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ABSTRACT. We consider the class of compact Hermitian manifolds whose
Chern connection is Ambrose-Singer, namely, it has parallel torsion and cur-
vature. We prove structure theorems for such manifolds.
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1. INTRODUCTION AND MAIN RESULTS

Generalizing Cartan’s characterization of symmetric Riemannian manifolds, W.
Ambrose and I. M. Singer obtained in 1958 [2] their celebrated theorem which
states that a complete, simply-connected Riemannian manifold is (Riemannian)
homogeneous (meaning that its isometry group acts transitively) if and only if it
admits a metric connection with parallel torsion and curvature. In view of this
result, a connection is said to be Ambrose-Singer, if it has parallel torsion and
curvature with respect to itself. More specifically, the result of [2] says that a
complete Riemannian manifold is locally homogenous (meaning its universal cover
is homogeneous) if and only if it admits a metric connection which is Ambrose-
Singer. Similar results for affine connections (without a metric) were obtained
around the same time by H. C. Wang [26], whose coverage can be found on page
262 of Vol.I of [12] and Theorem 2.8 of Ch.10 of [12].

When the manifold is Hermitian (or more generally, almost Hermitian), one nat-
urally restricts the consideration to Hermitian connections, meaning a connection
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V on the manifold that is both metric (Vg = 0) and almost complex (VJ = 0),
where g is the Hermitian metric and J the almost complex structure. The Ambrose-
Singer Theorem has a natural extension to the (almost) Hermitian version, proved
by Sekigawa [I7] in 1978. It states that a complete, simply-connected Hermitian
manifold is (Hermitian) homogeneous (meaning its group of holomorphic isometries
acts transitively) if and only if it admits a Hermitian Ambrose-Singer connection.

If one drops the completeness and simply-connectedness assumption, the concept
of local homogeneity can be defined via local isometries, and the correlation between
local homogeneity and the existence of Ambrose-Singer connections is still valid.
In the literature there are extensive studies of the correspondence between the
geometry of locally homogeneous manifolds and algebraic models formed by the
torsion and curvature of an AS connection. We refer the readers to the papers [1§],
[11], [20], [21], [15], [7] and the references therein for more details in this direction.
In this article, we are only interested in compact complex manifolds, so being locally
homogenous for us simply means the universal cover is homogeneous.

On the other hand a Hermitian manifold admits some canonical /unique Hermit-
ian connections, including the Chern connection V¢, the Strominger (also known
as Bismut, cf. [27] for some details) connection V?, and their combinations, the so-
called t-Gauduchon connections V! = (1 —¢)V¢+tV*, where ¢t € R. Here we study
the question: What compact Hermitian manifolds (M™,g) will have their Chern
(or Strominger, or t-Gauduchon) connection to be Ambrose-Singer?

As the Chern/Strominger-Bismut connection is Levi-Civita if and only if the
manifold is Kahler, we expect that the above class of manifolds forms a special
class of locally homogenous manifolds which is subject to explicit descriptions. For
convenience in future discussions, let us introduce the following terminology:

Definition 1.1. A CAS manifold is a compact Hermitian manifold with its Chern
connection being Ambrose-Singer, namely, the Chern connection has parallel torsion
and curvature. Dropping the compactness assumption we say such a Hermitian
manifold admits a CAS structure.

One can define SAS or t-GAS manifolds similarly for compact Hermitian man-
ifolds whose Strominger/Bismut connection is Ambrose-Singer. The project is to
understand the set of all CAS (or SAS, or t-GAS) manifolds. In this paper we focus
on the CAS case, and leave the other types to a future study.

For homogeneous complex manifolds and homogeneous Kéahler manifolds (namely
a Kéahler manifold admits a transitive action by a holomorphic isometry group),
much more have been known since the celebrated works of H. C. Wang [24], Borel
[B], Tits [19] etc. In particular, [T9] (cf. see also [9]) proved that any compact
homogeneous complex manifold has a unique fibering with parallelizable fibre over
a D-space (which is a simply-connected homogeneous complex manifold obtained
by a complex Lie group module a parabolic subgroup). Some classifications of the
lower dimension cases can also be found there. The simply-connected compact ho-
mogeneous complex manifolds were characterized by H. C. Wang. One can find a
detailed classification/study of three dimensional homogeneous complex manifolds
in [28]. It was further proved in [9] that a compact homogenous complex manifold is
a holomorphic fiber bundle over a homogenous projective manifold with a complex
parallelizable fiber.

The first observation is that all CAS manifolds are Chern Kéhler-like, meaning
that the curvature tensor R of the Chern connection V obeys all the symmetry
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conditions enjoyed by the curvature tensor of a Kédhler metric. Moreover, by [29]
Theorem 3], any compact Chern Kéhler-like manifold is balanced, meaning that
d(w™™ 1) = 0 where w is the Kihler form. In particular, for the case n = dim¢ (M) =
2, the metric is Kéhler, thus the manifold is a locally Hermitian symmetric space.
So the nontrivial study of CAS manifolds starts with dimension 3.

By a classical theorem of Boothby [4], compact Hermitian manifolds with flat
Chern connection are exactly quotients of complex Lie groups equipped with left
invariant Hermitian metrics, in particular the Chern connection has parallel torsion.
That is, any compact Chern flat manifolds are always CAS, so we have

{Chern flat} C {CAS} C {Chern Kéhler-like}.

Given a CAS manifold (M™, g), if g is Kahler, then the Chern connection coincides
with the Levi-Civita connection, so the manifold is a locally Hermitian symmetric
space. On the other hand, any compact locally Hermitian symmetric space is
certainly CAS (and ¢-GAS for any ¢ for that matter), so our quest here is really to
understand the non-Kéahler ones.

A purpose of this article is to give a classification of CAS manifolds in dimensions
3 and 4:

Theorem 1.2. Let (M3, g) be a compact CAS manifold, namely a compact Her-
mitian manifold whose Chern connection has parallel torsion and curvature. Then
it is either Kahler (hence a locally Hermitian symmetric space) or Chern flat.

Three dimensional CAS examples include the Iwasawa manifolds. We remark
that there exist plenty of complex structure on the (complex) three dimensional
simply connected manifold S* x S? [6]. It in fact can be made complex homoge-
nous, and it admits many homogenous Hermitian structure via averaging, since the
compact group U(2) x U(2) acts on it holomorphically and transitively. The above
theorem asserts that the AS connection of the associated homogenous Hermitian
structure cannot coincide with the Chern connection since it is well known that
this complex manifold can not admit a Kéhler structure and any compact complex
Lie group must be a complex torus.

Theorem 1.3. Let (M*,g) be a CAS manifold, namely a compact Hermitian man-
ifold whose Chern connection has parallel torsion and curvature. Then it is either
Kahler (hence a locally Hermitian symmetric space), or Chern flat, or the universal
cover is holomorphically isometric to the product C' x G, where C is a complex space
form of dimension 1 and G a complex Lie group of dimension 3 (with left invariant
metric).

Similarly, the above result asserts that the complex homogenous manifold S? x §°
could not admit a CAS structure. In this paper we call a CAS manifold trivial if
each of its de Rham factor of its universal cover is either Kéhler (hence a Hermitian
symmetric space) or Chern flat (namely a complex Lie group with a left-invariant
Hermitian metric). The above two theorems implies that in dimension n < 4, CAS
manifolds are all trivial.

For general dimensions, we give a characterization of when a CAS manifold
splits off Kéhler de Rham factors (Theorem in §3), and generalize the results
in dimensions 3-5 to higher dimensions in terms of the codimension of the image
distribution of the Chern torsion (Theorem in §6). Here the de Rham factor
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means the product factor splitting on the universal cover induced by the holonomy
principle. We will also prove the following:

Theorem 1.4. Let (M™, g) be a Hermitian manifold with a CAS structure. Assume
further that it is without any Kdhler de Rham factor. Then the universal cover of
M admits a parallel holomorphic (n,0) form, and (M,g) has zero Chern Ricci
curvature. In particular, the action of any restricted holonomy group element h
(with respect to the Chern connection) on T*OM splits as h&id with h € Sp(k) for
some 1 <k <[(n—1)/2], with k > 2.

An interesting consequence of the above result is that Hermitian manifolds with a
CAS structure and without any Kahler de Rham factor can be viewed as generalized
Calabi-Yau manifolds. As a consequence, we have

Corollary 1.5. Let (M™,g) be a CAS manifold. If M™ is a compact homogeneous
(or almost homogeneous) complex manifold, then (M™,g) is trivial. In particular,
its universal cover is holomorphically isometric to the product G x N*, with 0 <
k < n, where G is a (connected, simply-connected) complex Lie group equipped
with a left-invariant metric, and N* is a compact Hermitian symmetric space of
dimension k.

Recall that a compact homogeneous (almost homogeneous) complex manifold is
one where the group of automorphisms (biholomorphisms), which is a complex Lie
group, acts transitively (or having an open orbit).

The corollary asserts that none of the simply-connected Calabi-Eckmann mani-
folds S?F+1 x S2+1 with k,l > 1, which are complex homogenous spaces, can admit
a CAS structure.

