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1. Introduction

There are many generalizations of the classical Schwarz Lemma on holomorphic
maps between unit balls via the work of Ahlfors, Chen—Cheng—Look, Lu, Mok—Yau,
Royden, Yau, etc. (see [I0] and [23] 28] and references therein). The one obtained
by Royden [23] states:

Theorem 1.1. Let f: M™ — N™ be a holomorphic map. Assume that the holo-
morphic sectional curvature of N, H(Y) < —k|Y|*, VY € T'N and the Ricci curva-
ture of M, Ric™ (X, X) > —K|X|?,VX € T'M with r, K > 0. Let d = dim(f(M)).
Then

2d K

0f2(2) < =5

(1.1)

In [I7], the author proved a new version which only involves the holomorphic
sectional curvature of domain and target manifolds. Recall that for the tangent
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map Of : TiM — T]’c(@N, we define its maximum norm square to be

. af (v)|?
10£13(2) = sup 1L 12)

v#0 |v]
Theorem 1.2. Let (M, g) be a complete Kdhler manifold such that the holomorphic
sectional curvature HM (X)/|X|* > —K for some K > 0. Let (N™,h) be a Kdihler
manifold such that HY(Y) < —k|Y|* for some k > 0. Let f : M — N be a
holomorphic map. Then

K

o7l < X vaen, (13)

provided that the bisectional curvature of M is bounded from below if M is not
compact. In particular, if K = 0, any holomorphic map f : M — N must be a
constant map.

The assumption on the bisectional curvature lower bound can be replaced with
the existence of an exhaustion function p(x) which satisfies that

(Iapl + [\/p—_laap]+) o

The proof uses a viscosity consideration from PDE theory. It is also reminiscent
of Pogorelov’s Lemma [22] (cf. [{, Lemma 4.1.1]) for Monge-Ampére equation,
since the maximum eigenvalue of VZu is the ||-||o for the normal map Vu for
any smooth u. A consequence of Theorem asserts that the equivalence of the
negative amplitude of the holomorphic sectional curvature implies the equivalence
of the metrics. Namely, if M™ admits two Kéhler metrics g; and go satisfying that

lim sup (1.4)

p—00

—Li|X[g, < Hg, (X) < ~Ur| X5, —La|X]g, < Hg,(X) < ~Un| X[y,

g1’

then for any v € T, M, we have the estimates:

o, < DB o, < Z2IE,

This result can be viewed as a stability statement of the classical result asserting
that a complete Kahler manifold with the negative constant holomorphic sectional
curvature must be a quotient of the complex hyperbolic space form. Motivated by
Rauch’s work which induces much work towards the 1/4-pinching theorem and,
the above stability of Kahler metrics it is natural to ask whether or not a Kdhler
manifold M with its homomorphic sectional curvature being close to —1 is biholo-
morphic to a quotient of the complex hyperbolic space. Besides the Liouville type
theorem for holomorphic maps into manifolds with negative holomorphic sectional
curvature, we shall show in Sec. [l further implications of this estimate towards the
structure of the fundamental groups of manifolds with nonnegative holomorphic
sectional curvature.

Before we state another recent result of the author, we first recall some basic
notions from Grassmann algebra [B] 26]. Let C™ be a complex Hermitian space
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(later, we will identify the holomorphic tangent spaces T, M and T}(w)N with C™
and C"). Let A‘C™ be the spaces of f-multi-vectors {v; A -+ A vy} with v; €
C™. Fora =wvi A+ ANvg,b = wy A ---wy, the inner product can be defined as
(a,b) = det({v;,w;)). This endows A*C" an Hermitian structure, hence a norm
| - |. There are also other norms, such as the mass and the comass, which shall
be denoted as | - |p as in [26], and could be useful for some problems. We refer
[26, Secs. 13 and 14] for detailed discussions. Assume that f : (M™,g) — (N™, h)
is a holomorphic map between two Kahler manifolds. Let 0f : 7'M — T'N be the
tangent map. Let A‘Of : AN‘T.M — /\ZT}(I)N be the associated map defined as
AOf(vy A=+ Awvg) = Of (1) A--- A Of(vg). Define || - [|o as

. [A“Of (a)|
IA“Of[lo(x) = sup :
a=vi A Av#0,aENT, M |a|
The notion ||-||p is adapted to be consistent with the comass notion in [26]. By the

singular value decomposition, we may choose normal coordinates centered at xg
and f(zo) such that at zo, df (3%) = Aabiazor. If we order {\o} such that [A;| >

i ot
A2 > -+ > [\l ||A28f||0(:1:0) = |A1--- Ag|. Tt is also easy to see that ||Of|* =

9% hy; gf; gf; =>" ., [Xal?. The following was proved in [I7, Corollary 3.4].

