78 COMPLEX AMALYSIS

can be evaluated as a double Riemann integral. If f(z) = wixy)} +
w(z,y) is a bijective differentiable mapping, then by the rule for changing
integration variables the area of the image E' = f(H) is given by

48 = [ fusy — uypit do dy.
B

But if f(z) i3 a conformal mapping of an open set containing E, then
Uy — upz = |f(2)|2 by virtue of the Cauchy-Riemann equations, and
we obtain '

®) AE) = [[ 17 ds dy.

The formulas (5) and (6) have important applications in the part of
complex analysis that is frequently referred fto as geometrie function
theory.

3. LINEAR TRANSFORMATIONS

Of all analytic functions the first-order rational functions have the simplest
mapping properties, for they define mappings of the extended plane onto
itself which are at the same time conformal and topological. The linear
transformations have also very remarkable geometric properties, and for
that reason their importance goes far beyond serving as simple examples of
conformal mappings. The reader will do well to pay particular attention
to this geometrie aspect, for it will eqmp him with simple but very valua-
ble techmques

3.1. The Linear Group. We have already remarked in Chap. 2, Sec.
1.4 that a ltnear fractional transformation

— _e+d
(7} w = 8() = +d
with ad — be # 0 has an inverse
dw — b
z = S~ u) =.—_".E.

The special values S(w=) = afc and S(—d/c) = = can be introduced
either by convention or as himits for 2 » « and z— —d/c. With the
latter interpretation it becomes obvious that S is a topological mapping of
the extended plane onto itself, the tl}pology being defined by distances on
the Riemann sphere.

For linear transformations we shall usually replace the notation S(z)
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by 8z. The representation (7) is said to be normalized if ad — bc = 1.
1t i8 clear that every linear {ransformation has two normalized represen-
tations, obtained from each other by changing the signs of the coefficients.

A convenient way to express a linear transformation is by use of
homogeneous coordinates. If we writez = z1/2, w = w,/w: we find that
w= Sz 1if

w1 = azy 4- bz,

(8) Wy = €2y + dzs

@)-¢ D¢

The main advantage of this notation is that it leads to a simple determina-~
tion of a composite transformation w = S18:2. If we uge subseripts to
distinguish between the matrices that correspond to 8,, §; it is immediate
that 515, belongs to the matrix product

(ﬂx bl) (Gﬂ bz) _ (ﬂiﬂz + b2 @bz + 51(-’»5)_
cr dif\e: dif  \ewtz +dicz ¢1bs + dide

All Tinear transformations form a group. Indeed, the associative
law (8,8:)8; = S:{(S:8;) holds for arbitrary {ransformations, the identity
w = zisa linear transformation, and the inverse of a linear transformation
ig linear. The ratios z;,:2: # 0:0 are the points of the complex projective
line, and (8) identifies the group of linear transformations with the one-
dimensional projective group over the complex numbers, usually denoted
by P{(1,C). If we use only normalized representations, we can also iden-
tify it with the group of two-by-two matrices with determinant 1 {(denoted
SL{2 €0)), except that there are two opposite matrices corresponding to the
same lnear transformation.

We shall make no further use of the matrix notation, except for
remarking that the simplest linear transformations belong to matrices of

the form
l & E O 01_
0 1)\ 1/'\1 0

The first of these, v = z 4 o, is called a parallel translation. The second,

= kz, i8 a rolatson if |k| = 1 and a homothetic transformation if & > 0.

For arbitrary complex k 5 0 we can set k = |k| - k/|kl, and hence 1w = kz

¢an be represented as the result of a homothetic transformation followed

by a rotation. The third transformation, w = 1/z, is called an fnversion.
If ¢  } we can write

i:z+b be —ad

or, in matrix notation,

T
z+d @+ de .-‘*Eag!. .
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and this decomposition shows that the most general linear transforma-
ion is composed by a translation, an inversion, a rotation, and a homo-
thetic transformation followed by another translation. If ¢ = 0, the
inversion falls out and the last translation is not needed.

EXERCISES

1 Prove that the reflection z - 2 is not 8 linear transformation.
2 If

le=z+2: Tez =

find 7175z, T:7:z and T7'7sz.

3. Prove that the most general transformation which leaves the origm
fixed and preserves all distances 1s either a rotation or a rotation followed
by reflexion in the real axis.

4, Bhow that any linear transformation which 'I;m.naforms the resl
axis into itsell can be written with real coefficients.

