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1. Introduction

In [L-Y], Peter Li and S.-T. Yau developed the fundamental gradient estimate,
which is now widely called the Li-Yau estimate, for any positive solution u(x, )
of the heat equation on a Riemannian manifold M"(n = dimrM) and showed
how the classical Harnack inequality can be derived from their gradient estimate.
When M" is complete and of nonnegative Ricci curvature, the Li-Yau estimate is
sharp. Later in [H2], Richard Hamilton extended the Li-Yau estimate to the full
matrix version of the Hessian estimate of # under the stronger assumptions that
M is Ricci parallel and of nonnegative sectional curvature.
In this paper, we consider positive solutions to the heat equation

0
——A ,t)=0 1.1
(2~ a)uces "
on a complete Kéhler manifold M™ of complex dimension m(n = 2m) with
Kéhler metric g = (g,5). Our main result is the following complex analogue of
Hamilton’s Hessian estimate for any positive solution u to (1.1):

Theorem 1.1. Let M™ be a complete Kiihler manifold of complex dimension m
with nonnegative holomorphic bisectional curvature, and u(x,t) be a positive
solution of (1.1). Then, for any vector field V. = (V%) of type (1,0) on M and
t > 0, we have
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u
ua5+uaV/§+u/§Va+uVaVlg+?ga/§ZO. (1.2)

A similar result with error terms can be formulated for complete Kdhler man-
ifolds with curvature bounded from below. Note that we have two advantages of
being in the Kéihler category here. Namely, not only we can replace the assump-
tion of nonnegativity of the sectional curvature in Hamilton’s result by that of
the holomorphic bisectional curvature, but also we can remove the assumption
of the Ricci tensor being parallel which is a rather restrictive condition and is
definitely needed in Hamilton’s work [H2]. Therefore, our Theorem 1.1 should
be more applicable. We should mention that in a forth coming paper [N], a new
matrix Li-Yau-Hamilton inequality for Kéhler-Ricci flow has been proved. It is
related to the result in Theorem 1.1 by an interpolation consideration. Some appli-
cations of Theorem 1.1 as well as the new matrix Li- Yau-Hamilton inequality for
Kiéhler-Ricci flow, in particular to heat kernel comparisons, Nash-like entropy and
Perelman-like reduced volume monotonicity, to name a few, are also shown there.

If we choose the optimal V = —Vu/u and take the trace in (1.2), we obtain
the gradient estimate of Li-Yau in the Kéhler case:
[Vul> m
uy — + —u > 0. (1.3)
u

We remark that Li- Yau [L-Y] proved the Riemannian version of the trace estimate
(1.3) under the assumption of nonnegative Ricci curvature only. Moreover, we will
need to use Li-Yau’s result in the proof of Hessian estimate (1.2) when the mani-
fold is noncompact (see Remark 3.1 for more details). However, the conclusion in
our result is stronger and therefore the result is expected to have more applications.

An immediate application of Theorem 1.1 is the following complex Hessian
comparison theorem for the distance function on a complete Kihler manifolds of
nonnegative holomorphic bisectional curvature:

Corollary 1.1. Let M be a complete Kiihler manifold with nonnegative holomor-
phic bisectional curvature. Let r (x) be the distance function to a fixed pointo € M.
Then in the sense of currents, we have

(g (x) < gq5(x). (1.4)

In particular, when M is noncompact, Busemann functions with respect to geo-
desics are plurisubharmonic.

Proof of Corollary 1.1. Applying Theorem 1.1 to the heat kernel H (x, y, t) with
V = —-VH/H, we have
1
(IOg H)aﬁ + ;gozB > 0.

Now it is well known that H is positive and —tlog H — r*(x,y) ast — 0,
therefore —(7 log H),5 — (rz)a j in the sense of distribution/barriers. The result
then follows. O



Matrix Li-Yau-Hamilton estimates

Such a Hessian comparison theorem seems to be elusive from the literature
even though Greene-Wu (cf [G-W]) have proved the plurisubharmonicity of the
Busemann function on such manifolds. We should mention that Corollary 1.1
was also proved in [L-W] using a different and more direct method. The argument
there also works for the negative curved manifolds. It is interesting to see if one
can have the parabolic version of their results similar to Theorem 1.1.