In the mean time, in dimension 5, we provide in Theorem [5.] a structural char-
acterization to any possibly non-trivial example in dimension 5. It is our hope that
this result is instrumental in constructing non trivial examples starting dimension
5. Such a fivefold, if exists, should be a complex 1-torus bundle over a holomorphic
symplectic 4-manifold. This will give an interesting non Kahler generalization of
Calabi-Yau manifolds, a subject which has attracted attentions due to considera-
tions in mathematical physics [22]. Please refer to [16] for a more recent related
construction and references in these papers for more comprehensive coverage on the
subject. This example, if exists, also shows that CAS class is strictly larger than
the Chern flat ones. On the other hand, if all CAS manifolds whose universal cover
does not contain any Kahler factors must be Chern flat, it would also provide a
nice characterization of CAS manifolds in high dimensions, although this assertion
will reduce the scope of interests of CAS manifolds.

The article is organized as follows. In the next section, we briefly recall the con-
struction in Ambrose-Singer Theorem as well as its Hermitian version, Sekigawa
Theorem. In §3] we analyze the properties of CAS manifolds in general dimensions,
and characterize Kéhler de Rham factors of a CAS manifold (Theorem B.6). Theo-
rem [[.2] and [[3] shall be proved in §41 In g5 we discuss the 5-dimensional situation
and prove Theorem Bl In 6] we partially generalize the statements of Theorems
and [[3into higher dimensions (Theorem [61]) and prove Theorem [[4l In §7] we
prove Corollary and have some general discussion of CAS versus homogeneity.

We should remark that on a homogeneous Riemannian manifold M™, there might
be more than one Ambrose-Singer connections, namely the Ambrose-Singer connec-
tion may not be unique. If we consider the set of all Ambrose-Singer connections
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on M™, it is also not clear what kind of structure this set possess. This is related
to the fact that there might be multiple subgroups of the isometry group which
act transitively on the manifold. One might ask for what kind of complete, simply-
connected Riemannian (Hermitian) homogeneous manifolds is its metric (Hermit-
ian) Ambrose-Singer connection unique?

2. AMBROSE-SINGER AND SEKIGAWA THEOREMS

In this section, we recall the main result and some arguments in Ambrose-Singer
Theorem [2] and its Hermitian version [17].

Let (M™,g) be a complete, simply-connected Riemannian manifold. Denote
by F(M) the bundle of orthogonal frames on M™. It is a principal bundle with
structure group O(n). Let 7w : F(M) — M be the projection map. Any point
be F(M) is in the form b = (x;e1,...,e,), where z = w(b) € M and {ey,...,e,}
is an orthonormal basis of the tangent space T, M. For b € F(M), denote by V},
the kernel of dr at b, so V is the vertical distribution of the bundle 7.

The frame bundle F(M) naturally admits a global tangent frame {E;, E;;},
where 1 < i <n,1<j<k<n,sothat Ej; € V and E,;(b) = ¢;. Using this
natural frame to be an orthonormal frame, we get a Riemannian metric g on F(M),
and 7 becomes a Riemannian submersion.

Now if H is a subgroup of the isometry group I(M) such that H acts transitively
on M, then for any b = (x;e1,...,e,) € F(M), we have a smooth map

Uy :H — F(M)
h— hb = (h(x); hyer,. .., heep).

Let T.H be the tangent space of the Lie group H at its unit element e. Since
Uy(e) = eb = b, one can define distributions in F (M) by

N
Py = d¥,(T . H), Qr=PN(PNV,)",

where | is with respect to the Levi-Civita connection of g on F(M). Clearly, @ is
a subbundle of the tangent bundle of F(M) such that Q@ & V = TF(M), that is,
Q@ gives a horizontal distribution of 7. As is well known, metric connections on M
are in one one correspondence with horizontal distributions on F'(M), so the above
@ gives a metric connection V on M. It is proved in [2] that the connection is AS,
namely, its torsion and curvature are parallel with respect to the connection itself.

Conversely, if we start with an AS metric connection V, corresponding to a
horizontal distribution @ on F(M). Then fix any by € F(M), and denote by
H C F(M) the subset of points in F/(M) that can be connected to by by piecewise
smooth horizontal paths. The AS condition leads to the fact that H is a Lie group,
acting on M transitively as isometries. This is the basic argument in [2].

From the above argument, we see that AS connections on M are in one to
one correspondence with conjugacy classes of connected Lie subgroups H of I(M)
which act transitively on M. So AS connections on M may not be unique, and to
understand the set of admissible AS connections, the concern is to determine the
conjugacy classes of connected Lie subgroups of I(M) that act transitively on M.

Note that amongst all the AS connections, the one corresponding to the identity
component Io(M) is uniquely determined, and we will call it the canonical AS
connection of M. It has ‘maximum symmetry’, and it would certainly be interesting
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to study its geometric significance. We will leave the exploration of the set of AS
connections to a future project.

Now let us switch gear to consider the Hermitian case. Let (M™,g) be a com-
plete, simply-connected Hermitian manifold, and denote by J its almost complex
structure. As before, we have the frame bundle F(M) which is a principal O(2n)-
bundle over M. Denote by F(M) C F(M) the subbundle of all unitary frames of
M, namely, points in F'(M) in the form

b= (z;e1,...,en,JE1,...,Jey) € F(M).

F(M) is a U(n)-bundle over M. Following the argument of [2], if H is a group
of holomorphic isometries acting transitively on M, then for b € F (M) the map
¥, clearly sends H into F (M), so @ constructed as before would be a horizontal
distribution for 7 : F(M) — M, thus corresponding to a Hermitian connection on
M.

Conversely, given a Hermitian AS connection, it corresponds to a horizontal
distribution Q in F(M). By letting H C F(M) be the set of all points that can be
connected to a fixed point by € F (M) by piecewise smooth horizontal paths, one
gets a Lie group acting transitively on M as isometries. The fact H C F (M) shows
that the elements of H also act holomorphically.

In summary, for a complete, simply-connected Hermitian manifold M™, the Her-
mitian AS connections on M are in one one correspondence with the conjugacy
classes of connected Lie subgroups in I(M), where I(M) is the intersection of
I(M) with the group of automorphisms of M (i.e., biholomorphisms from M onto
itself)

Again, the Hermitian AS connection corresponding to the identity component
E)(M ) has ‘maximum symmetry’ and is of particular interest. It is uniquely deter-
mined and will once again be called the canonical Hermitian AS connection. The
Hermitian analogue, namely the uniqueness of Hermitian AS connections, or more
generally, the structure and property of the set of all Hermitian AS connections on
a given (compact, locally) Hermitian homogeneous space should be a topic worthy
of further exploration, and we intend to investigate it in the future.

We remark that in [2] the authors worked with the tensor SxY := VxVY —V4CY
with V€ being the Levi-Civita connection with respect to the Hermitian metric,
and V being the Ambrose-Singer connection. It is easy to see that the torsion of V,
which we will denote by T'(X,Y) or Tx y, can be expressed in S as SxY — Sy X.
On the other hand, T completely determines .S by the formula:

(1) (SuV.W) = 5 (T(U, V), W) + (T(V,0),V) ~ (T(V, ), 1)).

Here we mainly work with the torsion 7'. It is easy to see that T is parallel if and
only S is parallel. Hence T is parallel with respect to an Ambrose-Singer connection.
When V is the Chern connection it is also useful to note that AxY (= LxY -V xY
commutes with J if X is real holomorphic (namely LxJ = 0 or equivalently, Lx o
J =Jo Lx). Here and below Lx stands for the Lie derivative. On a Riemannian
manifold (with respect to the Levi-Civita connection) the operator Ax plays a
role as the ‘infinitesimally rotational part’ of the one parameter family of isometric
groups generated by a Killing vector field X (cf. [13]). In a recent article [23], the
so-called torsion twisted connection, which is defined as V;F(Y =VxY -T(X,Y),
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was found its relevance in the study of generalized flows on Hermitian manifolds.
It is easy to see that VLY = —Ay X.

3. CHERN AMBROSE-SINGER MANIFOLDS

In this section we will examine the general properties of CAS manifolds. Let
(M™,g) be a Hermitian manifold with J being its almost complex structure and
g = (,) denoting its metric, extended bilinearly over C. Let V be the Chern
connection. Its torsion and curvature are denoted by 7" and R, respectively:

R(z,y,z,w) = (Ryyz, w) = (VoVyz =V, Vo2 =V, 2, w)
for any tangent vector fields z, y, z, w on M. We will extend T" and R linearly over
C, and still denote them by the same letters. From now on, we will use X, Y, Z,
W to denote complex tangent vectors of type (1,0), namely, X = 2 — /—1Jx for

some real tangent vector x. It is well known that the torsion and curvature of the
Chern connection satisfy the following properties:

T(X,Y) =0, R(X,Y,*,%) = R(x,%, Z,W) =
Therefore the only possibly non-zero components of R are R(X,Y,Z, W), which
we will denote by R 5,7 for convenience. Let e = {e1,...,e,} be a local unitary

frame of type (1,0) tangent vectors. Let us denote the components of T' by

T(es; ex) E :T’zkej

Note that our T] here is equal to twice of the T’ e in [29]. For any metric connection,
the first Blanchl identity (cf. Theorem 5.3 of Ch.III of [12]) takes the form

S{(V.T)(y,2) — Ryyz — T(z,T(y,2))} =0,

where z, y, z are tangent vectors and G means the sum over all cyclic permutation
of z,y, z. When applied to the special case of Chern connection V, we get

(31) Tj k + lek i + Tkz J Z{TTT + Tsz'lr
_ e

(3.2) ka - RiEkZ - Tikj’
for any 1 < 4,j,k,¢ < n, where e is an unitary frame and the index after comma
stands for covariant derivative under V. See also [20, Lemma 7] for instance, and
notice the change of the factor 2 in T7,.

