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ON HERMITIAN MANIFOLDS WHOSE CHERN CONNECTION

IS AMBROSE-SINGER

LEI NI AND FANGYANG ZHENG

Abstract. We consider the class of compact Hermitian manifolds whose
Chern connection is Ambrose-Singer, namely, it has parallel torsion and cur-
vature. We prove structure theorems for such manifolds.
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1. Introduction and main results

Generalizing Cartan’s characterization of symmetric Riemannian manifolds, W.
Ambrose and I. M. Singer obtained in 1958 [2] their celebrated theorem which
states that a complete, simply-connected Riemannian manifold is (Riemannian)
homogeneous (meaning that its isometry group acts transitively) if and only if it
admits a metric connection with parallel torsion and curvature. In view of this
result, a connection is said to be Ambrose-Singer, if it has parallel torsion and
curvature with respect to itself. More specifically, the result of [2] says that a
complete Riemannian manifold is locally homogenous (meaning its universal cover
is homogeneous) if and only if it admits a metric connection which is Ambrose-
Singer. Similar results for affine connections (without a metric) were obtained
around the same time by H. C. Wang [26], whose coverage can be found on page
262 of Vol.I of [12] and Theorem 2.8 of Ch.10 of [12].

When the manifold is Hermitian (or more generally, almost Hermitian), one nat-
urally restricts the consideration to Hermitian connections, meaning a connection
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∇ on the manifold that is both metric (∇g = 0) and almost complex (∇J = 0),
where g is the Hermitian metric and J the almost complex structure. The Ambrose-
Singer Theorem has a natural extension to the (almost) Hermitian version, proved
by Sekigawa [17] in 1978. It states that a complete, simply-connected Hermitian
manifold is (Hermitian) homogeneous (meaning its group of holomorphic isometries
acts transitively) if and only if it admits a Hermitian Ambrose-Singer connection.

If one drops the completeness and simply-connectedness assumption, the concept
of local homogeneity can be defined via local isometries, and the correlation between
local homogeneity and the existence of Ambrose-Singer connections is still valid.
In the literature there are extensive studies of the correspondence between the
geometry of locally homogeneous manifolds and algebraic models formed by the
torsion and curvature of an AS connection. We refer the readers to the papers [18],
[11], [20], [21], [15], [7] and the references therein for more details in this direction.
In this article, we are only interested in compact complex manifolds, so being locally
homogenous for us simply means the universal cover is homogeneous.

On the other hand a Hermitian manifold admits some canonical/unique Hermit-
ian connections, including the Chern connection ∇c, the Strominger (also known
as Bismut, cf. [27] for some details) connection ∇s, and their combinations, the so-
called t-Gauduchon connections ∇t = (1− t)∇c+ t∇s, where t ∈ R. Here we study
the question: What compact Hermitian manifolds (Mn, g) will have their Chern
(or Strominger, or t-Gauduchon) connection to be Ambrose-Singer?

As the Chern/Strominger-Bismut connection is Levi-Civita if and only if the
manifold is Kähler, we expect that the above class of manifolds forms a special
class of locally homogenous manifolds which is subject to explicit descriptions. For
convenience in future discussions, let us introduce the following terminology:

Definition 1.1. A CAS manifold is a compact Hermitian manifold with its Chern
connection being Ambrose-Singer, namely, the Chern connection has parallel torsion
and curvature. Dropping the compactness assumption we say such a Hermitian
manifold admits a CAS structure.

One can define SAS or t-GAS manifolds similarly for compact Hermitian man-
ifolds whose Strominger/Bismut connection is Ambrose-Singer. The project is to
understand the set of all CAS (or SAS, or t-GAS) manifolds. In this paper we focus
on the CAS case, and leave the other types to a future study.

For homogeneous complex manifolds and homogeneous Kähler manifolds (namely
a Kähler manifold admits a transitive action by a holomorphic isometry group),
much more have been known since the celebrated works of H. C. Wang [24], Borel
[5], Tits [19] etc. In particular, [19] (cf. see also [9]) proved that any compact
homogeneous complex manifold has a unique fibering with parallelizable fibre over
a D-space (which is a simply-connected homogeneous complex manifold obtained
by a complex Lie group module a parabolic subgroup). Some classifications of the
lower dimension cases can also be found there. The simply-connected compact ho-
mogeneous complex manifolds were characterized by H. C. Wang. One can find a
detailed classification/study of three dimensional homogeneous complex manifolds
in [28]. It was further proved in [9] that a compact homogenous complex manifold is
a holomorphic fiber bundle over a homogenous projective manifold with a complex
parallelizable fiber.

The first observation is that all CAS manifolds are Chern Kähler-like, meaning
that the curvature tensor R of the Chern connection ∇ obeys all the symmetry
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conditions enjoyed by the curvature tensor of a Kähler metric. Moreover, by [29,
Theorem 3], any compact Chern Kähler-like manifold is balanced, meaning that
d(ωn−1) = 0 where ω is the Kähler form. In particular, for the case n = dimC(M) =
2, the metric is Kähler, thus the manifold is a locally Hermitian symmetric space.
So the nontrivial study of CAS manifolds starts with dimension 3.

By a classical theorem of Boothby [4], compact Hermitian manifolds with flat
Chern connection are exactly quotients of complex Lie groups equipped with left
invariant Hermitian metrics, in particular the Chern connection has parallel torsion.
That is, any compact Chern flat manifolds are always CAS, so we have

{Chern flat} ⊆ {CAS} ⊆ {Chern Kähler-like}.

Given a CAS manifold (Mn, g), if g is Kähler, then the Chern connection coincides
with the Levi-Civita connection, so the manifold is a locally Hermitian symmetric
space. On the other hand, any compact locally Hermitian symmetric space is
certainly CAS (and t-GAS for any t for that matter), so our quest here is really to
understand the non-Kähler ones.

A purpose of this article is to give a classification of CAS manifolds in dimensions
3 and 4:

Theorem 1.2. Let (M3, g) be a compact CAS manifold, namely a compact Her-
mitian manifold whose Chern connection has parallel torsion and curvature. Then
it is either Kähler (hence a locally Hermitian symmetric space) or Chern flat.

Three dimensional CAS examples include the Iwasawa manifolds. We remark
that there exist plenty of complex structure on the (complex) three dimensional
simply connected manifold S3 × S3 [6]. It in fact can be made complex homoge-
nous, and it admits many homogenous Hermitian structure via averaging, since the
compact group U(2)×U(2) acts on it holomorphically and transitively. The above
theorem asserts that the AS connection of the associated homogenous Hermitian
structure cannot coincide with the Chern connection since it is well known that
this complex manifold can not admit a Kähler structure and any compact complex
Lie group must be a complex torus.

Theorem 1.3. Let (M4, g) be a CAS manifold, namely a compact Hermitian man-
ifold whose Chern connection has parallel torsion and curvature. Then it is either
Kähler (hence a locally Hermitian symmetric space), or Chern flat, or the universal
cover is holomorphically isometric to the product C×G, where C is a complex space
form of dimension 1 and G a complex Lie group of dimension 3 (with left invariant
metric).

Similarly, the above result asserts that the complex homogenous manifold S3×S5

could not admit a CAS structure. In this paper we call a CAS manifold trivial if
each of its de Rham factor of its universal cover is either Kähler (hence a Hermitian
symmetric space) or Chern flat (namely a complex Lie group with a left-invariant
Hermitian metric). The above two theorems implies that in dimension n ≤ 4, CAS
manifolds are all trivial.

For general dimensions, we give a characterization of when a CAS manifold
splits off Kähler de Rham factors (Theorem 3.6 in §3), and generalize the results
in dimensions 3–5 to higher dimensions in terms of the codimension of the image
distribution of the Chern torsion (Theorem 6.1 in §6). Here the de Rham factor
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means the product factor splitting on the universal cover induced by the holonomy
principle. We will also prove the following:

Theorem 1.4. Let (Mn, g) be a Hermitian manifold with a CAS structure. Assume
further that it is without any Kähler de Rham factor. Then the universal cover of
M admits a parallel holomorphic (n, 0) form, and (M, g) has zero Chern Ricci
curvature. In particular, the action of any restricted holonomy group element h
(with respect to the Chern connection) on T 1,0M splits as h̃⊕ id with h̃ ∈ Sp(k) for
some 1 ≤ k ≤ [(n− 1)/2], with k ≥ 2.

An interesting consequence of the above result is that Hermitian manifolds with a
CAS structure and without any Kähler de Rham factor can be viewed as generalized
Calabi-Yau manifolds. As a consequence, we have

Corollary 1.5. Let (Mn, g) be a CAS manifold. If Mn is a compact homogeneous
(or almost homogeneous) complex manifold, then (Mn, g) is trivial. In particular,
its universal cover is holomorphically isometric to the product G × Nk, with 0 ≤
k ≤ n, where G is a (connected, simply-connected) complex Lie group equipped
with a left-invariant metric, and Nk is a compact Hermitian symmetric space of
dimension k.

Recall that a compact homogeneous (almost homogeneous) complex manifold is
one where the group of automorphisms (biholomorphisms), which is a complex Lie
group, acts transitively (or having an open orbit).

The corollary asserts that none of the simply-connected Calabi-Eckmann mani-
folds S2k+1×S2l+1, with k, l ≥ 1, which are complex homogenous spaces, can admit
a CAS structure.

In the mean time, in dimension 5, we provide in Theorem 5.1 a structural char-
acterization to any possibly non-trivial example in dimension 5. It is our hope that
this result is instrumental in constructing non trivial examples starting dimension
5. Such a fivefold, if exists, should be a complex 1-torus bundle over a holomorphic
symplectic 4-manifold. This will give an interesting non Kähler generalization of
Calabi-Yau manifolds, a subject which has attracted attentions due to considera-
tions in mathematical physics [22]. Please refer to [16] for a more recent related
construction and references in these papers for more comprehensive coverage on the
subject. This example, if exists, also shows that CAS class is strictly larger than
the Chern flat ones. On the other hand, if all CAS manifolds whose universal cover
does not contain any Kähler factors must be Chern flat, it would also provide a
nice characterization of CAS manifolds in high dimensions, although this assertion
will reduce the scope of interests of CAS manifolds.