Now we turn our attention to the trace and matrix estimates for the potential
function of the Kéhler-Ricci flow on a compact or complete noncompact Kihler
manifold. In the study of the Kihler-Ricci flow

9
18 (: D) = —Ryj(x, 1), (1.5)

it is often useful to consider the time-dependent heat equation:

(% —Al) u(x,t) =0. (1.6)
Here A, denotes the Laplace operator with respect to the evolving metric g, 5(x, 1)
at time ¢. For example, when M is compact and the first Chern class ¢; (M) = 0,
the Kéhler-Ricci flow was studied by the first author in [C1]. In this case, (1.5) can
be reduced to the following scalar complex Monge-Amperé flow of the (unknown)
function ¢ (x, 1):

d -
3<p(x, t) = log Hgys(r 1))

o1 det(s, ;.0 T (4D

where g,5(x, 1) = g,5(x, 0) +¢,5(x, 1) and f,5 = —R,5(x, 0). Itis then easy to
check that u = —¢, is a potential function of the evolving Ricci tensor R, 5(x, 1),
i.e., the complex Hessian u,z(x, 1) = R,z (x, 1), and satisfies the heat equation
(1.6). It is often useful to obtain gradient estimate for positive solutions of (1.6) in
general, and in particular for the potential functions of the evolving Ricci tensor. It
turns out that the trace estimate of Li-Yau always holds for the positive potential
functions of the evolving Ricci tensor without any assumptions on the sign of
curvature:

Theorem 1.2. Let M™ be a compact Kihler manifold with ¢y (M) = 0. Let ¢ and
u be given as above, and assume u > 0. Then we have, fort > 0,
[Vul> m

+—u>0. (1.8)
u t

Uy

A similar result also holds for the c;(M) > 0 case. See the statement of
Theorem 2.1 in next section.

If we assume that M is complete noncompact with nonnegative holomorphic
bisectional curvature, then the matrix gradient estimate holds for the positive



H.-D. Cao, L. Ni

potential function u. (The compact case would not be of much interests since
under the assumptions ¢;(M) = 0 and M has nonnegative holomorphic bisec-
tional curvature, M is in fact holomorphically isometric to a flat complex tori.)
Namely, we have

Theorem 1.3. ! Let 8uf (), 0 <t < T, beacomplete solution to the Kdhler-Ricci
flow (1.5) on a noncompact complex manifold M with nonnegative holomorphic
bisectional curvature. Let u(x, t) be a positive potential function of the evolving
Ricci tensor. Then u satisfies the matrix estimate (1.2).

Notice that if the initial metric g(0) has bounded nonnegative holomorphic
bisectional curvature, it was proved in [Sh], following the earlier work of Bando
[B] and Mok [M] that (M, g(¢)) has nonnegative bisectional curvature for t > 0
if the curvature is uniformly bounded. Hence we can replace the assumption on
nonnegativity of g(z) by that the bisectional curvature is bounded for g(¢) and
nonnegative for g(0).

In the process of proving Theorem 1.3, we in fact prove a matrix gradient
estimate for any positive solution u to the heat equation (1.6) coupled with the
Kihler-Ricci flow (1.5), provided u is plurisubharmonic. See Theorem 3.1 in the
last section.

Acknowledgements. The authors would like to thank the National Center for Theoretical Sci-
ences at National Tsing Hua University in Hsinchu, Taiwan for the hospitality provided during
the writing of this paper. Part of the work was carried out while the first author was visiting
the Mathematics Department of Harvard University. He would like to thank Professor S.-T. Yau
for making the visit possible and for his encouragement. Finally, we thank the referee for very
helpful comments which greatly enhanced the readability of the article.

2. The compact case

Throughout this section, we assume that M™ is compact so that one can apply
the tensor maximum principle of Hamilton in [H1] without worrying about any
growth assumption on the tensor. We shall first present the proof of Theorem 1.1
in the compact case, and then the proof of Theorem 1.2 as well as the analogous
case of ¢;(M) > 0. The proof of Theorem 1.1 in the noncompact case will be
given in Section 3.

