COMPLEX INTEGRATION

UNDAMENTAL THEOREMS

Many important properties of analytic functions are very difficult
to prove without use of complex integration, For instance, it is
only recently that it became possible to prove, without resorting to
complex integrala or equivalent tools, that the derivative of an
analytic function is contipuous, or that the higher derivatives
exist. At present the integration-free proofs are, to say the least,
much more difficult than the classical proofs.t

As in the real case we distinguish between definite and indef-
inite inlegrals, An indefinite integral is a function whose deniva-
tive equals a given ansalytic function in 8 region; in many ele-
mentary cases indefinite integrals ean be found by inversion of
known derivation formulas. The definite integrals are taken over
differentiable or piecewise differentiable arcs and are not Lmited
to analytic functions. They ¢an be defined by s limit process
which mimics the definition of a real definite integral. Actu-
ally, we shall prefer 10 define complex definite integrals in terms
of real integrals. This will save us from repeating existence
proofs which are essentially the same as in the real case. Natu-
rally, the reader must be thoroughly familiar with the theory of
definite integrals of real continuous functions,

LI. Line Integrals. The most immediate generalization of a
real integral is to the definite integral of a complex function over
a real interval. If f(f) = u{f) + (t) is & continvous function,

¥ Without use of integration R. L. Plunkett proved the continuity of the
derivative (Buwll. Am. Math. Soc. 65, 1950). E. H. Connell and P. Porcelli
proved the existence of all derivatives (Bull. Am. Muth. Sec. 67, 1961). Both
proofs lean on a topological theorem due to G. T. Whyburn.
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defined in an interval (2,b), we set by definition

(1) f:f(t) dt = f: w(t) dt + ¢ L > u-(.t) at.

This integral has most of the properties of the real integral. In particu-
lar, if ¢ = & -+ iB is & complex constant we obtain '

@ [ a=cf 0

for both memhers are equal to

f: (et — B dt +-if: (v + Bu) dt.

When & < b, the fundamental inequality

@ | [ 10 | s [ yola

holds for arbitrary complex f{t). To see this we choose ¢ = ¢! with a
real ¢ in (2) and find

Re[e [Ps0a ] = ["Relerna < Il ae

For @ = arg L ’ f(1) dt the expression on the left reduces to the absolute

value of the integral, and (3) results. {

‘We consider now a piecewise differentiable arc v with the equation
z=2z({),e =t =b If the function f(2) is defined and continuous on +,
then f(2(f)) is also continuous and we can set

@ i@ ae = [Pieo1wo .

This is our definition of the complex line integral of f(z) extended over the
arcy. Intheright-hand member of (4), if #'(f) is not continuous through-
out, the interval of integration has to be subdivided in the obvious man-
ner. Whenever a line integral over an arc v is considered, let it be tacitly
understood that y i piecewige differentiable, _
The most important property of the integral (4) isitainvariance under
a change of parameter, A change of parameter ig determined by an
increasing function ¢ = {{r) which maps an interval « = v = § onto
@ S ¢ = b we assume that {(r) is piecewise differentiable. - By the rule

PR
TFiBnotdeﬁnedifL f dt = 0, but then there iz nothing to prove,
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for changing the variable of integration we have

[P 1wy @t = [? e eenea dr.

But (-}’ (r) is the derivative of z({{r)) with respect to r, and hence the
integral (4) has the same value whether « be represented by the equation
z = z(f) or by the equation z = z({(r)).

In Chap. 3, Sec. 2.1, we defined the opposite arc —+ by the equation
z=2(—1f), —b<t< —a We have thus

[ 1@ de = [\ re(-0)(—2(-0) a,
and by a change of variable the last integral can be brought to the form

[ re@e o a
We conclude that

(5) [ 1@ de = — [ 1) d.

The integral (4) has also a very obvious additive property. It is
quite clear what i3 meant by subdividing an arc + into a finite number of
subarcs. A subdivision can be indicated by a symbolic equation

T="T1+74 - + ¥
and the corresponding integrals satisfy the relation

6 fdz= | fdz+ | fdz ¥ -+ - + | fda
) T +'r=-|[ M o ¢ Ll -f“ f‘h

Finaily, the integral over a closed curve is also invariant under a shift
of parameter. The old and the new initial point determine two subarcs
¥1, v, and the invariance follows from the fact that the integral over
¥i + 7z is equal to the integral over v: + ¥1.

