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Positivity and the Kodaira embedding theorem

LEI N1
FANGYANG ZHENG

The Kodaira embedding theorem provides an effective characterization of projectivity
of a Kihler manifold in terms the second cohomology. X Yang (2018) proved that
any compact Kihler manifold with positive holomorphic sectional curvature must be
projective. This gives a metric criterion of the projectivity in terms of its curvature.
We prove that any compact Kihler manifold with positive 2" scalar curvature (which
is the average of holomorphic sectional curvature over 2—dimensional subspaces of
the tangent space) must be projective. In view of generic 2—tori being nonabelian,
this new curvature characterization is sharp in certain sense.
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1 1 Introduction

19

20 Let (M™, g) be a Kidhler manifold with complex dimension m. For x € M, denote

-

s by T "M the holomorphic tangent space at x. Let R denote the curvature tensor. For
» X eT[Mlet HX)= R(X, X, X, X)/|X|* be the holomorphic sectional curvature.
23 Here | X|? = (X, X), and we extended the Riemannian product (-, -) and the curvature
24 tensor R linearly over C, following the convention of Ni and Zheng [11]. We say that
25 (M, g) has positive holomorphic sectional curvature if H(X) > 0 for any x € M and
% any0# X e T M . It was known that compact manifolds with positive holomorphic
»7 sectional curvature must be simply connected; see Tsukamoto [13]. A three-circle

2g property was established for noncompact complete Kidhler manifolds with nonnegative
20 holomorphic sectional curvature; see Liu [6]. On the other hand, it was known that
30 such metrics may not even have positive Ricci curvature; see Hitchin [2].

3! The following result was recently proved by X Yang in [16] , which answers affirmatively

32 a question in Yau [17]:
33

34 Theorem If the compact Kéihler manifold M has positive holomorphic sectional

35 curvature, then M is projective. Namely, M can be embedded into a complex projective

36 space via a holomorphic map.
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1y, L The key step is to show that the Hodge number /42:° equals 0. Then a well-known
N

2 result of Kodaira (see Morrow and Kodaira [7, Chapter 3, Theorem 8.3]) implies
3 the projectivity.

_*_The purpose of this paper is to prove a generalization of the above result of Yang. First

5 - . .
> we introduce some notation after recalling:
6

Z Lemma 1.1 (Berger) If S(p) = erf'j=1 R(E;, E;, Ej, Ej), where { E;} is a unitary
g basis of T;M , denotes the scalar curvature of M , then

B m(m 41
w0 (D 25(p) = (—2m—3
Vol(S ) J1z|=1,zeT)M

11

o Proof Direct calculation shows that

= I
2] *

H(Z)do(Z).

_ = —— fi h i,
g VOI(SZm—l) a1 Zj m(m T 1) or each 1
14
. ! - 1 L
E W G2t |Zl| |Z]| = m for each i # J-

16

o Equation (1-1) then follows by expanding H(Z) in terms of Z = ), z; E; and the

18

19 For any integer k with 1 <k < m and any k—dimensional subspace £ C T, M, one

above formulas. O

H(Z)do(Z).

20 can define the k—scalar curvature as

21 k(k +1

. Se(e.m) = D

22 2Vol(S%*=1) Jiz|=1,zex

23

2 ture, which is S1(x, {X}), and scalar curvature, which is Sy, (x, Tx M ).
25

201/—
22
~~ By Berger’s lemma {Sy (x, X)} interpolates between the holomorphic sectional curva-
e We say that (M, g) has positive 2™ scalar curvature if S, (x, X) > 0 for any x and any
- 2—dimensional complex plane X.

28 Clearly the positivity of the holomorphic sectional curvature implies the positivity of
29 the 2" scalar curvature, and the positivity of Sy implies the positivity of S; if k < /.

