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1 Introduction

In this paper we study a nonlinear elliptic system of equations imposed on
a map from a complete Hermitian (non-Kähler) manifold to a Riemannian
manifold. This system is more appropriate to Hermitian geometry than the
harmonic map system since it is compatible with the holomorphic structure
of the domain manifold in the sense that holomorphic maps are Hermitian
harmonic maps. It was first studied by Jost and Yau in [J-Y], and was ap-
plied to study the rigidity of compact Hermitian manifolds. We extend their
existence and uniqueness results to the case where both domain and tar-
get manifolds are complete. Hopefully the results will be useful to study
corresponding rigidity of complete Hermitian manifolds.

Let M be a complex manifold with Hermitian metric(hαβ̄), and letN
be a Riemannian manifold with metric(gij) and Christoffel symbolsΓ i

jk. A
Hermitian harmonic mapu : M → N satisfies the following elliptic system

hαβ̄

(
∂2ui

∂zα∂zβ
+ Γ i

jk

∂uj

∂zα

∂uk

∂zβ

)
= 0.(1.1)

The related heat equation is

∂ui

∂t
= hαβ̄

(
∂2ui

∂zα∂zβ
+ Γ i

jk

∂uj

∂zα

∂uk

∂zβ

)
.(1.2)

As it was pointed out in [J-Y] we know (1.1) is just the usual harmonic map
equation ifM is Kählerian. Geometrically if we define the tension field by
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σ(u) = ∇eA(du)(eA), and we use a holomorphic torsion-free connection on
M instead of the Levi-Civita connection, thenσ(u) ≡ 0 gives the equation
(1.1). Since (1.1) has neither a divergence nor a variational structure it is
harder to solve than the usual harmonic map system. One example in [J-Y]
shows that even whenN is nonpositively curved the existence of Hermitian
harmonic map in each homotopy class is not always guaranteed. However
they proved the following solubility of the Dirichlet problem under the
assumption thatN is nonpositively curved.

Theorem 6 [J-Y] (Jost-Yau).Let M be a compact manifold with smooth
boundary∂M and Hermitian metric(hαβ̄), and letN be a complete Rie-
mannian manifold with nonpositive sectional curvature. Leth : M → N
be a continuous map. Then there exists a unique Hermitian harmonic map
u : M → N such thatu|∂M = h|∂M andu is homotopic toh w.r.t. the fixed
boundary value.

We will use their result to prove the existence of Hermitian harmonic map
from complete Hermitian manifolds to complete Riemannian manifolds by
a compact exhaustion procedure under the assumption that the holomorphic
Laplacian has positive first eigenvalue. This result can be thought as an
analogy of the existence result for harmonic maps of Ding[D] and Li-Tam[L-
T]. The key point is to get a uniform energy density estimate. Here we
derive the energy density estimate through the homotopy distance integral
estimate, the mean value type inequality and a differential inequality for
the homotopy distance functions. Even for the harmonic maps our method
provides a different, perhaps simpler, proof of the previous existence results
of Li-Tam and Ding. We also treat the parabolic equation in our paper.
More precisely we first prove the existence of the global solution for the
heat equation under the assumption that the holomorphic Laplacian has
nonnegative first eigenvalue. Then we discuss when the solution of the heat
equation converges to a Hermitian harmonic map.

The author would like to thank Prof. Peter Li for his generous support and
many helpful discussions. The author would also like to thank the referee
for many valuable comments. The thoroughness of the referee report were
great help in presenting the paper in a readable form.

2 Hermitian harmonic maps

In this section we first sketch the definition of the Hermitian harmonic maps.
Then we briefly state some basic properties of the Hermitian harmonic map
and point out the difference and relation to usual harmonic maps and holo-
morphic maps.

LetM be a Hermitian manifold of complex dimensionm. Let{eA}, A =
1, · · · , 2m be a local orthonormal frame(real) ofM . If J is the almost com-
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plex structure we can always chooseeA such that{eA} = {e1, e2, · · · , em,
Je1, Je2, · · · , Jem}. The complex unitary frame will be{Eα, Ēα} satis-
fying eα = Eα + Ēα, Jeα = 1√−1(Ēα − Eα) and that{Eα} spans the

complex tangent spacesT ′(M) locally.
Let N be a Riemannian manifold of real dimensionn, and letu be a

smooth map fromM to N . On N we always choose the Levi-Civita con-
nection which is compatible with the Riemannian structure. OnM now we
choose connection such that it is compatible with the holomorphic struc-
ture onM instead of the Riemannian structure. But for the convenience of
the calculation we choose the connection to be torsion free. Of course the
choice of the connection here is not unique and it is well-known that when
M is a Kähler manifold the Levi-Civita connection is both holomorphic and
torsion free. In the following we denote the Levi-Civita connection by∇
and a chosen holomorphic torsion free connection by∇̃. Correspondingly
we denote by∆ the standard Beltrami-Laplacian and bỹ∆ the Laplacian of
the holomorphic torsion free connection. Letdu : TM ⊗ C → TN ⊗ C to
be the tangent map ofu. Then one can define∇du(X, Y ) by

∇du(X, Y ) = ∇Y du(X) − du(∇̃XY ).

The torsion free assumption makes the above defined∇du(·, ·) symmetric.
It is natural to define the tension fields of the mapu to be the trace of

∇du(·, ·), namely

σ(u) =
1
4

2m∑
A=1

∇du(eA, eA)

=
1
4

(
m∑

α=1

∇du(eα, eα) +
m∑

α=1

∇du(Jea, Jea)

)
.

The factor14 here is used to normalize the notation such that the Laplacian
operator of this connection for functions is given by

∆̃ = hβγ̄ ∂2

∂zβ∂zγ .

By definition we call a smooth mapu to be Hermitian harmonic if the
above defined tension fieldσ(u) ≡ 0. A direct calculation as follows shows
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that in the complex local coordinates it is equivalent to the equation (1.1):

σ(u) =
1
4

(
m∑

α=1

∇du(eα, eα) +
m∑

α=1

∇du(Jea, Jea)

)

=
1
4

(
m∑

α=1

∇du(Eα + Ēα, Eα + Ēα)

+
m∑

α=1

∇du(Ēα − Eα, Ēα − Eα)

)

=
m∑

α=1

∇du(Eα, Ēα)

=
∑

hβγ̄∇du

(
∂

∂zβ
,

∂

∂zγ

)

=
(

∆̃ui + Γ i
jk

∂uj

∂zβ

∂uk

∂z̄γ
hβγ̄

)
∂

∂ui

+
(

∆̃ui + Γ i
jk

∂uj

∂zβ

∂uk

∂z̄γ
hβγ̄

)
∂

∂ui
.

