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ABSTRACT. This paper develops the notion of implicit Lagrangian systems on
Lie algebroids and a Hamilton—Jacobi theory for this type of system. The Lie
algebroid framework provides a natural generalization of classical tangent bun-
dle geometry. We define the notion of an implicit Lagrangian system on a Lie
algebroid E using Dirac structures on the Lie algebroid prolongation T2 E*.
This setting includes degenerate Lagrangian systems with nonholonomic con-
straints on Lie algebroids.

1. Introduction. There is a vast literature on the Lagrangian formalism in me-
chanics, which is due to the central role played by these systems in the foundations
of modern mathematics and physics. In many interesting systems, problems often
arise due to their singular nature, which gives rise to constraints that address the
fact that the evolution problem is not well-posed (internal constraints). Constraints
can also manifest a priori restrictions on the states of the system which arise due to
physical arguments or from external conditions (external constraints). Both cases
are of considerable importance.

Systems with internal constraints are quite interesting since many dynamical
systems are given in terms of presymplectic forms instead of the more habitual
symplectic ones. The more frequent case appears in the Lagrangian formalism of
singular mechanical systems which are commonplace in many physical theories (as
in Yang-Mills theories, gravitation, etc).
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Systems subjected to external constraints (holonomic and nonholonomic) have
a wide range of applications in many different areas: engineering, optimal control
theory, mathematical economics (growth economic theory), subriemannian geom-
etry, motion of microorganisms, etc. Interconnected and implicit systems play a
key role in, for example, controlled mechanical systems like robots. An impor-
tant class of implicit mechanical systems is those with nonholonomic constraints,
which has a long and rich history (see, for instance, [4] and [35]). The Lagrangian
and Hamiltonian approaches for such systems have been extensively developed (see
[23, 38, 40, 41]), including symmetry and reduction (see [3, 6, 22, 24, 29]).

Some authors have given descriptions of L-C circuits and nonholonomic systems
in the context of Poisson structures (see [33, 38]) and later in the general context of
Dirac structures (see [5, 39]) from a Hamiltonian point of view. Inspired by these
works, Yoshimura and Marsden in [43, 44] have developed a Lagrangian formalism
making use of the framework of Dirac structures.

Recent investigations have lead to a unifying geometric framework covering a
plethora of particular situations. It is precisely the underlying structure of a Lie
algebroid on the phase space which allows a unified treatment. This idea was
first introduced by Weinstein [42] in order to define a Lagrangian formalism which
is general enough to account for different types of systems. The geometry and
dynamics on Lie algebroids have been extensively studied during the past years.
In particular, in [30], E. Martinez developed a geometric formalism of mechanics
on Lie algebroids similar to Klein’s formalism of ordinary Lagrangian mechanics
and, more recently, a description of the Hamiltonian dynamics on a Lie algebroid
was given in [27, 31]. The key concept in this theory is the prolongation, T¥E,
of the Lie algebroid over the fiber projection 7 (for the Lagrangian formalism)
and the prolongation, 7¥ E*, over the dual fiber projection 7 : E* — @Q (for the
Hamiltonian formalism). See [27] for more details. Of course, when the Lie algebroid
is £ = TQ we obtain that T FE = T(T'Q) and T¥E* = T(T*Q), recovering the
classical case. Another approach to the theory was discussed in [17].

The notion of nonholonomic systems on a Lie algebroid was introduced in [9]
when studying mechanical control systems and an approach to mechanical systems
on Lie algebroids subject to linear constraints was presented in [34]. A recent
comprehensive treatment of nonholonomic systems on a Lie algebroid has been
develop in [10], where the authors identify suitable conditions guaranteeing that the
system admits a unique solution and show that many of the properties that standard
nonholonomic systems enjoy have counterparts in the Lie algebroid setting.

On the other hand, singular or degenerate Lagrangian systems and vakonomic
mechanics on Lie algebroids (obtained through the application of a constrained vari-
ational principle) also have been studied. In [21], the authors introduce a constraint
algorithm for presymplectic Lie algebroids which generalizes the well-known Gotay-
Nester-Hinds algorithm (see [15]) and applies it to singular Lagrangian systems
on Lie algebroids. Moreover, they develop a geometric description of vakonomic
mechanics on Lie algebroids using again the constraint algorithm.

As a consequence of all these investigations, one deduces that there are several
reasons for discussing unconstrained (constrained) Mechanics on Lie algebroids:
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i) The inclusive nature of the Lie algebroid framework. In fact, under the same
umbrella, one can consider standard unconstrained (constrained) mechanical sys-
tems, (nonholonomic and vakonomic) Lagrangian systems on Lie algebras, uncon-
strained (constrained) systems evolving on semidirect products or (nonholonomic
and vakonomic) Lagrangian systems with symmetries.

ii) The reduction of a (nonholonomic or vakonomic) mechanical system on a
Lie algebroid is a (nonholonomic or vakonomic) mechanical system on a Lie alge-
broid. However, the reduction of a standard unconstrained (constrained) system on
the tangent (cotangent) bundle of the configuration manifold is not, in general, a
standard unconstrained (constrained) system.

iii) The theory of Lie algebroids gives a natural interpretation of the use of quasi-
coordinates (velocities) in Mechanics (particularly, in nonholonomic and vakonomic
mechanics).