For any connection the second Bianchi identity (cf. Theorem 5.3 of Ch.III of
[12]) has the form

6{(VmR)yz + RT(x,y) z} = 07

where G means the sum over all cyclic permutation of x, y, z, and when applied to
the special case of Chern connection V, we get
(33) Rijkz,m - mjki i Z rjk(’
for any 1 <, 75, k, £, m < n, where the indices after comma again stand for covariant
derivatives with respect to the Chern connection V.
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Now assume that (M", g) is CAS, namely, the Chern connection V enjoys VI' =
0, VR = 0. By (32), we know that Ry57 = R for any indices. That is, the
curvature tensor R of V obeys all the symmetry conditions of curvature tensor of
a Kéhler metric. Recall Gauduchon’s torsion 1-form 7 (see [§]) is defined by (again
this is equal to twice of the notion 7 in [29]) n = >, ni¢s, where ¢ is the unitary
coframe dual to e, and n; = > ;_; T,fi. Some direct calculation shows that

(3.4) dw" = —pAw",

(3.5) AWt = (@n+nAn) AW

Here w is the Kihler form of (M",g). Let T’ = (T(X,Y), Z) be the (2,1)-form
associated with the torsion tensor 7. Under a local unitary frame e and dual
coframe ¢ we have 7" = 37, ., Tj pipx®; = >, 7;9;, and in local holomorphic

coordinates we have Tij,;dzi Adz? Adz*. Direct calculation in local coordinates also
shows that

(3.6) Ow=+—1'"rNp=+—1T'.

By [29, Theorem 3], we know that when M is compact the metric will be balanced
(namely, n = 0). It can also be seen as follows. By VI = 0 we deduce dn = 0,
hence n = 0 by integrating (33) on M. In summary, we have

Lemma 3.1. Suppose that (M", g) is a Hermitian manifold with a CAS structure.
Then it is Chern Kdahler-like, and under any unitary frame e, it holds

n

r=1
n

(38) > TR = 0,
r=1

for any 1 < i,5,k,£,m < n. Moreover, dT' = 0 as a (2,0)-form valued in T*°M,
|T||* is a constant, and (M, g) is balanced if M is compact. In particular, for
compact M, 0*w = 0.

Proof. For the differential p-form « valued in a vector bundle equipped with a
metric and a metric compatible connection, we have the formula

p
da(XOa o 7Xp) = Z(_l)i(VXia)(X()v s Xy 7Xp)
=0

(3.9) = Y (DM UT(X, XG), XKoo Xy, Xy X).
0<i<j<p
Now apply to T we have that for U, V, Z of (1,0)-type vectors

by the fact that VI' = 0 and the Jacobi identity satisfied by 7. One also have
dT(U,V,Z) =0 by that T(U, Z) = 0.
The last statement follows from the fact that T is parallel. |

Fix any point p € M™. Denote the holomorphic tangent space T;M = TZ}*OM =~
C™ at p by V, = V. The Chern torsion T is a skew-symmetric bilinear map from
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V x V to V. Let us denote by W the subspace of V spanned by the image set of T":
{T(X,Y)| X,Y € V}.
Denote by

N={ZeV|(I(X,Y),Z)=0 ¥V X,Y €V}
the linear subspace of V, which is the set of vectors in V that is perpendicular to
W. We call N the perpendicular space of T. The tangent bundle T"YM splits
orthogonally as W@ N. We will call W the image distribution of T', since it is easy
to see that dim(W) is independent of the choice of point p. Moreover we have the
following

Lemma 3.2. Let (M™,g) be a Hermitian manifold with a CAS structure. Then
the image distribution W of the torsion T is invariant under the parallel transport.
In particular, VW C'W.

Proof. Tf X(t),Y (¢t) are parallel along a curve (t), T(X(¢),Y(¢)) is parallel. This
proves the first statement. Let Z be a real vector at p with v(¢) be a curve satisfying
v(0) = p, ¥ (0) = Z. Let X(t),Y(t) be two (1,0)-type vectors along y(t). Let
W(t) = T(X(t),Y(t)). Let P“Y be the parallel transport from v(¢) to v(0) along 7.
By Lemma 2.1 of [14] VW (0) = limy_,o 1 (P"°(T(X(t),Y(t))) — T(X(0),Y(0))).
Since T is parallel we have that

VI (0) = lim & (T(P(X (1), PY(Y (1)) ~ T(X(0), Y(0)))
which clearly belongs to 'W. O

As an immediate corollary, we know that W is a holomorphic foliation in M:

Lemma 3.3. Suppose that (M™ g) is a Hermitian manifold with a CAS structure.
Then the image distribution W of T is a flat holomorphic foliation in M.

Proof. W being parallel under V implies that it is holomorphic, so it suffices to
prove that W is integrable. For any type (1,0) vector fields X, Y in ‘W, since
T(X,Y) € W by the construction of W, we have

[X,Y]=VxY - VyX —T(X,Y) €W.

So W is integrable. By (B8)) and the definition of W, we know that W is contained
in the kernel of the curvature tensor R, hence flat. |

Since W is parallel, its orthogonal complement N = W+ is also parallel. However,
N may not be integrable in general. This is because for any type (1,0) vector fields
X, Y in N, we always have [X,Y] € N @ N as before (since T(X,Y) = 0), but
[X,Y] may not be in N since T(X,Y) may be non-zero (hence lives in W). If
N is (complex) 1-dimensional, then this will not be an issue, so in this case N is
also integrable, hence M is locally a (possibly a warped) product as a Hermitian
manifold. We have the following

Theorem 3.4. Suppose that (M™, g) is a Hermitian manifold with a CAS structure
such that the image distribution W of T has codimension one. If g is not Chern
flat, then the universal cover of M is holomorphically isometric to a product G x C
where G is a connected, simply-connected complexr Lie group equipped with a left
invariant Hermitian metric, and C is P! or the unit disc D = {z||z| < 1} equipped
with (a scaling of ) the standard metric.
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Proof. In this case, the holomorphic tangent bundle T%°M splits orthogonally as
the direct sum of two integrable holomorphic foliation W@ N. Since W is contained
in the kernel of the Chern curvature tensor R, around any given point p € M we
have local unitary frame e so that {es,...,e,} spans W and Ves = --- = Ve, = 0.

We claim that 77, = 0. Assume the contrary, then there would be some 2 <
@, < n such that T # 0. Consider the local (1,0)-form ¢ defined by ¥(-) =
(T(-,ep),e4). Let X be the vector field dual to 1, namely, ¥(Y) = (Y, X) for any
Y. Then X = Z?Zl f%ei = X1 + X5 where X; = T%el is the component of X in
N. Clearly, Vi) = 0, hence VX = 0. So its component in the parallel distribution
N is also parallel, namely, VX; = 0. Replacing e; by ﬁXl, we get Ve; = 0
thus e is a parallel frame. This means that M is Chern flat, a contradiction. This
completes the proof of the claim.

Denote by VZ¢ the Levi-Civita connection of g. By [29, Lemma 2], note that
our notation Tfk here is twice of the torsion defined there, we have

1~ L i =
Vﬁicq = Veiel + 5 ZTfiej, Vécel = Vgiel + 5 Z{lejéj - lel-ej}.
j=1

Jj=1

So by the above claim, we know that N @ N is parallel under the Levi-Civita
connection V€| hence splits off a one-dimensional Kihler de Rham factor C. This
completes the proof Theorem [B.41 a

Following a similar argument, we can split off some other Kéahler de Rham factors
of a given CAS manifold. Let

No={X eN|T(X,Y)=0, VY€V

We will call it the kernel space of T. Tt is a linear subspace of V, and we claim that
it is invariant under the parallel transport:

Lemma 3.5. Let (M™,g) be a Hermitian manifold with a CAS structure. Then
the kernel distribution Ny of T is parallel under V.