If we denote the tension field for the usual harmonic map byτ(u), then the
difference is given by

(σ(u))i − (τ(u))i = (∆̃ − ∆)ui.

The difference of the two Laplacians is given by a first order differential
operator as follows

(∆̃ − ∆)f = (∇̃eAeA − ∇eAeA)f = 〈V,∇f〉 ,

where∇̃ is the holomorphic connection andV is a well-defined vector fields
onM , which depends on the first derivatives ofhαβ̄.

The basic properties of Hermitian harmonic maps contain
1) If N is a Kähler manifold, a holomorphic map is a Hermitian harmonic

map.
2) If ϕ : M1 → M2 is holomorphic andu : M2 → N is Hermitian

harmonic, the compositionu ◦ ϕ is a Hermitian harmonic map.
3) If u : M → N1 is a Hermitian harmonic map andϕ : N1 → N2 is a

totally geodesic immersion thenϕ ◦ u is Hermitian harmonic.
There might be other ways to defineHermitian harmonic mapswhich are

compatible with the holomorphic structure. For example the most natural
choice is the Hermitian holomorphic connection, which is widely used in the
study of Hermitian holomorphic vector bundle and Hermitian geometry. Or
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we can use Hermitian holomorphic connections on both domain and target
manifolds when they are both complex. The problem for this connection is
that it is not torsion free whenM is not a K̈ahler manifold. This makes the
analysis even harder since we no longer have nice differential inequalities.
At last we should point out that even when our choice of connection on
the domain manifold is not compatible with the metric, the Levi-Civita
connection on the target manifold implies that the pull-back connection
over the pull-back bundleu∗TN is Riemannian. This fact is very important
in our basic estimates in the next section.

3 Basic differential inequalities

Let M be a complex manifold with Hermitian metric(hαβ̄), and letN be
a Riemannian manifold with metric(gij) and Christoffel symbolsΓ i

jk. We
will always assume thatN has nonpositive sectional curvature. Letu be a
smooth map fromM to N . The energy densitye(u) of the mapu is defined
as‖du‖2, or in local coordinates,hαβ̄gij(u) ∂ui

∂zα
∂uj

∂zβ̄ . The first useful lemma
is the following differential inequality on the energy density function proved
by Jost-Yau [J-Y].

Lemma 3.1 (J-Y).Suppose thatN has nonpositive sectional curvature and
u is a Hermitian harmonic map fromM toN then the energy density function
e(u) satisfies

∆̃e(u) ≥ 1
2
‖∇du‖2 − Ce(u),(3.1)

where C depends on the pointwise upper bound of both first and second
derivatives ofhα,β̄ .

Proposition 3.2. Let N be a Riemannian manifold with nonpositive sec-
tional curvature. Ifu1 and u2 are two smooth maps defined over some
domainΩ to N , andU(x, s) : Ω × [0, 1] → N is the geodesic homotopy
between them (It always exists by [S-Y]), then

∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds ≥ 1
2
(e(u1) − 3e(u2)).(3.2)

Proof. We first prove the following lemma.

Lemma 3.3. Let e(s) be the energy density function ofU(x, s), where
U(x, s) is the geodesic homotopy betweenu1 andu2, then(

d2

ds2

)
e(s) ≥ 0,

i.e.e(s) is a convex function ofs.
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Proof of Lemma 3.3.
Let eA be the local orthonormal frame forM , thene(s) = ‖dU(eA)‖2

by definition. Then we have the following calculation:

d

ds
e(s) = 2

〈
∇ ∂

∂s
dU(eA), dU(eA)

〉
= 2

〈
∇eAdU

(
∂

∂s

)
, dU(eA)

〉
,

and

d2

ds2 e(s) = 2
〈

∇eAdU

(
∂

∂s

)
,∇eAdU

(
∂

∂s

)〉

+2
〈

∇eA

(
∇ ∂

∂s
dU

(
∂

∂s

))
, dU(eA)

〉

− 2
〈

RN

(
dU

(
∂

∂s

)
, dU(eA)

)
dU

(
∂

∂s

)
, dU(eA)

〉

= 2
〈

∇eAdU

(
∂

∂s

)
,∇eAdU

(
∂

∂s

)〉

−2
〈

RN

(
dU

(
∂

∂s

)
, dU(eA)

)
dU

(
∂

∂s

)
, dU(eA)

〉
≥ 0.

Here we have used the fact that the connection over domain manifold is
torsion free and that the connection over target manifold is Riemannian as
well as the fact thatU(s, ·) is a geodesic.

Remark 3.1.The convexity of the energy density might be an interpretation
of the convexity of the distance functions on nonpositive curved manifolds.

Now we can begin to prove Proposition 3.2. From Lemma 3.3 we have∫ 1

0
e(s)ds ≤ 1

2
(e(u1) + e(u2)).(3.3)

On the other hand we have

e(u1) − e(u2) = e(1) − e(0)(3.4)

= 2
∫ 1

0
< ∇ ∂

∂s
dU(eA), dU(eA) > ds

≤
∫ 1

0
‖∇dU

(
∂

∂s

)
‖2ds +

∫ 1

0
‖dU(eA)‖2ds

≤
∫ 1

0
‖∇dU

(
∂

∂s

)
‖2ds +

1
2
(e(u1) + e(u2)).

Rewriting (3.4) we have the claim of Proposition 3.2.
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Lemma 3.4. Letu andv be two smooth maps fromM into N with nonpos-
itive sectional curvature and letU(x, s) be the geodesic homotopy between
them. If we denote byρ2 the square of the homotopy distance betweenu and
v, then we have

∆̃ρ2 ≥ 2
∫ 1

0
‖∇dU

(
∂

∂s

)
‖2 ds − 2ρ (‖σ(u)‖ + ‖σ(v)‖) .(3.5)

Proof. The proof is just direct calculation.
By definition

ρ2 =
∫ 1

0
‖dU

(
∂

∂s

)
‖2 ds.