30 We shall prove the following generalization of the above result of Yang:

> Theorem 1.2 Any compact Kihler manifold M™ with positive 2™ scalar curvature

2 must be projective. In fact, h>°(M) = 0.
33

34 Recall that a projective manifold M is said to be rationally connected if any two generic

35 points can be connected by a chain of rational curves. By the work of Kolldr, Miyaoka
36 and Mori [5], any projective manifold M admits a rational map f: M --> Z onto
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Positivity and the Kodaira embedding theorem 103

1 a projective manifold Z such that any generic fiber is rationally connected and, for
2 any very general point (meaning away from a countable union of proper subvarieties)
'3 z € Z, any rational curve in M which intersects the fiber f ~1(z) must be contained

4 1in that fiber. Such a map is called a maximal rationally connected fibration for M, or

5 MRC fibration for short. It is unique up to birational equivalence. The dimension of the
6 fiber of an MRC fibration of M is called the rational dimension of M , and is denoted
7 by rd(M).

8
' Heier and Wong [1, Theorem 1.7] proved that any projective manifold M "™ with S > 0

o satisfies rd(M) > m — (k —1). So, as a corollary of their result and Theorem 1.2 above,

— we have:
11

12

5 Corollary If M™ is a compact Kihler manifold with positive 2" scalar curvature then

w rd(M) > m — 1. Namely, either M is rationally connected or there is a rational map

o f: M --> C from M onto a curve C of positive genus such that, over the complement

o of a finite subset of C, the map f is a holomorphic submersion with compact, smooth
o fibers and each fiber is a rationally connected manifold.

% Note that the intrinsic criterion of the 2" scalar curvature can be used to imply that all
o compact Riemann surfaces (by taking a product with a very positive P!) are projective,
. while Yang’s result (under the positivity of holomorphic sectional curvature) can only
Y be applied to P!. Since a generic 2—dimensional complex torus is not algebraic, the
. projectivity cannot be implied by the positivity of Sy with k > 3 (taking the product of
— a nonalgebraic torus of complex dimension 2 with a very positive P!, one can endow
e @ Kihler metric with Si > 0 for & > 3 on such a nonalgebraic manifold). In view of
. these examples, our result is sharp in some sense. Moreover, the positivity of S is

- stable (namely a open condition) under the holomorphic deformation of the complex

. manifolds along with the smooth deformation of the Kdhler metrics specified by Kodaira

e and Spencer (see Morrow and Kodaira [7]). Hence, our result provides a condition

o invariant under small deformation of holomorphic structure. On the other hand, there

S, are celebrated examples of Voisin [14] of Kihler manifolds of complex dimension 4

. and above that cannot be deformed into algebraic ones via a complex holomorphic

. deformation, and the wildly open Kodaira’s problem in complex dimension 3 asking
. whether or not a Kihler threefold can be deformed into a projective manifold.

35 Itis well known that 2”0 = 0 if (M "™, g) has positive scalar curvature. The traditional

36 Bochner formula also implies the vanishing of 470 = 0 for k < p < m if the Ricci
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curvature of (M™, g) is k—positive, namely the sum of the smallest k eigenvalues of
the Ricci tensor is positive (see Kobayashi [4]).

Theorem 1.3 Let (M™, g) be a compact Kihler manifold. If the k' scalar curvature
is positive, then h?® = 0 for any k < p <m.

It turns out that the original argument proving the above result contains an error.
However, it can be proved using a maximum principle consideration via the comass
(an operator norm) of differential forms; see Ni [9, Proposition 4.2 and Corollary 4.3].

As a counterpart to Theorem 1.7 of Heier and Wong [1], one can ask the question: for
a given projective Kihler manifold M with S < 0, what is the maximal possible
rational dimension? A naive conjecture which mimics the Heier—Wong theorem would
be: S < 0implies rd(M ) < k. Note that a recent result in Ni [10, Theorem 5.1] implies
that there are neither projective planes nor 2—dimensional tori in a Kéhler manifold
(not necessarily compact) with S, < 0. For k = m, the conjecture says that having
negative scalar curvature would imply the manifold cannot be rationally connected.
This is still unknown even for m = 2 as far as we know. Masataka Iwai (personal
communication, 2018) shared an example of a complex surface with a Hermitian

— metric of negative scalar curvature which is rationally connected. On the other hand,

26

27

28

29

30

31

32

33

34

35

36

Sm < 0 (or just the integral of the scalar curvature being negative) does imply that
H(M, K;f’e) = 0 for any £ > 0, where K3/ is the anticanonical line bundle, so M
cannot be a Fano manifold when S < 0 for any k.