3.2. The Cross Ratio. Given three distinet points 2, 23, 2z, in the
extended plane, there exists a linear transformation S which carries them
into t, 0, « in this order. If none of the pointsis «, 8 will be given by

Z — 23 22— 2x
L J
T — R4 %Tx— 24

9) Sz =

I{ 25,23 or 24 = = the transformation reduces to

22— 23 Zg —~ 2y @ 2 =23
’ ’
g Zs 22— 24 2z — 23

respectively.

If 7' were another linear tiwnsformation with the same property,
then S7-! would leave 1, 0, « invariant. Direct caleulation shows that
this is frue only for the identity transformation, and we would have
8 = T. We conclude that 8 is uniquely determined.

Definition 12. The cross ralio (z1,22,23,2,) ts the image of 2, under the
lenear transformalion which carries 2, 2;3,24tmi0 1,0, «.

The definition is mesningful only if 2s,25,24 are distinet. A conven-
tional value can be introduced as soon as any three of the points are
distinet, but this is unimportant.
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The cross ratio 18 invariant under linear transformations. In more
precise formulation: '

Theorem 12.  If 21, 23, 23, 2, are distinct poinis in the extended plane and T
any linear trangformalion, then (T2, Te2,T23,T2e) = (21,2021,%4).

The proof is immediate, for if 8z = (2,25,2:,2,), then ST-! carries
Tzs, T23, Tzy into 1,0, . By definition we have hence
(T2, T2, T3, T24) = ST Tz1} = Sz1 = (21,85,21,24).

With the help of this property we can immediately write down the
linear transformation which carries three given pointe 23, 23, z; to pre-
scribed positions wi, ws, wy.  The correspondence must indeed be given by

(wewlrwz,wa) = (3,31,22.33)-

In general it is of course necessary to solve this equation with respect to .

Theorem 13. The cross ratio (21,2:,25,2,) 18 real if and only if the four
poinis lie on a circle or on a straight line,

This is evident by elementary geometry, for we obtain

21— B 2y =~ Z3
ar

ar Z21,20,25.24) = Ar
5(1:3;4} gz—z; 23 = 23

and if the points lie on a circle this difference of angles is either 0 or +r,
depending on the relative location. _

For an analytic proof we need only show that the image of the real
axis under any lpear transformation is either a circle or a straight line.
Indeed, Tz = (z,22,25,24) is real on the i Image of the real axis under the
transforma.tzon 7-1 and nowhere else,

The values of w = Tz for real z satisfy the equation Tw = Tw
Explicitly, this condition is of the form

aw+b_&u‘)+5_
ew+d Fp4d

By cross multiplication .we obtain -
(aé — ed)lw?| + (ad.— cb)w + (be — d&)w + bd — db = 0.

If a¢ — €@ = 0 this is the equation of a straight line, for under this con-
dition the coefficient ad — cb cannot also vanish. If af — ¢4 = 0 we can
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divide by this coefficient and complete the square. After a simple com-
putation we obtain

ad — be

¢ — ca

— &b

— &a

gl

Sag-

which is the equation of a circle.

The last result makes it clear that we should not, in the theory of
linear transformations, distinguish between circles and straight lines. A
further justification was found in the fact that both correspond tfo circles
on the Riemann sphere. Accordingly we shall agree to use the word
circle 1n this wider sense.

The following is an immediate corollary of Theorems 12 and 13:

Theorem 14, A linear iransformation carries circles inlo circles.

EXERCISES

L, Find the linear transformation which carries 0, ¢, —¢into 1, —1, 0.
2. Express the cross ratios corresponding to the 24 permutations of
four points in terms of X = (z4,22,23,24).
3. If the consecutive vertices 21, 2, 23, 24 of & quadnlateral lie cn a
clrcle prove that

|22 —zal-\zz—ml = |1 — 2e| - J2s — 24 + |22 — 23| * [o1 — 24}

and mt.erpret the result geometrically.

4. Show that any four distinct points can be carmed by a linear
itransformation to positions 1, —1, k, —k, where the value of k depends on
the points. How many solutions are there, and how are they related?

3.3. Symmetry. The points z and Z are symmetric with respect to the
real axis. A linear transformation with real coefficients carries the real
axig into itself and 2, Z into points which are again symmetric. More
generally, if a linear transformation T’ carries the real axis into & circle C,
we shall say that the points w = T’z and w* = T are symmetric with
respect lo C. This is a relation between w, w* and ¢ which does not
depend on 7. For if S is another transformation which carries the real
axis inte C, then 517 is a resl transformation, and hence S~w = $-17%2
and S~w* = $TZ are also conjugate. Bymmetry can thus be defined
in the following terms:

t This agreement will be in force only when dealing with linear transformations.
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Definition 13, The points z and 2* are said lo be symmetric with respect
to the circle C through 2, zs, z; if and only if (2* z,,21,23) = (2,2),22,23).