Theorem 1.3. Let f : M™ — N™ (m < n) be a holomorphic map with M being
a complete manifold. Assume that Ric™ is bounded from below and the scalar cur-
vature SM(x) > —K. Assume further that RicY (z) < —k < 0. Then we have the
estimate

IA™03(x) < <£)m

mkKk

Here, recall that in [I7] Ric(x, ) is defined as the Ricci curvature of the cur-
vature tensor restricted to the k-dimensional subspace ¥ C T/ M. Precisely for any
v € X, Ric(x,X)(v,0) = Zle R(E;, E;,v,) with {E;} being a unitary basis of
Y. We say that Ricg(z) < 0 if Ric(x,X) < 0 for every k-dimensional subspace X.
Clearly, Ricy(z) < 0 implies that Si(z) < 0, and it coincides with H when k = 1,
with the Ricci curvature Ric when k = dim (V). Here, Si(z,X) is defined to be the
scalar curvature of the curvature operator restricted to ¥ C T.N. One can refer
to [I7, I8, 2] for the definitions and related results on the geometric significance
of Ricy and Sy.

Note that Theorem has at least two limits in studying the holomorphic
maps. The first it applies only to the case that dim(N), the dimension of the target
manifold is at least as big as the dimension of the domain. The second limit is
that it can only be applied to detect whether or not the map is full-dimensional,
namely dim(f(M)) = dim(M) or not. The first goal of this paper is to prove a
family of estimates for holomorphic maps between Kahler manifolds containing the
above three results as special cases. The result below removes the above mentioned
constraints of Theorem
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Theorem 1.4. Let f : M™ — N™ be a holomorphic map with M being a com-
plete manifold. When M is noncompact assume either the bisectional curvature is
bounded from below or (LAl holds for some exhaustion function p. Let £ < dim(M)
be a positive integer.

(i) Assume that the holomorphic sectional curvature of N, HN(Y) < —xs|Y|* and
M has, Ricéw > —K, for some K >0,k > 0. Then

20 K

7)< e

where o¢(z) = Zi:l Aal?(x), and ¢/ = min{¢, dim(f(M))}. In particular, if
K =0, the map [ must be a constant.

(i) Assume that S)M(z) > —K and that Ric) (v) < —x for some K > 0,x > 0.
Then

Y4 K ‘
I8orle < (3 ) -

In particular, if K =0, the map f has rank smaller than £.

Note that part (i) above recovers Theorem [[T] for ¢ = dim(M), and recov-
ers Theorem for £ = 1. Hence, it provides a family of estimates interpo-
lating between Theorems [[L1] and Similarly part (ii) recovers Theorem
when ¢ = dim(M), and recovers Theorem for ¢ = 1, noting that in the case
¢ = dim(M), the assumption on the lower bound of bisectional curvature can be
weakened to a lower bound of the Ricci curvature (from the proof this is obvious).
Hence, part (ii) provides a family of estimates interpolating between Theorems
and Part (ii) also implies that any K&dhler manifold with Ric, < —k < 0 must
be ¢-hyperbolic, a result proved in [I7]. Moreover, it can also be applied to M
with dim(M) > ¢ or even dim (M) > dim(N) concluding more detailed degeneracy
information of the map, re-enforcing the relationship between the ¢ dimensional
“holomorphic” area of N and the Ricév .