The article is organized as follows. In the next section, we briefly recall the con-
struction in Ambrose-Singer Theorem as well as its Hermitian version, Sekigawa
Theorem. In §3, we analyze the properties of CAS manifolds in general dimensions,
and characterize Kähler de Rham factors of a CAS manifold (Theorem 3.6). Theo-
rem 1.2 and 1.3 shall be proved in §4. In §5 we discuss the 5-dimensional situation
and prove Theorem 5.1. In §6 we partially generalize the statements of Theorems
1.2 and 1.3 into higher dimensions (Theorem 6.1) and prove Theorem 1.4. In §7 we
prove Corollary 1.5 and have some general discussion of CAS versus homogeneity.

We should remark that on a homogeneous Riemannian manifoldMn, there might
be more than one Ambrose-Singer connections, namely the Ambrose-Singer connec-
tion may not be unique. If we consider the set of all Ambrose-Singer connections
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on Mn, it is also not clear what kind of structure this set possess. This is related
to the fact that there might be multiple subgroups of the isometry group which
act transitively on the manifold. One might ask for what kind of complete, simply-
connected Riemannian (Hermitian) homogeneous manifolds is its metric (Hermit-
ian) Ambrose-Singer connection unique?

2. Ambrose-Singer and Sekigawa Theorems

In this section, we recall the main result and some arguments in Ambrose-Singer
Theorem [2] and its Hermitian version [17].

Let (Mn, g) be a complete, simply-connected Riemannian manifold. Denote
by F (M) the bundle of orthogonal frames on Mn. It is a principal bundle with
structure group O(n). Let π : F (M) → M be the projection map. Any point
b ∈ F (M) is in the form b = (x; ε1, . . . , εn), where x = π(b) ∈ M and {ε1, . . . , εn}
is an orthonormal basis of the tangent space TxM . For b ∈ F (M), denote by Vb

the kernel of dπ at b, so V is the vertical distribution of the bundle π.
The frame bundle F (M) naturally admits a global tangent frame {Ei, Ejk},

where 1 ≤ i ≤ n, 1 ≤ j < k ≤ n, so that Ejk ∈ V and Ei(b) = εi. Using this
natural frame to be an orthonormal frame, we get a Riemannian metric ĝ on F (M),
and π becomes a Riemannian submersion.

Now if H is a subgroup of the isometry group I(M) such that H acts transitively
on M , then for any b = (x; ε1, . . . , εn) ∈ F (M), we have a smooth map

Ψb :H → F (M)

h 	→ hb = (h(x);h∗ε1, . . . , h∗εn).

Let TeH be the tangent space of the Lie group H at its unit element e. Since
Ψb(e) = eb = b, one can define distributions in F (M) by

Pb = dΨb(TeH), Qb = Pb ∩
(
Pb ∩ Vb

)⊥
,

where ⊥ is with respect to the Levi-Civita connection of ĝ on F (M). Clearly, Q is
a subbundle of the tangent bundle of F (M) such that Q ⊕ V = TF (M), that is,
Q gives a horizontal distribution of π. As is well known, metric connections on M
are in one one correspondence with horizontal distributions on F (M), so the above
Q gives a metric connection ∇ on M . It is proved in [2] that the connection is AS,
namely, its torsion and curvature are parallel with respect to the connection itself.

Conversely, if we start with an AS metric connection ∇, corresponding to a
horizontal distribution Q on F (M). Then fix any b0 ∈ F (M), and denote by
H ⊆ F (M) the subset of points in F (M) that can be connected to b0 by piecewise
smooth horizontal paths. The AS condition leads to the fact that H is a Lie group,
acting on M transitively as isometries. This is the basic argument in [2].

From the above argument, we see that AS connections on M are in one to
one correspondence with conjugacy classes of connected Lie subgroups H of I(M)
which act transitively on M . So AS connections on M may not be unique, and to
understand the set of admissible AS connections, the concern is to determine the
conjugacy classes of connected Lie subgroups of I(M) that act transitively on M .

Note that amongst all the AS connections, the one corresponding to the identity
component I0(M) is uniquely determined, and we will call it the canonical AS
connection ofM . It has ‘maximum symmetry’, and it would certainly be interesting
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to study its geometric significance. We will leave the exploration of the set of AS
connections to a future project.

Now let us switch gear to consider the Hermitian case. Let (Mn, g) be a com-
plete, simply-connected Hermitian manifold, and denote by J its almost complex
structure. As before, we have the frame bundle F (M) which is a principal O(2n)-

bundle over M . Denote by F̃ (M) ⊆ F (M) the subbundle of all unitary frames of
M , namely, points in F (M) in the form

b = (x; ε1, . . . , εn, Jε1, . . . , Jεn) ∈ F (M).

F̃ (M) is a U(n)-bundle over M . Following the argument of [2], if H is a group

of holomorphic isometries acting transitively on M , then for b ∈ F̃ (M) the map

Ψb clearly sends H into F̃ (M), so Q constructed as before would be a horizontal

distribution for π̃ : F̃ (M) → M , thus corresponding to a Hermitian connection on
M .

Conversely, given a Hermitian AS connection, it corresponds to a horizontal

distribution Q in F̃ (M). By letting H ⊆ F̃ (M) be the set of all points that can be

connected to a fixed point b0 ∈ F̃ (M) by piecewise smooth horizontal paths, one

gets a Lie group acting transitively on M as isometries. The fact H ⊆ F̃ (M) shows
that the elements of H also act holomorphically.

In summary, for a complete, simply-connected Hermitian manifold Mn, the Her-
mitian AS connections on M are in one one correspondence with the conjugacy

classes of connected Lie subgroups in Ĩ(M), where Ĩ(M) is the intersection of
I(M) with the group of automorphisms of M (i.e., biholomorphisms from M onto
itself)

Again, the Hermitian AS connection corresponding to the identity component

Ĩ0(M) has ‘maximum symmetry’ and is of particular interest. It is uniquely deter-
mined and will once again be called the canonical Hermitian AS connection. The
Hermitian analogue, namely the uniqueness of Hermitian AS connections, or more
generally, the structure and property of the set of all Hermitian AS connections on
a given (compact, locally) Hermitian homogeneous space should be a topic worthy
of further exploration, and we intend to investigate it in the future.

We remark that in [2] the authors worked with the tensor SXY := ∇XY −∇LC
X Y

with ∇LC being the Levi-Civita connection with respect to the Hermitian metric,
and ∇ being the Ambrose-Singer connection. It is easy to see that the torsion of ∇,
which we will denote by T (X,Y ) or TX,Y , can be expressed in S as SXY − SY X.
On the other hand, T completely determines S by the formula:

(2.1) 〈SUV,W 〉 = 1

2
(〈T (U, V ),W 〉+ 〈T (W,U), V 〉 − 〈T (V,W ), U〉) .

Here we mainly work with the torsion T . It is easy to see that T is parallel if and
only S is parallel. Hence T is parallel with respect to an Ambrose-Singer connection.
When ∇ is the Chern connection it is also useful to note that AXY := LXY −∇XY
commutes with J if X is real holomorphic (namely LXJ = 0 or equivalently, LX ◦
J = J ◦ LX). Here and below LX stands for the Lie derivative. On a Riemannian
manifold (with respect to the Levi-Civita connection) the operator AX plays a
role as the ‘infinitesimally rotational part’ of the one parameter family of isometric
groups generated by a Killing vector field X (cf. [13]). In a recent article [23], the
so-called torsion twisted connection, which is defined as ∇T

XY � ∇XY − T (X,Y ),
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was found its relevance in the study of generalized flows on Hermitian manifolds.
It is easy to see that ∇T

XY = −AY X.

3. Chern Ambrose-Singer manifolds

In this section we will examine the general properties of CAS manifolds. Let
(Mn, g) be a Hermitian manifold with J being its almost complex structure and
g = 〈 , 〉 denoting its metric, extended bilinearly over C. Let ∇ be the Chern
connection. Its torsion and curvature are denoted by T and R, respectively:

T (x, y) = ∇xy −∇yx− [x, y],

R(x, y, z, w) = 〈Rxyz, w〉 = 〈∇x∇yz −∇y∇xz −∇[x,y] z, w〉
for any tangent vector fields x, y, z, w on M . We will extend T and R linearly over
C, and still denote them by the same letters. From now on, we will use X, Y , Z,
W to denote complex tangent vectors of type (1, 0), namely, X = x −

√
−1Jx for

some real tangent vector x. It is well known that the torsion and curvature of the
Chern connection satisfy the following properties:

T (X,Y ) = 0, R(X,Y, ∗, ∗) = R(∗, ∗, Z,W ) = 0.

Therefore the only possibly non-zero components of R are R(X,Y , Z,W ), which
we will denote by RXY ZW for convenience. Let e = {e1, . . . , en} be a local unitary
frame of type (1, 0) tangent vectors. Let us denote the components of T by

T (ei, ek) =

n∑
j=1

T j
ikej .

Note that our T j
ik here is equal to twice of the T j

ik in [29]. For any metric connection,
the first Bianchi identity (cf. Theorem 5.3 of Ch. III of [12]) takes the form

S{(∇xT )(y, z)−Rxyz − T (x, T (y, z))} = 0,

where x, y, z are tangent vectors and S means the sum over all cyclic permutation
of x, y, z. When applied to the special case of Chern connection ∇, we get

T �
ij,k + T �

jk,i + T �
ki,j =

∑
r

{T r
ijT

�
kr + T r

jkT
�
ir + T r

kiT
�
jr},(3.1)

Rkji� −Rijk� = T �
ik, j

,(3.2)

for any 1 ≤ i, j, k, � ≤ n, where e is an unitary frame and the index after comma
stands for covariant derivative under ∇. See also [29, Lemma 7] for instance, and

notice the change of the factor 2 in T j
ik.