Proof. The argument in the proof Lemma also implies the result. We include
an alternate argument using a moving frame for the sake of later proofs. Denote
by N7 the orthogonal complement of Ny in N. Let e be a local unitary frame such
that {e1,...,e,} spans W, {eg41,...,ep} spans N1, and {ep41,...,e,} spans No.
Let 6 be the connection matrix with respect to the frame e. Namely (0,;) matrix
(of 1-forms) is defined by Ve, = 04p€p. For any 1 < a,b,c <n and any z € V@V,
since VI' = 0, we have T, . = 0, that is

(3.10) a(Tg) = Z{Trcbear(x) + T50ur(x) — Tapbrc(@)}-
r=1
We want to show that VNy C Ny, namely, 6;, = 0 for any p < a < n and any
1 < i < p. We already know this for any 1 < ¢ < ¢, so we may assume that
qg<i<p.
Let us denote by N* the dual space of N, with the induced inner product. For
X,Y €V, let us denote by {43 € N* the linear functional on N defined by:

EXV(Z) = <T(Z7X)7?>'
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Let A € N* be subset consisting of £,y for all X,Y € V, and let U = C(A)
be its linear span in N*. By definition, Ny consists of elements Z € N such that
lyv(Z) =0 for any X,Y €V, namely, Ny C N is the subspace annihilated by A
in N*. Therefore Ny = Ann(A) = Ann(U), and the decomposition N = N & Ny
corresponds to N* = U @ U+. In particular, there exists a basis {¢;, 0o} of N*
which is dual to {e;,en} of N. Here ¢ < i <pand p < a < n.

Now let us fix a with p < a < n. Since T, = 0, by letting a = « in [BI0), we
get

n
> Thbar =0 V1<be<n.
r=1

In particular, Y, T 04, = 0 for any X, Y € V.
For any fixed ¢ with ¢ < i < p, since ¢; € U = C(A), there exist finitely many
elements X1, Y1,..., Xy, Yi in V such that ¢; =l 3+ -+ + £y, 3. So we get

n

eai = Z Soi(er)eocr = Z (T:}l + +T:)]§k)9ar =0.
r=q+1 T

This completes the proof of the lemma. |

Let us denote by V¢ the Levi-Civita connection of g. Suppose X is any type
(1,0) vector field belonging to Ny. Then by definition, we have T'(X,Y) = 0 and
(T'(Y,Z),X) = 0 for any type (1,0) vectors Y and Z. Since the difference between
VL€ and the Chern connection V are given by the torsion components [29, Lemma
2] (see also (Z.1))), so as in the proof of Theorem B4l we have V¢ X = VX, therefore
No @ Ny is parallel under V€| hence giving a de Rham factor which is Kéhler since

its Chern torsion vanishes. In summary we have

Theorem 3.6. Let (M™, g) be a Hermitian manifold with a CAS structure. Suppose
that the kernel foliation Nog of T is of dimension s, then the universal cover of
M is holomorphically isometric to a product My x My, where Ms is a Hermitian
symmetric space of dimension s, while the Chern connection of My has parallel
torsion and curvature, and its torsion has trivial kernel.

4. PROOF OF THEOREM AND [I3]

In this section, we will prove Theorem and [[.3] which give a classification of
CAS manifolds in dimensions 3 and 4. For readers benefit, let us restate Theorem

Theorem 4.1. Let (M3, g) be a compact CAS manifold, namely a compact Her-
mitian manifold whose Chern connection has parallel torsion and curvature. Then
it is either Kahler (hence a locally Hermitian symmetric space) or Chern flat.

Proof. Let us now specialize to dimension 3 and let (M3, g) be a CAS manifold.
We assume that g is not Kéhler. Hence the image foliation W is non-zero. Since W
is contained in the kernel of R by (8], we know that g would be Chern flat if W is
3-dimensional. Also, by Theorem 5, if W is 2-dimensional, then M will split off a
1-dimensional Kéahler de Rham factor, while the other factor, being 2-dimensional
and balanced, is also Kéhler. This will imply that g is Kéahler, a contradiction. So
we are only left with the possibility of W being 1-dimensional.
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Let e be any local unitary frame such that e3 € W. We will call such a frame
admissible. By [3.8), we have Rszz = 0. First let us examine the components of T
under an admissible frame. We have T, = T2, = 0 by the definition of W. Also,
since 1 = 0, we have

T3?1:771—T221:771:O-

Similarly, 7%, = 0, thus the only possibly non-zero component of 7" would be T%,.
Since VT = 0, the norm |T'|?> must be a constant, and this constant is non-zero
since g is not Kéhler. By scaling the metric g if necessary, we will assume that
|T%,| = 1 from now on.

By the argument in the proof of Lemma [35] the connection matrix 6 under an
admissible frame e satisfy 613 = 623 = 0. Also, we have that the curvature © satisfies
that @33 = d933 =0. By VT = 0, we have V(T(el, 62)) = T(Vel, 62) +T(€1, Veg),
which leads to

(4.1) dlog T{) = 611 + 02z — 033.
Taking differential in the above identity, and use the fact dfs33 = 0, we get
(42) t’l"(@) = dt?"(a) = d(911 + 09 + 933) = d(911 + 099 — 933) =0.

That is, the Chern curvature of g is Ricci flat. This is a crucial point for us, and
we will use it along with the fact VR = 0 to force R = 0, thus completing the proof
of Theorem (In case that M is complex homogenous, and admits an invariant
volume form, applying Theorem A and Proposition 5.1 of [I0], the compactness of
M and the flatness of Ricci implies that M is parallelizable, which is Chern flat
with respect to the induced left invariant metric. The analysis below shows directly
the result for the case when M is CAS only.)

Let e be an admissible frame. Since ©33 = df33 = 0, we may rotate e3 and
assume that Ves = 0. Fix this e3, then we know that 03; = 6;3 = 0 for any
1 < i < 3. The curvature components Rﬁki are zero if any index is 3. Since R
obeys all the Kahler symmetries, we only have the following components:

A=Rii1, B=Ri195, C=Ry53, D=Riz3, E=Rq3 FI=Ryps.

Since tr(©) = 0, we always have A+ B=C+ B = E+ F = 0. At any fixed point
p € M, by a unitary change of {e1, e2}, we may assume that A equals the maximum
value of holomorphic sectional curvature at p. This implies that ¥ = 0. Replace e;
by an appropriate pe; where |p| = 1, we may further assume that D = |D|. This
kind of choice can be made at every point in M, and clearly we can choose local
unitary frame e so that es is parallel and under {e;, es} the curvature components
satisfy the above requirements. In this case, we have

A=C=-B=H, D=|D|>0, E=F =0.

It is easy to see that 3H > |D|, and the maximum (the minimum) of the holomor-
phic sectional curvature at the point p is equal to H (—3(H + | DY), respectively).
By VR = 0, we know that both H and |D| are constants. Our goal here is to show
that the metric g has vanishing Chern curvature, or equivalently, H = D = 0. The
assumption VR = 0 yields

d(Rz7) =Y (0ir B3 — Orj Ripg + Okr Rz g — Ot Rizr) -

T
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By letting (ijk¢) = (1212) and (1112), respectively, we get
(4.3)  0=2(011 — 09)D, 0=015(2B — A) — 091D = —3Hb:15 — Dba;.
If D > 0, then 611 = 032, and 051 = —%012, SO
O11 = db1 — 012 A 021 = dbh.

Similarly, ©29 = dfas, so ©17 = O95. Since 11 + B9 = 0, we get ©17 = 0. Hence
H =0. By 3H > |D|, we get D = 0, contradicting to the hypothesis D > 0. This
means that we must have D = 0.

If H > 0, then the second equality in (£3)) yields 615 = 0. So

O12 = dbhg — 011 A1z — 012 Az = 0.
On the other hand,
O12 = D1 NPz + Bpas Nt = —Hpa Np1 # 0,

a contradiction. So we must have H = 0 as well. The vanishing of both H and D
means that the metric g is Chern flat, and we have completed the proof of Theorem
[T, which is Theorem |

Again for readers benefit, let us restate Theorem [L3] below:

Theorem 4.2. Let (M*,g) be a CAS manifold, namely a compact Hermitian man-
ifold whose Chern connection has parallel torsion and curvature. Then it is either
Kdhler (hence a locally Hermitian symmetric space), or Chern flat, or the universal
cover is holomorphically isometric to the product C x G, where C is a complex space
form of dimension 1 and G a complex Lie group of dimension 3 (with left invariant
metric).

Proof. Let (M*,g) be a CAS manifold. First, we will assume that g is not Kihler,
and by Theorem [B.6] we will assume that the kernel Ny of the Chern torsion tensor T
is trivial. Furthermore, by Theorem [B.4] we may assume that the image distribution
‘W of T has dimension 1 or 2.

If W has dimension 1, then we claim that Ny will be non-zero. To see this, let
e be a local unitary frame such that W is spanned by e4. That is, T¢, = 0 for
1 < i < 3. This implies that Tj; = 0 for any i as 7 = 0. So (T}}) becomes a
skew-symmetric matrix on N = W+ 22 C3. It must have a non-trivial kernel space,
which is contained in Ny, contradicting to the assumption that Ny = 0.

We are left with the case that W has dimension 2. Let us choose a local unitary
frame e so that W is spanned by {es,es}. We may assume that Ves = Vey = 0
since W is contained in the kernel of R. We will call such a local frame admissible.
Note that we have T, = T3, =0 by n = 0.

Let a = |T,| and b = |T},|. Since T3, = (T'(e1, e2),3), which depends only on
e1 A eg, so its absolute value a is independent of the choice of an admissible frame,
thus is a constant. Similarly, b is also a constant. We note that the distribution N,
as the orthogonal complement of W, is parallel under V.