The points on C, and only those, are symmetric to themselves. The
mapping which carries z inte z* is a one-to-one correspondence and is
called reflection with respect to €. Two reflections will evidently result
in a linear transformation. ‘

We wish to investigate the geometric significance of symmetry. Sup-
pose first that. C is a straight line. Then we can choose z; = « and the
condition for symmetry becomes

' t—z 3—3
10 2 Zz= _3
(10) 21—2 &1— 2

Taking sbsolute values we obtain [z* — z3| = |z — 2z5|. Here 24 can be
any finite point on C, and we conclude that z and 2* are equidistant,
from all points on ¢. By (10)we have further

'Y .
g7 — Z 2 —
Im % 7y

£ — % z2 — 23

snd hence z and z* are in different half planes determined by C.+ We
leave to the reader to prove that C is the bisecting normal of the segment
between z and z*.

Consider now the case of & finite circle (C of center a and radius R,

Systematic use of the invariance of the erces ratio allows us to conclude
as follows: '

(z21,22,25) = (& — a,21 — 6,25 ~ Q.23 — &)

;g B B R R |
=( _“’zl—a'z:—a'z;—a)‘_'(z—ﬁ’zl_a’z’_—a’z’_a)

2
= (g IE i -+- a,zl,zg,zs)*

This equation shows that the symmetric point of zisz* = B*/(Z — a) + &
or that 2z and z* satisfly the relation

(11) {z* — a)(z — d) = R

The product [z* — a| - |2 — a| of the distances to the center is hence B2
Further, the ratio (z* — a)/(z — a) is positive, which means that z and
2* are situsted on the same half line from a. There is a simple geometric
construction for the symmetric point of z (Fig. 3-2). We note that the
symmetrie point of g is o2,

1 Unless they obincids sad lis o0 C.
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Y7

FI%. 3-2. Reflection in a circle.

Theorem 15. (The symmetry principle.) If a linear iransformaiion
carries g circle C inko a circle Oy, then it transforms any pair of symmeiric
poinis with respect lo Cy inio a pair of symmelric poinis with respect io Ch.

Briefly, linear transformations preserve symmetry. If €, or C;is the
real axis, the principle follows from the definition of symmetry. In the
general case the assertion follows by use of an intermediate tra.nsformatmn
which carrieg €, into the real axis.

There are two ways in which the principle of symmetry can be used
If the images of 2z and € under a certain linear fransformation are known,
then the principle allows us to find the image of z¥. On the other hand,
if the images of 2z and 2* are known, we conclude that the image of C
must be a line of symmetry of these images. Whle this 18 not enough
to detsrmune the image of C, the information we gain 13 nevertheless
valuable. . '

The prnnciple of symmetry is put to practical use in the problem of
finding the linear transformations which carry a circle ' into a circle ¢".
We can always determine the transformation by requiring that three
points zy, 23, z; on C go over into three points w,, ws, w, on C'; the trans-
formation is then (w,w),wsw:) = (2,21,25,2;). But the transformation is
also determined if we preseribe that a point 2, on € shall correspond to
a point Wy on ¢ and that a point 2 not on € shall be carried into a point
ws not on (. We know then that 2} (the symmetric point of 2, with
respect to C) must correspond to wF (the symmetric point of ws with
respect to ). Hence the transformation will be obtained from the
relation (w,wws,wy) = (z,zl,zhzg)

EXERCISES

L Prove that every reflection carries circles into circles.
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2. Reflect the imaginary axis, the line £ = y, and the circle |2| =
in the circle [z — 2| =

3. Carry out the reflections in the preceding exercise by geometric
construction.

4. Find the linear transformation which carries the circle 2} = 2 into
lz + 1} = 1, the point —2 into the origin, and the origin into ¢.

5. Find the most general linear transformation of the circle |z| =
into itself,

6. Suppose that a linear transformation carries one pair of coneentric
circles into another pair of concentric circles. Prove that the ratios of the
radil must be the same.

7. Find a linear transformation which carries || = land |z = | =
into concentric circles. What is the ratio of the radii?
3, Same problem for 2| = 1 and z = 2.

3.4. Oriented Circles. Because S () is analytic gnd

ad — be
wra™?

the mapping w = §(z) iz conformal forz »# —d/cand «. It follows that
a pair of intersecting circles are mapped on circles that include the same
angle. In addition, the sense of an angle is preserved. From sn intui-
tive point of view this means that right and left are preserved, but a more
precise formulation is degirable.