Proof of Theorem 1.1 (The compact case). Asin [H2], it suffices to prove that for
t > 0, the Hermitian symmetric (1,1) tensor
Ugllg

u
Nog = uy5 + ;go,g -, > 0. 2.1)

! In [N], the author proved a new matrix Li-Yau-Hamilton estimate for Kéhler-Ricci flow. The
estimate is shown to be related to Perelman’s entropy formula in [P] also by an interpolation.
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As always, we first apply the heat operator to the tensor N, . From direct calcu-
lations (cf. Lemma 2.1 in [N-T1]), we have

0 1 1
(E - A) MUB = Ragygug)j - ERaguslg - ERSBuaE. (22)

Using the fact that A = % (V, Vs + V5Vy), we also obtain

9 Ugll 1 2 2
<E — A) <_ ) = " (uasuﬂg + uaguwg) + Euau,ﬂuﬁ

u

1
+Z(Ra§usuﬁ + Ryguqus)

1
—; (uasugulg + UgsUalls
+ugsuguy + u/gs,uaus) , (2.3)
and
0 u u
9 _A (_ ->:__ - 2.4
(at ) t gaﬁ tz gaﬁ ( )

Combining (2.2)-(2.4), we have
d 1 1 2
— —A N(xﬁ = RaBySN(W - E(Ras_Nyﬁ + Nas_RSB) + ;NQENCB — ;NWB

o1
1 Uyl Usig 1
+;<um— - ) (55 - ; )—f—;Ralg},gugu};. 2.5)

Now according to the tensor maximum principle of Hamilton in [H1], to prove
N,z = O it suffices to show that the right hand side of (2.5) is non-negative when
applied to any null vector of N, z. However, it is easy to check that in fact each
term on the right hand side of (2.5) is nonnegative when evaluated at any null
vector of N, 5. Thus the proof of Theorem 1.1 is proved in the case of M being
compact. O

Proof of Theorem 1.2. As in [L-Y], let v = logu. Define G = 7 (|Vv|* — v,). It
suffices to show that G < m. Direct calculations show that

A — v, = —| Vo), (2.6)

AV = gy [ + [vag [ 4+ (A0)avs + Ve (A0)a + Rygravg,  (27)

and

3
§|Vv|2 = R, 5Vav; + (V)ava + Vo (v)a. (2.8)
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Here the first term on the right hand side of (2.8) is due to the fact that we have a
time-dependent metric evolving by the Kéhler-Ricci flow (1.5).
From (2.6) we also have

Vi — Ay (v) = Ryg(vpa + vpva) + (Vr)aVa + Vo (Vr)a- (2.9)

From (2.7)—(2.9) it follows
0
(A, - 5) (IVVI* = v) = |vay |* + [Vay|* + Ry5(vpa + vpva)
—(IVv* = v)ava — (IVV[* = v)ave
> [ve7* = (IVV]* = v)ava
—(IV]* = v Vg. (2.10)

Here we have used the fact that Ry g(vpa + vpvg) = Raguﬂ@/bt = |Ra5|2/u > 0.
From (2.10), we obtain

9 G
(A, — E) G > tlvey|* — 2(VG, Vv) — "

t 5 G
> — (Aw)” = 2(VG, V) — —
m t

G? G
= — —2(VG, Vv) — —. (2.11)
tm t
Applying the maximum principle argument to the above inequality, it then

follows that G < m, which completes the proof of the theorem. O

In the case of compact M with first Chern class ¢; (M) > 0, we can obtain a
similar result. In this case, consider the normalized Kihler-Ricci flow

0
Egaﬁ(x’t) = _Rag(x’t)+ga/§(x7[) (212)

with the initial metric g(x, 0) and its Kdhler form w such that ¢;(M) = w[w].
Similar to (1.5), (2.12) can also be reduced to a complex Monge-Amperé flow of
the form

det(g,5(x, 1))
det(g,5(x, 0))
Here again g,z(x, 1) = g,5(x,0) + ¢,5(x, 1) and f,5 = g,5(x, 0) — R,5(x, 0).
Furthermore, it was shown by the first author [C1,C2] that the solution to (2.13),

hence also (2.12), exists for all time.
Set w = —¢,. Then w is a potential function satisfying