We should mention that there is also a recent work of Wu and Yau [15] on the ampleness
of the canonical line bundle assuming the holomorphic sectional curvature is negative,
which is another perfect example of getting algebraic geometric consequences in terms
of the metric property via the holomorphic sectional curvature.

Generally speaking, we think it is interesting to obtain algebraic geometric charac-
terizations of the conditions S > 0 or S} < 0, as well as the conditions Rict > 0
and Ric’ < 0. The manifolds with Rict > 0 were studied recently in Ni and Zheng [11],
where a complementary metric criterion for projectivity was given in terms of Ri02l > 0.
A complete classification result for threefolds and a partial classification of fourfolds
have been obtained (see Ni and Zheng [12]) for Kéhler manifolds with Rict > 0. The
estimates developed in the proof of this paper have also been useful in proving the
rational-connectedness of Kéhler manifolds with Ricy > 0 (see Ni [9]). We refer the
interested readers to [9] for these and other notions of curvature positivities as well as
many related results and questions.
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Positivity and the Kodaira embedding theorem 105

1 2 The projectivity of M with positive S,

E Here we adopt the argument of [11] to show that the dimension 42-%(M) of H2-%(M),
4 the space of harmonic (2, 0)—forms, equals 0. Then Theorem 8.3 of [7] implies that
5 M is projective.

° First recall the formula below (see [4, Chapter III, Proposition 1.5], as well as [8,

-’ Proposition 2.1]).
8

_° Lemma 2.1 Let s be a global holomorphic p—form on M™ which locally is expressed
10 ass = ﬁZIH f1,%i, A+ Agi,, where I = (iy,....ip) and {@y. ..., @m} is a local
Y1 unitary coframe. Then

12

o 39 |s|> = (Vs, Vs)— R(s,5,-.,)

14 where R stands for the curvature of the Hermitian bundle \P 2, where Q = (T' M )*

15 js the holomorphic cotangent bundle of M . The metric on \P Q is derived from the

16 metric of M™. Then, for any unitary coframe {¢; },
17

V4 m
— - L o oyl ;
18 (2-1) («/—walsﬁ ﬁvAv>=<Vvs,vvs>+?ZZZRU,-,,-,C,-fz,,ﬁl...mk...l-p.
19 "I k=11=1

20 Also, given any xo and v € Ty M, there exists a unitary coframe {;} at xo, which

21 may depend on v, such that
22

p
o 3 1 - = 1 .
2 ) (VIR0 A T) = (s Vos) + 1 30D Rusir
24 a "I k=1

25

.o Recall that for any given skew-symmetric 71 X m matrix A4, there always exists a unitary
a7

s diagonal block is a constant multiple of F* with

29 01
- F = .

31 see [3, Corollary 4.4.19] for a proof. In particular, given any (2, 0)—form v and at any

matrix U such that such that ‘UAU is in block diagonal form where each nonzero

32 given point x, there always exists a local unitary coframe {¢;} such that, at x,

33
" V=201 A@2+ A2 93 A4+ Ak P21 A P2k

35 where 2k is the rank of the coefficient matrix A of ¥ expressed under any unitary

36 coframe. Now we are ready to prove Theorem 1.2.
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1 Proof of Theorem 1.2 We prove the result by contradiction. Assume HZO (M) # {0},