Therefore

∆̃ρ2 =
(
eαeα − ∇̄eαeα

) ∫ 1

0

∥∥∥∥dU

(
∂

∂s

)∥∥∥∥
2

ds

= 2
∫ 1

0

∥∥∥∥∇eαdU

(
∂

∂s

)∥∥∥∥
2

ds

+2
∫ 1

0

〈
∇eα∇ ∂

∂s
dU(eα), dU

(
∂

∂s

)〉
ds

−2
∫ 1

0

〈
∇∇̄eαeα

dU

(
∂

∂s

)
, dU

(
∂

∂s

)〉
ds

≥ 2
∫ 1

0
‖∇eαdU

(
∂

∂s

)
‖2 ds

+2
∫ 1

0

〈
∇ ∂

∂s

(∇eαdU(eα) − dU(∇̄eαeα)
)
, dU

(
∂

∂s

)〉
ds

≥ 2
∫ 1

0

∥∥∥∥∇eαdU

(
∂

∂s

)∥∥∥∥
2

ds

+2
〈(∇eαdU(eα) − dU(∇̄eαeα)

)
, dU

(
∂

∂s

)〉 ∣∣1
0

≥ 2
∫ 1

0
‖∇eαdU

(
∂

∂s

)
‖2 − 2ρ (‖σ(u)‖ + ‖σ(v)‖) .

As a corollary we have that ifu andv are all Hermitian harmonic maps
then

∆̃ρ2 ≥ 2
∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds.(3.6)

Corollary 3.5. Let M , N and u, v as in Lemma 3.4. Then the following
differential inequality holds;

∆̃ρ ≥ − (‖σ(u)‖ + ‖σ(v)‖) .(3.7)
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Proof. The similar inequality for the usual harmonic maps was proved by
Schoen-Yau in [S-Y].

By Lemma 3.4 and

∆̃ρ2 = ∆ρ2 +
〈
V,∇ρ2〉

= 2ρ∆ρ + 2ρ 〈V, ρ〉 + 2|∇ρ|2
= 2ρ∆̃ρ + 2|∇ρ|2,

it will be sufficient to show that

|∇ρ|2 ≤
∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds.

This follows from

|∇ρ2| ≤ 2ρ

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

) 1
2

.(3.8)

The inequality (3.8) can be proved as follows;

|∇ρ2| ≤
∣∣∣∣
∫ 1

0
2 < dU

(
∂

∂s

)
,∇dU

(
∂

∂s

)
> ds

∣∣∣∣
≤ 2

(∫ 1

0

∥∥∥∥dU

(
∂

∂s

)∥∥∥∥
2

ds

) 1
2
(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

) 1
2

= 2ρ

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

) 1
2

.

Remark 3.2.A point-wise gradient estimate for harmonic maps was proved
in [Ch] and corresponding estimate for heat equation was derived in [LJ]. In
the theory of harmonic maps these gradient estimates play a very important
role in both existence and Liouville type results. While one can see from
the next section that in order to prove the existence result we only need a
differential type inequality and some integral estimates due to the mean-
value type inequalities of Li-Schoen and Li-Tam (for the heat equation). On
the other hand, we want to point out here that the Liouville type theorems
for the usual harmonic maps can also be proved by this approach without
using the point-wise gradient estimate. For example one can reprove Cheng’s
theorem by the following argument;

Let u be a harmonic map fromM to N , whereM has nonnegative
Ricci curvature andN is simply connected and has nonpositive sectional
curvature. Letd(·, yo) be the distance function ofN to a fixed pointyo and
let d(x) = d(u(x), yo). The similar proof as of Proposition 3.1 shows that

∆d2 ≥ 2e(u).
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Letϕ = ϕ(r(x)) be a cut-off function onM , wherer(x) is distance function
of M . Multiply ϕ2 on both sides of the above inequality and integrate by
parts we have∫

M
e(u)ϕ2 ≤

∫
M

∆d2ϕ2

= −4
∫

M
〈∇ϕ, ∇d〉 dϕ

≤ 4
(∫

M
|∇ϕ|2d2

) 1
2
(∫

M
|∇d|2ϕ2

) 1
2

≤ 4
(∫

M
|∇ϕ|2d2

) 1
2
(∫

M
e(u)ϕ2

) 1
2

.

Here we used the fact that|∇d|2 ≤ e(u). From the above we can easily see
that ∫

M
e(u)ϕ2 ≤ 16

∫
M

|∇ϕ|2d2,

which implies that ∫
B(r)

e(u) ≤ 16
r2

∫
B(2r)

d2.

It is a well-known fact thate(u) is subharmonic, therefore satisfies mean-
value inequality. Once we assume thatd(x) = o(r(x)) one can easily see
from the above inequality and the mean value inequality thate(u) ≡ 0 since

sup
B( r

2 )
e(u) ≤ C(M)

V (r)

∫
B(r)

e(u)

≤
C(M)

(
supB(2r) d2

)
V (2r)

r2V (r)
→ 0.

The advantage of this type argument is that not only it is simpler than the
gradient estimate but also it can be modified to allow quasi-isometries of the
domain manifoldM . This point has been exploited by Peter Li and J. Wang
in the study of the convex hull property of harmonic maps (cf. [L-W]).

4 Existence of the Hermitian harmonic maps

In this section we prove an existence theorem for Hermitian harmonic maps
between complete manifolds. First we fix some notations. We say a second
order elliptic operatorL has positive first eigenvalueλ1(L, M) if for any
compact supported smooth functionϕ one has
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∫
M

(−Lϕ)ϕ ≥ λ1(L, M)
∫

M
ϕ2.

In particular, we simply denoteλ1(L, M) byλ1(M) whenL is the Beltrami-
Laplacian operator and we denoteλ1(L, M) by λ̃1(M) whenL is the holo-
morphic Laplacian operator̃∆ of the chosen holomorphic torsion free con-
nection.

Theorem 4.1. Assume thatM is a complete Hermitian manifold with pos-
itive first eigenvaluẽλ1(M) for ∆̃, N is a complete Riemannian manifold
with nonpositive sectional curvature andh is a smooth map fromM to N .
If there is a positive numberp ≥ 1 such thath has bounded‖σ(u)‖L2p

then there exists a Hermitian harmonic mapu : M → N such thatu is
homotopic toh.

Remark 4.1.For the usual harmonic maps the existence result of this type
was proved by Ding [D] and Li-Tam [L-T] under the similar assumption as
ours here. The argument here in fact also provides a simple proof for the
usual harmonic maps if one replace Jost-Yau’s theorem by using Hamilton’s
solution for the Dirichlet problem of harmonic maps.

