ear array of spherical particles that are coplanar.
The didlocation approaches the particle array and
then bows out between the particles. The two dislo-
cation segments on the sides of the particle are
elastically attracted to each other (recall that they

|
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Fig. 10. An edge dislocation bypassing a linear array of par-
ticles, leaving Orowan loops around the particles behind. The
Burgers vector b is in the x direction. The applied stress o,
# 0, where the z direction is pointing out of the paper. The
glide plane of the dislocation intersects the centers of the par-
ticles.
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have the same Burgers vector but opposite line
directions). These two segments annihilate one
another, leave behind a dislocation loop as the dis-
location moves on. This is exactly the classica
Orowan [40] mechanism for bypassing particles.
Similar simulation results were obtained for a
screw dislocation bypassing a linear array of
spherical particles in the same plane.

5.6.1.2. Cross-dip In 1957, Hirsch suggested
[41] that dislocations can also bypass particles by
cross-dip. A detailed description of this mech-
anism was provided by Hirsch and Humphreys
[42]. We examined this cross-dlip bypassing mech-
anism using our level set method. Figs. 11 and 12
show such a bypass process for the case in which
the plane along which the dislocation would glide
in the absence of particles does not contain the cen-
ters of the particles.

Fig. 11 shows an edge dislocation bypassing a
particle by cross-slip. The edge disocation
approaches the particle under the action of the
applied stress. The dislocation begins bowing
between the particles until two segments are ori-
ented perpendicular to the initia line direction.
These segments are screws. The screw segments
cross-dlip over the top of the particle and annihilate
each other there. Since the edge segments cannot
cross-dip, a non-glide loop is left behind the par-
ticle. The resultant loop is canted with respect to
the loops in Fig. 10 (i.e. where the particle center
and dislocation are exactly coplanar such that there
is no glide force out of the plane).

Fig. 12 shows a screw dislocation bypassing a
particle by a combination of Orowan looping and
cross-dip. The screw dislocation approaches the
particle under the action of the applied stress and
begins to bend around the particle. The segments
that begin to bend have at least partial edge charac-
ter and cannot cross-dip. On the other hand, the
segment behind the particle, remains in screw
orientation and begins to cross-dlip over the par-
ticle under the applied stress and its interaction
with the non-coplanar particle. At the same time,
the dislocation continues to bend around the par-
ticle and pinches-off an Orowan loop. Since this
loop does not lie in the plane containing the par-
ticle center, the screw segment formed when the

—_
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Fig. 11. An edge dislocation bypassing a particle by the
Hirsch mechanism through cross-dlip. The top set of panels
show a three-dimensional view, while the bottom set is viewed
from above (i.e. looking in the —z direction). The Burgers vec-
tor b isin the x direction, the applied stress is o,, # 0, and the
initial edge dislocation glide plane is above (in the +z direction)
the particle center.
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Fig. 12. A screw dislocation bypassing a particle by a combi-
nation of Orowan looping and cross-dlipping. The top set of
panels show a three-dimensional view, while the bottom set is
viewed from above (i.e. looking in the —z direction). The Burg-
ers vector b isin they direction, the applied stress is o, # O,
and the plane in which the screw dislocation would glide in
the absence of the particle is above the particle center (in the
+z direction).

Orowan loop pinches-off begins cross-slipping
over the top of the particle. The screw segments
from in front of and behind the particle are
attracted toward each other and annihilate. This
leaves behind two dislocation loops on the two
sides of the particle. These are non-glide loops.

Our simulations agree with and confirm the pre-
diction of the cross-dlip bypassing theory.

5.6.2. Critical applied stress

In addition to showing the bypass mechanism, a
successful method for simulating dislocation
motion should also be able to quantitatively predict
the critical applied shear stress for a dislocation to
bypass a particle array. We examined the critical
stress for an edge dislocation bypassing an array
of spherical particles of diameter D = 0.2 that is
periodic in the x, y and z directions. The initial
straight dislocation is parallel to the y direction and
has a Burgers vector in the x direction. The bypass
criterion was as described at the beginning of this
section. We performed a series of simulations, in
which we varied the applied stress in a binary
search to determine the critical applied stress.
Simulations were performed for several values of
the inter-particle separation L, see Fig. 13.

o

D i@
L

@

Fig. 13. A schematic illustration of the geometry used to
determine the critical applied stress. The inter-particle separ-
ation L and the particle diameter D are indicated.



Y. Xiang et al./ Acta Materialia 51 (2003) 5499-5518 5517

The critical stress for an edge dislocation to
bypass the particles by the Orowan mechanism can
be approximated as [17,40,43]

T = Hl Oga (49)

where D, is the harmonic mean of L and D
D,=D*+LY? (50)

and r, is the inner cut-off radius, associated with
the dislocation core.

Fig. 14 shows the critical stress required for the
dislocation to bypass the particle array (in units of
Gb/L) versus log(D/ry) The data points represent
the simulation results and the straight line is the
best fit to our data using Eq. (49).* Excellent agree-
ment between our simulation results and the theor-
etical estimate is achieved. This suggests that the
proposed dislocation dynamics simulation pro-
cedure can be employed to make quantitative pre-
dictions.
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Fig. 14. The critica stress plotted in the unit Gb/L against
log(Da4/ro).

1 Due to the detailed form we chose for the repulsive interac-
tion between dislocations and particles (Eq. (47)), the effective
diameter of the particles is D = 0.26, rather than D = 0.2.

6. Summary

We have proposed a novel three-dimensional
level set method for dislocation dynamics, in
which the dislocation lines are represented by the
intersection of the zero levels of two three-dimen-
sional level set functions. The evolution of the dis-
location lines is implicitly determined by the evol-
ution of the two level set functions. Linear
elagticity theory is used to compute the elastic
interactions between dislocations. The eguations
describing the elastic behavior were solved using
the fast Fourier transform FFT method with per-
iodic boundary conditions.

Since the level set method does not directly track
the motion of individual dislocation line segments,
it can easily handle topological changes that read-
ily occur during the evolution of dislocation micro-
structures. Our level set method naturally incorpor-
ates inherently three-dimensional motion of
dislocations, thereby accounting for cross-slip and
climb. Relative glide and climb mobilities can be
fixed arbitrarily, as necessary for capturing tem-
perature-dependent behavior. Numerical
implementation of the level set method was
through simple and accurate finite difference
schemes on uniform grids.

Simulation examples using our method show the
glide, cross-dlip and climb of dislocation loops
under applied and/or self-stresses, the intersection
of dislocation lines, and the operation of a Frank—
Read source. In the presence of impenetrable par-
ticles, our simulations show that the dislocation can
bypass the particles by Orowan loop mechanism
or the combination mechanisms of Orowan loop
and cross-dip. An example of the relationship of
the critical bypassing applied stress against the par-
ticle size and inter-particle distance is quantitat-
ively studied. All these simulation results agree
very well with the theoretic predictions and the
results obtained using other methods.
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