11
2 Lety € #H?:%(M) be a nonzero harmonic form. It is well known that it is holomorphic.
3 Let k < m be the largest integer such that wk"'l = 0 but l/fk is not identically zero.
4 Thens = ¥ is a nontrivial holomorphic 2k—form. Let x¢ be a point where |s|? attains
5 its maximum. Under any local unitary coframe {g; }, write ¥ = Zi’ jaij i Ngj. The
6 matrix A = (aj;) at xo is skew-symmetric. So, replacing ¢ by another local unitary
7 coframe if necessary, one may assume that, at xg,
8
" V=M1 A2+ A2 @3 AQa e+ Ag @2—1 A P2k
E where A; #£ 0 for 1 <i <k. Write s = ﬁ le J1,9i, A A gi, with p = 2k. We see
11 that, at the point xo, the coefficients f, of s are
12
o Jiz.p=Ai=AtAy--- A #0
14 while all other J1, = 0. By formula (2-1) in Lemma 2.1, we get
» 2k
16 0= (V=10dlo?, ! E A SS Ry
o V-1 2! =
8 for any v. Taking v = ¢j, where {ey,...,ep} is the unitary tangent frame dual to {¢;},
19 and summing over j, we have that, at xq,
201/2i

2k
2L (2-3) Z R;757 <0.
2 ij=1
23
— On the other hand, it is easy to see that S, > 0 implies that S,; > 0. This is a
24
“— contradiction to (2-3). Hence there is no nonzero ¥ € H>°(M). a
25

® In [9], via a different technique, the result has been extended to Kédhler manifolds with
7 so-called RC-2 positivity; namely, for any two unitary vectors { £, E,}, there exists v
28

=~ such that R(v, v, E;, E;) + R(v, v, E5, E5) > 0.

29

30

s 3 Some related estimates

2

£ Let X be a 2—plane with S, (xg, X) = infys S2(x¢, ¥). Denote by f h(Z) the average
34 of the integral of the function / over S* C ¥. Choose a local unitary frame e at xg
35 S0 that fR(v, v,-, (_)) is diagonalized. Then, for any holomorphic 2—-form s =
36 Y ;2; Jij%i A@j, where {g;} is dual to e, by integrating the Bochner formula (2-1) of
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1 Lemma 2.1 for v € S?® C T, we have

11/27
m
— 3 S 1
S fablst = f Vs Tash+ 3 Y U f Rusir + Rus ).
4 i,j=1
5 This suggests a possible alternative approach to Theorem 1.2, which is to apply the

6 maximum principle at xo where |s|? attains its maximum in the above integral form.
7 In view of the compactness of the Grassmannians one can always find a complex 2—
8 plane X in 7y M such that S5 (xg, ¥) = infss S>(xo, X') > 0. We prove the following

9 estimates, some of which were used in establishing the rational-connectedness of

10 algebraic manifolds under the Ricy > 0 condition in [9]:

11

E Proposition 3.1 For any E € X, any E’ 1L ¥ with |E| = |E'| = 1 and any 2—
13 dimensional plane X' C T, M with ¥’ # ¥ and unitary frame {v, v}, we have

14

15 (3-2) ][R(E, E'\Z.Z)d8(Z) = ][R(E/, E.Z,Z)db(Z) =0,

16

7 (3-3) ][R(vl, U1,Z,Z)+ R(v2, 02, Z, Z) dO(Z)

18

19 > 185(x0. ) + 75 (I11? + |121*) 82 (xo. T)

201/2£ +%(|/’L1|2_|M2|2)(R1ili_Rzizi)v
21
2 (3-4) ][R(E’, E'\Z,Z)d0(Z) > £S>(xo. ).

23
— Here jt1 and [ are the singular values of the projection P from X' to X, and {E, E»}
24, . .

— is a unitary basis of ¥ such that Pvy = 1 Eq and Pvy, = uy E5.

25

26 . - .