We prove the result by the compact exhaustion procedure. Let{Ωi} be
a compact exhaustion ofM with, at least, Lipschitz boundary. By theorem
6 in [J-Y] we have{ui} which solve the Dirichlet homotopy problem

{
σ(ui) ≡ 0
ui|∂Ωi

= h, ui ∼ h rel ∂Ωi.
(4.1)

We will argue that there exists a subsequence of{ui} such that it converges
to a Hermitian harmonic map on the whole manifold. In order to do that we
use the estimate in Sect. 3 to bound the energy density over the compact
domainK, or Bo(R). The basic technique is to look atρ2

i (x), the square
of the homotopy distance betweenui andh, andρ2

ij(x), the square of the
homotopy distance betweenui anduj(i > j). In the following we first try
to show thatρi (thereforeρij) has uniformL2p norm.

By Corollary 3.5, after we replaceu by ui, a Hermitian harmonic map
and replacev by the initial maph, we have

∆̃ρi ≥ −‖σ(h)‖.
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Multiplying ρ2p−1
i on the both sides of the above inequality and integrating

by parts, we then have

−(2p − 1)
∫

M
|∇ρi|2ρ2p−2

i

+
∫

M
〈V,∇ρi〉 ρ2p−1

i =
∫

M
(∆̃ρi)ρ

2p−1
i

≥ −
∫

M
‖σ(h)‖ρ2p−1

i .

Here we have used the fact thatρi = 0 on∂Ωi sinceui coincides withh on
the boundary ofΩi. Multiplying p on both sides we get

p

∫
M

‖σ(h)‖ρ2p−1
i ≥ (2p − 1)p

∫
M

|∇ρi|2ρ2p−2
i

−p

∫
M

〈V,∇ρi〉 ρ2p−1
i .(4.2)

On the other hand, by the assumption thatλ̃1(M) > 0, we have that for any
compact supported functionϕ∫

M
(−∆̃ϕ)ϕ ≥ λ̃1(M)

∫
M

ϕ2,

or ∫
M

|∇ϕ|2 −
∫

M
〈V,∇ϕ〉ϕ ≥ λ̃1(M)

∫
M

ϕ2.

Lettingϕ = ρp
i , we get

p2
∫

M
ρ2p−2

i |∇ρi|2 − p

∫
M

< V,∇ρi > ρ2p−1
i ≥ λ̃1(M)

∫
M

ρ2p
i(4.3)

Adding (4.2) and (4.3) we have

p

∫
M

‖σ(h)‖ρ2p−1
i ≥ (p2 − p)

∫
M

|∇ρi|2ρ2p−2
i + λ̃1(M)

∫
M

ρ2p
i .(4.4)

In particular, forp ≥ 1 we have

p

∫
Ωi

‖σ(h)‖ρ2p−1
i ≥ λ̃1(M)

∫
Ωi

ρ2p
i .(4.5)

Here we replaceM by Ωi sinceρi is compact-supported inΩi. Hölder
inequality and (4.5) together imply that

p

(∫
Ωi

ρ2p
i

) 2p−1
2p
(∫

Ωi

‖σ(h)‖2p

) 1
2p

≥ λ̃1(M)
∫

Ωi

ρ2p
i .
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Therefore (
p

λ̃1(M)

)2p ∫
Ωi

‖σ(h)‖2p ≥
∫

Ωi

ρ2p
i .(4.6)

By ρij ≤ ρi + ρj we have

‖ρij‖L2p(Ωj) ≤ C.(4.7)

The standard iteration argument in [G-T], or [Li] (for a geometric version),
implies ‖ρij‖L∞(K) is uniformly bounded over any compact domain by
some constantC independent ofi andj, whereK is a relatively compact
subset ofM . For the completeness we sketch the argument here.

We can reduce the estimate to theL∞ estimate ofρij over balls. In the
following, let Bx0(2R) ⊂ Ωi (or briefly just B(2R)) be a ball of fixed
radius2R centered at a fixed pointx0. For the simplicity, we denoteρij by
f , which satisfies that ∫

B(2R)
f2p ≤ C(M)

for some constantC. By Corollary 3.5f also satisfies

∆̄f ≥ 0.(4.8)

We will show that there exists a constantC1 such that

supB(R
2 )f ≤ C1‖f‖L2p .

Here the constantC1 only depends on the geometry ofM and is independent
of f . (This is a variant of the standard mean-value type inequality. One can
consult Theorem 8.17 of [G-T], chapter 11 of [Li] or [L-S] for more detailed
argument.)

The major geometric-analytic property ofM which we are going to
use is the Sobolev inequality onB(R). Namely, there exists a constant
Cs only dependent on the geometry ofM aroundB(R) such that for any
φ ∈ C∞

c (B(R))

∫
B(R)

|∇φ|2 ≥ Cs

(∫
B(R)

φ
2m

m−2

)m−2
m

(4.9)

always holds.
Before we begin the Moser iteration scheme we choose a cut-off function

ϕ to be

ϕ(x) =




1 onx ∈ Bp(d)
d+σ−r

σ onx ∈ B(d + σ) \ B(d)
0 onx ∈ B(R) \ B(d + σ).
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Let a ≥ p > 1. Multiplying f2a−1ϕ2 on both sides of (4.8) and integrating
by parts we get

−(2a − 1)
∫

B(R)
|∇f |2f2a−2ϕ2 − 2

∫
B(R)

< ∇f,∇ϕ > f2a−1ϕ

+
∫

B(R)
〈V,∇f〉 f2a−1ϕ2 ≥ 0.

Multiplying a on both sides and using Cauchy inequality we can write

1
ε

a

2a − 1

∫
B(R)

‖V ‖2f2aϕ2

−2a

∫
B(R)

〈∇f,∇ϕ〉 f2a−1ϕ ≥ (1 − ε)(2a2 − a)
∫

B(R)
|∇f |2f2a−2ϕ2

for anyε > 0.
On the other hand, lettingφ = faϕ we can write the following by direct

calculation

a2
∫

B(R)
|∇f |2f2a−2ϕ2

+2a

∫
B(R)

〈∇f,∇ϕ〉 f2a−1ϕ +
∫

B(R)
f2a|∇ϕ|2 =

∫
B(R)

|∇(faϕ)|2.

