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Abstract. We present discrete analogues of Dirac structures and the Tulczyjew’s triple by consider-
ing the geometry of symplectic maps and their associated generating functions. We demonstrate that
this framework provides a means of deriving discrete analogues of implicit Lagrangian and Hamilto-
nian systems. In particular, this yields implicit nonholonomic Lagrangian and Hamiltonian integra-
tors. We also introduce discrete Lagrange—d’ Alembert—Pontryagin and Hamilton—d’ Alembert vari-
ational principles, which provide an alternative derivation of the same set of integration algorithms.
In addition to providing a unified treatment of discrete Lagrangian and Hamiltonian mechanics in
the more general setting of Dirac mechanics, it provides a generalization of symplectic and Poisson
integrators to the broader category of Dirac integrators.

Keywords: Dirac structures, discrete mechanics, Lagrangian mechanics, Hamiltonian mechanics.
PACS: 02.40.Yy, 45.10.Db, 45.10.Na, 45.20.Jj

1. INTRODUCTION

Dirac structures, which can be viewed as simultaneous generalizations of symplectic
and Poisson structures, were introduced in Courant [1} 2. In the context of geometric
mechanics [3H5], Dirac structures are of interest as they can directly incorporate Dirac
constraints that arise in degenerate Lagrangian systems [6l], LC circuits [7-9], inter-
connected systems [[10]], and nonholonomic systems [11], and thereby provide a unified
geometric framework for studying such problems.

From the Hamiltonian perspective, these systems are described by implicit Hamilto-
nian systems [8},12]. An implicit Hamiltonian system is defined by a Hamiltonian and a
Dirac structure, which is a subbundle that satisfies certain conditions. On the Lagrangian
side, an implicit Lagrangian system [9]] is defined by exploiting the geometric structure
called the Tulczyjew’s triple [[13,14] in addition to a Dirac structure.

In this paper, we introduce discrete analogues of induced Dirac structures [9] and
the Tulczyjew’s triple, which provide the natural setting to define implicit discrete La-
grangian and Hamiltonian systems. We show that they recover nonholonomic integra-
tors [15,[16] that are typically derived from a discrete Lagrange—d’ Alembert principle.

We also introduce discrete Lagrange—d’Alembert—Pontryagin and Hamilton—
d’ Alembert variational principles, that provide a variational characterization of implicit
discrete Lagrangian and Hamiltonian systems that were described using discrete Dirac
structures, and which reduce to the standard Lagrangian [[17] and Hamiltonian [[18 [19]
variational integrators in the absence of constraints. Discrete Lagrangian, Hamiltonian,
and nonholonomic mechanics have also been generalized to Lie groupoids [20-23]].



2. DIRAC STRUCTURES, TULCZYJEW’S TRIPLE, AND
IMPLICIT LAGRANGIAN SYSTEMS

We first briefly review induced Dirac structures, which give rise to implicit Lagrangian
systems (ILS) [See 9, 24, 25]. Implicit Lagrangian systems are particularly useful in
formulating systems with degenerate Lagrangians and/or constraints.

2.1. Induced Dirac Structures and Tulczyjew’s Triple

The key idea in formulating implicit Lagrangian systems for systems with constraints
is to introduce a Dirac structure that is induced by the constraints. A particularly im-
portant class of Dirac structures is the induced Dirac structure on a cotangent bundle
defined in the following way: Let Q be a manifold, 7y : 7*Q — Q be the cotangent bun-
dle projection, and Q° : TT*Q — T*T*Q be the flat map associated with the standard
symplectic structure Q on 7*Q.

Proposition 1 ([8, 9, 12]). Let Ag be a constant-dimensional distribution on Q. Define
Ar+g = (Tmp) ' (Ag) C TT*Q and let A7.g C T*T*Q be its annihilator. Then,

Dy, = {(v, Q) ETT* QBT TQ | v E Apeg and a— Q' (v) € A(}*Q} )

is an almost Dirac structure.