For any connection the second Bianchi identity (cf. Theorem 5.3 of Ch. III of
[12]) has the form

S{(∇xR)yz +RT (x,y) z} = 0,

where S means the sum over all cyclic permutation of x, y, z, and when applied to
the special case of Chern connection ∇, we get

(3.3) Rijk�,m −Rmjk�, i =

n∑
r=1

T r
imRrjk�,

for any 1 ≤ i, j, k, �,m ≤ n, where the indices after comma again stand for covariant
derivatives with respect to the Chern connection ∇.
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Now assume that (Mn, g) is CAS, namely, the Chern connection ∇ enjoys ∇T =
0, ∇R = 0. By (3.2), we know that Rkji� = Rijk� for any indices. That is, the
curvature tensor R of ∇ obeys all the symmetry conditions of curvature tensor of
a Kähler metric. Recall Gauduchon’s torsion 1-form η (see [8]) is defined by (again
this is equal to twice of the notion η in [29]) η =

∑
i ηiϕi, where ϕ is the unitary

coframe dual to e, and ηi =
∑n

k=1 T
k
ki. Some direct calculation shows that

∂ ωn−1 = − η ∧ ωn−1,(3.4)

∂∂ ωn−1 = (∂ η + η ∧ η) ∧ ωn−1.(3.5)

Here ω is the Kähler form of (Mn, g). Let T ′ = 〈T (X,Y ), Z̄〉 be the (2, 1)-form
associated with the torsion tensor T . Under a local unitary frame e and dual
coframe ϕ we have T ′ =

∑
i,j,k T

j
ikϕiϕkϕj =

∑
j τjϕj , and in local holomorphic

coordinates we have Tijk̄dz
i∧dzj ∧dz̄k. Direct calculation in local coordinates also

shows that

(3.6) ∂ω =
√
−1 tτ ∧ ϕ =

√
−1T ′.

By [29, Theorem 3], we know that when M is compact the metric will be balanced
(namely, η = 0). It can also be seen as follows. By ∇T = 0 we deduce ∂̄η = 0,
hence η = 0 by integrating (3.5) on M . In summary, we have

Lemma 3.1. Suppose that (Mn, g) is a Hermitian manifold with a CAS structure.
Then it is Chern Kähler-like, and under any unitary frame e, it holds

n∑
r=1

(
T r
ijT

�
kr + T r

jkT
�
ir + T r

kiT
�
jr

)
= 0,(3.7)

n∑
r=1

T r
imRrjk� = 0,(3.8)

for any 1 ≤ i, j, k, �,m ≤ n. Moreover, dT = 0 as a (2, 0)-form valued in T 1,0M ,
‖T‖2 is a constant, and (M, g) is balanced if M is compact. In particular, for
compact M , ∂̄∗ω = 0.

Proof. For the differential p-form α valued in a vector bundle equipped with a
metric and a metric compatible connection, we have the formula

dα(X0, · · · , Xp) =

p∑
i=0

(−1)i(∇Xi
α)(X0, · · · , X̂i, · · · , Xp)

−
∑

0≤i<j≤p

(−1)i+jα(T (Xi, Xj), X0, · · · , X̂i, · · · , X̂j , · · · , Xp).(3.9)

Now apply to T we have that for U, V, Z of (1, 0)-type vectors

d T (U, V, Z) = T (T (U, V ), Z)− T (T (U,Z), V ) + T (T (V, Z), U) = 0

by the fact that ∇T = 0 and the Jacobi identity satisfied by T . One also have
d T (U, V, Z) = 0 by that T (U,Z) = 0.

The last statement follows from the fact that T is parallel. �

Fix any point p ∈ Mn. Denote the holomorphic tangent space T ′
pM = T 1,0

p M ∼=
Cn at p by Vp = V. The Chern torsion T is a skew-symmetric bilinear map from
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V× V to V. Let us denote by W the subspace of V spanned by the image set of T :

{T (X,Y ) | X,Y ∈ V}.
Denote by

N = {Z ∈ V | 〈T (X,Y ), Z〉 = 0 ∀ X,Y ∈ V}
the linear subspace of V, which is the set of vectors in V that is perpendicular to
W. We call N the perpendicular space of T . The tangent bundle T 1,0M splits
orthogonally as W⊕N. We will call W the image distribution of T , since it is easy
to see that dim(W) is independent of the choice of point p. Moreover we have the
following

Lemma 3.2. Let (Mn, g) be a Hermitian manifold with a CAS structure. Then
the image distribution W of the torsion T is invariant under the parallel transport.
In particular, ∇W ⊆ W.

Proof. If X(t), Y (t) are parallel along a curve γ(t), T (X(t), Y (t)) is parallel. This
proves the first statement. Let Z be a real vector at p with γ(t) be a curve satisfying
γ(0) = p, γ′(0) = Z. Let X(t), Y (t) be two (1, 0)-type vectors along γ(t). Let
W (t) = T (X(t), Y (t)). Let P t,0 be the parallel transport from γ(t) to γ(0) along γ.
By Lemma 2.1 of [14] ∇ZW (0) = limt→0

1
t

(
P t,0(T (X(t), Y (t)))− T (X(0), Y (0))

)
.

Since T is parallel we have that

∇ZW (0) = lim
t→0

1

t

(
T (P t,0(X(t)), P t,0(Y (t)))− T (X(0), Y (0))

)
which clearly belongs to W. �

As an immediate corollary, we know that W is a holomorphic foliation in M :

Lemma 3.3. Suppose that (Mn, g) is a Hermitian manifold with a CAS structure.
Then the image distribution W of T is a flat holomorphic foliation in M .

Proof. W being parallel under ∇ implies that it is holomorphic, so it suffices to
prove that W is integrable. For any type (1, 0) vector fields X, Y in W, since
T (X,Y ) ∈ W by the construction of W, we have

[X,Y ] = ∇XY −∇Y X − T (X,Y ) ∈ W.

So W is integrable. By (3.8) and the definition of W, we know that W is contained
in the kernel of the curvature tensor R, hence flat. �

SinceW is parallel, its orthogonal complement N = W⊥ is also parallel. However,
N may not be integrable in general. This is because for any type (1, 0) vector fields

X, Y in N, we always have [X,Y ] ∈ N ⊕ N as before (since T (X,Y ) = 0), but
[X,Y ] may not be in N since T (X,Y ) may be non-zero (hence lives in W). If
N is (complex) 1-dimensional, then this will not be an issue, so in this case N is
also integrable, hence M is locally a (possibly a warped) product as a Hermitian
manifold. We have the following

Theorem 3.4. Suppose that (Mn, g) is a Hermitian manifold with a CAS structure
such that the image distribution W of T has codimension one. If g is not Chern
flat, then the universal cover of M is holomorphically isometric to a product G×C
where G is a connected, simply-connected complex Lie group equipped with a left
invariant Hermitian metric, and C is P1 or the unit disc D = {z | |z| < 1} equipped
with (a scaling of) the standard metric.
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Proof. In this case, the holomorphic tangent bundle T 1,0M splits orthogonally as
the direct sum of two integrable holomorphic foliation W⊕N. Since W is contained
in the kernel of the Chern curvature tensor R, around any given point p ∈ M we
have local unitary frame e so that {e2, . . . , en} spans W and ∇e2 = · · · = ∇en = 0.

We claim that T ∗
1∗ = 0. Assume the contrary, then there would be some 2 ≤

α, β ≤ n such that Tα
1β �= 0. Consider the local (1, 0)-form ψ defined by ψ(·) =

〈T (·, eβ), eα〉. Let X be the vector field dual to ψ, namely, ψ(Y ) = 〈Y,X〉 for any
Y . Then X =

∑n
i=1 T

α
iβ ei = X1 +X2 where X1 = Tα

1β e1 is the component of X in
N. Clearly, ∇ψ = 0, hence ∇X = 0. So its component in the parallel distribution
N is also parallel, namely, ∇X1 = 0. Replacing e1 by 1

|X1|X1, we get ∇e1 = 0

thus e is a parallel frame. This means that M is Chern flat, a contradiction. This
completes the proof of the claim.

Denote by ∇LC the Levi-Civita connection of g. By [29, Lemma 2], note that

our notation T j
ik here is twice of the torsion defined there, we have

∇LC
ei e1 = ∇eie1 +

1

2

n∑
j=1

T j
1iej , ∇LC

ei e1 = ∇eie1 +
1

2

n∑
j=1

{T i
1jej − T 1

jiej}.

So by the above claim, we know that N ⊕ N is parallel under the Levi-Civita
connection ∇LC , hence splits off a one-dimensional Kähler de Rham factor C. This
completes the proof Theorem 3.4. �

Following a similar argument, we can split off some other Kähler de Rham factors
of a given CAS manifold. Let

N0 � {X ∈ N | T (X,Y ) = 0, ∀ Y ∈ V}.

We will call it the kernel space of T . It is a linear subspace of V, and we claim that
it is invariant under the parallel transport:

Lemma 3.5. Let (Mn, g) be a Hermitian manifold with a CAS structure. Then
the kernel distribution N0 of T is parallel under ∇.

Proof. The argument in the proof Lemma 3.3 also implies the result. We include
an alternate argument using a moving frame for the sake of later proofs. Denote
by N1 the orthogonal complement of N0 in N. Let e be a local unitary frame such
that {e1, . . . , eq} spans W, {eq+1, . . . , ep} spans N1, and {ep+1, . . . , en} spans N0.
Let θ be the connection matrix with respect to the frame e. Namely (θab) matrix

(of 1-forms) is defined by ∇ea = θabeb. For any 1 ≤ a, b, c ≤ n and any x ∈ V⊕ V,
since ∇T = 0, we have T c

ab,x = 0, that is

(3.10) x(T c
ab) =

n∑
r=1

{T c
rbθar(x) + T c

arθbr(x)− T r
abθrc(x)}.

We want to show that ∇N0 ⊆ N0, namely, θiα = 0 for any p < α ≤ n and any
1 ≤ i ≤ p. We already know this for any 1 ≤ i ≤ q, so we may assume that
q < i ≤ p.

