Outlines of Solutions to Second Midterm 11/22/99

1. (a)
(b)

Separate variables: /ey dy = /—e_x dr and so e¥ =7 4+ C.

Linear: y' + y/t = e'/t (provided t # 0). Integrating factor is exp ([ dt/t)) = t.
Thus (ty)’ = e’ and so ty = e’ + C. Using the initial condition, 1 x 1 = ¢! + C,
and so C' =1 — e. Finally

ty = el 1 —e.

Alternate solution: (y — e') +ty’ = 0 is exact since M =y — e’ and N =t give
M, = N,.
Homogeneous: Let y = zv so dy = = dv + vdzx. The given equation becomes

2:1;21)(:1; dv +vdzx) + (:1;2 — xzvz)d:p =0.

After some algebra we have 2zvdv 4+ (1 + vz)d:zj = 0. Separate variables and
integrate:
/ 2v dv B / —dzx
1402 x

In|l+0v? = —In|z|+C; thatis In(1+y*/2?)+In|z| = C.

and so

(Since 1 + v? > 0, the first absolute value in not needed.) One can do some
algebra and get the simpler form 2% + y* = C'z. [If you think of x as a function
of y, there’s also the solution x(y) = 0, but you're not expected to find that.]

Alternate solution: (2 — y?) + 2zyy’ = 0 has an integrating factor depending
only on z since M = 2% — y? and N = 2zy give (M, — N,)/N = —2/z. (The

integrating factor is p = 272.)

The characteristic equation is 72 — 3r + 2 = 0, which has roots 1 and 2. Hence
the general solution to the homogeneous equation is y = Cie! + Coe?l. A par-
ticular solution to the nonhomogeneous equation can be found by undetermined
coefficients. We try y = a. Substituting: 0+ 0+ 2a = 2 and so a = 1. (Actually,
the particular solution is so simple, you may have found it just by looking at the
equation.) Thus the general solution is

y = Cre' + Che®' +1.

The initial conditions give 0 = y(0) = C; + Cs + 1 and 1 = ¢/(0) = C; + 2Cs.

Solving these equations gives Cy = —3 and Cy = 2. Hence we have
y=1-— 3e! —|—2€2t.

Alternate solution: Both this and (e) can be done by variation of parameters, but
that would involve more work.

This is the same equation as in (d). The initial conditions give C; = C3 = 0 and
so y = 1 is the solution.
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2. (a) The general solution is
y = Cq cos(wt) + Cysin(wt) or y = Cyett + Oy et
(b) It’s easier to work with the trigonometric form. We have the two equations
0=y(0)=Cy and 0=y(1l) =Cjcosw + Cysinw.
Thus Cy = 0 and either C5 = 0 or sinw = 0. Since we want a solution different from

zero, we cannot have C; = C3 = 0 and so we must have sinw = 0. In other words, w
must be a multiple of 7.



