THE FOURIER TRANSFORM

The Fourier transform F : f — f is defined to be
(1) fO) = | e de

The Fourier transform is invertible, in fact we will prove Fourier’s inversion formula:

(2) fla) = (O da

The Fourier transform makes sense for a very general class of functions and even
distributions. However, it is natural to first define it for a more restrictive class
and afterwards extend the definition by continuity. This is the Schwartz class S
consisting of all infinitely differentiable functions that are rapidely decreasing:

sup |27 9% (z)| < oo

for all multi-indices o and 3. The importance of this class is that 7 : S — S.
which follows from the following identities for the Fourier transform:

(3) F:0if(x) = i&f(€),  Frajfx) —id;f(€)

which follows from integrating by parts in (1) respectively differentiating below the
integral sign. Note also that by changing variables we get a another simple property

(4) F: flax) = a™" f(¢/a)
The proof of (2) uses:

Lemma 1.

(5) Frelexl?/z (27{')”/2@_”6_'5/(1'2/2

Proof. Let ¢(x) = e=1e1"/2 Since (0; + z;)é(x) = 0 it follows from (4) that (:£; +
za,)qg(f) = 0. This differential equation has the solution qg(.f) = cpe167/2 50 it only
remains to calculate ¢,. However, by (1) ¢, = qg(O) = fe_|x|2/2 dx. If n = 2 this
integral can easily be calculated by introducing polar coordinates fR2 el /2 gy =
27 [ e~ /2y dr = 2x. In general we can write Jgn el /2 4y = (J e=e1/2 dry)"
and fR e~ T1/2 dry = (fR2 e~lel*/2 d:}(;)l/2 SO ¢ = (27r)"/2. O

Lemma 2. If ¢ € S set ¢.(x) = ¢(x/c)/e™, then
/f d:z;—/fex z)dx — f(0 /q§ e—0, for fes

Proof. Since |f(ex) ¢(x)| < sup, |f(y)]|o(z)| the lemma follows from the theorem of
Dominated converge. It is also easy to prove directely; since
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|fex) ¢(x) — f(0)o(x)] < esup, |[y|f'(y)||6(x)| the difference of the two integrals
is bounded by Ce. O

We also have
(6) [évic= [oban sves
In fact, both sides of (6) are equal to the double integral
/ / B (€) e dude

Note now that it sufficies to prove (2) for & = 0 since its translation invariant.

Using (7) and (5) gives
[ éta) fenrds = [ote) fe) g
By Lemma 2 we get as ¢ — 0
[ étarae s0) = ooy [ ey ae
Picking ¢(z) = e~17I"/2 we get from Lemma 1 and its proof that [ ¢(z)dz = (27)"

and Fourier’s inversion formula (2) follows. Using Fourier’s inversion formula and
(6) we get Parseval’s formula

(7) / B()b(x) di = / BE)E) de

In particular;

1 X
2 d — / 2 d
[ 1o as = o [1aeP ac
which shows that F: L? — L2. Tt also follows from (3) that

n 9 _ 1 " 5 ) B 1 - ,
> [l ir = oz fiedter ac = s [epvioras

It is now natural to define the Sobolev norms

(8) 6] re = \//(1 + [€12)*9(6)? dé

For integer values of s this corresponds to L? norms of derivatives of ¢, but the
norm makes sense and is usefull also for real s. This shows that there is a reltion
between decay of the Fourier transform and regularity of the function.

Let the convolution be defined by

Kgle) = [ K-y = [ K =gl dy
We have
(9) F:frg—fi



SOME DISTRIBUTION THEORY

Let C§°(R™) (or D ) denote the set of infinitely differentiable functions that have
compact support. The seminorms

,Oa,K(¢) = sup |aa¢(x)|7

reEK

where K is any compact subset, makes C§° into a topological space, a Freche’ space.

Definition. Let D' denote the dual space of C§°, i.e. the space of all continuous
linear functionals : C§® — C. D’ is called the space of distributions.

