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1 Introduction

Let M™ be a compact immersed minimal submanifold of dimension m in the unit S™(1). It
was proved by J. Simons in [S] that if ||A||* < 272(_"2;"1)1, where A is the second fundamental
form, then M is totally geodesic. It was also proved by S. S. Chern, M. Do Carmo and
S. Kobayashi using the moving frame in [C-D-K] later. For the minimal submanifolds in
R"™! it was proved in [Al] that there is a similar theorem for the volume growth. More
precisely, Allard showed that if A/™, a minimal submanifold of R"*! has Euclidean volume
growth and the density function ©/(z,7) = % < 1+, for some small positive
number ¢, then M is totally geodesic. On the other hand, it was shown in [An], [F-C] and
[Ty] that when M™ is a minimal submanifold (of dimension m)in R"*' the total scalar
curvature [y, ||A||™ dv is closed related to the topology and the Morse index of M. More
recently it was shown in [S-Z] that if M is a stable minimal hypersurface with finite total
scalar curvature then M is totally geodesic. In this short note we will show that there are
some gap theorems for the total scalar curvature. These may be thought as the analogy
of the above mentioned Simons’ theorem for the minimal submanifolds in R"**'. More
precisely we can show the following result: (We should point out that we do not need
the stability assumption, which is essential in the above mentioned Shen-Zhu’s result in

[S-2].)




Theorem A. Let M™(n > 4) be a complete minimal immersed hypersurface in R™*1.

Then there ezists a constant Cy(n) = 217571;)171 S~t(n) > 0 such that if

(/M ||A||”dv>% < Ci(n),

M must be totally geodesic. Here A is the second fundamental form of M and S(n) is
the constant in the L?-Sobolev inequality. (For example, using the L'-Sobolev constant

. 2
provided in [M-S], one can show that S(n) = (W) will be big enough, where w,

1/n
Wy (TL*2)
is the volume of the unit ball in R™.)

In the proof of Theorem A we need first to show the following result about the ends
of minimal submanifolds, which can be viewed as a gap theorem for the number of ends.

Theorem B. Let M™ (m > 3) be a complete minimal immersed submanifold of di-
mension m in R"*'. Then there exists a constant Cy(m) = /255~ (m) > 0 such that

if

1

(/M ||A||mdv>m < Cy(m)

M has only one end. Here, as in Theorem A, A is the second fundamental form and S(m)
is the constant in the L*-Sobolev inequality.

The above gap theorem further demonstrates the fact that there is a close relation
between the topology of the minimal submanifold M™ and the total scalar curvature
o Al do.

Concerning our second result, there are a few previous results which we should men-
tion. First it was proved in [F-C], for the minimal surface in R3, that the finiteness of
the total scalar curvature implies finiteness of the Morse index as well as finite many
ends. Later this statement was generalized to the high dimension minimal hypersurfaces
in [Ty]. More recently, using the function theory, [C-S-Z] proved that if M is a stable
minimal hypersurface in R"*! then M has only one end. Our Theorem B and related
results in the next section conclude that M has only one end or finite many ends without
assuming that M is stable or of codimension one. Very recently, [L-W] proved the Liou-
ville property for minimal submanifold M, whose density function ©,;(z, ) satisfies that
Ou(z,7) < O < 2. Namely they showed that there is no bounded harmonic functions on
such minimal submanifolds. Combining with the observations in the next section of this
paper, as a corollary, we know that M has at most one end if its density function satisfies
On(x,7) < © < 2. Therefore one can view their result as a gap type theorem for the



number of ends. The constant C'; and C5 in our theorems are far away from the sharpest
because of the dependency on the L?-Sobolev constant on minimal submanifolds. It would
be very nice if one can find the best constant as Simons’ theorem in [S] and classify all
the minimal hypersurfaces for which the equality holds as in [C-D-K]. Finally we should
mention that the argument we used can also sharpen a lower bound estimate for the
first eigenvalue of a Schrodinger operator of Li-Yau [L-Y2], therefore sharpens the upper
bound for the number of bound states obtained in [L-Y2] (cf. remarks before Theorem
3.2).

