PARABOLIC FREQUENCY MONOTONICITY AND A THEOREM OF
HARDY-POLYA-SZEGO

LEI NI

ABSTRACT. In this note we discuss the connections between the Li-Yau-Hamilton type
estimates for heat equations on Riemannian and Kéahler manifolds, the monotonicity of
the frequency functional and a Hardy-Pdlya-Szego type inequality.

1. INTRODUCTION

The frequency functional and its monotonicity on R™ was introduced by Almgren [A] and
used in the study of the local regularity of (multiple valued) harmonic functions and minimal
surfaces. The result states that if u is a harmonic function on R™ (or in a region containing
the point ). Then

IS(x,r) = 7nfB(%‘n‘) [Vul* dp
2\ - faB(x B w2 dA )

where dA is the induced n — 1-dimensional Haussdorff measure on 0B(z,r), is monotone
non-decreasing in r. When n = 2, the result is in fact first proved by Hardy (cf. Exercise
7 on page 138 of [Co] as well as Theorem 1 on page 148 of [H]). Later on it has been used
by Garofalo-Lin [GL1, GL2] and Lin [Li] to study the unique continuation properties and
to estimate the size of nodal sets. Here in IS5, e stands for ‘elliptic’ (versus the parabolic
analogue which we shall introduce in the next) and 2 is for the L?-norms involved. Notice
that if one denotes

Zs(x,r) = / u?dA
OB (z,r)

then 2I5(x,r) = r% (log Z5(x,7)). One can refer to [HL, Z] for surveys and more applica-
tions of the frequency monotonicity. It is a great pleasure to contribute this note on the
occasion of the 60th birthday of Professor Phong.

2. PARABOLIC FREQUENCY AND ITS MONOTONICITY

Let (M, g) be a complete Rimemannian manifold. Let u(z) be a harmonic function on M
satisfying certain growth conditions so that all the integration by parts can be justified. Let
H(z,y,t) be the fundamental solution to the heat equation (2 — A)v(z,t) = 0. Define the

1



2 LEI NI

following quantities:

(2.1) Zo(w,t) = MH(x,y,t)uz(y)du(y),
(2.2) Do(a,t) = /MH<x,y,t>|vyu|2<y>,
(2.3) Io(z, 1) %.

When the reference point z is not important we simply denote them by Zs(t), D2(t) and
I5(t). Direct calculation shows that

—Z = 2D >
22 2(t) 20
d
G020 = [ A H@ 0V, duy)
M
= ViHViVjuVjud,u(y)
M
= 2 VzVJHVqu]udu(y)

M

Recall the matrix estimate of Hamilton which asserts that on a Riemannian manifold with
nonnegative sectional curvature and parallel Ricci curvature,

. iVyj _7H ij = 0.
(24) VVJH +2tg] 0

Using this estimate one can prove the monotonicity of I5(t).

Theorem 2.1. Assume that M is a Riemannian manifold with nonnegative sectional cur-
vature and parallel Ricci. Let u be a harmonic function of polynomial growth (or satisfies
some mild growth conditions so that integration by parts can be carried out). Then ‘”2 >0,
which implies that log Zs(t) is an increasing function and convex in logt.

Proof. The direct computations show that

A D) . (Du)\ . Dalt)
= tZ<t> 2t(22()> T Za0)

( VVHVuVudM)) 5 (1)

t
(/ (Vu, VH udu>2 + %Dg(t)ZQ(t)

Here we have used the identity

|Vu|2(y)H(x,y,t) dp = —/ (Vu, VH)udp.
M M
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Using Hamilton’s matrix inequality (2.4) we have that

) ( /A (Ve VH)ud;L)Q + 1D2(t)Zg(t)]

> 0.

The last inequality above follows from the Holder’s inequality. O

The result can be generalized to the eigenfunctions, namely those v with Au = —Au. If
we keep the definition of Z5(t), D2(t) and I5(¢), then the following identities hold:
d

(2.5) ZZy(t) = 2Da(t) = 22Za(1)

(2.6) Dy(t) = —/M<VH, Vuyudp + AZs(t).