An crientation of a circle C is determined by an ordered triple of
points 21,2525 on €. With respect to this orientation & point # not on
is said to Lie to the right of C if Im (2,2,,2,25) > 0 and to the Igft of C 1s
Im (2,213,212} < O (this checks with everyday use because (£,1,0, =) = 7).
1t is essential to show that there are only two diflerent orientations. By
this we mean that the distinetion between left and right is the same for all
triples, while the meaning may be reversed. Since tbe eross ratio is invari-
ant, 1t i3 sufficient to consider the case where C is the real axis. Then

(2,81,29,25) = g%

5(z) =

can be written with real coefficients, and a simple calculation gives

Im (z,21,22,25) = ﬂd_bclmz
eyl ly=2yed, m -
We recognize that the distinction between right and left is the same as
the distingtion between the _upper a.nd. lower half plan.e ‘Which is which
dﬂp@dﬂ%themvfm phermninant 4d. - ’?ﬁn.
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A linear transformation S carries the oriented circle € into a circle
which we orient through the triple Sz, Szs, Sz;. From the invariance of
the cross ratio it follows that the left and right of € will be mapped on the
left and right of the image circle.

If two circles are tangent to each other, their orientations can be
compared. Indeed, we can use alinear transformation which throws their
common point to «. The circles become parallel straight lines, and we
know how to compare the directions of parallel lines.

In the geometric representation the orientation 2y, z2, zs can be indi-
cated by an arrow which points from z; over 2; to zs,. With the usual
choice of the coordinate system left and right will have their customary
meaning with respect to this arrow.

‘When the finite plane is considered as part of the extended plane, the
point at infinity is distinguished. We can therefore define an absolute
positive orientation of all finite circles by the requirement that e should
lie to the right of the oriented cireles. The points to the left are said to
form the ingide of the cirele and the points to the right form its oulside.

EXERCISES

L If zy, 23, 3, 74 are points on & circle, show that 23, 23, 2, and z,, 22, 24
determine the same orientation if and only if (z1,2e,2520 > 0. .

2 Prove that a tangent to a circle is perpendicular to the radius
through the point of contact (in this connection a tangent should be defined
as a straight line with only one point in common with the circle).

3. Verify that the ingide of the eircle |z — a| = R is formed by all
points 2z with |z — a] < R.

4. The angle between two oriented eireles at a point of intersection is
defined ag the angle between the tangents at that point, equipped with the
same orientation. Prove by analytic reasoning, rather than geometric
ingpection, that the angles at the two pomts of intersection are opposite
to each other.

3.5. Families of Circles. A great deal can be done toward the visual-
ization of linear traneformations by the introduction of certain families
of circles which may be thought of as coordinate lines in a circular
coordinate system.

Congider a linear transformation of the form

z—5

Here z = g corresponds tow = Qand 2 = b to w = =, It follows that
the straight lines through the origin of the w-plane are images of the
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circles through @ and b. Onr the other hand, the conecentric circles about
the origin, |wj = p, correspond to cireles with the equation

Z—~a
z—5

= p/lkl.

These are the circles of Apollondus with imit points & and b, By their
equation they are the loci of points whose distances from ¢ and & have
a consgt{ant ratio. .

Denote by ' the circles through a, b and by C, the circles of Apol-
lonius with these limit points. The configuration (Fig, 3-3) formed by all
the circles 'y and C: will be referred to as the efreular net or the Sieiner
circles determined by 4 and b. It has many interesting properties of
which we shall list a few: _

1. There is exactly one €1 and one C; threugh each point in the plane
with the exception of the limit points.

2. Every €: meets every (s under right angles.

3. Reflection in a ¢, transforms every C, inta itseif and every (', into
another 1. Reflection in a C; transforms every (' into itself and every
(s into another Cs.

4, The himit points are symmetric with respeet to each €y, but not
with respect to any other circle.

riG. 3-F. Stelner circles.
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‘These properties are all trivial when the limit points are 0 and o,
t.e., when the 1 are lines through the origin and the C; concentric
circles. Since the properties are invariant under linear transformations,
they must continue to hold in the general case,

If a transformation w = Tz carries a, b into o', ¥ it can be written i
the form

w-— g F ]
(12) webv " F =%

It i8 clear that T transforms the eircles C1 and (s into circles ¢} and
Cy with the limit points a’, .