Following Tulczyjew [13,[14] and Yoshimura and Marsden [9], let us first introduce
the Tulczyjew’s triple, i.e., the diffeomorphisms QY Ko, and yp := Qo Ko ! between the
iterated tangent and cotangent bundles:

Yo
* Ko * Qb * ik
T*TQ TT*Q T*T*Q
TTL'Q TT*Q (23)
nTQ nT*Q
TQO T Q

or in local coordinates

(qa&IaSPaP) <~ (q’p’6q76p) P (CZ,P,—SPaaC])
(2b)

(¢,69) (g:p)

The maps €’ and Ko induce symplectic forms on 77*Q in the following way: Let
Or+1+0 and Or«7¢ be standard Lagrange one-forms on the cotangent bundles 7*7*Q
and T*T Q, respectively. Then, one defines one-forms y and A on TT*Q by pullback,

X = (@) @pipg = —Spdq+ Sqdp, A= (kp)"Or+rg = 6pdq+pd(dq). (3)



Then, these one-forms induce the two-form Qr7+p on TT*Q by
Qrreg = —dA =dy =dqNd(6p)+d(dq) Ndp, 4)

which is a symplectic form on 77*Q. In particular,

where Qr+70 and Qr+7+¢ are the canonical symplectic structures on 77 Q and T*T*Q,
respectively.

2.2. Implicit Lagrangian and Hamiltonian Systems

To define an implicit Lagrangian system, it is necessary to introduce the Dirac differ-
ential of a Lagrangian function: Given a Lagrangian L : TQ — R, we define the Dirac
differential DL : TQ — T*T*Q by

DL:=ypodL. (6)
In local coordinates,

JL JL
) (7

QL(Q7V) = (cbma_a_qﬂ}

We are now ready to define an implicit Lagrangian system:

Definition 2 (Implicit Lagrangian/Hamiltonian Systems). Suppose that a Lagrangian
L:TQ — R and a Dirac structure D C TT*Q @ T*T*Q are given. Let X € X(T*Q) be
a partial vector field on 7*Q, defined at points of P :=IFL(Ap) C T*Q. Then an implicit
Lagrangian system (ILS) is defined by

(X,®L) € D. (8)
In particular, if D is the induced Dirac structure Dy, given in Eq. (1), Eq. (8) reduces to
Tmp(X) €Ag, Q' (X)—DLE Aj.y, 9)
or in local coordinates, by setting X = §d, + pd,,
dL dL
€A )= = 7= y— 22 A, 10
q € Q> q Vv, p av ) p aq € 0] ( )

Similarly, with a Hamiltonian H : T*Q — R, an implicit Hamiltonian system (IHS) [8|,
12]] is defined by

(X,dH) € D. (11)
In particular, with D = Dy, Eq. (T1) reduces to
Tmp(X) €dg,  Q(X)—dH € Aj., (12)
or in local coordinates, by setting X = §d, + pd,,
JoH oH
€Ay, =, P €AY 13



3. DISCRETE ANALOGUES OF TULCZYJEW’S TRIPLE

In this section we construct discrete analogues of the Tulczyjew’s triple shown in Eq. (2)
that retain the key geometric properties, especially the symplecticity of the maps in-
volved. This makes it possible to formulate a natural discrete analogue of implicit La-
grangian and Hamiltonian systems that gives a structure-preserving discretization of
these systems. The discussion is limited to the case where the configuration space Q
is a vector space.

. . d b
3.1. Generating Functions and the Maps k,, Q) ,

The guiding principle here is to make use of the properties of generating functions,
instead of smooth symplectic flows. The idea behind it is the observation made by Lall
and West [18]] that the discrete Lagrangian and Hamiltonians are essentially generating
functions of type 1, 2, and 3 (using the terminology set by Goldstein et al. [26]).

Let us first review some basic facts about generating functions. Consider a map
F :T*Q — T*Q written as (qo,po) — (q1,p1)- Note that, since Q is assumed to be
a vector space here, the cotangent bundle is trivial, i.e., 7°Q = Q x Q*, and so one
can write F' : O x Q" — Q x Q* as well. One then considers the following three maps
associated with F':

(@) F1:0x0— Q" x 0% (90,91) — (po, 1),
(i) 2: 0% Q" — Q" x Qs (g0, 1) — (Po.q1),
(i) F3: Q" x Q@ — @ x 0% (po,q1) — (qo, p1)-
The generating function of type i (with i = 1,2,3) is a scalar function S; defined on the
range of the map F; that exists if and only if the map F is symplectic.
We first relate the generating function of type 1 with a discrete analogue of the map

Ko in the Tulczyjew’s triple in Eq. (2). We regard (po, p1) as functions of (go,q1) as
indicated in the definition of the map F; above, and define ir, : Q x Q — T*Q x T*Q by

7 < (g0,91) — ((q0,P0),(q1,p1)) where (po,p1) = Fi(qo,q1).