%(p(x, t) = log +o(x,t)+ f(x). (2.13)

walg(x,t) = Ralg(x,t) —galg(x,t) (2.14)
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and

]
(5 - AI) w = w. 2.15)

Similar to Theorem 1.2, we have

Theorem 2.1. Let M™ be a compact Kdihler manifold with ¢;(M) > 0. Let ¢ and
w be defined as above, and assume w > 0. Then we have, fort > 0,

IVw|> m
— + Tw >w > 0. (2.16)

Wy
w

Proof of Theorem 2.1. Letu = e ' w,then u is a positive solution to the heat equa-
tion (1.6) coupled with (2.12). As in the proof of Theorem 1.2, we let v = logu
and define G = ¢ (| Vo> — vt). It follows from similar calculations there that

0
(A, — 5) (VU = v) = |vay I + lvay I + (Ryj — 843) (Vga + vpva)

—(IVV]* = v)ava — (IVV]* = v)ave + | VVI?
> Vg7 > = (IVV]* = v)qvg
—(IVv]® = v))a V. (2.17)

Here we have used the fact that
(Ryj — 8up)(Vpa + Vpva) = (Ryj — 8up)Upa/u = |Ryp — 8upl*/w = 0.

Hence G satisfies the same differential inequality (2.11), and we can conclude the
same way that G < m. Therefore, the function u = e~ w satisfies the estimate
(1.8). Expressing this in terms of w, we obtain the desired estimate (2.16) and
thus proves Theorem 2.1. O

Remark 2.1. Due to the equations (2.13) and (2.15), one can ensure w(x,t) > 0
by choosing ¢(x, 0) such that —w(x, 0) = ¢(x,0) + f(x) <O.

Remark 2.2. We also should point out that Perelman also derived certain gradient
estimate for the Ricci potential function w, which is anchored in a clever way
through his entropy. The gradient estimate there plays a important role in obtain-
ing geometric estimates for the Kéhler-Ricci flow for ¢; (M) > 0 case. At this
moment, it is still unclear to us at this moment what is the relation between his
estimate and ours.
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3. The complete noncompact case

Now we consider the case when M is a complete noncompact Kéhler manifold
with nonnegative holomorphic bisectional curvature. Due to the fact that unique-
ness of the solution to the scalar heat equation fails to be true in general on a
noncompact manifold, one normally needs to impose some kind of growth con-
ditions on the function u as well as its first and second order derivatives in order
to be able to apply Hamilton’s tensor maximum principle (or its argument) to the
tensor N,z defined in (2.1). However, in our case of proving Theorem 1.1, we
shall see that we can get away without imposing any growth assumptions on u
and its derivatives. The key here is that we are working with a positive solution
of the heat equation, thus we can make use of the available estimate of Li-Yau to
obtain the required growth estimates at any positive time. First let us collect some
basic facts.

Lemma 3.1. Let u(x, t) be a positive solution to (1.1). Then we have

d
(E‘A) IVul? < —luggl* — luapl? (3.1
and
S _A luggl> <0 (3.2)
—_— — Uu,z . .
ot apl =

Proof. Both (3.1) and (3.2) can be verified by direct calculations. Here the non-
negativity of the Ricci curvature is used in (3.1) and the nonnegativity of the
holomorphic bisectional curvature is used in (3.2). The elliptic version of the
computation for (3.2) goes back to Bishop-Goldberg [B-G] (see also [M-S-Y,
Proposition on page 185] ). For more details, see for example Lemma 1.1 in
[N-T1] and Lemma 1.5 in [N-T2] (or Lemma 2.1 of [N-T4] for a slightly more
general, but published version). O

We also need to use the result of Li-Yau on the Harnack inequality for positive
solution to the heat equation. Let o € M be a fixed point, and let u(x, t) be a
positive solution of (1.1). Since our focus here is to obtain a upper bound on u for
positive time we can assume, without the lose of generality, that u(x, ¢) is defined
on M x [0, 2]. By the Harnack inequality in [L-Y] (Theorem 2.2(i), page 168) we
have, for0 <t < 1

ulx,t) < tgmu(o, 2) exp(arz(x)). (3.3)

