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What is knot theory?

I Knot theory is a branch of mathematics concerned
with studying knots, braids, and tangles.

I In addition to being interesting in its own right, it
has applications to DNA research as well as to
polymer science.
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What is a knot?

A knot is a tied up piece of rope with its ends fused
together so that it can't come undone when we wiggle it
around.

I The simplest knot is theunknotand the next
simplest knot is thetrefoil.
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When are two knots equal?

I We consider two knots to be equal if we can wiggle
one around in space to make it look like the other.

I But this is hard to check, since the pictures we draw
of knots might look different. For example, the
crazy picture below is actually the unknot!

I To get a feel for knots, let's play with some.
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Activity: human knotting

I Work in groups of �ve.

I Stand in a circle facing each other.

I Everyone reach into the circle at the same time and
grab a random hand.

I Now try to unravel yourselves without letting go of
each other's hands!

I Do this several times to see what kinds of knots you
can make.
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Activity: that's not my knot!

I Choose a knot from Handout 1 and make this knot
with the materials provided.

I Make sure to tape the ends together really well, so
that it doesn't come undone.

I Now tangle the knot up as much as possible.

I Find a partner and trade knots with her.

I Try to untangle her knot and �nd out which one it
is!
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Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.7



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.8



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.9



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.10



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.11



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.12



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.13



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.14



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.15



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.16



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.17



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.18



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.19



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.20



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.21



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.22



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.23



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.24



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.25



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.26



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.27



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.28



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.29



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.30



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.31



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.32



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.33



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.34



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.35



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.36



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.37



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.38



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.39



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.40



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.41



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.42



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.43



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.44



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.45



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.46



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.47



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.48



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.49



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.50



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.51



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.52



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.53



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.54



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.55



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.56



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

Knotty Mathematics – p.57



Knot so ef�cient

I The two knots below are actually the same knot,
drawn differently. For 75 years people thought
these were different knots, and then �nally in 1974
Kenneth Perko �gured out the correct sequence of
twists and wiggles to show that these are the same!

I We need a more systematic way of telling knots
apart!
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Sorting knots

How do we know what box to put a knot in?
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The Jones Polynomial

TheJones polynomialis a mathematical tool that
converts knots into polynomials.

#

1� 2t +4t2 � 5t3+7t4 � 7t5+7t6 � 6t7+3t8 � 2t9+ t10
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Since it's easy to tell when polynomials are equal, this
will help us sort the knots!
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The Jones Polynomial

Vaughan Jones won the Fields medal for inventing the
Jones polynomial. The Fields medal is like the Nobel
prize for math.

#

1� 2t +4t2 � 5t3+7t4 � 7t5+7t6 � 6t7+3t8 � 2t9+ t10
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Polynomials

Let's review some facts about polynomials so that we
can understand the output of this mathematical tool.

I Polynomials are expressions in an abstract variable.

x + 1

x4 � 7x2 + x + 2

3x2 + 10x + 9
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Polynomials

Let's review some facts about polynomials so that we
can understand the output of this mathematical tool.

I Polynomials are expressions in an abstract variable.

x + 1

x4 � 7x2 + x + 2

3x2 + 10x + 9

I We can also make polynomials in the variablet.

6t9 � 3t4 + 2t + 21

t5 + 3t2 + 2t3 + t2 � t � 9
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When are polynomials equal?

Polynomials are equal if the numbers in front of every
term are equal.
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x2 + 3x + 7 x2 + 4x + 7
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Polynomials are equal if the numbers in front of every
term are equal.

Are these polynomials equal?

x2 + 3x + 7 x2 + 4x + 7

No!

What about these?

x5 + x3 + 1 x3 + 1 + x5
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When are polynomials equal?

Polynomials are equal if the numbers in front of every
term are equal.

Are these polynomials equal?

x2 + 3x + 7 x2 + 4x + 7

No!

What about these?

x5 + x3 + 1 x3 + 1 + x5

Yes!
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Rational Polynomials

I For knot theory, we also want to allowt to be in the
denominator. Here is an example.

t + 5 +
1
t

+
3
t2
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Sorting knots

Remember, we're trying to sort knots.
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Sorting knots

The Jones polynomial tells us which box to put our
knot in.
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Sorting knots

Think of the boxes as being labeled by polynomials.
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The Jones polynomial

I If two knots are thesame, then their Jones
polynomials areequal.
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I If two knots are thesame, then their Jones
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they arenot the same!
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The Jones polynomial

I If two knots are thesame, then their Jones
polynomials areequal.

I If two knots havedifferentJones polynomials, then
they arenot the same!

I The Jones polynomial is not perfect, though. It can
happen that twodifferentknots have thesameJones
polynomial.
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Mirror images

We can make new knots by taking a picture of a knot
and looking at it in the mirror. We call the two versions
`left-handed' and `right-handed.'
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Mirror images

We can make new knots by taking a picture of a knot
and looking at it in the mirror. We call the two versions
`left-handed' and `right-handed.'

We might not get the same knot again when we do this.
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The trefoil

The Jones polynomial can tell the difference between
the left-handed and right-handed trefoil knots.

�
1
t4 +

1
t3 +

1
t

t + t3 � t4

I These knots arenot the same, since their Jones
polynomials arenot the same.
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The �gure eight

Here are the left-handed and right-handed versions of
the �gure eight knot.
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The �gure eight

Here are the left-handed and right-handed versions of
the �gure eight knot.