Recall that the map F : (qo,po) — (q1,p1) is symplectic if and only if dgo A dpy =
dgy Ndp, or equivalently d(—podqo + p1dq1) = 0. By the Poincaré lemma, this is
equivalent to the existence of a function S7 : Q X Q — R, a generating function of type
1, such that

—podqo+ prdq1 =dSi(qo.q1) <= po=—D1S1(q0.91), p1=D2S1(q0,41)-
This yields the map K' :T*OxT*Q — T*(Q x Q) so that the diagram below commutes.

T*OxT* Q—>T* (0xQ)  ((q0,p0),(q1,p1)) —— (90,91, —Po,P1)

PN NS

0xQ (90,41)



Similar arguments applied to the maps F> and F3 and type 2 and 3 generating functions
S Ox Q" —Rand S3: Q" x QO — R give rise to the maps QZ+:T*Q><T*Q—>
T*(Q x Q") and sz :T*OxT*Q — T*(Q* x Q) so that the diagrams below commute.

T*QxT*Q T*(Q@x Q%)  ((q90,p0),(q1,p1)) (g0, P1,P0,q1)
\ / (15)
in das,
O x Q" (qo,p1)
Q.
T*QxT*Q T*(Q*x Q)  ((g0,P0),(q1,p1)) —= (Po,q1,—q0,—P1)
\ / (16)
i]:3 dss
0" xQ (Po,q1)

3.2. Discrete Tulczyjew Triples

Combining the diagrams in Eqgs. (I4)) and (15]), we obtain

%?
T* i T* T* % T *
(0% 0) Q x Q[H (@x Q) (172)
T X T g
”&\ / AQ*
0x0 OxQ"

(90,491, —po, 1) = ((q0, Po); (q1,P1)) — (g0, P1, P0,q1)

(17b)

(90,91) (q0,p1)

We call the diagram the (+)-discrete Tulczyjew triple. The reason for the plus sign will
become clear later.

The maps Kg and QZ . inherit the properties of kg and Q" discussed in Section [2.1|in
the following sense: Let 7« (g o+) and O« (g o) be the Lagrange one-forms on O x Q"
and T*(Q x Q), respectively. The maps K’g and QZ o induce two Lagrange one-forms on
T*Q xT*Q. One is

Xd+ ‘= (QEH-)*@T*(QXQ*) = podqo+q1dp1, (18)

and the other is
Ais = (K§)*Or-(gx0) = —podqo+ p1dq. (19)



These one-forms induce the two-form Q7+, 7+ by
Qrigxrig = —dAqy = dYq = dqy Ndpy —dgo Ndpy. (20)

Combining the diagrams in Egs. (14) and (I6)), we obtain

’)/jS
d Qb
(0% 0) OxT"Q N (0" x Q) (1)
T X T )
0xQ 0 xQ

(90,91, —po, p1) =— ((90,Po), (g1, 1)) —= (Po,q1,—q0, —P1)
(21b)

(QO7CI1) (PO;QI)
We call the diagram the (—)-discrete Tulczyjew triple. Again, the reason for the minus
sign will become clear later.
As in the (+)-discrete case, we can reinterpret the maps Kg and QEF as follows: Let
O7+(g*x @) be the symplectic one-form on Q" x Q. Then, we have
Xd— ‘= (QZ—)*®T*(Q*XQ) = —P1 df]l —CIOdPO; (22)

and
Ai— = (K3) Or+(9x) = —podqo+ p1dq, (23)
and they induce the same symplectic form Qr+g 1+ as above:
Qrigxrig = —dAg— =dyq— = dq) Ndp —dqo N\dpy. (24)
Then, we have,
Qreox1*Q = (Kg)*QT*(QxQ) = _('Q'El—i—)*QT*(QxQ*) = —(QZ—)*QT*(Q*ny (25)

where Qr+(0x0), Qr+(gx0+) and Qrx(p+ ) are the canonical symplectic structures on
T*(QxQ), T*(Q x Q) and T*(Q* x Q), respectively.

