Homework #4

1. Consider the ODE
wW=-=3u+t tel2]

u(l) = —1
(a) Use Backward Euler’s method:
Ui —U;
% = —3Uit1 + tina

with stepsize h = 0.2 to write down the discretized function approximating the
solution u as a vector.

2. Draw the grid where z € [—1,1] and t € [0, 1] with stepsizes Az = 0.2 and At = 0.1
and circle the points corresponding to (zo,t4), (x3,t5), (x7,t4), and (o, tg).

3. Lay down a grid for x € [—1,1] and ¢ € [0, 1] with stepsizes Az = 0.2 and At = 0.1.

For each of the following functions u(z,t), find the values of ug, u3, us, and ug.

(a) u(z,t) =2z —t.
(b) u(z,t) =1+ 2+ 2.

(¢) u(z,t) = e'sin(mx).

u,(1,2) using first order forward differencing with stepsize 0.01.

) )

(b) u,(1,2) using first order backward differencing with stepsize 0.01.
) u.(1,2) using second order central differencing with stepsize 0.01.
)

Uz (1,2) using second order central differencing with stepsize 0.01.

5. Let u(z,t) = va? + t2. Approximate the following derivatives.
(a
(b

(c
(d

u:(1,2) using first order forward differencing with stepsize 0.01.
u(1,2) using first order backward differencing with stepsize 0.01.

u(1,2) using second order central differencing with stepsize 0.01.

)
)
)
) u(1,2) using second order central differencing with stepsize 0.01.

6. Consider the discretized uf corresponding to the function u(z,t) at a point (z;,t,) of
a grid. For the following PDE’s in u at (x;,t,), find an approximate equation in terms
of the discretized values of u.

(For example, if for w; — u, = =z, at (z;,t,) we may write down the approximate
equation

n n—1 n
u” — u” u” i1

J J gl
At 2Ax
using first order backward differencing for the time derivative and second order central

differencing for the space derivative.)




(a) us + 2u, = u?.
(b) u; = Bug, + sinw.

(c) wy = duy, — €”.

7. Consider the PDE

10.

U = Ugy

for € [0,1] and ¢ € [0,1].
boundary conditions (0, t)
using Az = 0.2 and At = 0.

Consider the initial condition u(z,0) = cos 27z and the
=u(l,t) = 1. Let U} be our approximation over the grid
02 Wlthj—0,1,2,345andn—0,1,...,50.

e What can we take for the values of U ]Q? What about U§ and U}?

e Write down the approximation scheme using first order forward differencing in
time and second order central differencing in space at the point (z;,%,).

e Calculate U} for j =1,2,3,4.

. Download “pdeproblem.m” from the course website. You can run the program in

Matlab, for example, by
> [x,U] = pdeproblem(5,20);

to get the approximation U to the PDE in the previous problem. You can plot U at
different times by

>> plot(x,U(1,:))
>> plot(x,U(2,:))

or even
>> plot(x,U(end,:))

Run the program with a grid with 50 subdivisions for 1000 time steps and print out
the plot of the solution at the end time.

Modify your Matlab program in the previous problem to use At = Az instead of Az?/2.
Observe the graphs of U for n =0,1,2,...,10. What happens to the approximation?

Modify your Matlab program in the previous problem back to using At = Az?/2.
Then use the approximation
jre — 20U + UY
Ax?
for the space derivative u,, (your result in HW#3, problem #3). Also set U = 1
whenever j > N. Observe the graphs of Ul for n = 0,1,2,...,10. What happens to
the approximation?