If both a and b are zero, then T'(eq, e2) = 0, (and of course T'(e;,€;) = 0) hence
N is integrable. In this case, M is locally the product of two complex surfaces, with
perpendicular leaves, and by (2I)) we have Sc, ez = Se,e1 = 0 = Se,eq = S, €3,
thus locally (M, g) is a product Hermitian manifold. This will force the torsion
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tensor to split, in fact 7' = 0 hence a contradiction. So either a or b must be non-
zero. By a constant unitary change of {e3,es} if necessary, we may assume that
T, vanishes at a point, hence we may assume that b= 0 and a > 0 from now on.

Denote by ¢ the coframe dual to e, and consider the local (1,0)-form ¢ given
by ¥ = T3p1 + Tiyp2. By the fact that T3, = 0, we know that ¢ = (T'(-,e3),€3).
Therefore, 9 is parallel under V as both T" and eg are. If b # 0, then N contains
a parallel local section (given by the dual vector of ), hence by a unitary change
of {e1,e2} we may assume that Ve; = Vey = 0, leading to the conclusion that g is
Chern flat. So we may always assume that 1) = 0, or equivalently, T = 0, and by
the same argument, T = 0.

More generally for any given (local) parallel holomorphic vectors Z, W, define

P(-) = (T(-,W), Z). We have
Lemma 4.3. The (1,0)-form v defined as above ¢ is a parallel holomorphic 1-form.

Proof. For any local complex tangent vectors U, V' with V being of type (1,0), we
have

(Vo)(V) =U@(V)) = &(VuV) = U(T(V,W), Z) = (T(VyV.W),Z) = 0.
So 1 is parallel and holomorphic. O

Applying the same argument as in the paragraph before the lemma, we know
that 77 = T74 = 0 hold for any 4. In particular, T}, = 0, contradicting to the fact
that e4 € W. This shows that when Ny = 0 and dim'W = 2, the manifold has to
be Chern flat, thus we have completed the proof of Theorem 2] which is Theorem
L3 O

5. A DISCUSSION IN DIMENSION 5

Having seen the restrictive nature of CAS manifolds in dimensions 3 and 4,
one naturally wonder if the phenomenon will persist in higher dimensions. In
this section, we give a brief discussion in dimension 5, where the previous line of
argument runs into a problem.

To simplify things, we will call a CAS manifold (M™,g) trivial if all of its de
Rham factors are either Kéhler (hence Hermitian symmetric) or Chern flat (i.e.,
complex Lie groups). In this terminology, Theorem and [[3] simply say that all
CAS manifolds are trivial when n < 4. For n > 5, the question is whether there are
non-trivial examples, and if there are, give characterization or even classification of
them.

Now let us assume that (M?®,g) is a CAS manifold. We will assume that g is
not Kihler (i.e., T # 0), and the kernel Ny of T is trivial (i.e., M® does not have
a Kéhler de Rham factor). By Theorem B4 we may also restrict ourselves to the
1 < dimW < 3 cases, where W is the image distribution of T'.

Since W is parallel under V and is contained in the kernel of R, around any
given point p € M, there always exists a local unitary frame e = {ey,...,e5} so
that the last dim "W terms of e are all parallel and they span W. We will call such
a frame admissible.

Case 1. dim'W = 3.

Let e = {e1,...,e5} be a local admissible frame, where Ves = Veys = Ves = 0
and {e3,eq,e5} spans W. The (1,0)-form ¢ = Tipr + Tiype is the difference
between 1 = (T'(-,e3),€3) and Yo = Tizpa + Tigps. Since T, es, @a, @5 are all
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parallel, we know that 1 and 5, hence v, is parallel under V. If ¢ # 0, then
it will give us a parallel direction in N = W+, hence we may choose e so that
Ve, = Vey = 0, this yields that M® is Chern flat. Therefore, when M?® is not
Chern flat, we must have T = Tsy = 0. Replacing ez by e3 + aes + bes for any
fixed constants a and b, the same argument implies that

(5.1) T =T, =0, V3<ij<5.

This implies that there must be i so that T}, # 0, as otherwise we will have e; € N,
a contradiction. By a constant unitary change of {es,eq4,e5} if necessary, we may
assume that T3, # 0 while 77, = T7, = 0. Note that a = |T},| is a constant. By

B), we have
5
> (T5T, + T)T + TLTS,) = 0.
r=1

Let ¢ =1, 5 = 2, and k,¢ > 3, then the second and third term in the parenthesis
vanish by (B.1I), hence

T3, =0 = T, =0 V3<k (<5

So the only possibly non-zero components of T’ are T, # 0 and Tj5. By n =0, we
get Ty = —T35 =0, Tps = —T3; = 0. So the only possibly non-zero components of
T are T3, and Tj. In particular, T2, = T2, = 0, contradicting with the fact that
e4,e5 € W. So in the dim'W = 3 case the manifold must be Chern flat.

Case 2. dim'W = 2.

Let e = {e1,...,e5} be a local admissible frame, where Veys = Ves = 0 and
{e4,e5} spans W. Since n = 0, we get Tijx = Tj5 = 0. For any non-trivial constant
linear combination X = aey + bes, since VX = 0, we know that vx = (T(-, X), X)
is parallel, and ¥x = Zi’ 1 T or. If x # 0, then it corresponds to a parallel
direction in N. Note that if N contains two linearly independent parallel directions,
then it will admit a parallel frame, hence M® will be Chern flat. Assume that M
is not Chern flat, then either (1): 1»x = 0 for all X, or (2): some 1x # 0 while all
other 1y is proportional to this ¥ x.

Subcase 1. In this case we have TZ% =0forany 1 <i<3and any 4 < o, 8 < 5.
Restrict 7% on N = C3. It is a parallel skew-symmetric form on N. Denote by
V its kernel space. If V' = N, then Tfj =0forall<i75 <3 hence T =0,
contradicting with e, € W. So V must be one-dimensional, leading to a parallel
direction in N. Similarly, restricting 7° on N, and its one-dimensional kernel V” also
gives a parallel direction in N. If V # V', then N contains two parallel directions,
hence it admits a parallel frame. This implies that M is Chern flat. So we may
assume that V = V/. Without loss of generality, assume e; € V = V’. Then we
have T}, = 0, so e; € Ny by definition, which contradicts to our assumption. This
completes the discussion of Subcase (1).

Subcase 2. In this case, without loss of generality, we may assume that ¢, # 0
and corresponds to e3 € N. So we have Veg = 0, and T3, # 0, while T}, = T3, = 0.
Also, since for any constant A, ¢x is always proportional to ¢., where X = e4+ Aes.
This means that 775, = T5% = 0. By the arbitrariness of \, we get Tlﬁa = Tfa =0
for any 4 < «, 8 < 5.
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Let us again restrict 7% on N = C3. It is a parallel skew-symmetric bilinear form
on N. So its kernel space V' C N is either one-dimensional or V= N. If V = N,
we get T;; =0for1<i4,57<3. IfdimV =1, then since V is parallel, if it does not
contain e3, then N will have two parallel directions, hence admits a parallel frame,
which leads to M being Chern flat. So we must have e3 € V. Either way, we will
have T3, = 0 for i = 1,2. By the same token, T3, = 0, i = 1,2. So the only possibly
non-zero components of T are T35 and 175, where 4 < a, B <5, and eg, ey4, e5 are
parallel.

Note that now we are in the situation of the proof of Theorem The only
possibly non-zero components of R are Rijki with 1 < 4,7, k,¢ < 2. The curvature
tensor obeys all the Kéhler symmetries. We claim that it must be Ricci flat.

Note that if both T3, and 17, were zero, then e; and e; would belong to Ny, a
contradiction. Without loss of generality, let us assume that Tj, # 0. This value
depends only on e; A eg, so its absolute value is a constant. Now if we replace e;
by pie;, i = 1,2, where p; are smooth functions with |p;| = 1, we may assume that
Ty, = |T1,| is a constant. Since VT = 0, we get

5
T12 = Z Tr2917" + T147“927" - T1T29r4) = Tfé(ell + 022).
r=1

This implies that 611 + 622 = 0, hence tr(©) = 0, and the claim is proved.

Next we follow the argument in the proof of Theorem By choosing e; to
be the direction that realizes the maximum value of the holomorphic sectional
curvature H at each point, we have R,1;5 = 0, hence R,5,5 = 0 by the Ricci-
flatness. While R 7,71 = Ray355 = —Ry193 = @ is a constant, and |D| is also a
constant where D = R,5;5. Since Ricci-flatness implies that the scalar curvature is
zero, and the scalar curvature is (a positive multiple of) the average value of H by
Berger’s formula, so if @ < 0 then H = 0 and M is Chern flat. Therefore, we may
assume that ¢ > 0 from now on.

If we replace e; by pse;, i = 1,2, where p; are smooth functions with |p;| = 1.
Then T4, is changed to p1p2T,, while D is changed to p3p2D. Therefore, we can
choose e; and ey so that T, = [T}, > 0 and D = |D| > 0 at the same time. So we
have 611 + 622 = 0. Since VR = 0, we get

5
= Z 21301r — Rizyabra) = 2D(011 — 022).