Acknowledgement. The author would like to thank Professor Peter Li for helpful
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2 Preliminaries

We first establish some basic results on the harmonic function theory on minimal sub-
manifolds of R"*!. Using the bounded harmonic functions with finite Dirichlet integral
we then show a couple of results concerning the finiteness of the number of ends for the
minimal submanifolds in R"*1.

Let M™ be a minimal submanifold of dimension m > 3 in R"*', p € M be a point
on M. Let A be the second fundamental form of M and ||A|| be the length of the second
fundamental form. Let r,(x) be the extrinsic distance function of R"*! with respect to p
and p,(x) be the intrinsic distance function. We shall also use the following conventions:

B,(a): = the ball of radius a centered at p in R**!.
Dy(a): = By(a)n M.
By,(a): = the geodesic ball of radius a centered at p in M.

The following lemma will be very convenient to use in the construction of bounded har-
monic functions on M.

Lemma 2.1 Let M™ (m > 3) be a m-dimensional minimal submanifold in R"*'. Then
there exist minimal positive Green’s function G(z,y) on M such that lim , ;)0 G(2,y) =
0.

Proof. Let Dy(a) be as the above. The heat-kernel comparison of Cheng-Li-Yau implies
that

Hp,)(z,y,t) < Ha(ry(x), t),



where H,(r,(z),1) is the Dirichlet heat-kernel of B™(a) in R™ (the ball of radius a centered
at origin). This implies that

1 [ry(2)
Hp ) (z,y,t) < - -2 :
Dp( )(ZU Yy )— (47_(_1:)5 exp( 4t )
Taking a — oo we have that
1 |y ()2
H t) < - —-= :
(#,9:8) < g exp(— L0

Integrating along the time direction, we have that

1

m(m — 2)wp,

G(r,y) <

2
|y ()]

Remark. One can also construct Green’s function directly as in [L-T1] by compact
exhaustion and applying the Sobolev inequality to prove that the limit exists. By using the
heat kernel estimate we can get the upper bound of the Green’s function as a consequence.

As a corollary of the heat kernel estimate we have the following:

Corollary 2.2 (Mean-Value inequality) (See [C-L-Y], [M-S]) Let M™ be a minimal
submanifold in R™'. Suppose f is a nonnegative subharmonic function defined on M™.
Then )

(21) F0) < e [ T

Mwy,a™ 1

22) f0) < — [ty

where wy, is the volume of the unit ball in R™.

Proof. The first part proof can be found in [C-L-Y] or [M-S]. For the second part we
only need to apply the co-area formula and note that |Vr| < 1. More precisely

Fp)wma™ = [ fp)men s < [7 [ o f@)dAds

@ f(z) _
g/o /aDp@ oy s = /Dp(a)f(x)dv.

Applying an argument of Varopoulos (cf. [V]), one can have Sobolev inequality as a
corollary of the heat-kernel estimate of Cheng-Li-Yau.




Corollary 2.3 (Sobolev Inequality) (See also [M-S]). Let M™ be a minimal subman-
ifold in R", then there exists constant S = S(m) such that

m—2

(2.3) (/ = dv) < Sm) [V do
M M
for any compact supported smooth function ¢ on M.

Remark. In fact, Michael and Simon proved a stronger version of Sobolev inequality,
so-called L!-Sobolev inequality, as follows:

m—1

(2.4) (/ gt dv)T <8 [ Vo] do.
M M
In fact, they showed that S;(m) = % will be enough to have the above inequality.

Using this fact, we can have a lower bound for S(m) in the inequality (2.3). In fact

2
S(m) = <%> will be big enough to have inequality (2.3).
Wy (m—
Once we have the minimal positive Green’s function on M we can apply the scheme
of [L-T2] to construct barrier functions at each end of M.