Recall that a linear map L : C§° — C is continuous means that L(¢,) — L(¢),
if ¢, — ¢ in C§°. The later statement means exactly that po x(¢n — ¢) — 0 as
n — oo for every fixed o and K. However, since L is linear it is equivalent to only
assume continuity at ¢ = 0. Moreover, using the principle of uniform boundedness,
this is equivalent to that for every compact set K there exists C' and N such that

Lé)<C Y supla®@o(e),  supps C K

| |<N1:€A

If f is a distribution we will write (f, ¢) for what we just called L(¢). A bounded
function can be viewed as a distribution given by (f, ¢) = [ fo dx. Infact | [ fo dz| <
[ 1f]dz sup, |¢(x)|. Evenif f is a distribution which is not a function we will some-
times use [ f¢ dx to denote (f, @), keeping in mind that it is to be interpreted as a
continuous linear functional and not an integral.

We have just seen that functions are distributions. Moreover, any derivative of
a function is a distribution even if the function is not differentiable in the usual
sense. In fact one of the main motivations to introduce distributions is to generalize
the concept of derivative to all functions. We simply define the derivative of a
distribution f by

J@nsds= v [ 1o

This obviously defines a distribution and it agrees with the usual derivative if f is
smooth by integrating by parts.

Moreover, any weak limit of a distribution is a distribution. We say that f, — f
weakly 1f

/fn¢dx—>/fq$d:1;, pes

In fact, any distribution f is the weak limit of a sequence of f, € C§°. If f has
compact support then the convolution fn(x) = ¢1,, * f(2) = [ f(y)d1/n(x —y)dy
is well defined if ¢.(x) = ¢(x/e)/c™ and ¢ € S. Its easy to show that f, € C™
and that f, — f weakly. Moreover, it follows directely from the definitions that
0%fn —0%fif frn — f.

The simplest example of a distribution which is not a function is the ”delta

function” at a 64(x) = 6(x — a) defined by

/ b(x)6u(x)dz = §a), b€ S
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It is a distribution since it satisfies [(é4, ¢)| < sup, |¢(«)|. Physically one should
think of the delta function as a point charge; é,(x) = oo when @ = a and 6,(x) =0
when @ # a in such a way that the total change is [ §,(2)dz = 1. Another way
to think of the delta function is as a limit of a the sequence ¢.(x) = ¢(x/e)/e™,
with [ ¢ dz =1 as in Lemma 2. A third interpretation of the delta function in one
variable is as the derivative of the step function: For x € R define the Heavyside
function H by H(xz) =1 for > 0 and H(xz) = 0 for © < 0. Then in the sense of
distributions H'(x) = 6(x). In fact

[ @t = [ B @ e =~ [T d@rdr = o0, ses

Note that

Note that multiplication of distributions is not always defined. E.g. we can’t
multiply 6(x) with itself. In fact, if this was possible then since é(x) is the limit
of ¢.(x) = ¢(x/e)/e™ §(x)* would be the limit of d.(2)* = ¢(x/e)?/e*". However
[ é(2)?de = [é(x)*dr/s™ — oo as ¢ — 0. However, if f is a distribution
and v is a smooth function then the product uf makes sense and is defined by
(uf, ¢) = (f, ug).

Problem 1:

Problem 2: If t € R and f € C*®(R), f(0) = 0, f(t) # 0 when ¢t # 0 and
1'(0) # 0 then

andif x € R™

o(ax) = o(x)

- al”

The Fourier transform of a distribution f is defined through duality using (7)
and the fact that 7: S — S:

<f.o>=<f.6>

In order for the right hand side to be well defined we must assume that f is a
tempered distribution, i.e. a continuous linear functional on & with respect to the
seminorms

pa,s(9) = sup |27 0% (x)|
Then

(10) F:ba(x) — eTta€



SOME FUNDAMENTASL SOLUTIONS USING FOURIER TRANSFORM
Let us first consider the transport equation
(11) Opu(t, x)+0pu(t,z) =0,
(12) u(0,2) = g(x)