So if D # 0, then 67 = 622 = 0. Applying VR = 0 to R;1,3, we get
5
Rtz = Z 2R, 71301 — Ripyz0r1 — Ryq150r2) = —3ab1a — Dby

This gives us 012 = —%921. If D =0, then 615 =0, so
©12 = dbia — (011 — O22) N b12 =0,

hence —a = Ry795 = Ro7y5 = ©12(e2,€1) = 0, a contradiction. If D # 0, then we
have 0,1 = 0 and 0,5 proportional to 621, so

©11 = db11 — 012 A b2y =0,
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which leads to @ = R,1;7 = 0, a contradiction. So either way, the assumption that
R # 0 leads to a contradiction, thus the manifold M must be Chern flat. This
completes the proof of the case.

Case 3. dim'W = 1.

Let e = {e1,...,e5} be a local unitary frame so Ves; = 0 and e5 spans W. By
n = 0, we have T3 = 0. So T is a parallel skew-symmetric form on N = C*.
Denote by A the 4 x 4 matrix (Tfj), where 1 < 4,5 < 4. If we change the basis
{e1,...,e4} by a unitary matrix B, then A is changed to BA'B. As is well known,
we can choose e so that A takes the following canonical form:

a0 0 1
A—{O bE]’ where E—{_l O]

and ¢ > b > 0. In other words, under the frame e, the parallel 2-form ® =
Zi,j jljgél /\ QO] iS giVe[] by
20’()51/\@2 2b§03/\@1

We have b > 0 since otherwise Ny will be non-trivial. Also, a® 4+ b? = |T|? is a
constant. By looking at the norm of the parallel (4,0)-form ® A ®, we know that
|ab] = ab is a constant, so both a and b are constants. By VI = 0, we have
5
0= dT153 = Z (TE391T + T15r037" — T{39r5) = —bl14 + abss.
r=1

Similarly, using Ty, we get bfaz — afly;; = 0, and taking conjugate, it yields —bf3s +
afiy = 0. So if a > b, then we must have 614 = 653 = 0. Similarly, we get
013 = 024 = 0. That is, the matrix © is block diagonal. Each block is Ricci flat,
and by the same argument as in the proof of Theorem [[2or in the case 2(2) above,
we can utilize the fact that T" and R are parallel to conclude that R = 0.

Now we are only left with the case that a = b. In this case we have 4a? = |T'|?,
so a > 0 is a global constant. T gives a holomorphic symplectic structure on N,
and locally there always exists unitary frame e so that Ves; = 0 and A = (Tfj) takes
the form 5

0

A=a [ 0 E } .

We will call such a frame admissible. Under such a frame, utilizing the fact that

VT = 0, we derive as before that the connection matrix € obeys the following
symmetries:

(5.2) 011+ 020 =0, O33+044=0, 014—03=0, 013+0;=0.

By the structure equation © = df — 6 A 0, it yields that the curvature matrix ©
under e also satisfy the same symmetries:

(5.3) O11 +022 =0, O33+044=0, O14—03=0, O13+6O4=0,
or equivalently, the (upper 4 x 4 block of the) matrix © is in the form

T Y o B
| -7 = -B @
(5.4) 6= & B . ow |
-8 —a -wW Z
where T = —x and Z = —z.
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We do not know if in this last situation the Chern curvature could be non-
vanishing or not. If it could, then the Hermitian fivefold M?® would have dim W = 1,
T gives a parallel holomorphic symplectic structure on N = W, and with the Chern
curvature obeying the above special type of unitary and symplectic symmetry, which
when interchanging the second and third elements of the basis, the curvature matrix
will be a 4 x 4 skew-Hermitian matrix in the following form:

(5.5) { _AF g } , where A= —A, 'B=B.

Such a Ricci-flat fivefold, if exists (and not Chern flat), will certainly be a very
interesting example of non-Kéhler Calabi-Yau manifold, with rich and highly re-
strictive metric structure. In summary, the discussion of this section gives us the

following

Theorem 5.1. Let (M5, g) be a CAS manifold. Then either it is trivial (i.e., each
de Rham factor is either Kdhler or Chern flat), or (if exists) it is an irreducible
manifold with dim'W = 1 such that T gives a parallel holomorphic symplectic struc-
ture on N = Wt and the Chern curvature R is non-flat and obeying the above
USp4(C)-symmetry, namely the symmetry given in (&4) or (&3).

6. CAS MANIFOLDS IN GENERAL DIMENSIONS

In this section, we consider CAS manifolds in general dimensions. First of all, the
statements of Theorems [[L2 [[3] and B can be slightly generalized, to conclude
that any CAS manifold whose image distribution W has codimension at most 3
must be trivial:

Theorem 6.1. Let (M"™,g) be a CAS manifold. If the image distribution W of
the Chern torsion has codimension at most 3, then M is trivial, namely, each de
Rham factor of M is either Kdhler (hence Hermitian symmetric) or Chern flat.

Proof. Denote by p the codimension of W. By Theorem [3.4] we already see that if
p = 1, then the universal cover of M is holomorphically isometric to the product
of a 1-dimensional Kéhler factor (a complex space form) with Chern flat factor
(a complex Lie group equipped with a left-invariant metric). Let us assume that
(M™,g) is without Kahler de Rham factor. By Theorem B this means that the
kernel Ngy of the Chern torsion is trivial. Since W is contained in the kernel of
the Chern curvature tensor R, around any given point in M, we may take a local
unitary frame e so that {e1,...,e,} spans N, {ep41,...,en} spans W, and Ve, =0
for each p < a < n.

First consider the p = 2 case. In this case if there is a local vector field in N that is
parallel under V, then by the parallelness of N there will be a local parallel tangent
frame, thus M is Chern flat. So under the assumption that M is not Chern flat, we
must have ¢ x = 0 for all parallel X € W, where ¢ x is the (1,0)-form on N defined
by (T(-, X), X). This means 15 = T35 = 0 for any 3 < o, 8 < n. So by No =0,
we know that there exists some 3 < a < n such that 775 # 0. Fix such an a. Note
that the value |T(| is a constant. By rotating ey if necessary, we may assume that
Ty = |T1s]. Thus by applying VT = 0 to T7,, we get 115 (611 + ba2) = dI75 = 0,
hence 611 + 022 = 0 under this choice of local frame e, and M is Chern Ricci flat.
Following the same analysis on the Chern curvature tensor R as in the proof of
Theorem [I.2] we conclude that R must be zero.
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Next let us consider the p = 3 case. In this case N = C3. Foreach4 < a < n,
Ty, gives us a parallel, skew-symmetric form on N. Either it is zero or it has a
one-dimensional kernel, in the direction Y,. That is, for each 4 < o < n, either
(T(N,N),€,) = 0, or we have a parallel direction Y, € N. Similarly, for any given
4 < o, f < n, consider the 1-form 1,5 on N defined by (T'(-,eg),€,). It is parallel
since T' and each e, are so. Either it is identically zero, which means Tj% = 0
for each 1 < ¢ < 3, or it corresponds to a parallel direction Z,g in N. Clearly,
Zop = Zle f%ei. Note that the case

Te=0, T3=0, V1<ij<3, V4<a,f<n

cannot occur, since we assumed Ny = 0. Therefore there will be some parallel
directions Y, or Z,g in N. If we have more than one local parallel directions in
N, then we would have a parallel frame thus M is Chern flat. So we may assume
that there is one parallel direction, which we take as our es, and all Y, and Z,g, if
exists, are proportional to ez. This means that we have Ves = 0 and

So the only possibly non-zero components of 1" are 17, and T3j;. Now if we follow
the same argument as in Subcase (2) of Case 2 of the proof of Theorem B}, we
conclude in exactly the same way that M must be Chern flat. This completes the
proof of Theorem (.11 O

Next we show that any CAS manifold without Kéhler de Rham factor must be
Chern Ricci flat. A key technical point used repeatedly in the proof is the following
observation:

Lemma 6.2. Let (M™,g) be a Hermitian manifold with a CAS structure. Assume
that Z is a parallel holomorphic vector field on M. Define its dual (1,0)-form as
¢2(:) = (-, Z) and the associated torsion (2,0)-form 74(-,-) = (T(-,-),Z). Then
€% is a holomorphic 1-form, with d¢? = 7%, and both €% and 7% are parallel with
respect to the Chern connection.

Proof. Let W,U be local type (1,0) vector fields. Since (T(W,U) = 0, by the
general formula ([B.3]) we have

oc?(W,U) = de?(W,U) = (Vwe?)(U) — (V€Y (W) = —(Vg€?) (W)
=-UW,Z)+ (VgW,Z) = —(W,VgZ) =0.
In the last line we used the fact that Z is parallel. Replacing U by U we have
oEF(W,U) = de?(W,U) = (Vw&?)(U) = (Vu&?) (W) +(T(W,U), Z)
= (T(W,U),Z) = #(W,U).