In addition to integralg of the form (4) we can also consider line inte-
grals with respect to Z The most convenient definition iz by double
conjugation

j'r'f£ = f'rfdz'

Using this notation, line integrals with respect to x or y can be introduced

fpae=5([ 10+ [, 1)
S =g ([ 1~ [1%)

by
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With f = u + v we find that the integral {4) can be written in the form
(@) f(ud:t:—-vdy)+£f (udy + vdz)

which separates the real and imaginary part.

Of course we could just as well have started by deﬁniug integrals of
the form

[ vz +qdy,

in which case formula (7) would serve as definition of the integral (4).
It is 2 matter of taste which one prefers.
An essentially different line integral is obtained by integration with

regpect to arc length. Two notations are in common use, and the defini-
tion is

® [ 1ds = [ flael = | sl o)

This integral is again independent of the choice of parameter. In con-
frast to (5) we have now

[ Jiel = [ fide
while (6) remains valid in the same form. The ine(umlit}r
(©) |[1dz] = [ A1

is a consequence of (3). L _
Forf = 1 the integral (8) reduces to f |d2} which is by definition the

length of 4. 'As an example we compute the length of a circle. From
the parametric equation z = z{t) = a + pe®, 0 = ¢ £ 2x, of a full circle
we obtain 2'(f) = dpe™ and hence

2 ir
Jo Ol = [T pdi=2m
ag expected.

1.2. Rectifiable Arcs. The length of an arc can also be defined as the
least upper bound of all sums

(10)  J2(t) — 2@a) + |2(ta) — 2] 4+ + -+ + lz(ta) — 2(t)]

where a = #, < &, < - - - < I, = b. If this least upper bound is finite
we say that the arc is rectifiable. It is quite easy to show that piecewise
differentiable arcs are rectifiable, and that the two definitions of length
eoincide.
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Because  |2(f) — x(t-0)] = 2(6) — 2(60)], W) — v} =
|2(t) — 2{tra}] and l2(t) — 2(-1)| = |2(8) — z(Ba)] + |¥(l) — y(t_y)|
it is clear that the sums (10) and the corresponding sums

felt) — z{)] + - -+ + lelta) — z(tas)]
lp@) — il 4+ - - - + lyita) — y(tar)|

are bounded at the eame time. When the latter sums are bounded, one
says that the functions z(f) and y(I) are of bounded variation. An are
z = 2(t) is rectifiable if and only if the real and imaginary perts of z(f) are of
bounded vartation,

If v is rectifiable and f(z) continuous on v it iz possible to define
integrals of type (8) as a limit

[ fds =lim ¥ fe(t)lett — 2ttul
k=1

Here the limit is of the same kind as that encountered in the definition of
a definite integral :

In the elementary theory of analytic functions it 1s seldom necessary
to consider ares which are reetifiable, but not piecewise differentiable,

However, the notion of rectifiable arc is one that every mathematician
ghould know.

1.3. Line Integrals as Functions of Ares. General line integrals of
the form f_r p dz -+ ¢ dy are often studied as functions (or functionals) of

the arc v. It is then assumed that p and ¢ are defined and continuous in
a region {3 and that -y 3s free to vary in 2. An important class of infegrals
is characterized by the property that the integral over an arc depends only
onits end points. In other words, if 7y and v, have the same initial point

and the same end point, we require that L pdz + q&y = f“ pde + qdy.

To say that an integral dependz only on the end points is equivalent to
saying that the integral over any closed curve is zero. Indeed, if v is &
closed curve, then v and —+ have the same end points, and if the integral
depends only on the end points, we obtain

f=1.--

and consequentiy f = 0.- Conversely, if v, and y; have the saame end
points, thf,n 71 — = ig & cloged curve, and if the mtegral over any closed
curve v 8, it followa that L‘ f_“
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FiG. 41

The following theorem gives a necessary and sufficient condition
under which a line integral depends only on the end points,

Theorem 1. The line integral L p dz + ¢ dy, defined in @, depends only
on the end points of v if und only if there extsis a funclion U(z,y) in &
with the partial derivatives aU/dz = p, aU /9y = q.

The sufficiency follows at once, for if the condition i is fulfilled we can
write, with the usual notations,

[pdz+qdy= f:("j; 20 + 5 v )t = [ Ua0.s0)
= Uz(b)y®) — Ulz(a}y(a)),

and the value of this difference depends only on the end points, Teo
prove the necessity we choose a fixed point (z,) €8, join it W0 (z,y)
by a polygon v, contained in @, whose sides are parallel to the coordinate
axes (Fig. 4-1) and define a funetion by

Ulz,y) = L pdz + g dy.