Lemma 2.4 Let M™ be a minimal submanifold in R, K C M be a compact subset in
M, and let E; be the ends with respect to K, then there exist harmonic functions g; on E;
which satisfy that

gi(x)|og, = 1, lim g;(z) = 0,/ |Vg,~|2 dv < oo.
Tr—r 00 Ei

Proof. This result is essentially proved in [L-T2]. For the sake of completeness we
sketch the proof here. Let gj(x) be harmonic function defined on F; N D,(r;) and satisfies
9l (@)|op; = 1, gl(x)|op,(r;)ne; = 0. We have the estimate g/(z) < CG(p,z), for some
constant C' independent of j. By taking ;7 — oo we get the function g¢;, which obviously
satisfies the first two identities in the conclusion of Lemma 2.4. By the fact that g/ (z)
minimizes the Dirichlet integral among all Lipschitz functions with the same boundary
data we know that [, |Vg!|* dv is a decreasing sequence of j. This establishes the third
property of g;.

Using the barrier functions on each end we can construct linearly independent bounded
harmonic functions as in [L-T2].



Lemma 2.5 Let M™ be a minimal submanifold in R"™', K C M be a compact subset
i M, E; be the ends with respect to K, then there exist linearly independent harmonic
functions u; on M which satisfy that

lim  w(z) =1, lim _ wu(x) = 0,/ (V> dv < oc.
E;

T—00zcE; T—00xEE;

Proof. For the completeness we sketch the proof here too. Let u{ to be the harmonic
function on B,(r;) satisfying that

ug(x)|33p(rj)mEk =0, for k #1, ug(x)|33p(rj)nEi =1.

Using the barrier functions we construct in Lemma 2.4 and taking ;7 — oo we have the
bounded harmonic functions. For the proof of finite Dirichlet integral one can apply
Lemma 1.4 of [L-T2].

Proposition 2.6 Let M™ be a minimal submanifold in R*'. If M™ has Euclidean
volume growth, 1. e.

r—00 rm

then M™ has finite many ends.

Proof. By Lemma 2.5 we know that the number of ends is controlled by the dimension
of bounded harmonic functions with finite Dirichlet integral. In the case when M has
Euclidean volume growth, combining with the fact that W (cf. [Ty]) is a increasing
function of r, we know that M has the volume doubling property. Since, by Corollary 2.2,
the mean value property holds for the subharmonic functions, applying a general theorem
of Peter Li (cf. Theorem 1 in [L2], also [C-M]) we know that the polynomial growth
harmonic function space is of finite dimension. In particular, the dimension of bounded
harmonic function space is finite. Therefore M has only finite many ends.

Remark. By a result of M. Anderson (cf. [An]), we know that if M has finite total
scalar curvature [y, ||A||™ dv then M has at most Euclidean volume growth. Therefore we
have the following corollary, which can also be proved using the scaling argument and the
Gromov compactness theorem (cf. [G-L-P]):

Corollary 2.7 Let M™ be minimal submanifold in R™ " with finite total scalar curvature.
Then M has finite many ends.

Similarly, we can have the following results on the finiteness of the number of ends.



Proposition 2.8 Let M™ be minimal submanifold of dimension m in R"" and let
|A||?(x) be the square of the length of the second fundamental form. If we have ||A||*(x) <
k(p(z)), where k(t) is a nonincreasing continuous function such that [5° p"~'k(p) dp < oo,
then M has only finite ends.

Proof. As in the previous proposition it suffices to prove that the bounded harmonic
function space is of finite dimension. Since in the case M is a minimal submanifold in
R"! we have Ricciy(z) > —||Al|*(z) > —k(p(x)), a theorem of Li-Tam (See [L-T 2])
says that under the assumption of our proposition the bounded harmonic function space
is of finite dimension. Therefore M has only finite many ends.

At the end we write the following result for the case when M is a Kahler manifold.

Proposition 2.9 Let M™ (m > 4), a Kdhler manifold of real dimension m, be a complete
minimal submanifold in R"*1, and let |A]|*(x) be the square of the length of the second
fundamental form. If ||A|| is of square integrable then M has only one end.

Proof. Just as what we did before we only need to show that there is no nonconstant
harmonic function v on M such that u has finite Dirichlet integral.