The proof of the result (in Sec. H) is built upon extensions of 99-Bochner formu-
lae of [I77], which are proved in Sec.[Blafter some preliminaries in Sec.[2l In Sec.[d, we
show that the estimates can be used to rule out the existence of certain holomorphic
mappings under some curvature conditions (cf. Theorem [B.]). In particular Theo-
rem (cf. [I7, Corollary 5.4]) implies that if a compact Kdhler manifold (M, g)
has H > 0, then there is no onto homomorphism from its fundamental group to
the fundamental group of any oriented Riemann surface (complex curve) of genus
greater than one. The more flexible Theorem [[4] extends this statement to include
all Kéhler manifolds with Ric, > 0 (for some ¢ € {1,...,m}). Note that a similar
statement was proved for Riemannian manifold with positive isotropic curvature
in [6]. In [I8] 25] it was proved that if the holomorphic sectional curvature H > 0
or more generally Ricy > 0, then 7 (M) = {0}. The result here provides some
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information for the nonnegative case. Note that the examples in [§] indicate that
the class of Kéhler manifolds with H > 0 (most of them are not Fano) seems to be
much larger than that with Ric > 0. There has been very little known for manifold
M with H > 0 (or Ric, > 0 for £ < dim(M)) comparing with the situation for
compact manifolds with Ric > 0. In fact, when M is a compact Kéahler manifold
with nonnegative bisectional curvature, Mok’s classification result [14] implies that
the fundamental group (M) must be a Bieberbach one. In [19, Corollary 5.1] a
paper by Tam and the author, this was extended (as a result of F. Zheng) to the
case when M is a noncompact complete Kédhler manifold, but under the nonnega-
tivity of sectional curvature. For compact Riemannian manifolds with nonnegative
Ricci curvature Cheeger—Gromoll [4] proved that 71 (M) must be a finite extension
of a Bieberbach group. Could this be proven for a compact Kdhler manifold with
Ricy > 0 with ¢ < dim(M)? Note that such a statement cannot be possibly true for
Kéhler manifold with B+ > 0 (hence nor with Ric™ > 0). In a recent preprint [I5],
the question has been answered positively for H > 0, assuming additionally that
M is a projective variety. Given that there are many nonalgebraic Kahler man-
ifolds with H > 0, our result for general Ké&hler manifolds is not contained
in [I5]. An equally interesting question is when a Kéhler manifold with H > 0 is
projective.

In [I], two invariants were defined for a Kéhler manifold M. One is the so-
called Albanese dimension a(M) = dimc(Alb(M)) (we use the complex dimen-
sion instead), the dimension of the image of the Albanese map Alb : M —
CAim(H"*(M)) /[, (M, Z). The other invariant is the genus of M, g(M) which is
defined as the maximal dim(U) with U being an isotropic subspace of H*(M, C).
The above consequence of Theorem [B.I] can be rephrased as that for M with
HM(X) > 0, or more generally Ric, > 0, we must have g(M) < 1. The same
conclusion is obtained in Sec. [6] for Kahler manifold M with the Picard number
p(M) =1 and Sy > 0, or h1"1(M) = 1. A corollary of Theorem [E] concludes that
if SM > 0, then a(M) < ¢ — 1. (This is also a consequence of the vanishing theo-
rem proved in [2I].) These results endow the curvature Ric, and S, some algebraic
geometric/topological implications.

In Sec.[[ we also illustrate that the C?-estimate for the complex Monge—Ampere
equation is a special case of our computation in Sec. Bl In Sec. [, we derive some
estimates on the minimal “energy” needed for a nonconstant holomorphic map
between certain Kahler manifolds extending earlier results in [17].

2. Preliminaries

We collect some needed algebraic results. For holomorphic map f : (M™,g) —
(N™,h), let Of(5%) = i, fi52: with respect to local coordinates (z1,...,2™)

0z« a Jw?

and (w',...,w"). The Hermitian form A,zdz® A dz” with 4,5 = féf_éhﬁ is the
pull-back of Kéhler form wy, via f. By the singular value decomposition for o € M
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and f(zo) € N, we may choose normal coordinates centered at xo and f(xo) such
that 0f (%) = Aadlza:. Then |\,| are the singular values of 9f : (T, M,g) —

(T} (20)N h)- 1t is easy to see that [A; |2 > ... > |\ |? are the eigenvalues of A (with
respect to g).

Proposition 2.1. For any 1 < £ < m the following holds:
‘
or = Z |)\a|2 > Z gaﬁAaB = Up,.
a=1

Proof. Arguing invariantly, we choose unitary basis of T, M with respect to g.
Then the left-hand side is the partial sum of the eigenvalues of A in descending
order, and the right-hand side is the trace of the first £ x ¢ block of (A,3). Hence,
the result is well known (cf. [9, Corollary 4.3.34]). O

For a linear map L : C™ — C" between two Hermitian linear spaces, A‘L :
AC™ — APC™ is define as the linear extension of the action on simple vectors:
A‘L(a) = L(vi) A--- A L(vg) with a = vy A --- A vp. The metric on A‘C™ is
defined as (a,b) = det({v;,w;)). If {e,} is a unitary frame of C™, the {e,}, with
A= (a1,...,ap), a1 < -+ < ay, being the multi-index, and ey = eq, A+ Aeq,, is a
unitary frame for A‘C™. The Binet-Cauchy formula implies that this is consistent
with the Hermitian product (a, b) defined in the previous section. The norm ||A*L||o
is the operator norm with respect to the Hermitian structures of A‘C™ and A‘C™
defined above, which equals to the Jacobian of a Lipschitz map f, when ¢ = m or
n, applying to L = df (cf. [B, Sec. 3.1]).