Let us denote by N∗ the dual space of N, with the induced inner product. For
X, Y ∈ V, let us denote by �XY ∈ N∗ the linear functional on N defined by:

�XY (Z) = 〈T (Z,X), Y 〉.
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Let Δ ⊆ N∗ be subset consisting of �XY for all X,Y ∈ V, and let U = C(Δ)
be its linear span in N∗. By definition, N0 consists of elements Z ∈ N such that
�XY (Z) = 0 for any X,Y ∈ V, namely, N0 ⊆ N is the subspace annihilated by Δ
in N∗. Therefore N0 = Ann(Δ) = Ann(U), and the decomposition N = N1 ⊕ N0

corresponds to N∗ = U ⊕ U⊥. In particular, there exists a basis {ϕi, ϕα} of N∗

which is dual to {ei, eα} of N. Here q < i ≤ p and p < α ≤ n.
Now let us fix α with p < α ≤ n. Since T ∗

α∗ = 0, by letting a = α in (3.10), we
get

n∑
r=1

T c
rbθαr = 0 ∀ 1 ≤ b, c ≤ n.

In particular,
∑

r T
Y
rXθαr = 0 for any X,Y ∈ V.

For any fixed i with q < i ≤ p, since ϕi ∈ U = C(Δ), there exist finitely many
elements X1, Y1, . . . , Xk, Yk in V such that ϕi = �X1Y1

+ · · ·+ �XkYk
. So we get

θαi =

n∑
r=q+1

ϕi(er)θαr =
∑
r

(
TY1

rX1
+ · · ·+ TYk

rXk

)
θαr = 0.

This completes the proof of the lemma. �

Let us denote by ∇LC the Levi-Civita connection of g. Suppose X is any type
(1, 0) vector field belonging to N0. Then by definition, we have T (X,Y ) = 0 and
〈T (Y, Z), X〉 = 0 for any type (1, 0) vectors Y and Z. Since the difference between
∇LC and the Chern connection ∇ are given by the torsion components [29, Lemma
2] (see also (2.1)), so as in the proof of Theorem 3.4 we have∇LCX = ∇X, therefore

N0⊕N0 is parallel under ∇LC , hence giving a de Rham factor which is Kähler since
its Chern torsion vanishes. In summary we have

Theorem 3.6. Let (Mn, g) be a Hermitian manifold with a CAS structure. Suppose
that the kernel foliation N0 of T is of dimension s, then the universal cover of
M is holomorphically isometric to a product M1 × M2, where M2 is a Hermitian
symmetric space of dimension s, while the Chern connection of M1 has parallel
torsion and curvature, and its torsion has trivial kernel.

4. Proof of Theorem 1.2 and 1.3

In this section, we will prove Theorem 1.2 and 1.3, which give a classification of
CAS manifolds in dimensions 3 and 4. For readers benefit, let us restate Theorem
1.2:

Theorem 4.1. Let (M3, g) be a compact CAS manifold, namely a compact Her-
mitian manifold whose Chern connection has parallel torsion and curvature. Then
it is either Kähler (hence a locally Hermitian symmetric space) or Chern flat.

Proof. Let us now specialize to dimension 3 and let (M3, g) be a CAS manifold.
We assume that g is not Kähler. Hence the image foliation W is non-zero. Since W
is contained in the kernel of R by (3.8), we know that g would be Chern flat if W is
3-dimensional. Also, by Theorem 5, if W is 2-dimensional, then M will split off a
1-dimensional Kähler de Rham factor, while the other factor, being 2-dimensional
and balanced, is also Kähler. This will imply that g is Kähler, a contradiction. So
we are only left with the possibility of W being 1-dimensional.
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Let e be any local unitary frame such that e3 ∈ W. We will call such a frame
admissible. By (3.8), we have R3∗∗∗ = 0. First let us examine the components of T
under an admissible frame. We have T 1

∗∗ = T 2
∗∗ = 0 by the definition of W. Also,

since η = 0, we have

T 3
31 = η1 − T 2

21 = η1 = 0.

Similarly, T 3
32 = 0, thus the only possibly non-zero component of T would be T 3

12.
Since ∇T = 0, the norm |T |2 must be a constant, and this constant is non-zero
since g is not Kähler. By scaling the metric g if necessary, we will assume that
|T 3

12| = 1 from now on.
By the argument in the proof of Lemma 3.5, the connection matrix θ under an

admissible frame e satisfy θ13 = θ23 = 0. Also, we have that the curvature Θ satisfies
that Θ33 = dθ33 = 0. By ∇T = 0, we have ∇(T (e1, e2)) = T (∇e1, e2)+T (e1,∇e2),
which leads to

(4.1) d log T 3
12 = θ11 + θ22 − θ33.

Taking differential in the above identity, and use the fact dθ33 = 0, we get

(4.2) tr(Θ) = d tr(θ) = d(θ11 + θ22 + θ33) = d(θ11 + θ22 − θ33) = 0.

That is, the Chern curvature of g is Ricci flat. This is a crucial point for us, and
we will use it along with the fact ∇R = 0 to force R = 0, thus completing the proof
of Theorem 1.2. (In case that M is complex homogenous, and admits an invariant
volume form, applying Theorem A and Proposition 5.1 of [10], the compactness of
M and the flatness of Ricci implies that M is parallelizable, which is Chern flat
with respect to the induced left invariant metric. The analysis below shows directly
the result for the case when M is CAS only.)

Let e be an admissible frame. Since Θ33 = dθ33 = 0, we may rotate e3 and
assume that ∇e3 = 0. Fix this e3, then we know that θ3i = θi3 = 0 for any
1 ≤ i ≤ 3. The curvature components Rijk� are zero if any index is 3. Since R
obeys all the Kähler symmetries, we only have the following components:

A = R1111, B = R1122, C = R2222, D = R1212, E = R1112, F = R2212.

Since tr(Θ) = 0, we always have A+B = C +B = E + F = 0. At any fixed point
p ∈ M , by a unitary change of {e1, e2}, we may assume that A equals the maximum
value of holomorphic sectional curvature at p. This implies that E = 0. Replace e1
by an appropriate ρe1 where |ρ| = 1, we may further assume that D = |D|. This
kind of choice can be made at every point in M , and clearly we can choose local
unitary frame e so that e3 is parallel and under {e1, e2} the curvature components
satisfy the above requirements. In this case, we have

A = C = −B = H, D = |D| ≥ 0, E = F = 0.

It is easy to see that 3H ≥ |D|, and the maximum (the minimum) of the holomor-
phic sectional curvature at the point p is equal to H (− 1

2 (H + |D|), respectively).
By ∇R = 0, we know that both H and |D| are constants. Our goal here is to show
that the metric g has vanishing Chern curvature, or equivalently, H = D = 0. The
assumption ∇R = 0 yields

d(Rijk�) =
∑
r

(
θirRrjk� − θrjRirk� + θkrRijr� − θr�Rijkr

)
.
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By letting (ijk�) = (1212) and (1112), respectively, we get

(4.3) 0 = 2(θ11 − θ22)D, 0 = θ12(2B − A)− θ21D = −3Hθ12 −Dθ21.

If D > 0, then θ11 = θ22, and θ21 = − 3H
D θ12, so

Θ11 = dθ11 − θ12 ∧ θ21 = dθ11.

Similarly, Θ22 = dθ22, so Θ11 = Θ22. Since Θ11 +Θ22 = 0, we get Θ11 = 0. Hence
H = 0. By 3H ≥ |D|, we get D = 0, contradicting to the hypothesis D > 0. This
means that we must have D = 0.

If H > 0, then the second equality in (4.3) yields θ12 = 0. So

Θ12 = dθ12 − θ11 ∧ θ12 − θ12 ∧ θ22 = 0.

On the other hand,

Θ12 = Dϕ1 ∧ ϕ2 +Bϕ2 ∧ ϕ1 = −Hϕ2 ∧ ϕ1 �= 0,

a contradiction. So we must have H = 0 as well. The vanishing of both H and D
means that the metric g is Chern flat, and we have completed the proof of Theorem
4.1, which is Theorem 1.2. �

Again for readers benefit, let us restate Theorem 1.3 below:

Theorem 4.2. Let (M4, g) be a CAS manifold, namely a compact Hermitian man-
ifold whose Chern connection has parallel torsion and curvature. Then it is either
Kähler (hence a locally Hermitian symmetric space), or Chern flat, or the universal
cover is holomorphically isometric to the product C×G, where C is a complex space
form of dimension 1 and G a complex Lie group of dimension 3 (with left invariant
metric).

Proof. Let (M4, g) be a CAS manifold. First, we will assume that g is not Kähler,
and by Theorem 3.6, we will assume that the kernel N0 of the Chern torsion tensor T
is trivial. Furthermore, by Theorem 3.4, we may assume that the image distribution
W of T has dimension 1 or 2.

If W has dimension 1, then we claim that N0 will be non-zero. To see this, let
e be a local unitary frame such that W is spanned by e4. That is, T i

∗∗ = 0 for
1 ≤ i ≤ 3. This implies that T 4

4i = 0 for any i as η = 0. So (T 4
ij) becomes a

skew-symmetric matrix on N = W⊥ ∼= C3. It must have a non-trivial kernel space,
which is contained in N0, contradicting to the assumption that N0 = 0.

We are left with the case that W has dimension 2. Let us choose a local unitary
frame e so that W is spanned by {e3, e4}. We may assume that ∇e3 = ∇e4 = 0
since W is contained in the kernel of R. We will call such a local frame admissible.
Note that we have T 3

34 = T 4
34 = 0 by η = 0.

Let a = |T 3
12| and b = |T 4

12|. Since T 3
12 = 〈T (e1, e2), e3〉, which depends only on

e1 ∧ e2, so its absolute value a is independent of the choice of an admissible frame,
thus is a constant. Similarly, b is also a constant. We note that the distribution N,
as the orthogonal complement of W, is parallel under ∇.

If both a and b are zero, then T (e1, e2) = 0, (and of course T (ei, ej) = 0) hence
N is integrable. In this case, M is locally the product of two complex surfaces, with
perpendicular leaves, and by (2.1) we have Se1e2 = Se2e1 = 0 = Se3e4 = Se4e3,
thus locally (M, g) is a product Hermitian manifold. This will force the torsion
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tensor to split, in fact T = 0 hence a contradiction. So either a or b must be non-
zero. By a constant unitary change of {e3, e4} if necessary, we may assume that
T 4
12 vanishes at a point, hence we may assume that b = 0 and a > 0 from now on.
Denote by ϕ the coframe dual to e, and consider the local (1, 0)-form ψ given

by ψ = T 3
13ϕ1 + T 3

23ϕ2. By the fact that T 3
34 = 0, we know that ψ = 〈T (·, e3), e3〉.