First since u has finite Dirichlet integral, by Lemma 3.1 of [L1] (see also [G]) we
know that u is in fact a pluriharmonic function. Let v = |Vu|®>. Once we know u is
a pluriharmonic function we can sharpen the Bochner formula for v = |Vul| to get the
following inequality:

Av > —||A||2(a:)v.

VP
v

The interested reader can consult Lemma 3.2 of [L1] for a proof of the above inequality.
Since we also know that there exists positive Green’s function on M by Lemma 2.1, we
can apply Li-Yau’s theorem (cf. Corollary 2.2 of [L-Y]) to conclude v is zero, i.e u is a
constant.

Remark. Note that the situation here is totally different from the complex dimension
one case. When M is a Riemann surface one can find examples of minimal surfaces with
finite total curvature and many ends. On the other hand a known result says that if M
is a complete minimal immersed surfaces in R? with finite total curvature and only one
embedded end then M is a plane.

3 Gap theorems

First we can show the following gap theorem on the number of ends of minimal subman-
ifolds in R"*1.



Theorem 3.1 Let M™(m > 3) be a complete minimal immersed submanifold in R"*!,
and let S(m) be the Sobolev constant in Corollary 2.3. If

(/M“AHmdU)% < Cy(m) = mog

m—1
then M has only one end.

proof. We argue by contradiction. By the construction of last section we learn that if
M has more than one end then there exists a nontrivial bounded harmonic function u(x)
on M which has finite total energy. Let f(x) = |Vu|. The Bochner formula from [S-Y]
yields

(3.1) FAF+ AP () 2> —

m— 1

IVfI%.
Let ¢ be a cut-off function such that

1 ifz e By(r
p(z) = {0 if ¢ € M(\)Bp(27"),

and
c .
V| < —, with C' = 2,
T
Multiplying ©? on both sides of the above inequality (3.1) and integrating by parts we
can write

1
m—1

[ AVIPR =2 [ < Ve s fodvt [ ARG > [ 91 du
M M M M

Using Schwartz inequality, for any positive number I > 0, we have

m

1
32) [ JARPG o+ 1 [ PIVeRde = (T - ) [ 95

m—1
On the other hand, the Sobolev inequality yields

2

[ 19Uz s ([ (re) dv)mT .

Simple calculation together with Schwartz inequality yields

m—2

33) (1+1) [ 1VfP2ao > s ([ o) T — o) [ Ve,



where I7 is a positive real number which will be chosen later. Combining (3.2) and (3.3)
we have

[1aprea s EEDS (] o)™ (% . I> [ 19k do.

Now applying Horder inequality to the left hand side of the above inequality we can have

</M 1Al dv)i (/M(f@% dv>mT_2 > (ml—}l_—_:isl </M(f90)% dv)mT_z
- G * mi_}[— [> | PVl

Finally we have

(42120 [ vz (BB (i) ([ o) ™

Choosing I and 1 small enough one can make
G2 = DS™ A dn)” ) s e 0
IT+1 (/ I U) =e-n

<%+ml7_>/ fAVelrdv > ¢ (/M(ﬂp)% dv)mTZ.

Letting » — oo we will have

Then we have

| e <,
M

which implies that f = 0 and therefore u is a constant function. The contradiction here
shows that M has at most one end.

Remarks. The first remark we want to make is that the similar argument can give
an improvement of a lower bound estimate of Li-Yau (cf. [L-Y2]) on the eigenvalue of the
Schrodinger operator. More precisely we can have the following results.

Let g(z) be a positive function defined on D, a domain in R". We consider the operator

A

q(x)
The lower bound estimate for the first eigenvalue of the above operator proved by Li-Yau
concludes that
n(n —2)

>
n1 = 1o

2 _
() lall }



where €, ; is the area of the unit (n — 1)-sphere, e is the Euler number. The same
argument as in the proof of Theorem 3.1 gives a slight improvement on the above estimate.
A direct trace of the calculation can show
n(n — 2 2
m =20, )2 gl

The second remark is that we do not know whether the assumption m > 2 is necessary
or not. There is a theorem by Fischer-Colbrie [F-C] saying that if M is a minimal surface
in R? with finite total curvature then A has finite Morse index. By Huber’s theorem
we also know that M has finite many ends. In [C-S-Z], using the Liouville type theorem
of Schoen-Yau for the stable minimal hypersurfaces they showed that if M is a stable
hypersurface in R"! then M has only one end. Comparing to their result we neither
assume that M is a stable nor M is a hypersurface.

f1 >

Now we begin the proof of Theorem A. Namely we will show that if the total scalar
curvature is smaller than a constant C}(n) then the minimal hypersurface M has to be a
hyperplane. We believe that the similar result also holds for minimal submanifolds.