4. DISCRETE ANALOGUES OF INDUCED DIRAC STRUCTURES

Recall from Section that, given a constraint distribution Ag C TQ, we first defined
the distribution Ar«p C TT*Q and then constructed the induced Dirac structure DAQ C
TT*Q® T*T*Q. This section introduces a discrete analogue of this construction.



4.1. Discrete constraint distributions

Since the tangent bundle 7'Q is replaced by the product Q x Q in the discrete setting,
a natural discrete analogue of a constraint distribution Ag C T'Q is a subset A‘é CcCOxQ.
Cortés and Martinez [135] (see also McLachlan and Perlmutter [[16l]) proposed a way
to construct discrete constraints A‘é C QO x Q based on given (continuous) constraints
Ag C TQ. Let us briefly summarize their approach here: First introduce the annihilator
of Ag, that is denoted by AOQ C T*Q and is defined, for each g € Q, as

AY(q) = {0y € T,Q | Vvy € Ag, (ay,vy) =0} . (26)

Let m := dim Q — dimAg. Then one can find a basis of m constraint one-forms {@'}"" |
for the annihilator subspace:
Ap = span{®“}7L ;. 27

a=1

By using the one-forms ®“, and a retraction 7: TQ — Q X Q, one defines functions
@7 :0xQ0— R, by @) := w0 7~!, whose annihilation defines the discrete constraint
set:

A = {(q0,q1) € 0x Q| ®}(q0,q1) =0,a=1,2,...,m}. (28)
Next we need to introduce a discrete analogue of the A7+ using the discrete constraint

AdQ defined above. A natural discrete analogue of A7+p would be A‘%* 0 C T*OxT*Q
defined by

Afp = (g x ) ' (AG) = {((QO,PO), (q1,p1)) €T xT*Q | (q0,91) € Aé}-
(29)
We will also need the corresponding annihilator distributions on Q x Q* and Q* x Q, or
in other words, discrete analogues of Az...,. To this end, we first introduce the projections

nhly  TH(Q % Q%) — T7Q; (4, p, 0, &) — (4, 04), (30)
Tep: T(Q" X Q) = T*Q; (p,q, 0, &) — (g, 0l). (1)

Then we define the annihilator distributions Ay, o C T*(Q x Q%) and Ay, , C T*(Q" x
Q); more explicitly, we have
Agxg- = (i)~ (8) = {(4:1,0,0) €T (Qx Q") | &g € A5(q)},  (32)
Ay xo = (1) 1 (8g) = {(p.q,0,04) € T*(Q" x Q) | &y € AY(q) } - (33)

4.2. Discrete Induced Dirac Structures
Now we are ready to define discrete analogues of the induced Dirac structures Dy,
shown in Proposition

Definition 3 (Discrete Induced Dirac Structures). Given a discrete constraint distribu-
tion A‘é C Q x Q, define the (+)-discrete induced Dirac structure D”AIJQr C(T*QxT*Q) x



T*(Q x Q") by

it i={((z2"), &) € (T"QX T*Q) x T*(@x 0")

(Z,Z+) € A‘%*Q, o— QEH ((z,f)) € A(éXQ*} , (34)

where if z = (¢, p) and z* = (¢*, p*) then 2:= (¢, p™).
Likewise, define the (—)-discrete Induced Dirac structure by

= {((e 0, 00) € (T7QXT*Q) x T*(Q" % Q)|

(Z_’Z) S A?*Q’ O — QZ— ((Z_7Z)> € A(é*xQ}7 (35)

where if z=(¢,p) andz~ = (¢~,p~) then Z:= (p~,q).

S. DISCRETE DIRAC MECHANICS

Now that we have discrete analogues of both the Tulczyjew’s triple and the induced
Dirac structures at our disposal, we are ready to define discrete analogues of implicit
Lagrangian and Hamiltonian systems. As we shall see, two types of implicit discrete
Lagrangian/Hamiltonian systems will follow from the (+)-discrete Tulczyjew triple and
induced (+)-Dirac structures.

5.1. (+)-Discrete Dirac Mechanics

Let us first introduce a discrete analogue of the Dirac differential: Let )/éJr = QZ L0

(Ké)_l :T*(Qx Q) — T*(Q x Q%), and for a given discrete Lagrangian L; : O x Q — R,

define DL, := )@” odLy.