Therefore, ψ is parallel under ∇ as both T and e3 are. If ψ �= 0, then N contains
a parallel local section (given by the dual vector of ψ), hence by a unitary change
of {e1, e2} we may assume that ∇e1 = ∇e2 = 0, leading to the conclusion that g is
Chern flat. So we may always assume that ψ = 0, or equivalently, T 3

∗3 = 0, and by
the same argument, T 4

∗4 = 0.
More generally for any given (local) parallel holomorphic vectors Z,W , define

ψ(·) = 〈T (·,W ), Z〉. We have

Lemma 4.3. The (1, 0)-form ψ defined as above ψ is a parallel holomorphic 1-form.

Proof. For any local complex tangent vectors U , V with V being of type (1, 0), we
have

(∇Uψ)(V ) = U(ψ(V ))− ψ(∇UV ) = U〈T (V,W ), Z〉 − 〈T (∇UV,W ), Z〉 = 0.

So ψ is parallel and holomorphic. �
Applying the same argument as in the paragraph before the lemma, we know

that T 3
i4 = T 4

i3 = 0 hold for any i. In particular, T 4
∗∗ = 0, contradicting to the fact

that e4 ∈ W. This shows that when N0 = 0 and dimW = 2, the manifold has to
be Chern flat, thus we have completed the proof of Theorem 4.2, which is Theorem
1.3. �

5. A discussion in dimension 5

Having seen the restrictive nature of CAS manifolds in dimensions 3 and 4,
one naturally wonder if the phenomenon will persist in higher dimensions. In
this section, we give a brief discussion in dimension 5, where the previous line of
argument runs into a problem.

To simplify things, we will call a CAS manifold (Mn, g) trivial if all of its de
Rham factors are either Kähler (hence Hermitian symmetric) or Chern flat (i.e.,
complex Lie groups). In this terminology, Theorem 1.2 and 1.3 simply say that all
CAS manifolds are trivial when n ≤ 4. For n ≥ 5, the question is whether there are
non-trivial examples, and if there are, give characterization or even classification of
them.

Now let us assume that (M5, g) is a CAS manifold. We will assume that g is
not Kähler (i.e., T �= 0), and the kernel N0 of T is trivial (i.e., M5 does not have
a Kähler de Rham factor). By Theorem 3.4, we may also restrict ourselves to the
1 ≤ dimW ≤ 3 cases, where W is the image distribution of T .

Since W is parallel under ∇ and is contained in the kernel of R, around any
given point p ∈ M , there always exists a local unitary frame e = {e1, . . . , e5} so
that the last dimW terms of e are all parallel and they span W. We will call such
a frame admissible.

Case 1. dimW = 3.
Let e = {e1, . . . , e5} be a local admissible frame, where ∇e3 = ∇e4 = ∇e5 = 0

and {e3, e4, e5} spans W. The (1, 0)-form ψ = T 3
13ϕ1 + T 3

23ϕ2 is the difference
between ψ1 = 〈T (·, e3), e3〉 and ψ2 = T 3

43ϕ4 + T 3
53ϕ5. Since T , e3, ϕ4, ϕ5 are all
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parallel, we know that ψ1 and ψ2, hence ψ, is parallel under ∇. If ψ �= 0, then
it will give us a parallel direction in N = W⊥, hence we may choose e so that
∇e1 = ∇e2 = 0, this yields that M5 is Chern flat. Therefore, when M5 is not
Chern flat, we must have T 3

13 = T 3
23 = 0. Replacing e3 by e3 + ae4 + be5 for any

fixed constants a and b, the same argument implies that

(5.1) T j
i1 = T j

i2 = 0, ∀ 3 ≤ i, j ≤ 5.

This implies that there must be i so that T i
12 �= 0, as otherwise we will have e1 ∈ N0,

a contradiction. By a constant unitary change of {e3, e4, e5} if necessary, we may
assume that T 3

12 �= 0 while T 4
12 = T 5

12 = 0. Note that a = |T 3
12| is a constant. By

(3.7), we have
5∑

r=1

(
T r
ijT

�
kr + T r

jkT
�
ir + T r

kiT
�
jr

)
= 0.

Let i = 1, j = 2, and k, � ≥ 3, then the second and third term in the parenthesis
vanish by (5.1), hence

T 3
12T

�
k3 = 0 =⇒ T �

k3 = 0 ∀ 3 ≤ k, � ≤ 5.

So the only possibly non-zero components of T are T 3
12 �= 0 and T ∗

45. By η = 0, we
get T 4

45 = −T 3
35 = 0, T 5

45 = −T 3
43 = 0. So the only possibly non-zero components of

T are T 3
12 and T 3

45. In particular, T 4
∗∗ = T 5

∗∗ = 0, contradicting with the fact that
e4, e5 ∈ W. So in the dimW = 3 case the manifold must be Chern flat.

Case 2. dimW = 2.
Let e = {e1, . . . , e5} be a local admissible frame, where ∇e4 = ∇e5 = 0 and

{e4, e5} spans W. Since η = 0, we get T 4
45 = T 5

45 = 0. For any non-trivial constant
linear combination X = ae4 + be5, since ∇X = 0, we know that ψX = 〈T (·, X), X〉
is parallel, and ψX =

∑3
r=1 T

X
rXϕr. If ψX �= 0, then it corresponds to a parallel

direction in N. Note that if N contains two linearly independent parallel directions,
then it will admit a parallel frame, hence M5 will be Chern flat. Assume that M
is not Chern flat, then either (1): ψX = 0 for all X, or (2): some ψX �= 0 while all
other ψY is proportional to this ψX .

Subcase 1. In this case we have Tα
iβ = 0 for any 1 ≤ i ≤ 3 and any 4 ≤ α, β ≤ 5.

Restrict T 4 on N ∼= C
3. It is a parallel skew-symmetric form on N. Denote by

V its kernel space. If V = N, then T 4
ij = 0 for all 1 ≤ i, j ≤ 3 hence T 4

∗∗ = 0,
contradicting with e4 ∈ W. So V must be one-dimensional, leading to a parallel
direction in N. Similarly, restricting T 5 on N, and its one-dimensional kernel V ′ also
gives a parallel direction in N. If V �= V ′, then N contains two parallel directions,
hence it admits a parallel frame. This implies that M is Chern flat. So we may
assume that V = V ′. Without loss of generality, assume e1 ∈ V = V ′. Then we
have Tα

1∗ = 0, so e1 ∈ N0 by definition, which contradicts to our assumption. This
completes the discussion of Subcase (1).

Subcase 2. In this case, without loss of generality, we may assume that ψe4 �= 0
and corresponds to e3 ∈ N. So we have ∇e3 = 0, and T 4

34 �= 0, while T 4
14 = T 4

24 = 0.
Also, since for any constant λ, ψX is always proportional to ψe4 where X = e4+λe5.

This means that TX
1X = TX

2X = 0. By the arbitrariness of λ, we get T β
1α = T β

2α = 0
for any 4 ≤ α, β ≤ 5.
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Let us again restrict T 4 on N ∼= C3. It is a parallel skew-symmetric bilinear form
on N. So its kernel space V ⊆ N is either one-dimensional or V = N. If V = N,
we get T 4

ij = 0 for 1 ≤ i, j ≤ 3. If dimV = 1, then since V is parallel, if it does not
contain e3, then N will have two parallel directions, hence admits a parallel frame,
which leads to M being Chern flat. So we must have e3 ∈ V . Either way, we will
have T 4

3i = 0 for i = 1, 2. By the same token, T 5
3i = 0, i = 1, 2. So the only possibly

non-zero components of T are Tα
3β and Tα

12, where 4 ≤ α, β ≤ 5, and e3, e4, e5 are
parallel.

Note that now we are in the situation of the proof of Theorem 1.2. The only
possibly non-zero components of R are Rijk� with 1 ≤ i, j, k, � ≤ 2. The curvature
tensor obeys all the Kähler symmetries. We claim that it must be Ricci flat.

Note that if both T 4
12 and T 5

12 were zero, then e1 and e2 would belong to N0, a
contradiction. Without loss of generality, let us assume that T 4

12 �= 0. This value
depends only on e1 ∧ e2, so its absolute value is a constant. Now if we replace ei
by ρiei, i = 1, 2, where ρi are smooth functions with |ρi| = 1, we may assume that
T 4
12 = |T 4

12| is a constant. Since ∇T = 0, we get

0 = d(T 4
12) =

5∑
r=1

(
T 4
r2θ1r + T 4

1rθ2r − T r
12θr4

)
= T 4

12(θ11 + θ22).

This implies that θ11 + θ22 = 0, hence tr(Θ) = 0, and the claim is proved.
Next we follow the argument in the proof of Theorem 1.2. By choosing e1 to

be the direction that realizes the maximum value of the holomorphic sectional
curvature H at each point, we have R1112 = 0, hence R2212 = 0 by the Ricci-
flatness. While R1111 = R2222 = −R1122 = a is a constant, and |D| is also a
constant where D = R1212. Since Ricci-flatness implies that the scalar curvature is
zero, and the scalar curvature is (a positive multiple of) the average value of H by
Berger’s formula, so if a ≤ 0 then H ≡ 0 and M is Chern flat. Therefore, we may
assume that a > 0 from now on.

If we replace ei by ρiei, i = 1, 2, where ρi are smooth functions with |ρi| = 1.

Then T 4
12 is changed to ρ1ρ2T

4
12, while D is changed to ρ21ρ

2
2D. Therefore, we can

choose e1 and e2 so that T 4
12 = |T 4

12| > 0 and D = |D| ≥ 0 at the same time. So we
have θ11 + θ22 = 0. Since ∇R = 0, we get

0 = dD = 2
5∑

r=1

(
Rr212θ1r −R1r12θr2

)
= 2D(θ11 − θ22).