Since the integral depends only on the end points, the function is well
defined. Moreover, if we choose the lagt segment of v horizontal, we
can keep y constant and let x vary without changing the other segments.
On the last segment we can choose z for parameter and obtain

Uizy) = [ plzy) de + const.,

the lower limit of the integral being irrelevant. From this expression it
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follows at onece that 3L/ /9x = p. In the same way, by choosing the last
segrment vertical, we can show that alU/ay = q.

It is customary to write dU = (3U/dx} dz + (9U/3y) dy and to say
that an expression p dx + g dy which can be written in this form is an
exact differential. Thus an integral depends only on the end points if and
only if the integrand is an exact differential. Observe that p, ¢ and 7 can
be either real or complex, The function U, if it exists, is uniquely deter-
mined up to an additive constant, for if two functions have the same
partial derivatives their difference must be constant.

Whenisf(z) dz = f(2) dz + if(z) dy an exact differential? According
to the definition there must exist a function ¥(z) in @ with the partial
derivatives

aF(z) _
Fraal O
aF(z) .
Yl #f(z)-
If this is so, F(2) fulfills the Cauchy-Riemann equation
| oF _ _,oF
8r ay’

sinee f{z) is by assumption continuous (otherwise f_r f dz would not be
defined) F{(z) is analytic with the derivative f(z) (Chap. 2, Sec. 1.2).

The integral | f de, with conténuous f, depends only on. the end poinis of
v f and only +f [ i3 the dertvalve of an analylic funciion in Q.

Under these circumstances we shall prove later that f(z) is itself
analytic.

As an immediate application of the above result we ﬁnd that

(11) [Ge—ard=0

_for all clossd eurvea v, provided that the integer n iz = 0. In faet,
{z — a)* is the derivative of (2 — a)"'H/ (rn -+ 1), a function which is
analytic in the whole plane. If n iz negative, but » —1, the same
result holda for all elosed curves which do not pass through a, for in the
complementary region of the point a the indefinite integral is stlll analytic
and single-valued. For m = —1, (11) does not always hold. Consider

‘Girela ﬂ'mththeoenteru representedbytheequahon z = @ -+ pe¥,
0Lt s 2r. We obtain

fcz—asz i = 2"'
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This result shows that it is impossible to define a single-valued branch of
log (z — a) in an annulus py < |z — a| < ps. On the other hand, if the
closed curve 7 is contained in a hall plane which does not contain g, the
integral vanishes, for in such a half plane s smgle—va.lued and analytic
branch of log {z — a) can be defined.

EXERCISES
1. Compute
f x dz
v
where v i# the directed line segment from 0 to 1 + 4.
2 Compute
flrl .= dz,

for the positive sense of the circle, in two ways: first, by use of a parameter,
2
and second, by observing that z = 5]; (z+ 2 = %(z + %) on the circle.

3. Compute
gz
frjmzz? — 1

for the positive sense of the circle.
4. Compute

fm=1 lz — 1| - |dzl.

S. Suppose that f(z) is analytic on a closed curve v (i.e., f is analytic
in a region that contains ). Show that

[ 7o @) de

is purely imaginary, (The continuity of f"(2) is taken for granted.)
6. Assume that f(z) is analytic and satisfies the inequality |f(z) — 1|
< 1in a region 4. Show that

()
[ e-o

for every closed curve in §.  (The continuity of f'(2) is taken for granted.)
7. If P(z) is & polynomial and C denotes the circle [z — a] = R, what

is the value of j P d2!  Answer: —26iR'P'(a).
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6. Describe a pet of circumstances under which the formula

Llogzdz = 0

iz meaningful and true.

1.4. Cauchy’s Theorem for a Rectangle. There are several forms of
Cauchy’s theorem, but they differ in their topological rather than in their
analytical content. It is natural to begin with a case in which the topo-
logical eonsiderstions are trivial.

We consider, specifically, a rectangle R defined by inequslities
a=2z22bc=y=d Iisperimeter can be considered as a simple closed
curve congisting of four line segments whose direction we choose so that B
lies to the left of the directed segments. The order of the vertices is thus
(a,0), (be), (bd), (a,d). We refer to this closed curve as the boundary
curve or contour of R, and we denote it by aR.