Here a > 0 is a constant and r(x) is the distance function from the point 0. In
particular, for2 — § > ¢ > § > 0, there exists a constant b > 0 (might depends
on § and u (o, 2)) such that

u(x, 1) < exp(b(r’(x) + 1)). (3.4)
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In fact using (3.1) and (3.2) together with the mean value inequality of Li-Tam
we can push further to obtain the similar control on the gradient and the complex
Hessian of u for r > 26. In fact, we have the following

Lemma 3.2. For 2 — § >t > 26, there exists by > b > 0 such that

|Vul?(x, 1) < exp(by(r*(x) + 1)) (3.5)
and

lug1*(x, 1) < exp(by (r*(x) + 1)). (3.6)

Proof. First we prove that for some b, > 0, forany T < 2 — 24,

T
f / exp(—bg(rz(x) + 1))|Vu|2(x) dxdt < oo (3.7)
s Jm

To see this, we multiply @2, where ¢ is a cut-off function, on both sides of the

equation
d
(— — A) u?* = =2|Vul?
ot

and then integrate by parts. As in [N-T2] we have

o L [ (5-)s

/(puo(x)dx+4f /(leVgaIquldxdt
M

5/ (pzug(x)dx+4/ /|V(p|2u2dxdt
M 0 Jm
T
+/ /<p2|Vu|2dxdt.
0o Jm

Now (3.7) follows from (3.3). Now we apply the mean value inequality of
Li-Tam (Theorem 1.1 of [L-T]) and the fact that |Vu|? is a sub-solution to the
heat equation to obtain the point-wise upper bound (3.5) from an integral one. In
fact one can get the estimate (3.5) for all ¢ > % Now use (3.1) and repeating the
above argument in the proof of (3.7) we can have that

T T
35
f /<p2|ua5|2dxdt§/ ¢2|Vu|2(x,—)dx+4f /|V¢|2|Vu|2dxdt.
3 Jm M 2 ¥ Jm

Hence by (3.5) for t = 3 we have that

//exp(—bz(rz(x)—i—1))|ua5|2(x)dxa’t<oo (3.8)
¥ Jm

Applying Li and Tam’s mean value theorem again we obtain the point-wise esti-
mate (3.6). O
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Now we are in the position to prove Theorem 1.1 for the complete noncomapct
case. We use the perturbation techniques from [N-T1].

Proof of Theorem 1.1 (The noncompact case). We first shift the time by 25. By
doing so, u(x, t) together with its gradient and complex Hessian satisfy (3.3)—
(3.6). If we can prove the theorem for this case, then we would have (1.2) when
replacing ¢ by ¢ + 25. By letting 6 — 0 we would complete the proof of Theorem
1.1. Therefore, without loss of generality, we can assume (3.3)—(3.6) hold. By a
similar argument we also can assume # > § in the proof.

We first construct a function ¢ (x, ¢) such that

] A _
(5 -8)o=0

¢ (x,1) > Cexp(2b; (r(x) + 1))

and

for some constant C; > 0. This can be done by Lemma 1.1 of [N-T1].

Let N,z be the Hermitian (1,1) tensor defined in (2.1). We consider the (1,1)
tensor Z,5 = ’N, j T €98y5, Where g,z is the metric tensor. Clearly we only
need to show that Z,5 > 0 for any € > 0. We shall prove this by contradiction.
Suppose it is not true, then by the growth nature of ¢ and the fact that N,z > 0 at
time ¢ = 0, we know that there exists a first time #y > 0, and a point xo € M and
a unit vector V = v* % € Ty, M such that Z 3 (xo, fo)v* v# = 0. Now we choose
a normal coordinate around xo and extend V to be a local unit vector field near
Xo by parallel translation along the geodesics emanating from xg. It then follows
from the direct calculation that, at point xo,

A (Z,5v*0") = (AZ,5) v* 0P,

Since Zagv“ﬁﬂ > 0 for all (x, ¢) with ¢ < ¢ty and x close to x(, and Zaﬁv"‘{)ﬁ =0
at (xo, tp) we see that at (xo, t),
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I P
Oz(at A)(zaﬂvv).