For the local Hermitian matrices A = (A,3) and G = (g,3), we denote A, and
G/ be the upper-left ¢ x ¢ blocks of them.

Proposition 2.2. For any 1 < £ < m the following holds:

det(Ag)
4 2 _ H@ 2 > - ) 1
||A 8f”() a:llAOtl = det(Gg) g Wf (2 )

Proof. For the inequality in (21]), as in the above proposition, we may choose a
unitary frame of T, M such that G = id. Then the claimed result is also a well-
known statement about the partial products of the descending eigenvalues. The
result can be seen by applying [13 4.1.6] to (A + ¢G)~! and let € — 0 (see also
[9l Problem 4.3.P15]).

For the equality ([2.1), first observe that

0f(vi) A~ N Of(ve)]?
|’U1 /\"'/\UZ|2

IA“Of I3 (x) > = Iy A
if {vy} are the eigenvectors of A with eigenvalues {|\4|?}. On the other hand for

2
general orthonormal vectors {v, }, the above paragraph implies 97 (T;K:::ﬁflf‘(f’f)l <

I1Y,_; | Ao |?. Combining them, we have the equality in (ZI)). |
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3. 88-Bochner Formulae

Here, we generalize the d0-Bochner formula derived in [I7] on ||0f[|? and ||[A™f]|2
to o, and ||A*Of||2. Since both oy(x) and || A*Of||3(z) are only continuous in general,
we first derive formula on their barriers supplied by Propositions 2.1 and

Proposition 3.1. Under the normal coordinates near xo and f(xg) such that
Of(3%) = Aallz2r with (M| > -+ > [Aa| = -+ > |An]| being the singular val-
ues of Of : (Tp,M, g) — (T}, N, ), let Up(z) and Wi(x) be the functions defined
in the last section in a small neighborhood of xo. Then at xo, for v € T, M, and
nonzero Uy and Wy,

<\/ —1001og Uy, \/%_11) A 17>

Ue Z1gi§n,1§a§g |fé¢v|2 | Za 1 >\ fa u|2
Ut

l\’)

(—=RN (o, @, 0f(v),0f(v)) + RM (o, &, v,0)); (3.1)

oo

= 1
<\/ —18610g Wg, ﬁ’l} AN ’U>

i |2 ¢
—Z > |fa:||2 S (RN (a,a,0f(v), 0F (1)) + RM (0, &, v, 7).

a=1/+1<i<n

a=1

(3.2)
Proof. The calculation is similar to that of [I7]. Here, we include the details of the
first. Choose holomorphic normal coordinate (z1, 22, ..., 2,,) near a point p on the
domain manifold M, correspondingly (wy,ws,...,w,) near f(p) in the target. Let

wyg = V—1g,5dz* Ndz" and wy, = V=Th;dw' A dw’ be the Kihler forms of M and
N, respectively. Correspondingly, the Christoffel symbols are given
09,5 5 oh, ;
M 55 . Npd _ 9Nr gk
Fgw_ 82’0;9[3 Fgou FZk_a lkh Fg@z
We always uses Einstein’s convention when there is an repeated index. The symme-
try in the Christoffel symbols is due to Kéahlerity. If the appearance of the indices
can distinguish the manifolds, we omit the superscripts ™ and ~. Correspondingly,
the curvatures are given by
MpB 9 8 . Npi _ 9 J
Rag'y a SF(XW” Rzlk a lF
At the points 2 and f(zg), where the normal coordinates are centered we have
that
8295(1 62h3i
R3.5- = —=———; e = — e
Pady 0270z° Jitk Owk ow!
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Direct calculation shows that at the point xy (here repeated indices «, § are summed
from 1 to ¢, while i, j, k,l are summed from 1 to n)

Gog ). — 87 as + 9" finhiify + 9Pl iR _ fandd,
BYty = Uy U
(log Us)s = 9" 5 Aup + 9% fahiifh, + 9°P S bk i L
gUr)y = UE - UE 3
i N i gd gk s
(log Up)5 = aﬁ'y'vf fﬁ + |f Rijkifaféfvfl |Zlga§g 1<i<n »Yfa|2
gUe)vy = U, Uez :
The claimed equation then follows. O

Corollary 3.2. Let f : M — N be a holomorphic map between two Kdhler mani-
folds.