So if D �= 0, then θ11 = θ22 = 0. Applying ∇R = 0 to R1112, we get

0 = dR1112 =
5∑

r=1

(
2Rr112θ1r − R1r12θr1 −R111rθr2

)
= −3aθ12 −Dθ21.

This gives us θ12 = − D
3aθ21. If D = 0, then θ12 = 0, so

Θ12 = dθ12 − (θ11 − θ22) ∧ θ12 = 0,

hence −a = R1122 = R2112 = Θ12(e2, e1) = 0, a contradiction. If D �= 0, then we
have θ11 = 0 and θ12 proportional to θ21, so

Θ11 = dθ11 − θ12 ∧ θ21 = 0,
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which leads to a = R1111 = 0, a contradiction. So either way, the assumption that
R �= 0 leads to a contradiction, thus the manifold M must be Chern flat. This
completes the proof of the case.

Case 3. dimW = 1.
Let e = {e1, . . . , e5} be a local unitary frame so ∇e5 = 0 and e5 spans W. By

η = 0, we have T 5
i5 = 0. So T 5 is a parallel skew-symmetric form on N ∼= C4.

Denote by A the 4 × 4 matrix (T 5
ij), where 1 ≤ i, j ≤ 4. If we change the basis

{e1, . . . , e4} by a unitary matrix B, then A is changed to BA tB. As is well known,
we can choose e so that A takes the following canonical form:

A =

[
aE 0
0 bE

]
, where E =

[
0 1
−1 0

]
and a ≥ b ≥ 0. In other words, under the frame e, the parallel 2-form Φ =∑

i,j T
5
ijϕi ∧ ϕj is given by

Φ = 2aϕ1 ∧ ϕ2 + 2bϕ3 ∧ ϕ4.

We have b > 0 since otherwise N0 will be non-trivial. Also, a2 + b2 = 1
2 |T |2 is a

constant. By looking at the norm of the parallel (4, 0)-form Φ ∧ Φ, we know that
|ab| = ab is a constant, so both a and b are constants. By ∇T = 0, we have

0 = dT 5
13 =

5∑
r=1

(
T 5
r3θ1r + T 5

1rθ3r − T r
13θr5

)
= −bθ14 + aθ32.

Similarly, using T 5
24 we get bθ23 − aθ41 = 0, and taking conjugate, it yields −bθ32 +

aθ14 = 0. So if a > b, then we must have θ14 = θ23 = 0. Similarly, we get
θ13 = θ24 = 0. That is, the matrix Θ is block diagonal. Each block is Ricci flat,
and by the same argument as in the proof of Theorem 1.2 or in the case 2(2) above,
we can utilize the fact that T and R are parallel to conclude that R = 0.

Now we are only left with the case that a = b. In this case we have 4a2 = |T |2,
so a > 0 is a global constant. T gives a holomorphic symplectic structure on N,
and locally there always exists unitary frame e so that ∇e5 = 0 and A = (T 5

ij) takes
the form

A = a

[
E 0
0 E

]
.

We will call such a frame admissible. Under such a frame, utilizing the fact that
∇T = 0, we derive as before that the connection matrix θ obeys the following
symmetries:

(5.2) θ11 + θ22 = 0, θ33 + θ44 = 0, θ14 − θ32 = 0, θ13 + θ42 = 0.

By the structure equation Θ = dθ − θ ∧ θ, it yields that the curvature matrix Θ
under e also satisfy the same symmetries:

(5.3) Θ11 +Θ22 = 0, Θ33 +Θ44 = 0, Θ14 −Θ32 = 0, Θ13 +Θ42 = 0,

or equivalently, the (upper 4× 4 block of the) matrix Θ is in the form

(5.4) Θ =

⎡
⎢⎢⎣

x y α β

−y x −β α
−α β z w

−β −α −w z

⎤
⎥⎥⎦ ,

where x = −x and z = −z.
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We do not know if in this last situation the Chern curvature could be non-
vanishing or not. If it could, then the Hermitian fivefold M5 would have dimW = 1,
T gives a parallel holomorphic symplectic structure onN = W⊥, and with the Chern
curvature obeying the above special type of unitary and symplectic symmetry, which
when interchanging the second and third elements of the basis, the curvature matrix
will be a 4× 4 skew-Hermitian matrix in the following form:

(5.5)

[
A B
−B A

]
, where tA = −A, tB = B.

Such a Ricci-flat fivefold, if exists (and not Chern flat), will certainly be a very
interesting example of non-Kähler Calabi-Yau manifold, with rich and highly re-
strictive metric structure. In summary, the discussion of this section gives us the
following

Theorem 5.1. Let (M5, g) be a CAS manifold. Then either it is trivial (i.e., each
de Rham factor is either Kähler or Chern flat), or (if exists) it is an irreducible
manifold with dimW = 1 such that T gives a parallel holomorphic symplectic struc-
ture on N = W⊥ and the Chern curvature R is non-flat and obeying the above
USp4(C)-symmetry, namely the symmetry given in (5.4) or (5.5).

6. CAS manifolds in general dimensions

In this section, we consider CAS manifolds in general dimensions. First of all, the
statements of Theorems 1.2, 1.3 and 5.1 can be slightly generalized, to conclude
that any CAS manifold whose image distribution W has codimension at most 3
must be trivial:

Theorem 6.1. Let (Mn, g) be a CAS manifold. If the image distribution W of
the Chern torsion has codimension at most 3, then M is trivial, namely, each de
Rham factor of M is either Kähler (hence Hermitian symmetric) or Chern flat.

Proof. Denote by p the codimension of W. By Theorem 3.4 we already see that if
p = 1, then the universal cover of M is holomorphically isometric to the product
of a 1-dimensional Kähler factor (a complex space form) with Chern flat factor
(a complex Lie group equipped with a left-invariant metric). Let us assume that
(Mn, g) is without Kähler de Rham factor. By Theorem 3.6, this means that the
kernel N0 of the Chern torsion is trivial. Since W is contained in the kernel of
the Chern curvature tensor R, around any given point in M , we may take a local
unitary frame e so that {e1, . . . , ep} spans N, {ep+1, . . . , en} spans W, and ∇eα = 0
for each p < α ≤ n.

First consider the p = 2 case. In this case if there is a local vector field in N that is
parallel under ∇, then by the parallelness of N there will be a local parallel tangent
frame, thus M is Chern flat. So under the assumption that M is not Chern flat, we
must have ψX = 0 for all parallel X ∈ W, where ψX is the (1, 0)-form on N defined
by 〈T (·, X), X〉. This means Tα

1β = Tα
2β = 0 for any 3 ≤ α, β ≤ n. So by N0 = 0,

we know that there exists some 3 ≤ α ≤ n such that Tα
12 �= 0. Fix such an α. Note

that the value |Tα
12| is a constant. By rotating e1 if necessary, we may assume that

Tα
12 = |Tα

12|. Thus by applying ∇T = 0 to Tα
12, we get Tα

12(θ11 + θ22) = dTα
12 = 0,

hence θ11 + θ22 = 0 under this choice of local frame e, and M is Chern Ricci flat.
Following the same analysis on the Chern curvature tensor R as in the proof of
Theorem 1.2, we conclude that R must be zero.
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Next let us consider the p = 3 case. In this case N ∼= C3. For each 4 ≤ α ≤ n,
Tα
∗,∗ gives us a parallel, skew-symmetric form on N. Either it is zero or it has a

one-dimensional kernel, in the direction Yα. That is, for each 4 ≤ α ≤ n, either
〈T (N,N), eα〉 = 0, or we have a parallel direction Yα ∈ N. Similarly, for any given
4 ≤ α, β ≤ n, consider the 1-form ψαβ on N defined by 〈T (·, eβ), eα〉. It is parallel
since T and each eα are so. Either it is identically zero, which means Tα

iβ = 0
for each 1 ≤ i ≤ 3, or it corresponds to a parallel direction Zαβ in N. Clearly,

Zαβ =
∑3

i=1 T
α
iβei. Note that the case

Tα
ij = 0, Tα

iβ = 0, ∀ 1 ≤ i, j ≤ 3, ∀ 4 ≤ α, β ≤ n

cannot occur, since we assumed N0 = 0. Therefore there will be some parallel
directions Yα or Zαβ in N. If we have more than one local parallel directions in
N, then we would have a parallel frame thus M is Chern flat. So we may assume
that there is one parallel direction, which we take as our e3, and all Yα and Zαβ , if
exists, are proportional to e3. This means that we have ∇e3 = 0 and

Tα
13 = Tα

23 = 0, Tα
1β = Tα

2β = 0, ∀ 4 ≤ α, β ≤ n.

So the only possibly non-zero components of T are Tα
12 and Tα

3β . Now if we follow

the same argument as in Subcase (2) of Case 2 of the proof of Theorem 5.1, we
conclude in exactly the same way that M must be Chern flat. This completes the
proof of Theorem 6.1. �

Next we show that any CAS manifold without Kähler de Rham factor must be
Chern Ricci flat. A key technical point used repeatedly in the proof is the following
observation:

Lemma 6.2. Let (Mn, g) be a Hermitian manifold with a CAS structure. Assume
that Z is a parallel holomorphic vector field on M . Define its dual (1, 0)-form as
ξZ(·) � 〈·, Z〉 and the associated torsion (2, 0)-form τZ(·, ·) � 〈T (·, ·), Z〉. Then
ξZ is a holomorphic 1-form, with dξZ = τZ , and both ξZ and τZ are parallel with
respect to the Chern connection.

Proof. Let W,U be local type (1, 0) vector fields. Since (T (W, Ū) = 0, by the
general formula (3.9) we have

∂̄ξZ(W,U) = dξZ(W,U) = (∇W ξZ)(U)− (∇Uξ
Z)(W ) = −(∇Uξ

Z)(W )

= −U〈W,Z〉+ 〈∇UW,Z〉 = −〈W,∇UZ〉 = 0.

In the last line we used the fact that Z is parallel. Replacing U by U we have

∂ξZ(W,U) = dξZ(W,U) = (∇W ξZ)(U)− (∇Uξ
Z)(W ) + 〈T (W,U), Z〉

= 〈T (W,U), Z〉 = τZ(W,U).