Choosing1 − ε = a
2a−1 and adding the above two inequalities we have

a

a − 1

∫
B(R)

‖V ‖2f2aϕ2 +
∫

B(R)
f2a|∇ϕ|2 ≥

∫
B(R)

|∇(faϕ)|2.

Applying (4.9) toφ = faϕ we finally have

C(M, V, p)(1 +
1
σ2 )

∫
B(d+σ)

f2a ≥
(∫

B(d)
fa( 2m

m−2 )

)m−2
m

.(4.10)

If we let ν = m
m−2 the above inequality can be rewritten as

‖f‖L2aν(B(d)) ≤ C
1
a

(
1 +

1
σ2

) 1
a

‖f‖L2a(B(d+σ)).

Let us now choose sequence ofai, di, andσi such that

a0 = p, a1 = pν, · · · , ai = pνi, · · · ,

σ0 =
1
4
R, σ1 = 2−1σ0, · · · , σi = 2−iσ0, · · · ,
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d−1 = R, d0 = R − σ0, d1 = R − σ0 − σ1, · · · , di = R −
i∑

j=0

σj , · · · .

Observe thatlimi→∞ di = R
2 . The Moser-iteration argument completes the

proof of our claim after we iterate (4.10). If we treat the usual harmonic maps
we can apply Li-Schoen’s mean value inequality directly since thenρij is
a subharmonic function. The argument above needsp > 1, but a general
argument in [Li] shows thatp > 0 case follows fromp > 1. As a conclusion
we have mean-value type inequality for anyp > 0.

Proof of theorem 4.1. In order to prove the theorem we only need to get a
uniform bound fore(ui). By Lemma 3.1

∆̃e(ui) ≥ −Ce(ui),(4.11)

for some constantC only dependent onM andN . Therefore

∆e(ui) + 〈V,∇e(ui)〉 ≥ −Ce(ui).

One can easily check that the similar argument in the last paragraph can show
that the mean-value type inequality also holds here fore(ui). Therefore we
can reduce the point-wise estimate ofe(ui) to an integral estimate ofe(ui).
This implies that in order to get the uniform estimate ofe(ui) over the ball
Bo(R) we only need to estimate the integral of them overBo(r) for r > 2R.

Let G(x, y) be the positive Green’s function onBo(2r) satisfying the
Dirichlet boundary condition, and letϕ be a cut-off function supported in
Bo(2r) with ϕ = 1 in Bo(r). Then we have

ρ2
ij(o) = −

∫
Bo(2r)

G(x, y)∆(ϕρ2
ij).

Using Lemma 3.4 and the fact thatui, uj are Hermitian harmonic, we have

∆̃ρ2
ij ≥ 2

∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds.

Hence we can write

∆(ρ2
ijϕ) = (∆ρ2

ij)ϕ + 2
〈∇ρ2

ij ,∇ϕ
〉

+ (∆ϕ)ρ2
ij

= (∆̃ρ2
ij)ϕ +

〈
V,∇ρ2

ij

〉
+ 2

〈∇ρ2
ij ,∇ϕ

〉
+ (∆ϕ)ρ2

ij

≥
(

2
∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

)
ϕ

−‖V ‖|∇ρ2
ij |ϕ − 2|∇ϕ||∇ρ2

ij | + (∆ϕ)ρ2
ij
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Applying (3.8) we have

−‖V ‖|∇ρ2
ij |ϕ ≥ −2‖V ‖ρij

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

) 1
2

ϕ

≥ −1
2

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

)
ϕ − 2‖V ‖2ρ2

ijϕ

and

−2|∇ϕ||∇ρ2
ij | ≥ −4|∇ϕ|ρij

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

) 1
2

≥ −1
2

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

)
ϕ − 8

|∇ϕ|2
ϕ

ρ2
ij .

Therefore

∆(ρ2
ijϕ) ≥

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

)
ϕ

−
(

2‖V ‖2 − 8
|∇ϕ|2

ϕ
− ∆ϕ

)
ρ2

ij

≥ 1
2

(e(ui) − 3e(uj))ϕ −
(

2‖V ‖2 − 8
|∇ϕ|2

ϕ
− ∆ϕ

)
ρ2

ij .

In the last step we have used Proposition 3.2. Now we have

ρ2
ij(o) = −

∫
Bo(2r)

G(x, y)∆(ϕρ2
ij)

≤ −1
2
(
∫

Bo(2r)
G(x, y)ϕ(e(ui) − 3e(uj))ds)

+C

∫
Bo(2r)

G(x, y)ρ2
ij .

Fixing j and using the factρij is uniformly bounded we can get∫
Bo(r)

e(ui)G(x, y) ≤ C.

HereC is independent ofi. From the above inequality and the fact that
G(x, y) is positive onBo(r) we can easily see∫

Bo(r)
e(ui) ≤ C.
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Hence we havee(ui) ≤ C for some constantC which is independent ofi.
Therefore the{ui} has a subsequence which converges tou, a solution of
(1.1). Thus we complete the proof of Theorem 4.1.

We should point out here that by our construction we can see easily
that ρ(u(x), h(x)), the homotopy distance between the initial maph and
u, belongs toL2p(M). We will show in the next section that under this
condition the solution is also unique if we assume that the difference vector
fieldsV has boundedL∞ norm.

5 Uniqueness

In this section we will show that the Hermitian harmonic map we constructed
in last section is in fact unique if we assume that the vector fieldsV satisfies
‖V ‖L∞ < ∞.

Theorem 5.1. Assume thatM has positive first eigenvaluẽλ1(M) for ∆̃,
N has nonpositive sectional curvature. Letu1 and u2 be two homotopy
Hermitian harmonic maps fromM to N , and letρ(x) be the homotopy
distance between them. If there is a positive numberp ≥ 1 such thatρ(x) ∈
L2p(M) and the difference vector fieldsV satisfies‖V ‖L∞ < ∞, then
u1(x) = u2(x).

Proof. By the remark after the proof of Theorem 4.1 we know thatρ(u(x),
h(x)) ∈ L2p(M) if u is the solution of (1.1) from our construction. There-
fore if u1 and u2 are two solutions from our construction we have that
ρ(u1(x), u2(x)) ≤ ρ(u1(x), h(x))+ρ(u2(x), h(x))and belongs toL2p(M)
also. Because of that Theorem 5.1 gives the uniqueness result corresponding
to Theorem 4.1.