(i) If the bisectional curvature of N is nonpositive and the bisectional curvature of
M is nonnegative, then logoe(x) is a plurisubharmonic function.

(i) Assume that Ric) < 0 and Ric)’ > 0. If |ALf||2 not identically zero, then for
every x, there exists a ¥ C T/M with dim(X) > ¢ such that log ||A*Of||3(x) is
plurisubharmonic on X.

4. Proof of Theorem [1.4]

Since in general oy and ||A°0f||o are not smooth, we adopt the viscosity consider-
ation as in [I7, Sec. [ to prove the result. We also need to modify the algebraic
argument in the [I'7, Appendix] for some point-wise estimates needed. Another dif-
ference of the argument is that we shall apply the maximum principle to a degen-
erate operator. First, we need a Royden type lemma.

Lemma 4.1. If the holomorphic sectional curvature R™ has a upper bound —k,
with respect to the normal coordinates as in Proposition 2] at xo (and f(x¢)),
0 +1

7 IiUe, when k > 0;

Z g g’Y5szjklf féf»lycf_é < -

1<a,8,7,0<¢

IN

—KUE when k < 0.

Here ¢/ = min{¢, dim(f(M))}.

Proof. We follow the argument in [I7, Appendix], which is due to F. Zheng. The
left-hand side can be written as Y-, 5<4 Révaﬁ6|)\a|2|)\ﬁ|2. In the space

sl () )}
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consider the vector Y = 37, w52 with (w,...,w") e S¥-1 c ¥,
Then direct calculations show that
0 +1) 1 _
> R Aal?Ag)% = . / RN(Y,Y,Y,Y
aaﬁ5| | | B' 2 Vol(Sggffl) 201 ( [ R )
1<a,B<

7 +1) 1 4

< — . Y

=R 2 VOl(SQe/fl) ‘/S2£’—1 | |

_ K 2 4
=5 |Vt }: [Aal

1<a<e/

The result follows from elementary inequalities Y ;. -, Aol < Ue2 <
€/Z1§agw Aot O

To prove part (i), let n(t) : [0,400) — [0,1] be a function supported in [0, 1]
with ' = 0 on [0, 3], n <0, W‘Z + (=n") < C1. The construction of such 7 is
elementary. Let pgr(z) = n(* r )) When the meaning is clear, we omit subscript R
in . Clearly, o, - ¢ attains a maximum somewhere at g in B, (R). With respect to
the normal coordinates near zg and f(zo), (Urp)(xo) = (09)(x0), and (Urp)(z) <
(oep)(x) < (op)(x0) < (Upp)(xp) for x in the small normal neighborhood. The
maximum principle, then implies that at xg

1
V(Uep) =0; D 5(VaVa+ VaVa)log(Usp) <0.
1<a<t

Now applying the 99 formula (BI]), the above lemma and the complex Hessian
comparison theorem of Li-Wang [12], together with the argument in [I7], imply
the result. It is clear from the proof that if £ = m = dim(M), only the Laplacian
comparison theorem is needed. Hence, one only needs to assume that the Ricci
curvature of M is bounded from below.

The proof of part (ii) is similar. For the sake of the completeness, we include
the argument under the assumption (L4)). In this case, we let ¢ = n(%). Now ¢
has support in D(2R) = {p < 2R}. Hence, W; - ¢ attains its maximum somewhere,
say at 9 € D(2R). Now at xy we have

2

¢
0? 1oggp
NE

y 77/2
—K+0n W |v 2+ ([\/ 100p] 4 )—;2;2

Y

- |[Vpl?

C C _
> K40k W, — ¢—};2| ol - w—;z - C(m)([V=100p]).
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Multiplying ¢ on both sides of the above, we have that

Vo2 + S -c<m><w—wép1+>>l
En

K + + R2
sup [[A‘Df5(x) < ( .
D(R)