~ The relevance to Theorem 1.2 is that, at x, where |s|? attains its maximum, we have
27

m
3 = _ 1

Z 0z f0uslsP o) = f (Vs T55) 4 5 3 1y PRosis + Rosp) dB0)

> ij=1

30

. The integral is clearly independent of the choice of unitary frame of the 2—dimensional

L, Space spanned by {e;, ¢; } and the choice of unitary frame { £, E,} of X. If the right-
— hand side of (3-3) has a positive lower bound, the maximum principle shows that

" |s|? = 0 at x¢, and thus |s|?> = 0 everywhere, which gives another proof Theorem 1.2.

35 Since the estimates of Proposition 3.1 have other applications, we include a proof here.

36 The proof needs some basic algebra and computations. Let @ € u(m) be an element of
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1 the Lie algebra of U(m). Consider the function

@) = ][ H(e"X) do(X).

By the choice of X, f(¢) attains its minimum at ¢ = 0. This implies that f/(0) =0
and f”(0) > 0. Hence,

5 3D ][(R(a(X), X.X.X)+R(X,a(X). X, X))do(X) =0,
1T (3-6) ][ (R@*(X). X, X, X)+ R(X,a*(X), X, X)
: +4R(a(X).a(X), X, X)) do(X)

3
4
5
6
7
8
9
0
2

-

-

= + ][(R(a(X),A_’,a(X),A_’) + R(X.a(X), X,a(X)))do(X) > 0.

> We exploit these by looking into some special cases of a. Let W 1. ¥ and Z € X be
1% two fixed vectors with |[W|=1.Leta = v/—1(Z®@ W + W ® Z). Then

17

18 a(X)=~v—-1{X,Z)W and a*(X)=—(X,Z)Z.

19
2 To show (3-2), let us apply (3-5) to a and also to the element of 1(m) with W replaced
o by v—1W, and add the resulting estimates together to get

22 = - v
o ][(X,Z)R(W,X,X,X)dG(X)zo.

= Taking Z = E, we have
25

2 0= ][le(W, X. X, X)do(X)

27

ﬁ = f (|x1|4R(W, El, El’ E]) +2|x1x2|2R(W, E],Ez, Ez)) dQ(X)

29

30 = 3(R(W.E\. Ey. E1) + R(W. E|. E5. E3))

31

o 2 _ _ — _

2 = gf (|x1|2R(W, E(,E{,E)+ |X2|2R(W, E E,, Ez)) do(X)
33

— 2
34 = —
— 3

35

g Similarly, f R(W, E», X, X) d9(X) = 0; hence, (3-2) holds.

][R(W, Ei. X, X)do(X).
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1 Next we prove (3-4). Applying (3-6) to a and also to the element with W replaced
2 by v—1W, and adding the resulting estimates together, we have that

% (3-7) 4][ X, Z)?R(W, W, X, X)do(X)

5 > ][(X, ZYR(Z, X. X, X)+(Z, X)R(X,Z, X, X).
6

- Letting Z = E;, we get

= af WPROV.IV.X. ) d000 = f 5 R(EL XXX+ S ROX. By, X. X0 db
9

10 Adding up for i = 1,2 yields

11

= 4][R(W, W.X, X)do(X) > ZJ[R(X, X, X, X)d0 = %5;(x0. 2);

12
13 thus, formula (3-4) holds.

' To prove (3-3) we need to consider general W which may not be perpendicular to X.

' In other words, we consider the case |Z| = |[W|=1and Z € X:

16 _ _

= a(X) = VZI(X, Z)W + (X, W) Z),

18 aA*(X)=—(X,ZW(Z + (W, Z\W)— (X, WYW +(Z,W)Z).