Theorem 3.2 Let M™(n > 4) be a complete minimal immersed hypersurface in R,
and let S(n) be the Sobolev constant in Corollary 2.3. If

</M”A||ndv>% < Ci(n) = %S—l

then M has to be a hyperplane.
Before we prove Theorem 3.2, we need the following Lemma.

Lemma 3.3 Let M"(n > 4) be a complete minimal immersed hypersurface in R" L. If
the total scalar curvature [y, ||A||™ dv is finite then [y, ||A||" 2 dv is also finite.

Proof. First, by Theorem 3.3 of [S-Z] we know that the rescaling sequences M; = {%M}
converging smoothly to a flat open Riemannian manifold M, in the sense of Cheeger-
Gromov, to which we can attach one point O such that M, = M, U O is the union of
several hyperplanes through the origin O and O is the only singularity of M. At the
mean time, by Corollary 2.7 we know that A has only finite many ends. Therefore we
only need to show that [ ||A||" 2 dv is finite for each end E. Because of the convergence
of the rescaling sequences {M;} we know that the end F, with respect to big enough
compact subset is a graph over the tangent space at infinity. Now we can use an estimate
of Schoen (Proposition 3 of [Sc|) to get the following uniform estimate of || A (x):

1Al @) < &

_Tn,

10



for x € M N OD,(r) and r >> 1.
On the other hand, by Theorem 4.1 of [An], we have

Vol(D,(k+ 1)\ D,y(k)) < C'"(k +1)",

for some uniform constant C’. Therefore we have

A" 2do = / Al™2d
/M 14 ! Z M N (Dy(k+1)\Dp (k) 14l !
k+1)"

k=0
< oQ.

Now we can prove Theorem 3.2.
Proof of Theorem 3.2. We first need the following sharp version of Simon’s inequality
due to Simon, Schoen and Yau on the length of the second fundamental form.

2
(3.4) IAIATAL + A = =Vl

One can consult [S-S-Y] for the proof of a more general formula.
Let ¢ be a cut-off function as in the proof of Theorem 3.1. Multiplying || A" *»? on
both sides of the above inequality and integrating by parts we have that

— =) [ VAN IAP e =2 [ < VAl Ve > A" pde
n 2 n—
+ [ Al e > = [ elalRlAl e du.
M n Ju
Applying Schwartz inequality, we can write

(0=3)+2—11) [ WIAIP 1A o < = [ JAIP2Vgldot [ Al o do,
(3.5)
for any positive number I1.

On the other hand, direct calculation yields the following inequality, after using the
Schwartz inequality.

[ VU opde < ( 1+ DCS2? [ viAl PP
M

1 _/ A2 2
- (+,) A2 dv,

11



for any positive number I.
Combining (3.5) and and above inequality together we have

n—2 1"‘[ —2
AT o) Pdv < - /
[ vUAI= )2 de < i A
(1+I>( -
F _U / | A2 do

1 _
+ 1+ [ ArveR .
M

Applying Sobolev inequality one can write

n—2

n=2 2n_ o (1+I)(—2
A e s < 2 / A" 2
ST [1aF#e ) T o< = i Al do

3+ 2
(1+I)(
(n—3+ —H

+

— [ A2V o

1 _
+ ) [ IAI e v,
M

Now let r — 00. Use Lemma 3.3 we have

- 2 () ) (o)™ <

Choosing I and I small enough one can easily find a positive number € such that

Sl - n(l_gi)(TQ” ((/ ||A||ndv> )2 >e> 0.

Then we can conclude that ||A]| = 0. Therefore M is a totally geodesic hyperplane.
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