The situation is particularly simple if " = a, b = b. Then a, b are
said to be fixed points of T, and it is convenient to represent z and Tz in
the same plane. Under these circumstances the whole circular net will
be mapped upon itself. The value of & serves to identify the image
circles C] and C3. Indeed, with appropriate orientations C, forms the
angle arg k with its image €%, and the quotient of the constant ratios
|z = al/iz — b| on €} and Cais |k

The special cases in which all € or all C'; are mapped upon themselves
are particularly important. We have €] = €y for all ¢ if & > O (if
k < 0 the circles are still the game, but the orientation is reversed).
The transformation ig then said to be hyperbolic. When % increases the
pointg Tz, z = @, b, will flow along the circles ', toward b. The con-
sideration of this flow provides a wery clear picture of a hyperbolie
transformation. .

The case C; = C; occurs when |k} = 1. Transformations with this
property are called olliptic. When arg % waries, the points Tz move
along the circles ;. The corresponding flow circulates about a and b
in different directions.

The general linear transformation with two fixed points is the produet,
of a hyperbolic and an elliptic transformation with the same fixed points.

The fixed pointg of a linear transformation are found by solving the
equation

az + 8

In general this is a quadratic equation with two roota; if ¥ = 0 one of
the fixed points is . It may happen, however, that the roots coincide.
A Hnear transformation with coinciding fixed points is said to be parabolic.
The condition for this is (a — &) = 48y.

If the equation (13) is found to have two distinet roots a and b, the
iransformation ¢an be written in the form
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z—a
w—by z—=20

We can then use the Steiner circles determined by a, b to discuss the
nature of the transformation. It is important to nots, however, that
the method is by no means restricted to this case. We can write any
linear transformation in the form (12) with arbitrary a, b and use the
two circular nets to great advantage,

.For the discussion of parabolie transformations it is desirable to intro-
duce still another type of circular net. Consider the transformation

W
22—

W= + ¢

It is evident that straight lines in the tw-plane correspond to circles
through a; moreover, parallel ines correspond to mutually tangent circles.
In particular, if w = u 4 4r the lines u = constant and » = constant
correspond to two families of mutually tangent circles which intersect
at right angles (Fig. 34). This configuration can be considered as a
degenerate set of Steiner circles. It is determined by the point a and
the tangent to one of the families of circles. We shall denote the images
of the lines v = constant by (', the circles of the other family by .
Clearly, the ling v = Im ¢ corresponds to the tangent of the circles Cy;
ite direction is given by arg «. :
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Any transformation which carries a into a” can be written in the form

of 7 = © +c.
w—d z—a
It ig clear that the circles Cy and C; are carried into the eireles Cf and
C: determined by ¢’ and «'. We suppose now that ¢ = a’ is the only
fized point. Then w = o’ and we can write

w w
{4 v—e z1-al"
By this transformation the configuration consisting of the cireles €, and
C; is mapped upon iself. In (14) a multiplicative factor ia arbitrary,
and we can hence suppose that ¢ is real. Then every C, is mapped upon
itgelf and the parabolic transformation can be considered as a ﬂow alon.g
the circles (.

A linear fransformation that is neither hyperbotic, elhptu.‘:, nor
parabolic is said to be lozodromic,

EXERCISES
L. Find the fixed points of the linear transformations
__ _ 22 _dk—4 __z .
Y=w—-1 Y 3z=-1 Y771 ¥YTg 3

Is any of these transformations elliptic, hyperbolie, or para.ba]m?
2. Suppose that the coeflicients of the transformadtion

uz+b
cz+d

are normalized by ad — bc = 1. Show that S is elliptic if and only if
-2 < a+d <2 parabolic if 4 + d = +2, hyperbolic if a +d < —2
or >2.

Sz =

3. Show that a linear transformation which satisfies Sz = z for
some integer n is necessarily elliptic.

4. If 8 is hyperbolic or loxodromic, show that 8%z converges 1o a fixed
point as n — o, the same for all 2z, except when 2z ccineides with the other
fixed point, (The limit is the attractsve, the other the repellent fixed point,
What happens when n — —«? What happens in the parabolic case?}

§. Find all linesr transformations which represent rotations of the
Riemann sphere.
6. Find all circles which are orthogomd to|z] = land |z — 1} = 4.
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7. In an obvious way, which we shall not try to make precise, a family
of transformations depends on a certain number of real parameters. How
many real parameters are there in the family of all linear transformations?
How many in the familiea of hyperbolic, elliptie, parabolie transforma-
tions? How many linear transformations leave a given ejrele ¢ invariant?

4. ELEMENTARY CONFORMAL MAPPINGS

The conformal mapping associated with an analytic function affords an
excellent visualization of the properties of the latter; it can well be com-
pared with the vigualization of a real function by its graph. It ie there-
fore natural that all questions connected with corformsl mapping have
received a great deal of attention; progress in this direction has increased
our knowledge of analytic functions considerably. In addition, con-
formal mapping enters naturally in many branches of mathematical
physics and in this way accounts for the immediate usefulness of complex-
function theory.