So ξZ is a holomorphic 1-form, dξZ = τZ , and τZ is a d-exact holomorphic 2-form.
To see that ξZ is parallel, for any (local) complex vector field X,U with U being
of type (1, 0), we have

(∇XξZ)(U) = X〈U,Z〉 − 〈∇XU,Z〉 = 〈U,∇X Z̄〉 = 0.

So ∇ξZ = 0. Similarly, ∇τZ = 0. �
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Proof of Theorem 1.4. Let (Mn, g) be a Hermitian manifold with a CAS struc-
ture and without any Kähler de Rham factor. This means that N0 = 0 by Theorem
3.6. We have orthogonal decomposition T 1,0M = N ⊕W into ∇-parallel distribu-
tions where W is the image of T . We already know that W is integrable and is
contained in the kernel of the Chern curvature tensor R, hence is a holomorphic
foliation with Chern flat leaves. Let e be a local unitary frame so that {ei}1≤i≤r

spans N and {eα}r<α≤n spans W, with ∇eα = 0 for each r + 1 ≤ α ≤ n. Lift-

ing to the universal cover M̃ if necessary, we may assume that the parallel frame
{eα}r<α≤n of W is globally defined (since by the holonomy theorem of Ambrose-
Singer, the action of any holonomy restricted to W is trivial). Let ϕ be the unitary
coframe dual to e. Then the Chern connection matrix θ under e satisfies θα∗ = 0,
so we have

dϕi = −
r∑

j=1

θji ∧ ϕj , dϕα = τα =
n∑

a,b=1

Tα
abϕa ∧ ϕb.

Note that while those ϕi are only defined locally, each ϕα is a globally defined

parallel holomorphic (1, 0)-form on M̃ by Lemma 6.2, and each τα is also a globally
defined holomorphic, parallel (2, 0)-form and is d-exact. Write τ̃α =

∑r
i,j=1 T

α
ikϕi∧

ϕj for the part of τα modulo span{ϕβ | r + 1 ≤ β ≤ n}.
For each α, consider the skew-symmetric bilinear form Aα := Tα|N×N =

〈T (·, ·), ēα〉 on N. Clearly it is parallel with respect to ∇. Under the local uni-
tary frame {ei} of N, Aα is represented by a skew-symmetric r×r matrix which we
will still denote by the same letter. Assume 2k is the maximum rank of AX for all
X ∈ W, and with a constant unitary change of {eα} if necessary, we may assume
that rank(An) = 2k. As is well-known, for any given skew-symmetric r × r matrix
An, there exists a unitary matrix U such that

tUAnU =

⎡
⎢⎢⎢⎣

a1E
. . .

akE
0r−2k

⎤
⎥⎥⎥⎦ , E =

[
0 1
−1 0

]
, a1 ≥ · · · ≥ ak > 0.

Since −a2i are eigenvalues of the parallel Hermitian form AnAn, so all ai are con-
stants. By a unitary change of {ei} if needed, we may assume that An is in the
above block-diagonal form. Fix this frame ei now, and let N1, N2 be the space
spanned by {e1, . . . , e2k} and {ei′ | 2k + 1 ≤ i′ ≤ r}, respectively. We have the
orthogonal decomposition N = N1 ⊕ N2, and each factor is ∇-parallel since N2 is
the kernel space of the parallel form An. For each r + 1 ≤ α ≤ n− 1, write

Aα =

[
∗ B

− tB C

]
,

where C is a (r − 2k) × (r − 2k) matrix. Since tAn + Aα = Aten+eα has rank at
most 2k for any t ∈ C, we know that B = C = 0 in the above. So for each i′ in
the N2 block, the only possibly non-zero torsion components involving i′ are Tα

i′β ,

where α, β ∈ W. For any fixed α, β, consider the type (1, 0) vector field

Xα
β =

r∑
i′=2k+1

Tα
i′β ei′ .
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It is a globally defined vector field in the distribution N2, and is parallel as it is dual
to the (1, 0)-form ψ on N2: ψ(·) = 〈T (·, eβ), eα〉, in the sense that ψ(Y ) = 〈Y,Xα

β 〉
for any Y . Since ψ is clearly parallel, so is Xα

β . Clearly, these {Xα
β } for all r ≤ α,

β ≤ n span the entire N2, as otherwise we would have a direction i′ in N2 such that
T ∗
i′∗ = 0, hence ei′ ∈ N0, contradicting with our assumption that Mn is without

Kähler de Rham factor. This shows that the distribution N2 admits a parallel
frame, thus belonging to the kernel of the curvature tensor R.

Now let us further assume that each ei′ , 2k + 1 ≤ i′ ≤ r is also parallel. Thus
we have θi′∗ = 0 and hence dϕi′ = 0, namely, each ϕi′ is a d-closed holomorphic
1-form. We obtain locally

τ̃n =

r∑
i,j=1

Tn
ijϕi ∧ ϕj = 2a1ϕ1 ∧ ϕ2 + 2a2ϕ3 ∧ ϕ4 + · · ·+ 2akϕ2k−1 ∧ ϕ2k.

Now consider the globally defined holomorphic (n, 0)-form (τn)k ∧
∧r

i′=2k+1 ϕi′ ∧∧n
α=r+1 ϕα. We have that on M̃

Ψ � (τn)k ∧
r∧

i′=2k+1

ϕi′ ∧
n∧

α=r+1

ϕα

= (τ̃n)k ∧ ϕ2k+1 ∧ · · · ∧ ϕn = (2kk! a1 · · · ak)ϕ1 ∧ · · · ∧ ϕn.

It is easy to see that ΨΨ equals to a non-zero constant multiple of the volume
form. This implies that the Chern Ricci curvature of M must vanish, and we have
completed the proof of Theorem 1.4. It is also clear from the construction that Ψ
is parallel. As in the proof of Theorem 6.1, if k = 1, then (M, g) is Chern flat. �

We remark that, if the universal cover M̃ is compact, then the above {ϕi′} terms
cannot exist, as they are d-closed holomorphic 1-forms which must be d-exact by
topological consideration, hence ϕi′ = df for some global holomorphic function f

on M̃ which must be constant. Therefore, if n is odd then dim(W) must be odd,
while if n is even then dim(W) must be even. Similarly since ∂̄ϕα = 0, we have that

dim(H1,0

∂̄
(M̃)) ≥ 1, if the CAS manifold M is not locally Hermitian symmetric.

7. Homogenous manifolds with a CAS structure

In this section, we will give some general discussion of manifolds with a CAS
structure in relation to its local homogeneity. By the virtue of Theorem 7.4 of [12],
for a manifold with the CAS structure, given any two points x, y ∈ M and any
curve γ joining them, one can find a neighborhood U of x and a local isometric
holomorphic map f : U → M such that f(x) = y such that df |x coincides with the
parallel transport along γ.

First let us give a proof of Corollary 1.5. For this we will need a Bochner
formula which should be well-known to experts. Let us recall the notion of first
and second Ricci curvature. Suppose that (Mn, g) is a Hermitian manifold, with ∇
its Chern connection and R the Chern curvature tensor. The first (second) Chern
Ricci curvature tensor are defined respectively by

Ric
(1)

ij̄
=

n∑
k=1

Rij̄kk̄, Ric
(2)

ij̄
=

n∑
k=1

Rkk̄ij̄
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under any unitary frame. Suppose Z is a holomorphic vector field on Mn, then we
have the following well-known Bochner formula

(7.1) Δ|Z|2 = |∇Z|2 −Ric
(2)

ZZ̄
.

Here the left hand side is the complex Laplacian, namely, the trace of
√
−1∂∂|Z|2

with respect to the Kähler form ω of g. To verify the formula, we just need to recall
the following commutation formula

Zi,k�̄ − Zi,�̄k = −
n∑

r=1

ZrRk�̄ir̄

under any unitary frame e, where Z =
∑

i Ziei and the indices after comma
stand for covariant derivatives with respect to ∇. In particular,

∑
k Zi,kk̄ =

−
∑

r ZrRic
(2)
ir̄ . Fix any p ∈ M , we can always choose a local unitary frame e

so that the connection matrix of ∇ vanishes at p. Since Z is holomorphic, we
always have Zi,j̄ = 0, thus

Δ|Z|2 = gik̄
∂2

∂zi∂z̄k
|Z|2 =

∑
k

(|Z|2),kk̄ =
∑
i,k

(Zi,kZi),k̄

=
∑
i,k

|Zi,k|2 +
∑
i,k

Zi,kk̄Zi = |∇Z|2 −Ric
(2)

ZZ̄
.

So we have verified the Bochner formula (7.1). As an immediate consequence, we
have

Lemma 7.1. If (Mn, g) is a compact Hermitian manifold whose second Chern
Ricci is non-positive, then any holomorphic vector field Z on M must be parallel
with respect to the Chern connection ∇.

By a classic result of Bochner and Montgomery [3], for any given compact com-
plex manifold Mn, its automorphism group Aut(M) (namely, the group of biholo-
morphisms from M onto itself) is a complex Lie group, and its Lie algebra is the Lie
algebra of holomorphic vector fields on M . The latter is equal to H0(M,T 1,0M),
the space of global holomorphic sections of the holomorphic tangent bundle of M .

A compact complex manifold M is said to be homogeneous if Aut(M) acts tran-
sitively on M . It is said to be almost homogeneous if Aut(M) has an open orbit in
M . In particular, at every point p in a homogeneous manifold (or at a generic point
p in an almost homogeneous manifold), the global holomorphic sections span the
tangent space T 1,0

p M . That is, there exists Z1, . . . , Zn ∈ H0(M,T 1,0M) such that
{Z1(p), . . . , Zn(p)} is linearly independent. The aforementioned Bochner formula
leads to the following

Proposition 7.2. Let Mn be a compact homogeneous (or almost homogeneous)
complex manifold. If g is any Hermitian metric on Mn with non-positive second
Chern Ricci, then g is Chern flat, thus M is the quotient of a complex Lie group
by a discrete subgroup.