Let @(t,€) = [u(t,x)e™ "¢ dz be the Fourier transform of u(t, ) with respect to x
for ¢ fixed. Then

(13) dra(t, €)+igu(t, §) =

(14) a(0,£) = g(¢)

Solving the PDE (11)-(12) now reduces to solving the ODE (13)-(14) for fixed ¢:
(15) a(t, &) = eg(¢)

Taking the inverse Fourier transform gives

1

(16) u(t,x) = %/ 26 ~i€lG(€)d¢ = 1

o [ s = gt~ )

One can also obtain the same result directely from (15) using (9) and (10). We
have

K(t,z) = Ky(z) = .7:_1(6_”5) = 6¢(x)
and

(17) u(t,x) = F M e )+ F 1 (§(6) = Kixg(a) = /5(y—t)g($—y)dy = g(z—t)

Note also that by (15) |a(t,£)] = |G(£)| so by Parseval’s formula (7) we get the

energy identity
[t de= [yt s

and more generally ||u(t,-)||g: = ||g||m:. One can now use Ky also to solve the
inhomogeneous problem

Opu(t,x)+0y u(t x) = F(t, ),
u(0,z) =
We claim that u(t,2) = fot us(t,x)ds where u, is the solution of

Orus(t, x)+0pus(t,z) =0,
us(s, ) = gs(x) = F(s,2)

In fact

(O + Or) /t us(t,x)ds = ug(t,z) + /t(at + Oy )us(t,x)ds = F(t,x)
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It follows that is given by a translation of the solution of (11)-(12) so

t
us(t,x) = Ky_s * gs(x) = / /K(t —s,x—y)F(s,y)dyds
0
Let us now look on the heat equation

(18) Oru(t,x) — Au(t,x) =0
(19) u(0,2) =g(x)

taking the Fourier transform a(t,€) = [u(t, ) e "% da gives

(20) atﬁ(tv ‘f) + |‘€|2ﬁ(t7 ‘f) =0
(21) a(0,¢) =4(¢)
Hence
(22) a(t,€) = e~ g(¢)
By Lemma 1 with a = 1/v/2¢
2 1 >
(23) Ki(z)=F e 1) (2) = We—m M >0
and by (9)
(24) ) = Kongle) = [ e gty dy

Problem 3: Prove that u(t,2) — ¢(«), when t — 0.
Let us now consider the Schrodinger equation

(25) iOpu(t,x) + Au(t,z) =0
(26) u(0,2) =g(x)

taking the Fourier transform a(t,€) = [u(t, ) e "% da gives

(27) vt €) — €t €) = 0
(28) (0, ) =4(¢)
Hence

(29) i(t,€) = e (6

By Formally replacing ¢t by it in (23) we get

. 2 1 - 2
r- . —1/ it|€] . i|x| /4t
(30) Ky(x) =F (e )a) = 7(4#@%)"/2 € , t>0



where we interpret i'/? as e™/*, and if we can justify (30) we get
= 1 ile—y|? /4t
(31) ultoe) = Koglo) = [ s () dy

Now for ¢ > 0 it is easy to see by direct calculation that

But
(33) (0 +4) / Kz —y)gly)dy = / (10, + D) E(r — ) gly)dy =0

so (31) is a solution of (25). However, it still remains to prove that Ky*xg(x) — g(),

when ¢t — 0, which requires stationary phase which we will deal with later on.

However, one can also prove that (30) follows from (23) by analytic continuation.
Let us now look on the wave equation

(34) Ofu(t,x) — Au(t,z) =0

(35) U(O, l’) = f(x)v ut(ov l’) = g(l‘)
taking the Fourier transform a(t,€) = [u(t, ) e "% da gives
(36) Ofa(t, &) + |¢[*a(t, ) = 0

(37) a(0,) = f(€). 0¢i(0,€) = §(&)
It 1s easy to see that this second order ODE has the solution
(39) i, €) = cos 1fe]) £6) + T2 g

€l

The inverse Fourier transform of cos (¢|¢]) and sin(#|£])/|£] are not functions but
distributions.