The proof follows closely from theLp Liouville type theorem of Yau
(See [Li], Sect. 7). By Corollary 3.5 we have

∆̃ρ ≥ 0.

Let ϕ be a cut-off function. Multiplyρ2p−1ϕ2 on both sides of the above
inequality and integrate by parts. Then

− (2p − 1)
∫

M
|∇ρ|2ρ2p−2ϕ2 − 2

∫
M

< ∇ρ,∇ϕ > ρ2p−1ϕ(5.1)

+
∫

M
〈V,∇ρ〉 ρ2p−1ϕ2 ≥ 0.

Lettingφ = ρpϕ and using the assumption that∫
M

(−∆̃φ)φ ≥ λ̃1(M)
∫

M
φ2
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We can write the following inequality

p2
∫

M
ρ2p−2|∇ρ|2ϕ2 + 2p

∫
M

〈∇ρ,∇ϕ〉 ρ2p−1ϕ +
∫

M
ρ2p|∇ϕ|2

− p

∫
M

〈, V,∇ρ〉 ρ2p−1ϕ2 −
∫

M
〈V,∇ϕ〉 ρ2pϕ

≥ λ̃1(M)
∫

M
ρ2pϕ2.

Multiplying (5.1) by p and adding (5.1) to the above inequality, then we
have∫

M
ρ2p|∇ϕ|2 −

∫
M

〈V,∇ϕ〉 ρ2pϕ ≥ λ̃1(M)
∫

M
ρ2pϕ2

+(p2 − p)
∫

M
ρ2p−2|∇ρ|2ϕ2,

which implies

1
r2

∫
B(2r)

ρ2p +
1
r
‖V ‖L∞

∫
B(2r)

ρ2p ≥
∫

M
ρ2p|∇ϕ|2 −

∫
M

〈V,∇ϕ〉 ρ2pϕ

≥ λ̃1(M)
∫

B(r)
ρ2p

+(p2 − p)
∫

B(r)
ρ2p−2|∇ρ|2.

Lettingr → ∞ we have that the left hand side of the above inequality goes
to 0. Hence ∫

M
ρ2p ≤ 0

which implies the conclusion of Theorem 5.1.

6 Global existence for the heat equation

In this section we will treat the heat equation (1.2). We are going to show
that the heat equation (1.2) has a global solution under the assumption that
λ̃1(M) ≥ 0, which is weaker than the assumption of Theorem 4.1. Also we
show that the solution of the heat equation will converges to a Hermitian
harmonic map if̃λ1(M) > 0 and‖V ‖L∞ < ∞. For existence it does not
tell more than Theorem 4.1 but it provides the homotopy explicitly by the
heat flow and coincides with the uniqueness result of Sect. 5.
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Theorem 6.1. Let M be a complete Hermitian manifold with nonnegative
λ̃1(M) ≥ 0, and letN be a complete Riemannian manifold with nonpositive
sectional curvature. Leth be a smooth map with bounded‖σ(h)‖2p, p ≥ 1.
Then there exists a solutionu(x, t) : M × [0,∞) → N , which solves (1.2)
and is homotopic toh with u(x, 0) = h(x).

Proof. Here we use the compact exhaustion argument as before. LetΩi

be a sequence of exhaustion domain ofM . From [J-Y] we know that the
following Dirichlet problems have solutionsui(x, t) onΩi × [0,∞);




∂ui
∂t = σ(ui)

u(x, 0) = h(x),
ui(x, t)|∂Ωi

= h(x), ui ∼ h rel ∂Ωi.
(6.1)

We will show that there exists a subsequence converging to a solutionu(x, t)
by establishing uniform gradient estimates for everyK × [0, T ], whereK
is a compact subdomain ofM .

First we are going to show that‖∂ui
∂t ‖ are uniformly bounded onK ×

[0, T ]. From [J-Y] we know that‖∂ui
∂t ‖ = ‖σ(ui)‖ satisfies

{(
∆̃ − ∂

∂t

)
‖∂ui

∂t ‖ ≥ 0,

‖∂ui
∂t ‖ |Ωi = 0.

(6.2)

In fact it was shown in [J-Y] (See the paragraph before Lemma 1 of [J-Y])
that (

∆̃ − ∂

∂t

)
‖∂ui

∂t
‖2 ≥ 2

∥∥∥∥∇dui

(
∂

∂t

)∥∥∥∥
2

,

which is weaker than what we need. Since it is easy to check that

∣∣∣∣∇(‖∂ui

∂t
‖)
∣∣∣∣
2

≤
∥∥∥∥∇dui

(
∂

∂t

)∥∥∥∥
2

One can get (6.2) from the above two inequalities easily.
It is not hard to check that the Moser-iteration argument of Sect. 4 ap-

plies to parabolic equations also. Therefore we can reduce the point-wise
estimates to theL2p estimates, which can be done as follows.
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For the simplicity of the notation we denote‖∂ui
∂t ‖(x, t) byg(x, t). Direct

calculation shows that

∂

∂t

∫
Ωi

g2p = 2p

∫
Ωi

g2p−1gt

≤ 2p

∫
Ωi

g2p−1∆̃g

= 2p

∫
Ωi

g2p−1 (∆g + 〈V,∇g〉)

= −2p(2p − 1)
∫

Ωi

|∇g|2g2p−2 + 2p

∫
Ωi

< V,∇g > g2p−1

≤ −2p(2p − 1)
∫

Ωi

|∇g|2g2p−2 + 2p‖V ‖∞,Ωi

∫
Ωi

|∇g|g2p−1

≤ −2p(2p − 1)
∫

Ωi

|∇g|2g2p−2

+2p‖V ‖∞,Ωi

(∫
Ωi

|∇g|2g2p−2
) 1

2
(∫

Ωi

g2p

) 1
2

≤ 2p‖V ‖∞,Ωi

2p − 1

∫
Ωi

g2p.