One of the most important problems is to determine the conformal
mappings of one region onto another. In this section we shall congider
those mappings which can be defined by elementary functions,

4.1. The Use of Level Curves. When a conformal mapping is defined
by an explicit analytic function » = f(z}, we naturally wish to gain infor-
mation about the specific geometric properties of the mapping. One of
the most fruitful ways is to study the correspondence of curves induced
by the point transformation, The special properties of the function f(z)
may express themselves in the fact that certain simple curves are trans-
formed into curves of a family of well-known chareeter. Any such infor-
mation will gtrengthen gur visual coneception of the mapping,

Such was the case for msppings hy linear transformations. We
proved in Se¢. 3 that a linear transformation earries cireles into cireles,
provided that straight lines are included as a speeial case, By con-
sideration of the Steiner circles it was possible to obtain a ¢omplete picture
of the correspondence.

In more general cases it is advisable to begin with a study of thei image
curvegof thelines r = xeandy = yo. If we write f(2) = ulz,y) + v (x,y),
the image of £ = z, ia given by the parametric equations u = u(z.,y),
v = v(2e,y); ¥ acts a9 & parameter and can be eliminated or retained
according to convenience. The image of y = y» is determined in the
same way. Togsther, the curves form an orthogonal net in the w-plane.
Similarly, we may consider the curves u(z,y) = w, and v(z,y) = vy in the
e-plane. They sre also orthogondl and are calied the level curves of wand o,
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In other eases it may be more convenient to use polar coordinates and
study the images of concentric circles and straight lines through the origin.
Among the simplest mappings are those by a power 1 = 2=, We
consider only the case of real o, and then we may as well suppose that o is
positive, Since
hol = {el=
arg W = & Arg 2

concentrie cireles about the origin are transformed into circles of the same
family, and half Lines from the origin correspond to other half lines, The
mapping is conformal at all pointe z = 0, but an angle # at the origin is
transformed into an angle af. For a 5 1 the transformation of the whole
plane is not one to one, and if « is fractional 2~ is not even single-valued.
In gensral we can therefore only consider the mapping of an angular see-
tor onto another,

The sector 8(¢g,,¢s), where 0 < g2 — ¢ £ 2, shall be formed by all
points z = 0 such that one value of arg 2 satisfies the inequality

(15) @1 < Arg 2z < pe.

1t is easy to show that S{p1,ps) i8 a region. In this region a unique value
of w = 2= is defined by the condition

ATg W = o Arg 2
where arg 2 stands for the value of the argument singled out by the condi-
tion (15). This funetion is analytic with the nonvanishing derivative

Destors = o 2.
. 4

The mapping i58 one to one only if al(¢: — ¢1) = 2x, and in this case
S{puws) is mapped onto the sector S{aer,ays) In the w-plane, It should
be cbserved that S(¢1 + 7 - 2m,¢2 + 1 - 27) is geometrically identical with
S(euee) but may determine a different branch of 2= '

Let us congider the mapping w = z? in detail. Since u = z* — y?
and » = 2zy, we recognize that the level curves u = w, and ¢ = v, are
equilateral hyperbolas with the diagonals and the coordinate axes for
asymptotes. They are of ecourse orthogonal to each other, On the other
hand, the image of * = =, is ¥2 = 42§(2§ — «) and the image of y = ¥, is
1 = 4yi(yt + u). Both families represent parabolas with the focus at
the origin whose axes are pointed in the negative and positive direction of
the u-axis, Their orthogonality is well-known from analytic geometry.
The farmlies of level curves are shown in Figs. 3-5 and 3-8,
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For a different family of image curves consider the circles [0 — L| = &k
in the w-plane. The equation of the inverse image can be written in the
form

@ + 9 = 26"~ )+~ 1

and represents a family of lemniscates with the foecal points +1. The
orthogonal family is represented by

22—yt = 2hry + 1

and consists of all equilateral hyperbolas with center at the origin which
pass through the points 11.