2 2 —T 95
Wszl < 4\Zf| 4 0 and 135P]+ <

The result follows by observing that
o V=100pls _, 0 as R — oo.
P

5. Applications

First, we show that the Pogorelov type estimate of [I7] can be adapted to derive the
C?-estimate for the Monge-Ampere equation related to the existence of Kéahler—
Einstein metrics and prescribing the Ricci curvature problem. Recall that the geo-
metric problems reduce to a complex Monge—Ampere equation

det(.gaﬁ + (paﬁ) t¢+f

det(gaﬁ)
with ¢ € [—1,1], f being a fixed function with prescribed complex Hessian. 9;5 =
9ap T Pap is another Kihler metric with [wy/] = [wy]. We apply our previous setting

to the map id : (M, g) — (M, ¢g’). The computation in [2] 27] (see also the exposition
in [24]) is on L||0f||*. By the computation from Secs. Bl and @] at the point where
|0id ||2 is attained we have that

2

0
>
0= 0270zZ7

Here, R’ is the curvature of ¢’ and |)"y|2 =1 + 5. Since we do not have infor-

log(1 4+ ¢11) > Riiyy — Ripy5 (14 ¢45).

mation on R’ in general, but only Ric? (881 , 52r) = Ricl; —toi1 — fi1, we multiply

1+510 — on the both sides of the above inequality and then sum vy from 1 to m
vy
arriving at

1 Ric?-

> i - Ry _ 11 P11 Ji1
Tty T e 1o 14

Now we apply/repeat the same con81derat1on/ calculation to @ = logo; —
(C(M,g,f)+ 1)p. Then at the point xg, where @ attains its maximum, we have
that

0> CMng —(C(M,g,f)+2)+ (C(M.g, f) +1Z
L+ ¢qy5 =1 I+¢ 'w
which then unphes that

1940007-10
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This implies that at the maximum point of gje~(¢(M.9./)+1)¢

wm
—(C(M.g. 1)+ — 5 79 ctotfe—(C(M.g.f)+1)e
m

gi1¢€
wg,
m m—1
< 1 Z 1 etetf o= (C(M.g. [)+1)¢
“—\m-1 = 1+ Pyy

m—1
- (C(M,g,fl) + 2) etotf o= (C(Mg.f)+1)p,
-

If we write K = (SLLeDE2ym—1 o — (], g, f) + 2, the above implies

m—1
1+ 907'7(:17) <oi(z) < KBN(LP(JC)—Lﬂ(wo))et¢(Io)+f($o), Vye{l,...,m}. (5.1)

As mentioned in the introduction, Theorem [[.4] removes the constrains that
dim(M) < dim(N) in the previous results proved in [I7]. As in [20], we denote by
B* the orthogonal bisectional curvature. We say B+ < x if for any X, Y € TN
with (X,Y) = 0, R(X,X,Y,Y) < k|X|?|Y|?. The following is a corollary of the
proof Theorem [[41

Theorem 5.1. Let f: (M,g) — (N,h) be a holomorphic map.

(ii) Assume that M is compact. Under the assumptions either Ricé\/l > 0, and the
holomorphic sectional curvature HNY < 0, or Ricéw >0 and HY < 0, f must
be constant. The same result also holds if (BM)L > 0 and (BN)t < 0 or
(BM)L >0 and (BN)*+ < 0.

(ii) If M is compact with SM > 0 and Ricév < 0, or SM >0, Ricév < 0 then
dim(f(M)) < £. The same result holds if Ric}” > 0 and SY < 0, or Ric)! >0
and Sév <0.

Proof. Since M is compact o, attains a maximum somewhere, say at zy. If f is
not constant, os(xg) > 0. Applying (B31]), using the normal coordinates around xg
and f(xzq) specified as in the last two sections, we have that

¢ 92
> -z
0> 7221 97 07 (log Uy)

‘o4, _
> Z 7Ré‘v&,y;y|>\a|2|)\»y|2 +Z RICM(IO,E)(OZ,OC)|)\Q|2
- Uy Uy '
1<a,y<t a=1
Here ¥ = span{%, cel %}. By Lemma 1] if HV < 0, the first term is positive,

the second one is nonnegative since Ric)’ > 0. Hence a contradiction. From the
proof, the same holds if HY < 0 and Ricéw > 0. For the case concerning B+ the
proof is similar.

1940007-11



Int. J. Math. 2019.30. Downloaded from www.worldscientific.com

by UNIVERSITY OF CALIFORNIA @ SAN DIEGO on 06/22/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

L. Ni

For (ii), if rank(f) > ¢, |A“Of||op has a nonzero maximum somewhere, say at .
Then applying ([B.2]), using the normal coordinates around xy and f(zg) specified
as in the last two sections, we have that

¢
9? N M
023 5t oW > 3 (<R (o, %) ) + Scal® (a0, ).
=1 1<y<t
This leads to a contradiction under the assumptions either Séw > (0 and Ricév <0,
or SM >0, Ricév < 0. For the second part, we introduce the operator:

14
1
Lo=> IWE (V4 V5 + V5V,).