Hence

‖g‖L2p(Ωi) ≤ exp
(

T‖V ‖∞,Ωi

2p − 1

)
‖σ(h)‖L2p(M)

for all t ∈ [0, T ]. Therefore we conclude that for any compact subsetK ⊂ Ωi

there exists a constantC = C(T, M, V, K) such that

‖∂ui

∂t
‖ = ‖σ(ui)‖ ≤ C

for any(x, t) ∈ K×[0, T ]. The rest is to get uniform estimates fore(ui). This
can be done similarly to the elliptic case of Sect. 4. First we derive the esti-
mates of‖ρij‖L∞(K×[0.K]), which rely on the estimates of‖ρi‖L∞(K×[0,K]).
Then, using the mean value inequality, we can reduce down to theL2p es-
timates ofρi. Before we start the proof we should point out here that ifui

solves (1.2) , the Hermitian harmonic map heat equation, one can have all

those differential inequalities of Sect. 3 after replacing∆̃ by
(
∆̃ − ∂

∂t

)
. For

example,ρi satisfy the following

(
∆̃ − ∂

∂t

)
ρi ≥ −‖σ(h)‖,

ρi(x, 0) = 0,
ρi |∂Ωi

= 0.

(6.3)
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And ρij satisfy {(
∆̃ − ∂

∂t

)
ρij ≥ 0,

ρij(x, 0) = 0.
(6.4)

Multiply ρ2p−1
i on both sides of (6.3) and integrate by parts. With the help

of the boundary and initial conditions we have

− (2p − 1)p
∫

Ωi

|∇ρi|2ρ2p−2
i + p

∫
Ωi

〈V,∇ρi〉 ρ2p−1
i − p

∫
Ωi

(ρi)tρ
2p−1
i

= p

∫
Ωi

(
∆̃ρi

)
ρ2p−1

i − p

∫
Ωi

(ρi)tρ
2p−1
i

≥ −p

∫
Ωi

‖σ(h)‖ρ2p−1
i .

By our assumption we have that for any smooth cut-off functionφ,∫
M

|∇φ|2 −
∫

M
〈V,∇φ〉 ≥ λ̃1(M)

∫
M

φ2.

Lettingφ = ρp
i in the above inequality we have

p2
∫

Ωi

|∇ρi|2ρ2p−2
i − p

∫
Ωi

< V,∇ρi > ρ2p−1
i ≥ λ̃1(M)

∫
Ωi

ρ2p
i .

Adding this to the inequality after (6.4) we have

p

(∫
Ωi

‖σ(h)‖2p

) 1
2p
(∫

Ωi

ρ2p
i

) 2p−1
2p

≥ p

∫
Ωi

‖σ(h)‖ρ2p−1
i

−(p2 − p)
∫

Ωi

|∇ρi|2ρ2p−2
i

≥ p

∫
Ωi

(ρi)tρ
2p−1
i + λ̃1(M)

∫
Ωi

ρ2p
i

=
1
2

∂

∂t

(∫
Ωi

ρ2p
i

)
+ λ̃1(M)

∫
Ωi

ρ2p
i

≥ 1
2

∂

∂t

(∫
Ωi

ρ2p
i

)
.

Together with the initial condition thatρi(x, 0) = 0 the above differential

inequality implies that

‖ρi‖L2p ≤ ((4p − 1)‖σ(h)‖L2pT )
1

4p−1 .
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Because of thatρij ≤ ρi + ρj , (6.4) and the mean-value type inequal-
ity(which can be proved by a Moser-iteration argument as in the Sect. 4)
there exists a constantC = C(V, M, K, T ) such that

‖ρij‖L∞(K×[0,T ]) ≤ C.

After we establish theL∞ estimates forρij we can finally derive the
uniform estimates fore(ui). Just as in the elliptic case the key point here
again relies on a differential type inequality. First from [J-Y] we have the
following inequality for the energy density functione(ui)

(
∆̃ − ∂

∂t

)
e(ui) ≥ −Ce(ui), for someC independent ofui,(6.5)

by which we can reduce theL∞ estimates to the integral estimates as in
the elliptic case. The key point here is that the differential inequality (6.5)
implies a mean-value type inequality.

Furthermore we have the similar inequality as Lemma 3.4 forρ2
ij as

follows

(
∆̃ − ∂

∂t

)
ρ2

ij ≥ 2
∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds.(6.6)

This is a parabolic version of Lemma 3.4. Here we also have used the fact
thatui anduj solve the parabolic Hermitian harmonic map equation (1.2).

Now we can derive the integral estimates fore(ui) as what we did in
the Sect. 4. By the reasoning above it will be sufficient to estimate the
integral ofe(ui) overBo(r)× [0, T ] as what we did in the Sect. 4. (Since by
the parabolic mean-value inequality we know thatsupBo( r

2 )×[0,T ] e(ui) is
bounded from above by the sum of the average ofe(ui) overBo(r)× [0, T ]
and2 supBo(2r) e(h). One can consult Theorem 1.4 of [L-T] for more details
on the mean-value type inequality for parabolic equations.)

Let H(x, y, t) be the Dirichlet heat kernel onBo(2r), and letϕ be a
cut-off function supported inBo(2r) andϕ = 1 in Bo(r). Then, using the
fact thatρij(x, 0) = 0, we have

ρ2
ij(o) = −

∫ T

0

∫
Bo(2r)

H(x, y, t)
(

∆ − ∂

∂t

)
(ϕρ2

ij) dv dt.(6.7)



352 L. Ni

Similar to the last part of the proof of Theorem 4.1 one can write(
∆ − ∂

∂t

)
(ρ2

ijϕ) =
((

∆ − ∂

∂t

)
ρ2

ij

)
ϕ + 2

〈∇ρ2
ij ,∇ϕ

〉
+ (∆ϕ)ρ2

ij

=
((

∆̃ − ∂

∂t

)
ρ2

ij

)
ϕ +

〈
V,∇ρ2

ij

〉
+ 2

〈∇ρ2
ij ,∇ϕ

〉
+(∆ϕ)ρ2

ij

≥
(

2
∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥ ds

)
ϕ − ‖V ‖|∇ρ2

ij |

−2|∇ϕ||∇ρ2
ij | + (∆ϕ)ρ2

ij .

In the last inequality we have used inequality (6.4). By the same calculation
as in the last part of the proof of Theorem 4.1 we can have

∆(ρ2
ijϕ) ≥

(∫ 1

0

∥∥∥∥∇dU

(
∂

∂s

)∥∥∥∥
2

ds

)
ϕ

−
(

−2‖V ‖2 − 8
|∇ϕ|2

ϕ
− ∆ϕ

)
ρ2

ij

≥ 1
2

(e(ui) − 3e(uj))ϕ −
(

−2‖V ‖2 − 8
|∇ϕ|2

ϕ
− ∆ϕ

)
ρ2

ij .