In the case of the third power w = 2? the level curves in both planes
are cubic curves. There is no point in deriving their equations, for their
general shape is clear without caleulation. For instance, the eurves
u = %, > 0 must have the form indicated in Fig. 3-7. Similarly, if we
follow the change of arg w when 2 traces the line = zo > 0, we find that
the image curve must have a loop (Fig. 3-8). It is a folium of Descartes.
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AN

The mapping by w = ¢?ig very simple. Thelinesz = zoand ¥ = %o
are mapped onto circles about the origin and rays of constant argument.
Any other straight hine in the z-plane i1s imapped on a logarithmic spiral.
The mapping is one to one in any region which does not contain two points
whose difference is a multiple of 2a%. In pariicular, a horizontal strip
1<y <Yy ¥2 — 1 = 2r iz mapped onto an anguiar sector, and if
y2 — ¥1 = x the image is a half plane. We are thus able to map a parallel
strip onto & half plane, and hence onto any circular region. The left half
of the strip, cut off by the imaginary axis, corresponds to a half eircle.

It is useful to write down some explicit formulag for the mapping.
The function { = £ + in = &* maps the sirip ~x/2 < y < x/2 onto the
half plane { > 0. On the other hand,

FIG. 3-6. w-plane.
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maps £ > 0 onto || < 1. Hence

e -1 z

e+1 tanh 2

mayps the strip (Im 2| < x/2 on the unit disk [ < L

4.2. A Survey of Elementary Mappings, When faced with the prob-
lem of mapping a region @, conformally onto another region &, it is
usually advisable to proceed in two steps. First, we map 2, onto a circu-
lar region, and then we map the circular region onto Q.  In other words,
the general problem of ¢onformal mapping can be reduced to the preblem
of mapping a region onto a disk or a half plane. We shall prove, in
Chap. 6, that this mapping problem has a solution for every region
whoge boundary consists of a simple closed curve.

‘The main tools at our disposal are linear transformations and trans-
formations by a power, by the exponential funetion, and by the logarithm.
All these transformations have the charscteristic property that they map
a family of straight lines or circles on a similar family. For this reason,
their use is essentially limited to regions whose boundary is made up of
circular arce and line segments. The power serves the particular purpose
of straightening angles, and with the aid of the exponential function we
can even transform zero angles into straight angles.

By these means we can for instance find a standard mapping of any

th =

AN
24P\

riQ. -7 rig. 5-&
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region whose boundary consists of two circular arcs with common end
points. Such a region is either a circular wedge, whose angle may be
greater than x, or its complement, If the end points of the ares are ¢ and b,
we begin with the preliminary mapping z; = (z — a}/(z — b) which trans-
forms the given region into an angular sector. By an appropriate power
w = 2] this gector can be mapped onto a half plane.

If the circles are tangent t0 each other at the point a, the transforma-
tion 2z, = 1/(z — a) will map the region between them onto a parallel
strip, and a suitable exponential transformation maps the strip onto a
half plane. _ : _

A little more generally, the same method applies to a cireular tri-
angle with two right angles. JIn fact, if the third angle has the vertex
a, and if the sides from ¢ meet again at b, the linear transformation
z; = (2 — a)/{z — b) maps the triangle onto a circular sector. By means
of a power this sector can be transformed into & half circle; the half circle
ia & wedge-shaped region which in turn can be mapped onto a half plane.

In this connection we shall treat explicitly a special case which occurs
frequently. Let 1t be required to map the complement of a line segment
onto the ingide or outside of & circle. The region is a wedge with the
angle 2r; without loss of generality we may assume that the end points of
the segment are +1. The preliminary transformation

_z+1
=1

maps the wedge on the full angle obtained by exclusion of the negative
real axis. Next we define :

52='\/;;

as the square root whose real part is positive and obtain a map onto
the right half plane. The final transformation -

_zz—'l
Tz 1

maps the half plane onto [w| < 1.
Elimination of the intermediate variables leads to the correspondence

(16) f=y ("’ +ﬁl)

w=2z— 22 -1

The sign of the square root is uniguely determined by the condition

jw) < 1, for (z — /22 = L){z + v2* — 1) = 1. 1f the sign is changed,
we obtain a mapping onto |w} > 1.
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For a more detailed study of the mapping (16) we set w = pei’ and
obtain .

Elimination of ¢ yields

p2 ¥ _
) A )
and elimination of p

an

z* vt
(18) cos®f gin:d

Hence the image of a cirele |w] = p < 1 1s an ellipse with the major axis
p + o1 and the minor axis p~! — p. The image of a radius is half a
branch of a hyperbola. The ellipses (17) and the hyperbolas (18) are
confocal. The correspondence is iHustrated in Fig. 3-9.

Clearly, the transformation (16) allows us to include in our list of
elementary conformal mappings the mapping of the outside of an ellipse
or the region between the branches of a hyperbola onto a circular region,
It does not, however, allow us to map the inside of an ellipse or the
inside of a hyperbolic branch.