[\

Since at xg Wy # 0, the above operator is well defined in a small neighborhood of
xo. As before applying £ at xg implies that

RiCM (I07 E)(’Yv ,-7/)
Ay [?

0> Ly(logWy) > (=Scal™ (20, 0f (%)) +
1<~y<e

The above also induces a contradiction under either Ricéw > 0 and Sév < 0, or
Ricéw > 0 and Sév <0. O

This can be combined with the following result of Siu-Beauville (cf. [II The-
orem 1.5]) to infer information regarding the fundamental group of the manifolds
with Ricy > 0.

Theorem 5.2 (Siu—Beauville). Let M be a compact Kdhler manifold. There
exists a compact Riemann surface Cy of genus greater than one and a surjective
holomorphic map f : M — C" with g(C") > g(C) with connected fibers if and only
if there exists a surjective homomorphism h : m (M) — 7 (Cy).

Corollary 5.3. (i) Let (M,g) be a compact Kdhler manifold with Ric, > 0 for
some 1 < ¢ <m. Then there exists no surjective homomorphism h : w (M) —
m1(Cy). Furthermore, there is no subspace V. C H'(M,C) with A*V = 0 in
H?(M,C) and dim(V) > 2. Namely g(M) < 1. Similarly, if Rice > 0, m1 (M)
cannot be of the type of an amalgamated product 'y xa I's with the index of A
in T'y greater than one and index of A in I's greater than two.

(ii) Let (M,g) be a compact Kdihler manifold with SM > 0 for some 1 < £ < m.
Then a(M) < ¢ —1.

(iii) If SM > 0, then any harmonic map f : M — N with N being a locally
Hermitian symmetric space, cannot have rank(f) = dim(N).

Proof. The first part of (i) follows from part (i) of Theorem Il Namely, apply
it to N = Cy and combine it with the above Siu-Beauville’s result. The second
part follows by combining [I, Theorem B with Theorem 1.4] due to Catanese (cf.
[3 Theorem 1.10]). For the second part involving the amalgamated product, apply
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[1L Theorem 6.27], namely, a result of Gromov—Schoen below instead, to conclude
that there exists an equivariant holomorphic map from M into the Poincaré disk.
This induce a contradiction with part (i) of Theorem Bl since the maximum princi-
ple argument still applies (see also [16]). The statement of (ii) is an easy consequence
of part (ii) of Theorem [E11

For part (iii), by Siu’s result on the holomorphicity of the harmonic maps
between Ké&hler manifolds, namely [I, Theorem 6.13], any such a harmonic map
must be holomorphic. Then part (ii) of Theorem 1] induces a contradiction not-
ing that the canonical metric on N is Kéhler—Einstein with negative Einstein
constant. |

Theorem 5.4 (Gromov—Schoen). Let M be a compact Kihler manifold with
fundamental group T' = T'y xa I's with the index of A in 'y greater than one and
index of A in Ty greater than two. Then there exists a representation p : w (M) —
Aut(D), where D = {z||z| = 1}, with discrete cocompact image, and a holomor-
phic equivariant map from the universal cover M — D, which also descends to a
surjective map M — p(T")/D.

In fact, the vanishing theorem of [2I] implies that for Kahler manifolds with
Sy > 0, there does not exist a k-wedge subspace in H'? (in the sense of [3]) for any
k > £. Moreover, such manifolds have to be Albanese primitive for k > £.

For noncompact manifolds, Theorems and [[4] can also be applied, together
with [I, Theorems 4.14 and 4.28], to infer some restriction on Kéhler manifolds
with nonnegative holomorphic sectional curvature or with Ric, > 0.

Corollary 5.5. Assume that M is a complete Kdhler manifold with bounded geom-
etry with Ric)’ > 0. Then

(i) HY(M,C) = {0} implies that H}.(M) = {0};
(ii) And dim(Hp, . (M)) <1.

Here, Hy2(M) is the space of the harmonic L*-forms and H}. __ (M) is the space
of the L? harmonic exact forms. The statements are trivial when M is compact.