9 Substituting this and the element with W replaced by ~/—1W into (3-6) and adding

2% the results up, we get the estimate
21

g (3-8) 4][ X, Z)*RW, W, X, X)+ (X, W)|*R(Z.Z, X, X)dO(X)

23

20 > ][(X, ZYR(Z. X, X, X)+(Z, X)R(X,Z,X,X)dO(X)

25

. + ][ (X.W)R(W.X.X. X)+(W.X)R(X.W. X, X)db(X)

27

” +2f (X Z) X W) ROV X, 2.7)

30 Applying the above to Z = E; (i = 1,2) and summing the results we have

31 J— — N
- (39 4][R(W, W, X, X)+ (X, W)2(R,iy 5 + Ryzxx) d0(X)

3 > 2.5, (xo, E)+4][(X, WYRW, X, X, X)+(W,X)R(X, W, X, X)do(X).
34

35 Now we want to apply the above to all unit vectors W € X' and take the average. Denote
36 by P the orthogonal projection to X. Let {v;, v, } be a unitary basis of ¥’. Replacing

Geometry € Topology, Volume (2022)



PROOFS - PAGE NUMBERS ARE TEMPORARY

110 Lei Ni and Fangyang Zheng

1 {vy,v2} by a new unitary basis {av| + bv,y, —av; + bvy} (where |a|? + 5|2 = 1)
’ 2 if necessary, we may assume that Pv; L Pv,. So we can choose a unitary basis

3 {Ey, Ey} of X such that vi = 1 E; +aE" and vy = 1, E; + BE” with u; being the

4 singular value of the projection to X restricted to ', and with E/, E” € £+, Now we
apply (3-9) to W € S* C ¥’ First we observe that

1l

= 2f Ry, 91, X, X) + R(vz. 52, X, X) d6(X)

=4][ ][R(W, W, X, A_’) do(X)do(W).
S3cy

The second term on the left-hand side of (3-9) has average value

1

-

Lo=df  fI0CW)PR e+ Rosy) dOCO) dOO)

-

5
6
7
8
9
10
1
2
3
4

1

=2 ][ (X500 4+ 1(X. 52) )R 7y + Rz p ) dOCX).

L Expressing X = x1 E1 + x, E,, we have
16

v 2][ (X 00P R,y 5 + Rz p ) dO(X)
18

10 =2|u1|2][ 112 (Ryixx + Ryzxx) 49
20
201/ E—
1 =2|M1|2][(|X1|4R1111 —{—R112§|x1|2|X2|2) a6

22

. +2IM1|2][(|X1I4R112§+R2525|xllzlmlz)d9

24 2 2 2 1 2
2% =§|M1| Riii1+ R112§+§|/"1| Ry503-

26 Similarly, we have

- _
o 2][ (X, 92)[*(R1 x5 + Ryzx ) d0(X)

2 2 2 1 2
29 = $lm2l"Ryz55 + [12]" Ry1p5 + 3lH2| Ry

30
. The second term on the right-hand side of (3-9) has average value

£ R, = 4][ ][(X, WYRW, X, X, X))+ (W, X)R(X,W,X,X)do(X)do(W)
33 S3cx/

35

6 + 2][()(, U2) R(v2, X, X, X) + (v2, X)R(X, 05, X, X) dO(X).

34 = 2][()(, 1) R(vi, X, X, X))+ (v, X)R(X, 01, X, X) dO(X)
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1 We compute

1t/2
2
T2 )R X T =2 f (PR g + B0 ) 4
4
5 =2|ﬂ1|2][x1R1XXXd9+%ﬁla(REferRE/izz)
6
- =2|M1|2][(|X1|4R1111 +2|x1 [ [x2|* R 7,3) d6
s :%|“1|2(R1111+R112§)‘
9
o Hence, after adding the result with its conjugation, we have

1
i f (X, 51) R(vy., X, X, ) + (v, T)R(X. 0y, X, X) dO(X)
2

N

14 Similarly, we have
15

o 2][()(, U2) R(v2, X, X, X) + (v2, X)R(X, 05, X, X) dO(X)

17 _ 4 2 o o
T = 3l12l"(Ry355 + Ry1,3)-

— Therefore, we have
19

20 Ry = %Wl |2(R1111 + Ry1p3) + §|M2|2(Rzizi + R153)-

201/—
21

o Putting them all together and noting that S (xo, X) = R,7,7 +2R 7,5 + R,3,5, we get

= 2][ R(vy,01, X, X) 4+ R(va, 02, X, X) dO(X)

24

5 = 385(x0, ) + gl l? +112l?) Sa(x0, T) + 3 (1112 = 12 P) (R 717 = Ra33)-

* This proves (3-3).