Definition 4 (Implicit (4 )-Discrete Lagrangian/Hamiltonian System). Suppose that a
discrete Lagrangian L; : Q X Q — R and a discrete constraint distribution AdQ CQOxQare
given. Let XX = ((qx, px), (qk+1, Prs1)) € T*Q x T*Q be a discrete analogue of a vector
field on T*Q. Then, an implicit (+)-discrete Lagrangian system is a triple (Ld,A‘é,Xd)
with

(X5 2 Lulguai) ) € DI (36)
In coordinates, we have the following (+)-discrete implicit Lagrange—d’Alembert equa-

tions: J N
(Gr:qr1) €AG: G =4y

(37)
Pir1 =Dala(qeq; ), pet+DiLa(gr, qf) € Ay(qn)-



Similarly, with a right discrete Hamiltonian [18] Hy, : Q X O* — R, an implicit (+)-
discrete Hamiltonian system is a triple (Hy, A‘é,Xd) with

(X5, dHa s (quprs) ) € D (33)
In coordinates, we have the following (+)-discrete implicit Hamilton equations:

(9k: k1) € Ny, qist = DaHa i (G pisr), Pe—DiHas (i Prs1) € A (qr)- (39)

5.2. (—)-Discrete Dirac Mechanics

Let us first introduce the (—)-version of the Dirac differential: Let }/Ql_ =Q) o
(k4)~":T*(Qx Q) — T*(Q* x Q), and for a given discrete Lagrangian L;: 0 x Q — R,
define ® L, := yé‘ odLy,.

Definition 5 (Implicit (—)-Discrete Lagrangian/Hamiltonian Systems). Suppose that a
discrete Lagrangian L; : Q X Q — R and a discrete constraint distribution A‘é COxQare

given. Let XX = ((qx, px), (qk+1, Prs1)) € T*Q x T*Q be a discrete analogue of a vector
field on T*Q. Then an implicit (—)-discrete Lagrangian system is a triple (Ld,A‘é,Xd)
with

(X5 2" Lala,oau1)) € Dl (40)

In coordinates, we have the following (—)-discrete implicit Lagrange—d’Alembert equa-
tions:

(%»‘]kﬂ) EAéa Qk:q;+17 (41)
P =—D1La(q;, 1 qk+1), Pir1 —DaLa(qy 1 qk+1) € A (it 1)-

Similarly, with a left discrete Hamiltonian [18] H,;_ : O* x Q — R, an implicit (—)-
discrete Hamiltonian system is a triple (H;_, A‘é,Xd) with

(X, dHa(proaicn)) € DY (“2)
In coordinates, we have the following (—)-discrete implicit Hamilton equations:

(9k>qrs1) €AY, G =—D1Ha—(Pisqis1)s Pkt +DaHa—(prs 1) € AY(qis1)-
(43)

6. VARIATIONAL STRUCTURE FOR IMPLICIT LAGRANGIAN
AND HAMILTONIAN SYSTEMS

In this section we come back to the continuous setting discussed in Section [2| briefly
to discuss variational formulations of the implicit Lagrangian and Hamiltonian systems



again following Yoshimura and Marsden [24]. We will develop the corresponding dis-
crete analogues in the next section.

Definition 6. Suppose that a Lagrangian L : TQ — R and a constraint distribution
Ag C TQ are given. The Lagrange—d’Alembert—Pontryagin principle is the augmented
variational principle on the Pontryagin bundle T Q @ T*Q defined by

5 / "[Liq) + plg—v)]di =0, (44)

where we impose ¢ € Ap and also the second-order curve condition ¢ = v using La-
grange multipliers p € T*Q; furthermore, the variations dq are assumed to satisfy the
constraints, i.e., g € Ap, and also to vanish at the endpoints §¢g(a) = 8q(b) = 0.

Definition 7. Suppose that a Hamiltonian H : T*Q — R and a constraint distribution
Ap C TQ are given. The Hamilton—d’Alembert principle in phase space is the aug-
mented variational principle defined by

b
5 / (pd—H(g,p))di =0, 45)

where we impose the condition g € Ap; also the variations 8¢ are assumed to satisfy the
constraints, i.e., g € Ap, and also to vanish at the endpoints §¢g(a) = 8q(b) = 0.