6. Mappings from Positively Curved Manifolds

In [20], the orthogonal Ric* was studied. Recall that Rict(X,X) = Ric(X,X) —
H(X)/|X|>. We say Ric™ > K if Ric™(X,X) > K|X|?. It is easy to see that
Bt > k implies that Rict > (m — 1)k. Similar upper estimate also holds if B+
is bounded from above. It was also shown in [20] via explicit examples that B~
is independent of the holomorphic sectional curvature H, as well as the Ricci cur-
vature. Similarly, Rict is independent of Ric, as well as H. It was proved in [20]
that for manifold whose Rict has a positive lower bound, the manifold is compact
with an effective diameter upper bound. (See [25] for the corresponding result for
holomorphic sectional curvature.) It is not hard to see that for Ké&hler manifolds
with Ricy > K > 0, they must be compact with an upper diameter estimate.
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Applying 90-Bochner formulae, we have the following estimates in the spirit

of [I7].

Theorem 6.1. (i) Assume that Ric) (X, X) > K|X|?, and HN(Y) < s|Y|*, with
K,k > 0. Then for any nonconstant f : M — N

K
maxog(z) > —.
reM K

(ii) Assume that (BM)+ > K, and (BN)' < k, with K,k > 0. Then for any
nonconstant f : M — N, dim(f(M)) = m. Moreover for any ¢ < dim(M)

K
maxoy(z) > (—.
reM K

(iii) Assume that Ric)! > K, and that Ric) < r, with K,k > 0. Then for any
holomorphic map f: M — N with dim(f(M)) > ¢

4
max A0 [3e) > (%)

(iv) Assume that (Ric™)t > K, and that (BN)* < k, with K, > 0. Then for
any holomorphic map f : M — N with dim(f(M)) >m—1, dim(f(M)) = m.
Moreover

mxamof i) > ()

In the case dim(M) = dim(N), only (Ric™)*+ < (m — 1)k is needed. In gen-
eral (BN)+ < K can be weakened to (Ric )t < (m — 1)k. Here, (Ric) )’ is
the orthogonal Ricci curvature of the curvature tensor RYN restricted to m-
dimensional subspaces.

Proof. First, observe that under any assumption of the above theorem M is com-
pact. From Lemma [T and B, part (i) follows. For part (ii), at the point xq,
where o,(z) attains its maximum, applying BI]) to v = azimv we have that
0> —k[Am|> + K

which implies that [A,|?> > £. Then claimed estimate follows from oy > €|\, |2

For part (iii), we apply (B2) at the point zg, where ||[A‘Of||2(x) attains its
maximum. In particular, we apply it to v = % and let ¥ = span{%, ey %}.
Hence at xg

0> —RicY (zg, £(£))|Ae|? + RicM (0, 2).

Hence, we derive that |A¢|* > £. The claimed result then follows.

The part (iv) can be proved similarly. m|
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The part (ii) of the theorem is not as strong as it appears, since B+ > 0 implies
that A (M) = 1. On the other hand, we have the following observation.

Proposition 6.2. Let M be a Kdhler manifold with h*'(M) = 1. Then any holo-
morphic map f : M — N, with dim(f(M)) < dim(M) must be a constant map.
Hence g(M) < 1, if dim(M) > 2. In particular, if the Picard number p(M) =1 and
SM >0, any holomorphic map f: M — N, with dim(f(M)) < dim(M) must be a
constant map.

Proof. In fact f*wp, with w; being the Kéhler form of N, is a d-closed positive
(1, 1)-form. By the assumption [f*ws] proportional to [wy]. Hence, it must be either
zero or a positive multiple of [w,]. Since the second case implies that dim(f(M)) =
m, only the first case can occur, which implies that f is a constant map.

Note that this implies that for any Ké&hler manifold M with dim(M) > 2
and h1(M) = 1, the genus g(M) < 1, in view of the result of Catanese (cf.
[3, Theorem 1.10]) since otherwise there exists a nonconstant holomorphic map
f: M — C, with C; being a Riemann surface of genus g(M). Since the first Chern
class map ¢; : H' (M, 0*) — HY L (M)NH?(M,Z) is onto, and S37 > 0 implies that
H?(M,C) = H“1(M), the assumption then implies h%*(M) = 1. The last result
then follows from the first. O

Taking x — 0, the part (ii) of Theorem also implies that any holomorphic
map from a compact manifold with B+ > 0 into one with B+ < 0 must be a
constant map (cf. Theorem [5.I)). Given that B* is independent of H and Ric, this
does not follow from Yau-Royden’s estimate Theorem [Tl nor from Theorem
The part (iv) provides an additional information on compact Kéahler manifolds with
Ric* > 0.
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