Proof. By the assumption we may fix a point p ∈ M and pick Z1, · · · , Zn, global
holomorphic vector fields on Mn such that they are linear independent at p. By the
Bochner formula (7.1), we know that each Zi is parallel with respect to the Chern
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connection ∇ of g, hence we have a parallel frame, thus g is Chern flat. Now the
result follows from H.-C. Wang’s theorem [25]. �

It was known that [1] for a Riemannian homogenous manifold, the only Ricci flat
ones are totally flat (in fact isometric to Tn−k × Rk). Does the same result holds
for a homogenous complex manifold with the second Ricci curvature (with respect
to the Chern connection) vanishing? The above asserts that it is the case when
M is compact. The resolution of this problem is related to the possible example
suggested by §5.

Now we prove Corollary 1.5 stated in the introduction.

Proof of Corollary 1.5. Let (Mn, g) be a CAS manifold. Assume also that M is
almost homogeneous. Each Kähler de Rham factor of M is necessarily Hermitian
symmetric. Let us denote by N2 (or N3) the product of all Kähler de Rham factors
that are Hermitian symmetric of non-compact type (or compact type), then we

have the decomposition M̃ = N1×N2×N3 on the universal cover level where N1 is
the product of all non-Kähler de Rham factors. On Mn, the holomorphic tangent
bundle is the direct sum T 1,0M = T1 ⊕ T2 ⊕ T3. Since a CAS metric is Chern
Kähler-like, its first and second Chern Ricci curvature coincide. By Theorem 1.4,
we know that N1 is Chern Ricci flat. As is well-known, the N2 factor has negative
Ricci curvature, so N1 ×N2 has non-positive second Chern Ricci curvature. So for
any global holomorphic vector field Z ∈ H0(M,T1 ⊕ T2), Ric(2)(Z, Z̄) ≤ 0, thus
by the Bochner formula (7.1) we know that ∇Z = 0. At a generic point p ∈ M ,
T1 ⊕ T2 is generated by global sections, hence has a parallel frame. This means
that N1 ×N2 is Chern flat. In particular, any Hermitian symmetric space of non-
compact type does not appear as de Rham factors of M . Since N3 is compact and

simply-connected, we have M̃ = N1 × N3 where N1 is Chern flat. We have thus
completed the proof of Corollary 1.5. �

Next we consider a Hermitian manifold M with a CAS structure. The group of

holomorphic isometries of the universal cover M̃ is always a Lie group, but it might

no longer be a complex Lie group. So M̃ admits an effective and transitive action
of a Lie group G which is isometric and holomorphic. We may further assume that

G is connected, and M̃ can be identified with the coset space G/H, where H is the

isotropic group fixing one point o ∈ M̃ . Note that H is compact since it is a closed

subgroup of the unitary group, and M = Γ\M̃ where Γ ⊆ G is a discrete subgroup.
In the following, let (Mn, g) be a Hermitian manifold. When X is a vector field

which preserves the Hermitian metric and the holomorphic structure, the operator
AX = LX − ∇X satisfies some special properties. In this section X,Y, S are real
vector fields.

Proposition 7.3. Let (Mn, g) be a Hermitian manifold. Assume that X is a real
holomorphic vector field (namely, LXJ = 0, or equivalently that the 1-parameter
family of diffeomorphisms generated by X preserve the holomorphic structure J)
which is also Killing (that is, LXg = 0). Then ∇Y (AX) = RXY .

Proof. Let ϕt be the 1-parameter family of diffeomorphisms generated by X. It
then preserves the Chern connection due to that it is the unique one which is
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compatible both with the metric and complex structure J . Hence

LX · ∇Y S = lim
t→0

1

t
(∇Y S − dϕt(∇Y S))

= lim
t→0

1

t

(
(∇Y S −∇dϕt(Y )S) + (∇dϕt(Y )S −∇dϕt(Y )dϕt(S))

)
= ∇[X,Y ]S +∇Y · LXS.

Namely we have that

(7.2) LX · ∇Y −∇Y · LX = ∇[X,Y ].

Now using (7.2) we calculate

RX,Y = ∇X · ∇Y −∇Y · ∇X −∇[X,Y ]

= (LX −AX) · ∇Y −∇Y (LX −AX)−∇[X,Y ]

= −AX · ∇Y +∇Y ·AX .

This proves the claimed identity. �

Lemma 7.4.

(i) If X is Killing, then AX is skew-symmetric;
(ii) If X is real holomorphic, then [AX , J ] = 0;
(iii) For any X, Y , it holds

(7.3) AX(Y ) = −∇Y X − T (X,Y ).

In particular, when X is real holomorphic, ∇JY X = J∇Y X.
(iv) If X is real holomorphic and Killing, then ιXT is a d-closed 1-form valued

in T ′M ;
(v) If the Hermitian (M, g) has a CAS structure, then AX satisfies the Jacobi

equation

(7.4) ∇2
S,Y (AX) � ∇S · ∇Y (AX)−∇∇SY AX = −RAX (S),Y ,

namely ∇2
(·),(·)[AX(·)] = −R[AX(·)],(·)(·).

Proof. Direct calculation shows that

∇S · ∇Y (AX)−∇∇SY AX = ∇S(RX,Y )−RX,∇SY

= R∇SX,Y = −RAX(S)+T (S,X),Y = −RAX(S),Y .

Here we have used ∇R = 0 and R vanishes on the image of T . �

Proposition 7.3 and equation (7.4) give the 1st and 2nd order equations that AX

satisfies.
Consider a type (1, 0) vector field Z = X −

√
−1JX. By definition, X is real

holomorphic if LXJ = 0. Since LJXJ − JLXJ = NJ (X, ·), which vanishes as J
is integrable, we know that X will be real holomorphic when and only when JX
is real holomorphic. In this case we say that Z is a holomorphic vector field. It
could also be equivalently described as a type (1, 0) vector field which could be
expressed as

∑
i fi

∂
∂zi

with each fi holomorphic in local holomorphic coordinates,

or equivalently, by the condition that ∇WZ = 0 for any type (1, 0) vector field W
on the manifold. In particular, parallel field of type (1, 0) are holomorphic.
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On the other hand, a real vector field X is Killing if LXg = 0, or equivalently,
〈∇Y X + T (X,Y ), B〉 = −〈∇BX + T (X,B), Y 〉 for any (real) Y and B. So if
∇X = 0 then the Killing condition is equivalent to

(7.5) 〈T (X,Y ), B〉 = −〈T (X,B), Y 〉, ∀ real vectors Y,B.

Also since JT (X,Y ) = T (X, JY ) for any Y , by (7.5) we know that if both X and
JX are Killing, then the following holds:

(7.6) T (X, ·) = 0.

The converse statement is certainly true, namely, both X and JX are Killing when
(7.6) holds. In summary,

On a Hermitian manifold (Mn, g), for any type (1, 0) vector field Z which is
parallel under the Chern connection ∇, then its real part X and negative imaginary
part JX will both be real holomorphic. X is Killing if and only if (7.5) holds, while
both X and JX are Killing if and only if (7.6) holds.

For general Z = X −
√
−1JX we call Z a Killing vector field if both X and JX

are Killing.

Corollary 7.5. For a Hermitian manifold, let Z = X −
√
−1JX be a parallel

vector field. Then AZ = −T (Z, ·) sends T ′M into W and AZ is parallel. If Z is
Killing, then AZ = 0 and Z annihilates the Chern curvature.

Proof. The first part follows from the above discussion. The second part follows
from Proposition 3.3 of [23] and Proposition 7.3 above. �

On the other hand, we also have the following lemma if X and JX are both
Killing vectors.

Lemma 7.6. For a Hermitian manifold (M, g), if X and JX are both Killing
vectors, if additionally JX is real holomorphic then X and JX are both parallel
with respect to the torsion connection, namely AX , AJX = 0.

Proof. Since T (JX, Y ) = JT (X,Y ), by (iii) of Lemma 7.4, AIX = JAX . Now the
two equalities

−〈AXY,B〉+〈Y,AXB〉 = 〈AJXJY,B〉+〈JY,AJXB〉 = 0, 〈AXY,B〉+〈Y,AXB〉 = 0

implies that 〈AX , Y, B〉 = 0, hence the first claim. Here we have used AJXJY =
JAJXY . �

Holonomy theorem of Ambrose-Singer (cf. Theorem 8.1 of [12], Vol 1) implies
that RXY lies inside the Lie algebra of the restricted holonomy group of the Chern
connection (cf. Lemma 2.2 of [14] for a short proof of this part of holonomy the-
orem). Hence ∇Y (AX) is inside the holonomy algebra of the Chern connection.
Kostant [13] proved that for a compact Riemannian manifold AX itself also lies
inside the Riemannian holonomy algebra. A natural question is whether or not
AX is inside the holonomy algebra (with respect to the Chern connection, which
we abbreviate as c-holonomy) if X is real holomorphic and Killing and (M, g) is a
compact Hermitian manifold. It can be shown that AX lies inside the normalizer
of the c-holonomy algebra. Let Hp denote the holonomy group centered at p.

Now let Fp = {Z ∈ T 1,0
p M |h(Z) = Z, ∀h ∈ Hp}. By Ambrose-Singer holonomy

theorem and Lemma 3.2, if (M, g) is a Hermitian manifold with a CAS structure
then we have Wp ⊂ Fp.
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Proposition 7.7. Let (M, g) be a Hermitian manifold with a CAS structure. Let
F = ∪xFx be the sub-bundle of T 1,0M . Then F is a holomorphic integrable foliation.
Moreover, if Z1, · · · , Zr is a parallel frame of F, then

[Zi, Zj ] = ckijZk

for some constant ckij. In particular, when M is simply-connected, there exists a
complex Lie group F acting almost freely, holomorphically on M such that
T 1,0
x (F · x) = Fx.

Proof. First note that any Z ∈ Fx extends to a parallel vector field Z globally on
M , which is a section of T 1,0M . By the nature of the Chern connection ∇, such a
section is holomorphic. If Z,W are two global/local sections of F obtained by the
parallel extension, we have that

∇([Z,W ]) = −∇T (Z,W ) = 0.

This proves that F is integrable and that the structure coefficients are constants. �

Note that by the proof of Theorem 1.4, W ⊕ N2 ⊂ F. The above result is
motivated by Theorem 3.7 of [23].
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