Proposition 8 (Yoshimura and Marsden [24]]). The implicit Lagrangian system Eq.
and the implicit Hamiltonian system Eq. (13) follow from the Lagrange—d’Alembert—
Pontryagin and Hamilton—d’Alembert principle in phase space, respectively.

7. DISCRETE VARIATIONAL STRUCTURE FOR IMPLICIT
DISCRETE LAGRANGIAN AND HAMILTONIAN SYSTEMS

This section develops discrete analogues of the variational structure discussed in the
last section. It is shown that the discrete versions of Lagrange—d’ Alembert—Pontryagin
principle and Hamilton—d’ Alembert principle in phase space yield implicit discrete
Lagrangian and Hamiltonian systems, respectively.

Definition 9 ((+)-Discrete Lagrange—d’ Alembert—Pontryagin Principle). Suppose that
a discrete Lagrangian L; : Q X Q — R, a constraint distribution Ag C TQ, and a dis-
crete constraint distribution A‘é C Q x Q are given. Then the (+)-discrete Lagrange—
d’Alembert—Pontryagin principle is the discrete augmented variational principle defined
by

N—1

8 Y [La(ae.a) + Peri (qrs1 —a )] =0, (46)
k=0

where we impose (gi,qx+1) € A‘é and also the discrete second-order curve condi-

tion ggi1 = q,j' using Lagrange multipliers p;.; € QF; furthermore, the variations
(84k, 84, 8prr1) of (qr.q,pr+1) € (Qx Q) D (Q x 0F) = O x Q x Q* (identifying
the first Q of each) are assumed to satisfy d¢q; € Ao (qk), and also to vanish at the end-
points gy = dgy = 0.



Definition 10 ((—)-Discrete Lagrange—d’ Alembert—Pontryagin Principle). Under the
same setting as above, the (—)-discrete Lagrange—d’Alembert—Pontryagin principle is
the discrete augmented variational principle defined by

N—1

8 Y. [La(ge, 1 ak+1) — prelak — ai 1)) =0, (47)
k=0

where we impose (qx,qri1) € Aé and also the discrete second-order curve con-
dition gy = g, using Lagrange multipliers p; € Q*; furthermore, the variations
(04y 0Pk, 0qk+1) of (g, Pi,qr+1) € (Q X Q) D (QF x Q) = Q x O x Q (identifying
the last Q of each) are assumed to satisfy 0gx+1 € Ap(gk-+1), and also to vanish at the
endpoints dgg = gy = 0.

Proposition 11. The (+)-discrete Lagrange—d’Alembert—Pontryagin principles yield
the implicit (+)-discrete Lagrange—d’Alembert equations and (@&1), respectively.

Proof. See Leok and Ohsawa [27]. O

Definition 12 ((+)-Discrete Hamilton—d’ Alembert Principle in Phase Space). Suppose
that a right discrete Hamiltonian H,, : Q x Q" — R, a constraint distribution Ag C T'Q,
and a discrete constraint distribution A‘é C Q x Q are given. Then the (+)-discrete
Hamilton—d’Alembert principle in phase space is the discrete augmented variational
principle defined by

N-1

8 Y [Pk+19k+1 — Har (qr prs1)] = 0, (48)
(=0

where we impose (qi,qr+1) € Aé; furthermore, the variations (8qg,0pgr1) of

(Gk, Pr+1) € Q x Q* are assumed to satisfy the constraints dq; € Agp, and also to
vanish at the endpoints dgg = dgy = 0.

Definition 13 ((—)-Discrete Hamilton—d’ Alembert Principle in Phase Space). Suppose
that a left discrete Hamiltonian H;_ : Q* x Q — IR, a constraint distribution Ap C TQ,

and a discrete constraint distribution AdQ C Q x Q are given. Then the (—)-discrete
Hamilton—d’Alembert principle in phase space is the discrete augmented variational
principle defined by

N—1
8 Y [—prax — Ha—(pi, k1)) =0, (49)
k=0

where we impose (qi,qr+1) € A‘é; furthermore, the variations (Opg,dqir1) of

(Pr,qk+1) € QF x Q are assumed to satisfy the constraints dgx € Agp, and also to
vanish at the endpoints gy = dgy = 0.

Proposition 14. The (+)-discrete Hamilton—d’Alembert principles yield the implicit
(+)-discrete Hamilton equations (39) and (43)), respectively.

Proof. See Leok and Ohsawa [27]]. O
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