Making use of them, together with the matrix differential estimate and Holder’s inequalty

we have that
d

—D = AH|Vul?
G0 = [ amv

= 2/ (ViV;HVuVu — X(VH,Vu)u) du
M

. /M VHV 4= 220 o (Da(t) - A26(0)
2
N 2(D2(t)Z—2 (At)Zz(t)) - D2t(t> +2A(Da(t) — MZa(t)).

A direct consequence is the sharp dimension count on the space of the harmonic functions
of polynomial growth. For any d > 0, letting r(x) be the distance function to some fixed
point o € M, define

Ha(M) = {f|Af = 0,|f|(z) < O +r(x))}.
Corollary 2.2. Let (M, g) be as in theorem. Then
dim(Hq(M)) < dim(Hq(R"))
Corollary 2.3. The frequency monotonicity of I5(t) holds for function u satisfying Au =
—Au. Moreover log Zs(t) satisfies that dd—:? log Z5(t) > —2X\e®, where s = logt.

Proof. Using the estimates above, direct calculation shows

d £ Do (t) Do(t)(Da(t) — AZ(t))  Da(t)
aiW) = e Z10) UAD)
(Da(t) — MZs(t))? Ds(t) — A2 (t) Dy (t)(D2(t) — AZa(t))
S 1) R () R 7 10)

= 0.

This proves the first claim. The second claim follows from the first. O
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For the solution to heat equation, a similar monotonicity holds. Now consider u(z,t), a
solution to the heat equation:

(2.7) (gt - A) u(z,t) =0

on M x (0,T). Now let us pick any (xo,to) let 7 =tg —t, let H(z,7;x0,0) be fundamental
solution to the backward heat equation. Similarly we define

(2.8) Zo(t) = A/[H(.I,T;l‘o,O)UZ(ZC,t)du(iﬂ),
(2.9) Do(t) = /MH(LT;x0,0)|vxu|2($vt)d#(z)7
(2.10) L(t) = TZZZ’(S).

The following result holds.

Theorem 2.4. Assume that M is a Riemannian manifold with nonnegative sectional cur-
dIy

vature and parallel Ricci. Let u(x,t) be a solution to the heat equation (2.7). Then %2 < 0.

Proof. First, the direct calculation as before yields:

50 = (28 ) = 73 (P40 220~ 240 Datt) — 20200200 ).

Here ()’ means % (-). Since (% — A) H(z,7;20,0) = 0, using the matrix estimate (2.4) we
have that

Zy(t) = -2 /M H|Vul? du
= 2/M ((VH,Vu)u + Husu) dy;
Dy = [ (~AH)IVUR + H(VuR)dy
= 2/M (ViHV;VjuVu+ HV;uV,u) du
= -2 /M (ViV;HVuV ju+ (VH,Vu)Au+ (VH, Vu)u, + H(u,)?) dp
< -2 /M <viHijHV¢uVju+2<VH, Vu)uy +H(ut)2> i
+% /M H|Vul? du

1
= —2/ H((VlogH,Vu>+ut)2+f/ H|Vul*dp.
M TJM
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Combining the above inequalities we have that

It < —% <( MH((VlogH,Vu> + )’ d,u) (/M Hu? du)

_ ( /M (VH, Va)u + Hugu) du> 2)

< 0

by Holder’s inequality again. O

It was pointed to us by B. Kotschwar that the above result on the solution to the heat
equation was essentially proved by Poon in [P].