If we compute their Jones polynomials, we get the same
polynomial for both knots!

t2 � t + 1 �
1
t

+
1
t2
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The �gure eight

Here are the left-handed and right-handed versions of
the �gure eight knot.

If we compute their Jones polynomials, we get the same
polynomial for both knots!

t2 � t + 1 �
1
t

+
1
t2

Does this mean that they are the same knot?
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Activity: the �gure eight

I We saw that the Jones polynomial gave the same
answer for the left-handed and right-handed
versions of the �gure eight knot.

I Working in groups of three, try to �gure out if these
are really the same knot by trying to make one look
like the other.

I It's probably a good idea to leave one knot on the
table and just wiggle the other one around to try to
make it look like the one on the table.
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Jones and mirror images

I The Jones polynomial satis�es some fun identities.
Let VK (t) denote the Jones polynomial for a knot
K . Let K � denote the mirror image ofK . Then:

VK � (t) = VK (
1
t
)

I This means that if we want to compute the Jones
polynomial of the mirror image of a knot, all we
have to do is change eacht to a 1

t .

I That's why the Jones polynomials of mirror images
look so similar.
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Knot perfect

The Jones polynomialcannottell the difference
between the �gure eight knot and the blue knot below.

Both have Jones polynomial:

t2 � t + 1 �
1
t

+
1
t2

Knotty Mathematics – p.71



Other tools

I Since the Jones polynomial is not perfect, we need
to �nd other knot tools.

I People always wonder what `math research' is.
Well, �nding new knot tools is an example!

I If you decide to study math, maybe you can �nd a
new one!

I Also, it's still unknown whether there are other
knots besides the unknot that have Jones
polynomial 1. Maybe you can �gure that out :)
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Knot perfect

There is another polynomial knot tool called the
Alexander polynomial. The Alexander polynomials of
the knots below are different.

� t + 3 �
1
t

� t3 + 2t2 � 1 +
2
t2 �

1
t3

This means that they are not the same knot!
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Unknotting number

I Theunknotting numberis the minimum number of
crossings that you have to change to make a knot
into the unknot.
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Unknotting number

I Theunknotting numberis the minimum number of
crossings that you have to change to make a knot
into the unknot.

I Changing a crossing means that at one crossing you
switch which string goes over.
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I Theunknotting numberis the minimum number of
crossings that you have to change to make a knot
into the unknot.

I For example, if we change a crossing in the trefoil,
it becomes the unknot.
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Unknotting number

I Theunknotting numberis the minimum number of
crossings that you have to change to make a knot
into the unknot.

I For example, if we change a crossing in the trefoil,
it becomes the unknot.

I This means that the trefoil has unknotting number
one.
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Activity: Human unknotting

I Let's all work together to make the following knot
by grabbing hands.

I Now try to untangle without letting go of hands.

I Let's change one crossing and then try to untangle
ourselves.
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How is it constructed?

Some of you are probably wondering how we �gure out
the Jones polynomial of a knot.

I In order to construct it, we have to introduce the
concept of links. A link is a knot made out of
(possibly) more than one piece of string.

I Knots are a special case of links where we only
have one piece of string.
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De�nition

The Jones polynomial is de�ned by the two equations below.

V0(t) = 1

1
t
VL + � tVL � = (

p
t �

1
p

t
)VL 0

whereL+ , L � , andL 0 are three links whose diagrams are
identical except for at one speci�c crossing, where they differ by:

L+ L � L0
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What that means

I The equation

1
t
VL + � tVL � = (

p
t �

1
p

t
)VL 0

is called theskein relation. It gives us a relationship
between the Jones polynomials of links whose
diagrams differ at one crossing.
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What that means

I The equation

1
t
VL + � tVL � = (

p
t �

1
p

t
)VL 0

is called theskein relation. It gives us a relationship
between the Jones polynomials of links whose
diagrams differ at one crossing.

I This means that we can build up knowledge of
Jones polynomials from knowing them for simple
links.
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What that means

I The equation
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is called theskein relation. It gives us a relationship
between the Jones polynomials of links whose
diagrams differ at one crossing.

I For example, we can compute the Jones polynomial
of the trefoil from the Jones polynomial of the Hopf
link and that of the unlink with two components.

Knotty Mathematics – p.78



What that means
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is called theskein relation. It gives us a relationship
between the Jones polynomials of links whose
diagrams differ at one crossing.

I Handout 2 has more information and computes this
example.
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More information

For more information on knot theory, you can visit the
following websites.

I Knot Atlas
http://katlas.math.toronto.edu/wiki/

I Jones Polynomial Calculator
http://www.maths.warwick.ac.uk/˜bjs/KnotProgram/

I The KnotPlot Site
http://www.pims.math.ca/knotplot/

I The KnotInfo Site
http://www.indiana.edu/˜knotinfo/
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References and Credits

I Images used in these slides were taken from various
websites and papers, mostly from the KnotPlot site,
but also from the KnotInfo site, Wikipedia, a paper
by V. Jones, and a paper by D.W. Sumners.
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About these slides

I These are slides for a workshop in the Expanding
Your Horizons conference to inspire girls to choose
careers in math and science. They are intended for
8th to 10th grade girls. For more information about
Expanding Your Horizons, go to
http://www.sdsa.org/eyh/

I Created by Maia Averett using the Prosper slide
package in TeXShop on a Mac running OSX.

I Questions and comments are welcome.
http://math.ucsd.edu/˜maverett
maverett@math.ucsd.edu
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