We emphasize that K 18 chosen as a closed point: set and, hence, iz not
a region. In the theorem that follows we consider a function which is
analytic on the rectangle E. We recall to the reader that such a func-
tion is by definition defined and analytic in an open set which contains R.

‘The following is a preliminary version of Cauchy’s theorem:

Theorem 2. If the funclion f(z) 15 analyiic an R, then
(12) : o fa)dz = 0.

The proof is based on the method of bisection. Let us introduee the
notation '

n(R) = [ _fz)dz

which we will also use for any rectangle contained in the given one. If
R is divided into four congruent rectangles B2 R® RO R we find
that

(13) n{R) = 9(RP) + 2(RP} + o(B®) + 2(RY),

for the integrals over the common sides cancel each other. It is impor-
tant to note that this fact can be verified explicitly and does not make
illicit use of geometric intuition. Nevertheless, a reference to Fig. 42 is

helpful.

t This is standard notation, and we shall use it repeatedly. Note thet by earlier
convention aRisnlsothabounduyn&Rapapoinﬁmt{Ghup.a, Bec. 1.2).
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(a. &) B X+
—_— ——
T
— —

- - —
B
—d . — -

(s c) (b, )

Fi1G. 4-2. Bisection of rectangle.

It follows from (13) that at least one of the rectangles R® k = 1,2, 3,
4 must satisfy the condition

[n(R®}| = {ln(R)|.

We denote this rectangle by E,; if several E® have this property, the
choice shall be made according to some definite rule.

This process can be repeated indefinitely, and we obtain & sequence of
nested rectangles R DR D Ry D - - - D By D - - - with the property

'ﬂ(Ru)l = %Iﬂ(Ru-—l)l
and hence

(14) [1({Ra)| = 47|2(R)].

The rectangles B, converge to a point z* € R in the sense that B, will
be contained in a prescribed neighborhood |z — 2*| < § a8 soon a8 n i8
sufficiently large. Firat of all, we choose & so small that f(2) is defined
and analytic in |z — 2* < 8. Secondly, if ¢ > 0 is given, we can choose
d 80 that

z— ¥

— f{o*
f(E) .f(z ) __fr(z*) < g
or '
(15) [f2y — f(z*) — (2 — 2% (z*)]| < ¢|e — 2*
for'|¢ — z*| < 4. We assume that 5 satisfies both conditions and that
Ra 18 contained in |z — 2% < . '
We make now the observation that
dz = 0

aRu

ﬂ fm“ zdz =0,
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These trivial special cases of our theorem have already been proved in
Sec. 1.1. We recall that the proof depended on the fact that 1 and 2 are
the derivatives of z and 2%/2, respectively.

By virtue of these equations we are able to write

oW Ra) = f [fz) — fz*) — (& — 2*)F(z")] de

Ry

and it follows by {15) that
(16) |n(R.)} | = ef 2 — z*||dz|.
R,

In the last integral [z — z*| is at most equal to the length d, of the
diagonal of £, If L, denotes the length of the perimeter of R. the
integral iz hence < d,L,. Bus if d and L are the corresponding quantities
for the original rectangle R, it is clear that d, = 2d and L, = 2—"L.

By (16) we have hence
I'I(Rn)l = 4 4L E,

and comparison with (14) yields
In(R)} = dL e

Sinee ¢ is arbitrary, we can only have n{R) = 0, and the theorem is proved.

This beautiful proof, which could hardly be simpler, is due to E.
Goursat who discovered that the elassieal hypothesiz of a continuous
f(2) 8 redundant. At the same time the proof iz simpler than the earlier
proofs ingsmueh as it leans neither on double integration nor on differentia-
tion under the integral sign.

The hypothesis in Theorem 2 can he weakened considerably. We
shall prove at once the following stronger theorem which will find very
important use.

Theorem 3. Lef f(z) be analytic on the set B’ oblained from a reciangle B
by omilling a finile number of interior poinis ;. If it s true that

lim, g,z — £f(2) = O
Jor all 7, then

f(z) dz = 0.

It i sufficient to consider the case of a single excaptmnal pomt ¢, for
evidently R can he d.mded mto smaller rectangles whmh contain at most
o8BS {-
Wadiviﬂaﬂ lﬂﬁommﬁnm,mnhownm]ihg 4-3,m appljr