On the other hand, using (2.5) we also have, at (xo, ),

(5-0)rarer=(( o))

1 1 _
> 2 (RO(BVSN);(; — zRagNS,B — ERSBN‘YE) v P
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1
> RaEVSZygvaﬁﬁ — ERD[gZSlgUal_)ﬂ

1 a=B 2
—ERsBZ"‘Ev v’ +ep|V|® > 0.

We now have a contradiction. This shows that Z,; > 0 for all < 2 — 2.
Letting ¢ — 0, § — 0 and repeating the argument to the later time (if necessary)
we complete the proof Theorem 1.1 in case M is complete noncompact. O

Remark 3.1. (i) As we mentioned before, our result does not contain Li-Yau’s gra-
dient estimate even though by taking trace we obtain their estimate (1.3) since we
need to use the Harnack inequality and the mean value inequality of Li-Tam in
Lemma 3.2. The proof of both the Harnack inequality and Li-Tam’s mean value
inequality rely on Li-Yau’s gradient estimate. Also we need to assume nonneg-
ativity of the holomorphic bisectional curvature in stead of the Ricci curvature.
On the other hand our result is about the full Hessian matrix of the function and
therefore is stronger than Li-Yau’s trace estimate.

(i1) Due to the recently established tensor maximum principle [N-T4, Theorem
2.1] we can further simplify the proof a little bit since one can replace the point-
wise control (3.5) and (3.6) by the corresponding weaker integral control (3.7)
and (3.8) in order to apply the maximum principle in [N-T4]. The main advantage
of the tensor maximum principle in [N-T4] is to allow one apply to tensors which
are only nonnegative at the initial time in the weak sense, the situation the current
argument above does not work anymore.

Finally, we consider the matrix gradient estimate for any positive solution u
to the heat equation (1.6) coupled with the Kéhler-Ricci flow (1.5). In this case,
(2.2) and (2.3) remain the same but (2.4) and (2.5) become, respectively,

0 u u u
2 A (— —)=—— R 2.4
<8t ) ; Bap j28ap = 7 Map 24
and
0 1 1 1 2
E_A NO{EZ_ERC“?NSB_E OlfRSB—F;N‘XENYB_;NaE

1 UgUy Usg
o (s = =) (55 = =2 ) + Rygttzs. 2.5

Notice that under the extra assumption that u(x, ¢) is plurisubharmonic, the last
term is nonnegative definite. Therefore we can prove a similar result as in Theorem
1.1 for the coupled case:
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Theorem 3.1. Let g,5(x, t) be complete Kiihler metrics evolving by the Kdhler-
Ricci flow (1.5) on M™, and u(x,t) be a positive solution to the time-depen-
dent heat equation (1.6). Assume that the holomorphic bisectional curvature of
8u5 (X, 1) is nonnegative and u(x, t) is plurisubharmonic. Then

u
Ugp +uo Vg +ugVe +uVy Vg + ;gag > 0.

Proof of Theorem 1.3. Apply Theorem 3.1 to the potential function u, which is
plurisubharmonic since its complex Hessian is equal to the Ricci tensor.

As pointed out in the introduction one can replace the nonnegativity of the
bisectional curvature for g (¢) by assuming that the bisectional curvature is bounded
for g(t) and nonnegative for g(0), using a result of [Sh, B, M].

Notice in [N-T3], the authors proved that under some average curvature decay
assumption one indeed can obtain the potential function u(x, t) for the Ricci ten-
sor by solving the Poincaré-Lelong equation and utilizing the volume element.
But it is hard to get positive function in this case since the potential function
obtained can not be bounded.

Remark 3.2. (i) Taking the trace in Theorem 3.1, we can obtain the gradient esti-
mate for u obtained before in [N-T1]. Notice again that the gradient estimate in
[N-T1] is not entirely a corollary of Theorem 3.1 since there they only need to
assume that the Ricci curvature is nonnegative while in Theorem 3.1 we need to
assume that the holomorphic bisectional curvature is nonnegative.

(i1) In [N-T1,N-T4], the authors also studied the question under what condi-
tions the plurisubharmonicity of u(x, ¢) will be preserved by the heat flow in the
time-dependent or independent case. A optimal result was proved in [N-T4]. This
is a separate but technically harder issue which one has to deal with in order to
make use of the Li-Yau-Hamilton inequality.
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