27

2

20 4 The high-dimensional case

30

£ Now, for a k—dimensional subspace X C Ty M with Sy (xo, ¥) = infss Sy (xo, '),
32 we derive estimates similar to Proposition 3.1.

-

= 31 P(R1y1 + Ryiys)-

33

£ Proposition 4.1 Let ¥ and X' be two k—dimensional subspaces of Ty M . Assume
35 that Sy (xo, X) =infys Sk (xo, X'), and that {vy, ..., vi}and {Ey, ..., Ey} are unitary
36 frames at xo of X' and T, respectively. Let {i;} be the singular values of the projection
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1 of ¥/ towards X. Then, for any E € ¥ with E' 1. 3, we have

2

ERCE) ][R(E, E.Z,Z)d)(Z) = ][R(E’, E,Z,Z)do(Z) =0,

- 3 .

o) ][(Z R(vj,1;, Z, Z)) do(Z)

o =

% | k 1 k k

= = e 20 P) et 9+ E;(m#}; Rijs )
10

- Sk(X(), E)
=%k +1)

-
=
~
.Ib
(98]
~

][R(E/, E'.Z,Z)do(Z)

-
N

13
12 Proof Let f(¢) be the function constructed by the variation under the 1—-parameter
15 family of unitary transformations. The equations (3-5) and (3-6), as well as their proofs,
16 remain the same. The proofs of (4-1) and (4-3) are exactly analogous to those of (3-2)
17 and (3-4), so we omit them.

18
1o To prove (4-2) we apply (3-8) with Z = E; and add the results up:

20

- k
21 (4-4) 4][R(W, W. X, X)+ (X, V_V)|2( Rjj-XX) do(X)
=1

22 ]_
23 > LS 3
o - k(k+1) k(XOs )

2 + (k + 2)][(X, WYRW, X, X, X)+ (W, X)R(X,W, X, X)do(X).

26
2" For the given k—planes ¥ and X', we may always choose a unitary basis {vy, ..., vt}
28

29

of ¥’ and a unitary basis { E, . . ., E} } of ¥ so that the restriction on X’ of the projection
map to X is given by a diagonal matrix under these bases. That is, v; = u; E; + o; E}
3% for each i, with E ; L X and where the {x;} are the singular values of the projection
31 from ¥’ to X.

32

£ Now we apply (4-4)to W € S2k=1 < 5 and take the average of the result:

34

k
> %][ 3" R(vi, 5, X, X) d6(X) =4][

36 2k—1 /
36 = S2%k—lcy

][R(W, W.X,X)do(X)do(W).
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1 Similarly we can calculate

]ézk 1C2/][| (X W) |2(Z ijX) do(X) do(W)

4

5 k

o k][(Zu(v, )(ZRjJ-XX)dG(X)
7 i=1 j=1

. 4

9 -t D53 8))
2 =

1 Wwhile

1 (k+2) ][(X, WYRW, X, X, X)+(W,X)R(X,W,X,X)do(X)do(W)
JR— SZk*lCz/

i

1 k+2][ZXv, R, X, X, X) + (vi, X)R(X, 5, X, X) dO(X).
15 i=1

16 Using (4-1), the first half in the equation above can be further simplified into
17

15 k“][z (X, 5)R(vi, X, X, X) d6(X)

19 i=1

20 _ k42

2 fzx,(um Rixxx +7iciR g gy ) d6(X)

317 i=1

22 k 2

= +

= e S sl Ry ) dOCY)

24 i=1

25 k42

o - %Z|Mi|2][(lxi|4Riiii+2Z|Xixj|2Rﬁjj) df(X)
— i=1 j#i

27

28 _k+2

; - k k(k+1) Z(“’Ll| ZRIIJJ)

2 Putting the above together we have (4-2). |
31
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