As g final and less trivial example we shall study the mapping defined
by a cubic polynomial w = aez? + 012 + 62 + 6. The familiar trans-
formation z = z; — a;/3a; allows us to get rid of the quadratic term,

- 5T
-

WG 39, Mapping by z = 3w + w0,
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and by obvious normalizations we can reduce the polynomial to the form
w = 22 — 3z. The coefficient for z is chogen 80 a8 t0 make the derivative
vameh forz = 1.

Making use of the fransformation (16) we introduce an a.umhary
variable ¢ defined by

1
z=¢+ ?
Our cubic polynomial takes then the simple form

w={% 4 fi

We note that each z determines two values {, but they are reciprocal
and yield the same value of w. In order to obtain a unique { we may
impose the condition |¢| < 1, but then the segment (—2,2) must be
excluded from the z-plane.

It is now easy to visualize the correspondence between the z- and
w-planes. To the circle |¢| = p < 1 corresponds an ellipse with the
semiaxes p~1 + p in the 2-plane, and one with the semiaxes p=% + p® in
the w-plane. Similarly, a radius arg { = # corresponds to hyperholic
branches in the z- and w-planes; the one in the 2-plane has an asymptote
which makes the angle — & with the positive real axis, and in the w-plane
the corresponding angle is —36. The whole pattern of confocal ellipses
and hyperbolas remains invariant, but when z describes an ellipse w will
trace the corresponding larger ellipse three times. The situation is thus
very similar to the one in the case of the simpler mapping w = 2. For
orientation the reader may again lean on Fig. 3-0.

For the region between two hyperbolic branches whose asymptotes
make an angle £ 2x/3 the mapping is one to one. We note in particular
that the six regions into which the hyperbols 32* — y* = 3 and the z-axis
divide the z-plane are mapped onto half planes, three of them onto the
upper half plane and three onto the lower. The inside of the right-hand
branch of the hyperbols corresponds to the whole w-plane with an incision
along the negative real axis up to the point —2,

EXERCISES

All mappings are to be conformal.

1. Map the common part of the disks |zg] < 1 and |z — 1] < 1 on the
ingide of the unit eirele. Choose the mapping so that the two symmetries
are preserved.

2. Map the region between |zf = 1 and |z — 1| = § on a helf plane,
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3. Map the complement of the are [z| = 1, ¥ = 0 on the outside of the
unit eircle so that the points at « correspond to each other.

4, Map the outside of the parabola y* = 2px on the disk |w] < 150
that z =0and 2 = —p/2 correspond to w = 1 and w = 0, (Lindelsf.)

5. Map the inside of the right-hand branch of the hyperbola
z* — y* = a? on the disk |[w| < 1 so that the focus corresponds to w = 0
and the vertex to w = —1. {Lindelsf.)

6. Map the inside of the lemniscate |2* — a?| = p*(p > a) on the
disk |w| < 1 so that symmetries are preserved. (Lindelof.)

7. Map the outside of the ellipse (z/a)® + (y/b)* = 1 onto |w| < 1
with preservation of symmetries.

8. Map the part of the z-plane to the left of the right-hand branch of
the hyperbols 2 — %* = 1 on a half plane. (Lindeléf.)

Hint: Consider on one side the mapping of the upper half of the
region by w = 22, on the other side the mapping of a quadrant by

W= 2" = 32

4.3. Elementary Riemann Surfaces. The visuslization of a function
by means of the corresponding mapping is completely clear only when
the mapping i8 one to one. If this is not the case, we can still give our
imagination the necessary support by the introduetion of generalized
regions in which distinct points may have the same coordinates. In
order to do this it is necessary to suppose that points which occupy the
same place can be distinguished by other characteristics, for instance a
tag or a color. Points with the same tag are considered to lie in the
same sheet or layer.

This idea leads to the notion of a Riemann surface. It is not our
intention to give, in thia connection, a rigorous definition of this nofion,
For our purposes it is sufficient to introduce Riemann surfaces in a purely
descriptive manner. We are free to do so as long a8 we use them merely
for purposes of illustration, and never in logical proofs.

The simplest Riemann surface is connected with the mapping by a
power w = z*, where n > 1 is an integer. We know that there is a
one-to-one correspondence between each angle (k8 — 1)(2x/n) < arg =
<k(2x/n), k=1, .. .,n, and the whole w-plane except for the posi-
tive real axis. The image of each angle ig thus obtained by performing
a “cut” along the positive axis; this cut has an upper and a lower “edge.”
Correaponding to the » angles in the z-plane we consider n identical copies
of the w-plane with the cut. They will be the ‘‘sheets” of the Riemann
surface, and they are distinguished by a tag k which serves to identify
the corresponding angle. When 2 moves in ita plane, the corresponding