Problem 4 If ¢ € R find the inverse Fourier transform of cos(t|€|) = cos(t§) =
(e + e7"€) /2 and sin (¢[¢])/]¢] = sin(t€)/¢ and use it to obtain the following
integral representation of the solution of (34)-(35):

r+t
u(t,e) == = (f(a + 1)+ flx — 1) + = / g(y) dy

2 /sy

N | —

Problem 5: Show that

Bt )1 + | [€latt, ) = [9(OF + [EIF©F

and use 1t to prove the energy identity

[ it + 3" it de = [loP+ 3101 da
=1 =1



SOME FUNDAMENTAL SOLUTIONS USING DISTRIBUTION THEORY

The fundamental solution E of a partial differential operator P(D) is defined to
be
P(D)E =46

Using the fundamental solution one can solve the equation
P(D)u = F,
In fact w = E x F satisfies
P(DYE+«+F)=(P(D)E)xF=6(+F=F

Let us first derive the fundamental solution of A. Since A is invariant under
rotations we expect E(x) = f(|x]). Since 6 is homogeneous of degree —n in R™ we
expect E to be homogeneous of degree —n + 2. Since the only distribution that is
homogeneous of degree —n + 2 is |2|7"T2 we expect that F(z) = ¢,|z|~""2. The
constant ¢, can be calculated rather easily, using that

9(0) = (8,0) = (AE, ¢) = (E,A¢)

either by using Green’s theorem or just by assuming that ¢(x) also is invariant
under rotations and introducing polar coordinates.
Problem 6: Prove that E(z) = ¢,|z|7""? is a fundamental solution of A and find
Cp-

The fundamental solution for the wave equation

OF =é(t,x), O=20; - A, (t,z) € R**"

is not hard to derive from the symmetries as well. Since [0 is invariant under
Lorentz transformations we expect the fundamental solution E(¢, ) to be invariant
under Lorentz transformations as well, which means that it should be of the form
E(t,z) = f(#* — |z|*), where f is a distribution. Plugging this into the equation
gives after some calculation

(40) Lf"(p) 121+ 1) () =0, p=1* — |al?
when (#,2) # (0,0). This has the solution
flp)= aHp), if n=1
)

(41) flp)= exH(p)p™'?, if n=2
flp) = es6(p), i n=3

The constants can be calculated in the same way as we did for the fundamental
solution of A.

E(t,x)= c«H({t—|z]), if n=1
(42) E(t,x) = cyH(t — |z))(#? — |z|))7/2, if n=2
E(t,x) = c36(t* —|z|»)H(t), if n=3



Problem 7: Show in each case that (41) is a solution of (40).
Problem 8: If n = 3 prove that

(43) 8(t* =[x H(t) = o(t — |z])/2]z]

Problem 9: Prove that E(t,x) given above are fundamental solutions of O and find
the constants c,,.
Using the fundamental solution E for [0 we can now solve the Cauchy problem

Ou(t,z) = F
u(0,2) = f(x), u0,2)=g(x)

In fact let wo(t,x) = u(t,x)H(t) and Fy(t,x) = F(t,x) = H(t) then

Oug(t,z) = Ou(t,x)H(t) = (Ou(t, ) H(t) + 2us(t, 2)6(t) + u(t, )8 (¢)
= F(t,2)H(t)+2u: (0, 2)6(1)+u(0, 2)8" () —us(0,2)8(t) = Fo(t, x)+g(2)8(t)+f(x)d' (¢)
and hence
ug(t,x) = E*(Fo(t,:1;)—|—g(:1;)(5(t)—|—f(:1;)5'(t)> = ExEy+Ex(g(x)(t))+0: Ex(f(x)o(t))
Let us now derive the solution formula if n = 3 in which case E(t,2) = 6(t —
|z|)/47|x| and hence
Problem 10 Show that

(44)
1 Fo(t = lyl,z —y
R L O e e e
Y=~

and that

Bty =t [ 2 as)

w€S2 4:7T

where dS(w) is the surface measure on the sphere S2.