On the other hand, Hamilton—Jacobi theory has been studied for different type of
systems for many years. For degenerate Lagrangian systems, some work have been
done on extending Hamilton—Jacobi theory, using Dirac’s theory of constraints (see,
e.g., [18]) and from a geometric point of view (see [7]). For nonholonomic systems,
n [20], Iglesias-Ponte, de Leén and Martin de Diego generalized the geometric
Hamilton—Jacobi theorem (see Theorem 5.2.4. in [1]) to nonholonomic systems,
which has been studied further (see [8, 36, 37]). More recently, in [25], the authors
have presented a Hamilton—Jacobi theory which can deal with both degeneracy and
nonholonomic constraints. In the context of Lie algebroids, de Leén, Marrero and
Martin de Diego have developed a more general formalism which is also valid for
for nonholonomic systems on a Lie algebroid (see [26]), and, in [2], the authors
have presented a Hamilton—Jacobi equation for a Hamiltonian system on a skew-
symmetric algebroid.

The goal of this paper is to generalize Hamilton—Jacobi theory to implicit La-
grangian systems on a Lie algebroid based on Dirac structures. We introduce the
notion of an implicit Lagrangian system on a Lie algebroid E using the induced
generalized Dirac structure Dy on the Lie algebroid prolongation T7¥ E* that is nat-
urally induced by a vector subbundle U of E and we obtain the Hamilton—Jacobi
theorem for this kind of systems. This setting includes degenerate Lagrangian sys-
tems with nonholonomic constraints.

The paper is organized as follows. In Section 2, we collect some preliminary
notions and geometric objects on Lie algebroids, including differential calculus,
morphism and prolongations. We also recall the definition and some properties
of (generalized) Dirac structures on vector spaces, vector bundles and manifolds.
In Section 3, first we introduce and study the generalized Dirac structure Dy on
TFE* induced by a vector subbundle U of the Lie algebroid E. The main goal of
this section is to define implicit Lagrangian systems in terms of induced Dirac struc-
tures. In Section 4, we develop a Hamilton—Jacobi theory for implicit Lagrangian
systems on a Lie algebroid. We apply the results obtained to some particular cases,
in Section 5, recovering some known results. The paper ends with our conclusions
and a description of future research directions.

2. Preliminaries.

2.1. Lie algebroids. Let E be a vector bundle of rank n over a manifold @ of
dimension m and 7 : E — @ be the vector bundle projection. Denote by I'(E) the
C*(Q)-module of sections of 7: E — Q. A Lie algebroid structure ([-,-],p) on E



424 MELVIN LEOK AND DIANA SOSA

is a Lie bracket [-,-] on the space I'(E) and a bundle map p : E — T'Q, called the
anchor map, such that if we also denote by p : I'(E) — X¥(Q) the homomorphism
of C*°(Q)-modules induced by the anchor map, then

[X, £Y] = FIX. Y]+ p(X) ()Y,

for X, Y € T'(E) and f € C°(Q). The triple (E, [-, ], p) is called a Lie algebroid
over @ (see [28]).

If (E,[-,-],p) is a Lie algebroid over @, then the anchor map p : I'(E) — X(Q)
is a homomorphism between the Lie algebras (I'(E), [-,-]) and (X(Q), [, *])-

Standard examples of Lie algebroids are real Lie algebras of finite dimension and
the tangent bundle T'Q) of an arbitrary manifold Q. In more detail, let (g, [,-]4) be
a real Lie algebra of finite dimension. Then, consider the vector bundle 7 : g —
{ one point }. The section of this vector bundle can be identified with the elements
of g and, therefore, we can consider the Lie bracket given by the Lie algebra structure
[-,-]g on g and the anchor map p given by the null map. So, (g, [, ]4,0) is a Lie
algebroid over a point. On the other hand, let @@ a manifold. The sections of the
tangent bundle 7 = 7 : E = TQ — @ may be identified with the vector fields
on @, the Lie bracket on I'(7g) = X(Q) is the usual vector fields bracket and the
anchor map is the identity on T'Q. Then, the triple (T'Q, [, -], Id) is a Lie algebroid
over Q.

Another example of a Lie algebroid may be constructed as follows. Let 7 : P — @
be a principal bundle with structure group G. Denote by ® : G x P — P the free
action of G on P and by T® : G x TP — TP the tangent lifted action of G on
TP. Then, one may consider the quotient vector bundle 7p|G : TP/G — Q = P/G
and the sections of this vector bundle may be identified with the vector fields on
P which are invariant under the action ®. Using the fact that every G-invariant
vector field on P is m-projectable and the fact that the standard Lie bracket on
vector fields is closed with respect to G-invariant vector fields, we can induce a
Lie algebroid structure on TP/G. The resultant Lie algebroid is called the Atiyah
(gauge) algebroid associated with the principal bundle w: P — Q (see [27, 28]).