So &7 is a holomorphic 1-form, dé? = 74, and 77 is a d-exact holomorphic 2-form.
To see that ¢Z is parallel, for any (local) complex vector field X, U with U being
of type (1,0), we have

(Vx¢%)(U) = X(U, Z) = (VxU,Z) = (U,Vx Z) = 0.
So V&4 = 0. Similarly, V72 = 0. O
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Proof of Theorem [I.4. Let (M™,g) be a Hermitian manifold with a CAS struc-
ture and without any Kéhler de Rham factor. This means that Ny = 0 by Theorem
We have orthogonal decomposition TH°M = N @& W into V-parallel distribu-
tions where W is the image of T. We already know that W is integrable and is
contained in the kernel of the Chern curvature tensor R, hence is a holomorphic
foliation with Chern flat leaves. Let e be a local unitary frame so that {e;}1<i<,
spans N and {eq }r<a<n spans W, with Ve, = 0 for each r + 1 < a < n. Lift-
ing to the universal cover M if necessary, we may assume that the parallel frame
{ea}tr<a<n of W is globally defined (since by the holonomy theorem of Ambrose-
Singer, the action of any holonomy restricted to W is trivial). Let ¢ be the unitary
coframe dual to e. Then the Chern connection matrix 6 under e satisfies 6, = 0,
so we have

dp; = —Zeﬁ N@j, dpg =T17% = Z T30a N @b
j=1 a,b=1

Note that while those ¢; are only defined locally, each ¢, is a globally defined
parallel holomorphic (1,0)-form on M by Lemma[6.2] and each 7¢ is also a globally
defined holomorphic, parallel (2,0)-form and is d-exact. Write 7% = > THps N
@; for the part of 7% modulo span{yg | r+1 < 3 < n}.

For each «, consider the skew-symmetric bilinear form A® = T%|nuxn =
(T'(+,+),eq) on N. Clearly it is parallel with respect to V. Under the local uni-
tary frame {e;} of N, A% is represented by a skew-symmetric r X r matrix which we
will still denote by the same letter. Assume 2k is the maximum rank of AX for all
X € W, and with a constant unitary change of {e,} if necessary, we may assume
that rank(A™) = 2k. As is well-known, for any given skew-symmetric r X r matrix
A™, there exists a unitary matrix U such that

alE

T
i,j=1

AU = , E—{Ol 1], a; > - >ag > 0.
apF - 0

07"—2k

Since —a? are eigenvalues of the parallel Hermitian form A™A", so all a; are con-

stants. By a unitary change of {e;} if needed, we may assume that A™ is in the
above block-diagonal form. Fix this frame e; now, and let N7, Ny be the space
spanned by {ei,...,ear} and {ey | 2k + 1 < ¢/ < r}, respectively. We have the
orthogonal decomposition N' = N; & N», and each factor is V-parallel since Ny is
the kernel space of the parallel form A™. For each r +1 < a <n — 1, write
o * B
A = |: _tB C :| )

where C'is a (r — 2k) x (r — 2k) matrix. Since tA™ + A% = A'*nT¢ has rank at
most 2k for any ¢t € C, we know that B = C = 0 in the above. So for each ¢’ in
the Ny block, the only possibly non-zero torsion components involving i’ are T,
where a, f € W. For any fixed «, 8, consider the type (1,0) vector field

T
5= Y The
i/ =2k+1
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It is a globally defined vector field in the distribution No, and is parallel as it is dual
to the (1,0)-form ¢ on Na: 9(-) = (T'(-, ), €q), in the sense that ¥ (Y) = (Y, X_g>
for any Y. Since ¢ is clearly parallel, so is Xg. Clearly, these {Xg} for all r < o,
B < n span the entire N, as otherwise we would have a direction ¢’ in Ny such that
T3, = 0, hence e;; € Ny, contradicting with our assumption that M™ is without
Kahler de Rham factor. This shows that the distribution Ny admits a parallel
frame, thus belonging to the kernel of the curvature tensor R.

Now let us further assume that each e;, 2k + 1 < i’ < r is also parallel. Thus
we have 6;,, = 0 and hence dyp;; = 0, namely, each ¢, is a d-closed holomorphic
1-form. We obtain locally

T
"= Z Tiipi Npj = 20101 A o2 + 2a203 A s + -+ - + 2akP2k—1 N P2k
ij=1

Now consider the globally defined holomorphic (n,0)-form (7™)* A AL _op L1 A
Aoy i1 Pa- We have that on M

v=("A N e A /\ Pa

i'=2k+1 a=r+1
= (%”)k/\gogk+1/\~-~/\<pn = (2kk!a1---ak)g01/\-~-/\apn.

It is easy to see that UW equals to a non-zero constant multiple of the volume
form. This implies that the Chern Ricci curvature of M must vanish, and we have
completed the proof of Theorem [[L4l It is also clear from the construction that ¥
is parallel. As in the proof of Theorem [61] if £ = 1, then (M, g) is Chern flat. O

We remark that, if the universal cover M is compact, then the above {¢; } terms
cannot exist, as they are d-closed holomorphic 1-forms which must be d-exact by
topological consideration, hence ¢; = df for some global holomorphic function f
on M which must be constant. Therefore, if n is odd then dim(W) must be odd,
while if 7 is even then dim(W) must be even. Similarly since dp,, = 0, we have that
dim(H é’o (M )) > 1, if the CAS manifold M is not locally Hermitian symmetric.

7. HOMOGENOUS MANIFOLDS WITH A CAS STRUCTURE

In this section, we will give some general discussion of manifolds with a CAS
structure in relation to its local homogeneity. By the virtue of Theorem 7.4 of [12],
for a manifold with the CAS structure, given any two points x,y € M and any
curve 7 joining them, one can find a neighborhood U of x and a local isometric
holomorphic map f : U — M such that f(x) =y such that df|, coincides with the
parallel transport along ~.

First let us give a proof of Corollary For this we will need a Bochner
formula which should be well-known to experts. Let us recall the notion of first
and second Ricci curvature. Suppose that (M™, g) is a Hermitian manifold, with ¥V
its Chern connection and R the Chern curvature tensor. The first (second) Chern
Ricci curvature tensor are defined respectively by

n n
. (2
ch%) = E Rijirs RZCZ(.;) = E Ryri;
k=1 k=1
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under any unitary frame. Suppose Z is a holomorphic vector field on M™, then we
have the following well-known Bochner formula
(7.1) A|Z|? = |VZ|? - Ric$).
Here the left hand side is the complex Laplacian, namely, the trace of v/—199|Z|?
with respect to the Kéhler form w of g. To verify the formula, we just need to recall
the following commutation formula
n
Zi,k[ - Zi,ék = - Z ZTRIJW

r=1
under any unitary frame e, where Z = ). Z;e; and the indices after comma
stand for covariant derivatives with respect to V. In particular, >, 7,z =
- ZTRicZ(-?. Fix any p € M, we can always choose a local unitary frame e
so that the connection matrix of V vanishes at p. Since Z is holomorphic, we
always have Z; ; = 0, thus

2

ik 9 72
A|Z‘2:9kazi82k|z|2 = Z(|Z|2),k7€ = Z(Zi,kzi)jg
i ik

- - (2
=N NZip? +. ZiiZi = |VZ? — Ric),.
ik ik

So we have verified the Bochner formula (ZI)). As an immediate consequence, we
have

Lemma 7.1. If (M™,g) is a compact Hermitian manifold whose second Chern
Ricci is mon-positive, then any holomorphic vector field Z on M must be parallel
with respect to the Chern connection V.

By a classic result of Bochner and Montgomery [3], for any given compact com-
plex manifold M™, its automorphism group Aut(M) (namely, the group of biholo-
morphisms from M onto itself) is a complex Lie group, and its Lie algebra is the Lie
algebra of holomorphic vector fields on M. The latter is equal to H°(M,T*M),
the space of global holomorphic sections of the holomorphic tangent bundle of M.

A compact complex manifold M is said to be homogeneous if Aut(M) acts tran-
sitively on M. Tt is said to be almost homogeneous if Aut(M) has an open orbit in
M. In particular, at every point p in a homogeneous manifold (or at a generic point
p in an almost homogeneous manifold), the global holomorphic sections span the
tangent space T °M. That is, there exists Z1,...,Z, € H*(M,T"°M) such that
{Z1(p),...,Zn(p)} is linearly independent. The aforementioned Bochner formula
leads to the following

Proposition 7.2. Let M™ be a compact homogeneous (or almost homogeneous)
complex manifold. If g is any Hermitian metric on M™ with non-positive second
Chern Ricci, then g is Chern flat, thus M is the quotient of a complex Lie group
by a discrete subgroup.

Proof. By the assumption we may fix a point p € M and pick Z;,---,Z,, global
holomorphic vector fields on M™ such that they are linear independent at p. By the
Bochner formula (]), we know that each Z; is parallel with respect to the Chern
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connection V of g, hence we have a parallel frame, thus g is Chern flat. Now the
result follows from H.-C. Wang’s theorem [25]. O

It was known that [I] for a Riemannian homogenous manifold, the only Ricci flat
ones are totally flat (in fact isometric to T7"% x R¥). Does the same result holds
for a homogenous complex manifold with the second Ricci curvature (with respect
to the Chern connection) vanishing? The above asserts that it is the case when
M is compact. The resolution of this problem is related to the possible example

suggested by §5l
Now we prove Corollary stated in the introduction.