Plug the above inequality into (6.7). Then we have

ρ2
ij(o) = −

∫ T

0

∫
Bo(2r)

H(x, y, t)
(

∆ − ∂

∂t

)
(ϕρ2

ij) dv dt

≤ −1
2

∫ T

0

∫
Bo(2r)

H(x, y, t)ϕ(e(ui) − 3e(uj)) dv dt

+C

∫ T

0

∫
Bo(2r)

H(x, y, t)ρ2
ij dv dt.

Fixing j and using the fact thatρij is uniformly bounded we have∫ T

0

∫
Bo(r)

H(x, y, t)e(ui) dv dt ≤ C.

Therefore ∫ T

0

∫
Bo(2r)

e(ui) dv dt ≤ C,

for some constantC independent ofi. Then we complete the proof of The-
orem 6.1.
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Remark 6.1.From the proof we can see that we did not use a lot of our
assumptioñλ1(M) ≥ 0. By the knowledge about the usual harmonic maps
we believe that the existence of the heat equation can be proved under
much more relaxed conditions. Since we won’t use it for our purpose of
constructing Hermitian harmonic maps we leave it to the interested reader.

Corollary 6.2. Assume thatM has positive first eigenvaluẽλ1(M) for ∆̃,
N has nonpositive sectional curvature andh is a smooth map fromM to
N . Furthermore we assume‖V ‖L∞ < ∞. If there is a positive number
p ≥ 1 such that the initial maph has bounded‖σ(u)‖L2p(p ≥ 1) then there
exists a solutionu(x, t) for the Hermitian harmonic map heat equation such
thatu(x, 0) = h(x) andu(x, t) converges to a Hermitian harmonic map as
t → ∞.

Proof. From Theorem 6.1 we know that there exists a global solutionu(x, t)
for the Hermitian harmonic heat equation (1.2). The only thing we need to
show here is the convergence of theu(x, t) ast → ∞. It will be sufficient to
prove the result of Corollary 6.2 if we can show that‖∂u

∂t ‖ → 0 ast → ∞.
Recall that from [J-Y] (Or see the proof of (6.2)) we have{(

∆̃ − ∂
∂t

)
‖∂u

∂t ‖ ≥ 0,

‖∂u
∂t ‖(x, 0) = ‖σ(h)‖.

(6.8)

Let f(x, t) = ‖∂u
∂t ‖. Since

∆̃fα = αfα−1∆f + α(α − 1)fα−2|∇f |2 + αfα−1 < V,∇f >

= αfα−1∆̃f + α(α − 1)fα−2|∇f |2

and
∂

∂t
fα = αfα−1ft

we have that {(
∆̃ − ∂

∂t

)
fα ≥ 0,

fα(x, 0) = ‖σ(h)‖α.
(6.9)

Hence we have(
‖∂u

∂t
‖(x, t)

)α

= fα(x, t)

≤
∫

M
H̄(x, y, t)‖σ(h)‖α dy

≤
(∫

M
H̄q′

(x, y, t) dy

) 1
q′ (∫

M
‖σ(h)‖αp′

) 1
p′

.
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HereH̄(x, y, t) is the heat-kernel of̃∆ and 1
q′ + 1

p′ = 1. We chooseα andp′

such thatαp′ = 2p andα close to2p ≥ 2 such thatp′ is close to1. Therefore
the proof depends on theLq′

estimate of the heat-kernel̄H(x, y, t) of ∆̃.
By the choice ofp′ we can assume thatq′ > 2. The similar estimate for
the Laplacian-Beltrami heat-kernel was derived in [L-T] and [Gr]. For the
completeness we include a proof here. (It has been modified a little for our
case.)

Let ϕ be a cut-off function onM and2q = q′. Direct calculation gives

d

dt

(∫
M

H̄2q(x, y, t)ϕ2 dy

)
= 2q

∫
M

H̄2q−1H̄tϕ
2 dy

= 2q

∫
M

H̄2q−1(∆̃H̄)ϕ2 dy

= −2q(2q − 1)
∫

M
H̄2q−2|∇H̄|2ϕ2

+2q

∫
M

H̄2q−1 〈V,∇H̄
〉
ϕ2

−4q

∫
M

H̄2q−1 〈∇H̄, ∇ϕ
〉
ϕ.

By the assumption oñλ1(M) with φ = H̄qϕ we have that

2q2
∫

M
H̄2q−2|∇H̄|2ϕ2 + 4q

∫
M

H̄2q−1ϕ
〈∇H̄, ∇ϕ

〉
+2
∫

M
H̄2q|∇ϕ|2 − 2q

∫
M

H̄2q−1ϕ2 〈∇H̄, V
〉− 2

∫
M

H̄2q 〈∇ϕ, V 〉ϕ

= 2
(∫

M
|∇φ|2 −

∫
M

〈V,∇φ〉
)

≥ 2λ̃1(M)
∫

M
φ2

= 2λ̃1(M)
∫

M
H̄2qϕ2.

Adding the above two inequalities we have

d

dt

(∫
M

H̄2q(x, y, t)ϕ2 dy

)
+ 2λ̃1(M)

(∫
M

H̄2q(x, y, t)ϕ2 dy

)

≤ −(2q2 − 2q)
∫

M
H̄2q−2|∇H̄|2ϕ2

+2
∫

M
H̄2q|∇ϕ|2 − 2

∫
M

H̄2q 〈∇ϕ, V 〉ϕ

≤ 2
∫

M
H̄2q|∇ϕ|2 − 2‖V ‖L∞

∫
M

H̄2q|∇ϕ|ϕ.
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Letting r → ∞ we have that

d

dt

(∫
M

H̄2q(x, y, t) dy

)
+ 2λ̃1(M)

(∫
M

H̄2q(x, y, t) dy

)
≤ 0.(6.10)

Therefore we have(∫
M

H̄2q(x, y, t) dy

)
≤ exp(−2λ̃1(M)(t − 1))

(∫
M

H̄2q(x, y, 1) dy

)
.

Now we complete our proof of Corollary 6.2.

Remark 6.2.From the proof one can see that the above argument also works
for 1 ≥ p > 1

2 if one assume the existence of the heat equation. Even
though we need the assumption‖V ‖L∞ < ∞ to prove the convergence to
a Hermitian harmonic map this assumption coincides with the assumption
for the uniqueness.
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