3. A THEOREM OF HARDY-POLYA-SZEGO

A theorem of Pdlya-Szego (cf. [H], page 150, Theorem 1) asserts that if f(z) is a holo-
morphic function on C (or a region containing 0). Then Z;(0,7) = = OQTF |f(reY=10)|7 db
is an increasing function of r and log Z5(0,7) is a convex function of logr. When p = 2,
the result is due to Hardy. Hence the result of Pdlya-Szego is a generalization of Hardy’s
result. Note that for p = 2, the convexity of Z5(0,r) is the same as the monotonicity of the
frequency functional. In this section we shall establish a result which serves as a parabolic
version of the result of Poélya-Szego but on Kéhler manifolds with nonnegative bisectional
curvature of any complex dimension. Moreover the result is related to a monotonicity proved
in [N1], in the way that the result of [N1] is the limit of the result here as p — 0.

Let M be a Kéhler manifold with nonnegative bisectional curvature. Assume that f is a
holomorphic function. Let H(z,y,t) be the heat kernel. Let

Zy(a.t) = /MH(x,yJ)IfI”(y)du,

Dyet) = 2 [ Hy VIR d
D
Ly(z,t) = th”g’tt)).

As before we sometimes just write as Z,(t), D,(t), I(t) by omitting the reference to x.
These integrals are finite if we assume that f is of finite order in the sense of Hadamard
[N1]. Recall that H(z,y,t) satisfies the estimate [CN, N2]J:

1
(3.1) (log H);5 + 390 2> 0.

Here g,; is the Kahler metric. For Kéahler manifolds we use the convention that A =
1(ViV; + V;V;), under a normal coordinate, for tensors. Also (VF,VG) = 1(V,FV;G +
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V:GV;F). The direct calculation shows that
p 3 — 7l £lp—
| Ay olP@de = <2 [ HEe e
M M

_ _b P2 7,
= 5 [ I

1 2 p—2
/M<VH7V\f| AP~ dp

- [ HEAE s B

M
_ 1 -2 (P _ —2p 7
= 5| [ AR G - v
— D,

These imply that

1d D, (t)
YT (log Z,(x,t)) = .

Further computation shows that

éi — 2 p—2
D0 = [ AV

(3.2)

- / HLIFP2 5 = (5 = DL Ff 19 512 d
- /M HG L F1102 4+ B - DB 11 13— (6 = DB Fof 9 12
- / He £ FF2 dp

M

Combining them together with the estimate (3.1) we have the following theorem.

Theorem 3.1. Let (M™,g) be a complete Kihler manifold with nonnegative bisectional
curvature. Assume that f is a holomorphic function of finite order. Then for any p > 0,
%log Zp(z,t) is an increasing, convex function of logt.

Proof. We only need to prove the convexity, which is equivalent to the monotonicity of
I,(z,t). Direct calculation shows that

d o tFDp(t) »(0\? | Du(t)
b0 =" (7 <>) 70

Putting the above computation together and applying ( 1) one has that
d t P a ) 2 -2 ’ Dy(t)
—I,(t) = = Hsfif5lfIP=d VH \Y P=2d —
_ 2
~ / F2 P 1 2 —2
> 4(VH,V[) dp — (VH, V[P dp) ).
1Z,(0) ( ' T 7,0 \u

Applying Holder inequality we have that %Ip (t) > 0. O

In [N1], Corollary 2.1 (see also Theorem 3.3 of [N2]) we proved that

¢ iy dn
M
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is an increasing function of ¢. This fact plays the key role in the resolution of one of Yau’s
conjecture on the sharp dimension comparison on the space of holomorphic functions of
polynomial growth. It is easy to see that the monotonicity is equivalent to the following
consequence of Theorem 3.1.

Corollary 3.2. Let (M™, g) and f be as in Theorem 3.1. Then
log Zo(a,t) = [ H(a,1.0)10g f1(3) i
is an increasing convex function of logt.

Proof. Letting p — 0, we have that

1 1
—log Z,(z,t) = log< Heplogm) du
P P
1
= plog( H (1+plog|f| +O(p2))) dp
1
- g1+ /Hloglfldu+0( )

5 /Hy log| f|(y) du

Hence the claimed result follows from Theorem 3.1. O

Since the frequency monotonicity can be viewed as certain entropy property in a statistical
ensemble (cf. page 568 of [Z]), the earlier result in [N1] can be viewed similarly.
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