Proof of Corollary Let (M™, g) be a CAS manifold. Assume also that M is
almost homogeneous. Each Kéhler de Rham factor of M is necessarily Hermitian
symmetric. Let us denote by Ny (or N3) the product of all Kéahler de Rham factors
that are Hermitian symmetric of non-compact type (or compact type), then we
have the decomposition M= N1 X Ny x N3 on the universal cover level where N7 is
the product of all non-Kéahler de Rham factors. On M™, the holomorphic tangent
bundle is the direct sum T"9M = Ty & T» & T3. Since a CAS metric is Chern
Kahler-like, its first and second Chern Ricci curvature coincide. By Theorem [[.4]
we know that N; is Chern Ricci flat. As is well-known, the Ny factor has negative
Ricci curvature, so N1 X Ny has non-positive second Chern Ricci curvature. So for
any global holomorphic vector field Z € HY(M,T; © Ty), Ric®(Z,Z) < 0, thus
by the Bochner formula (I) we know that VZ = 0. At a generic point p € M,
Ty @ T5 is generated by global sections, hence has a parallel frame. This means
that N1 x Ny is Chern flat. In particular, any Hermitian symmetric space of non-
compact type does not appear as de Rham factors of M. Since N3 is compact and
simply-connected, we have M = N; x N3 where N; is Chern flat. We have thus
completed the proof of Corollary O

Next we consider a Hermitian manifold M with a CAS structure. The group of
holomorphic isometries of the universal cover M is always a Lie group, but it might
no longer be a complex Lie group. So M admits an effective and transitive action
of a Lie group G which is isometric and holomorphic. We may further assume that
G is connected, and M can be identified with the coset space G/H, where H is the
isotropic group fixing one point o € M. Note that H is compact since it is a closed
subgroup of the unitary group, and M = I’\M where I' C G is a discrete subgroup.

In the following, let (M™, g) be a Hermitian manifold. When X is a vector field
which preserves the Hermitian metric and the holomorphic structure, the operator
Ax = Lx — Vx satisfies some special properties. In this section X,Y, S are real
vector fields.

Proposition 7.3. Let (M™,g) be a Hermitian manifold. Assume that X is a real
holomorphic vector field (namely, LxJ = 0, or equivalently that the 1-parameter
family of diffeomorphisms generated by X preserve the holomorphic structure J)
which is also Killing (that is, Lxg =0). Then Vy(Ax) = Rxvy.

Proof. Let ¢; be the 1-parameter family of diffeomorphisms generated by X. It
then preserves the Chern connection due to that it is the unique one which is
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compatible both with the metric and complex structure J. Hence
1
LX . VyS = }E}% Z (VyS - d(pt(VyS))

1
=lim = ((VyS = Vip,)S) + (Vag,(v)S — Vg, (v)de(5)))

t—0 t

= V[ny]S + Vy - LxS.
Namely we have that
(7.2) Lx-Vy =Vy -Lx=Vixy)
Now using ((2]) we calculate
Rxy =Vx -Vy —=Vy -Vx —Vxy]

=(Lx —Ax)-Vy = Vy(Lx — Ax) — Vixy]

=—-Ax -Vy +Vy - Ax.
This proves the claimed identity. O

Lemma 7.4.
(i) If X is Killing, then Ax is skew-symmetric;
(ii) If X is real holomorphic, then [Ax,J] = 0;
(iii) For any X, Y, it holds

(7.3) Ax(Y)=-VyX - T(X,Y).

In particular, when X is real holomorphic, V ;v X = JVy X.

(iv) If X is real holomorphic and Killing, then vxT is a d-closed 1-form valued
i T'M;

(v) If the Hermitian (M, g) has a CAS structure, then Ax satisfies the Jacobi
equation

(7.4) ng(Ax) =Vs-Vy(Ax) — VvsvAx = _RAX(S),Ya
namely V() 5[ Ax ()] = =Riax (.0 ()-
Proof. Direct calculation shows that

Vs Vy(Ax) — VvevAx = Vs(Rxy) — Rxvsy
= Rysxy = —Rax($)+75,x),y = —Ray9),v-

Here we have used VR = 0 and R vanishes on the image of T. g

Proposition [73 and equation (Z4) give the 1st and 2nd order equations that Ax
satisfies.

Consider a type (1,0) vector field Z = X — /—1JX. By definition, X is real
holomorphic if LxJ = 0. Since LyxJ — JLxJ = N;(X,-), which vanishes as J
is integrable, we know that X will be real holomorphic when and only when JX
is real holomorphic. In this case we say that Z is a holomorphic vector field. It
could also be equivalently described as a type (1,0) vector field which could be
expressed as ), fiaizi with each f; holomorphic in local holomorphic coordinates,
or equivalently, by the condition that V2 = 0 for any type (1,0) vector field W
on the manifold. In particular, parallel field of type (1,0) are holomorphic.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ON CAS MANIFOLDS 6705

On the other hand, a real vector field X is Killing if Lxg = 0, or equivalently,
(VyX +T(X,Y),B) = —(VpX + T(X,B),Y) for any (real) Y and B. So if
VX = 0 then the Killing condition is equivalent to

(7.5) (T'(X,Y),B) =—(T(X,B),Y), VY real vectors Y, B.

Also since JT(X,Y) =T(X,JY) for any Y, by (TH) we know that if both X and
JX are Killing, then the following holds:

(7.6) T(X,-) = 0.

The converse statement is certainly true, namely, both X and JX are Killing when
([T8) holds. In summary,

On a Hermitian manifold (M™,g), for any type (1,0) vector field Z which is
parallel under the Chern connection V, then its real part X and negative imaginary
part JX will both be real holomorphic. X is Killing if and only if ([TH) holds, while
both X and JX are Killing if and only if (L8 holds.

For general Z = X —1/—1JX we call Z a Killing vector field if both X and JX
are Killing.

Corollary 7.5. For a Hermitian manifold, let Z = X — /—1JX be a parallel
vector field. Then Az = =T(Z,-) sends T'M into W and Az is parallel. If Z is
Killing, then Az =0 and Z annihilates the Chern curvature.

Proof. The first part follows from the above discussion. The second part follows
from Proposition 3.3 of [23] and Proposition [7.3] above. O

On the other hand, we also have the following lemma if X and JX are both
Killing vectors.

Lemma 7.6. For a Hermitian manifold (M,g), if X and JX are both Killing
vectors, if additionally JX is real holomorphic then X and JX are both parallel
with respect to the torsion connection, namely Ax, A;x = 0.

Proof. Since T(JX,Y) = JT(X,Y), by (iii) of Lemma [l A;x = JAx. Now the
two equalities

—(AxY,B)+(Y,AxB) = (A;xJY,B)+(JY,A;xB) =0,(AxY,B)+(Y,AxB) =0

implies that (Ax,Y, B) = 0, hence the first claim. Here we have used A;xJY =
JAxY. O

Holonomy theorem of Ambrose-Singer (cf. Theorem 8.1 of [12], Vol 1) implies
that Rxy lies inside the Lie algebra of the restricted holonomy group of the Chern
connection (cf. Lemma 2.2 of [I4] for a short proof of this part of holonomy the-
orem). Hence Vy(Ax) is inside the holonomy algebra of the Chern connection.
Kostant [I3] proved that for a compact Riemannian manifold Ay itself also lies
inside the Riemannian holonomy algebra. A natural question is whether or not
Ax is inside the holonomy algebra (with respect to the Chern connection, which
we abbreviate as c-holonomy) if X is real holomorphic and Killing and (M, g) is a
compact Hermitian manifold. 1t can be shown that Ax lies inside the normalizer
of the c-holonomy algebra. Let H, denote the holonomy group centered at p.

Now let F, = {Z € T)°M |h(Z) = Z,V h € H,}. By Ambrose-Singer holonomy
theorem and Lemma B2] if (M, g) is a Hermitian manifold with a CAS structure
then we have W, C J,.
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Proposition 7.7. Let (M, g) be a Hermitian manifold with a CAS structure. Let
F = U, T, be the sub-bundle of T"OM. Then T is a holomorphic integrable foliation.
Moreover, if Z1,--- , Z, is a parallel frame of &F, then

(Zi, Z;) = ¢}, Zk

for some constant cfj. In particular, when M is simply-connected, there exists a
complex Lie group F acting almost freely, holomorphically on M such that
TH(F - ) = F,.

Proof. First note that any Z € F, extends to a parallel vector field Z globally on
M, which is a section of T*9M. By the nature of the Chern connection V, such a
section is holomorphic. If Z, W are two global/local sections of F obtained by the
parallel extension, we have that

V([Z,W])=-VT(Z,W)=0.
This proves that &F is integrable and that the structure coefficients are constants. [

Note that by the proof of Theorem [, W & Ny € F. The above result is
motivated by Theorem 3.7 of [23].
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