Now, let (E,[,-],p) be a Lie algebroid, then one may define the differential of
E, df :T(AFE*) — T(AFTLE*), as follows

k
dFp(Xo, - Xi) = D_(=1)'p(X) (Ko, - ,Xiye, X))

=0
+ 3 (D (X, X1 Xo, -, X X X0,

i<j

for p € T(AFE*) and X,..., X, € I'(E). It follows that (d¥)? = 0. Moreover, if
X € T'(E), one may introduce, in a natural way, the Lie derivative with respect to
X, as the operator £% : T(AFE*) — T'(A*E*) given by £E =ix odf +dF oix.

Note that if £ = TQ and X € I'(E) = X(Q) then d”? and £§Q are the usual
differential and the usual Lie derivative with respect to X, respectively.

If we take local coordinates (z') on an open subset U of ) and a local basis {e, }
of sections of E defined on U, then we have the corresponding local coordinates
(x%,y%) on E, where y“(e) is the a-th coordinate of e € E in the given basis. Such
coordinates determine local functions pf,, €, 5 on @ which contain local information
about the Lie algebroid structure and, accordingly, they are called the structure



DIRAC AND HAMILTON-JACOBI THEORY FOR MECHANICS ON ALGEBROIDS 425

functions of the Lie algebroid. They are given by
0
Oxt’

[easesl = €hgey and  plea) = 7,
These functions should satisfy the relations
9pt Dt ,
i P8 9% a _ iy
Paei B oqs ~ PiCes

> (e a;f +€,85,) =0,

cyelic(a,,y)

which are usually called the structure equations.
If f e C>®(Q), we have that

aof
E p i«
d f - axipae ) (1)

where {e®} is the dual basis of {e,}. On the other hand, if § € T'(E*) and 6 = 0.,¢”,
it follows that

00, , 1
d50 = (5 2ph = 30a€5, )" Ne.

In particular,
) ) 1
dfzt = ple?, dPe” = —iegveﬁ Nev.

2.2. Morphisms. Let (E,[-,-],p) and (F’, [, -], p’) be Lie algebroids over @ and
Q’, respectively. A morphism of vector bundles (F, f) from E to E’

F
E - F’

Q - Q
is a Lie algebroid morphism if
dP((F.f)¢') = (F ) (@ o), for ¢ e T(N(E)"). (2)
Note that (F, f)*¢' is the section of the vector bundle A¥E* — @ defined by
(F, ) d)alar, ... an) = ¢4 (Flar), ..., Flar)),
for x € Q and ay,...,ar € E,, where E, denotes the fiber of E at the point z € Q.
We remark that (2) holds if and only if
d®(g'o ) = (F.f)"(d"¢).  forg' € Cx(Q)),
dE((F, f)*a') = (F, f)*(dE'o/), for o/ € T((E')*).
If (F, f) is a Lie algebroid morphism, f is an injective immersion and Fig, : E; —

E} is injective, for all z € Q, then (E, [-,-], p) is said to be a Lie subalgebroid of

()
AR

IfQ=Q and f =id: Q — Q then, it is easy prove that the pair (F,id) is a Lie
algebroid morphism if and only if

FIX,Y] = [FX,FY),  §(FX)=p(X),
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for X,Y € T(E).

2.3. Poisson structure on E*. Let (E, [, ], p) be a Lie algebroid over @ and E*
be the dual bundle to F. Then, E* admits a linear Poisson structure Ilg«, that is,
IIg+ is a 2-vector on E* such that

[HE* ) HE*} - 07

and if f and f’ are linear functions on E*, we have that g (d7F" f,d"F" ') is also
a linear function on E*. If (z°) are local coordinates on @, {e,} is a local basis
of T(E) and (2%, p,) are the corresponding local coordinates on E*, then the local

expression for g« is

0 0 1 0 0
A — — =C)lpy— A —,

Ort " Opa 2 asPy Opa Opp

where pf, and €] 5 are the structure functions of £ with respect to the coordinates

g~ = pg

(") and to the basis {e,}. The Poisson structure Iz« induces a linear Poisson
bracket of functions on E* which we will denote by { , }g+. In fact, if F,G €
C>(E*) then

{F,G}p- = Up-(d"F F,d"" Q). (3)

(For more details, see [27]).

2.4. The prolongation of a Lie algebroid over a fibration. Let (E,[-,],p)
be a Lie algebroid of rank n over a manifold @ of dimension m and 7w : P — @ be
a fibration, that is, a surjective submersion.
We consider the subset TP P of E x TP defined by TFP = U ‘J‘f P, where
peP

TP = {(b,v) € Exy) x TP | p(b) = (T,m)(v)},

and T : TP — TQ is the tangent map to 7.
Denote by 7™ : T¥ P — P the map given by

77(b,v) = 7p(v),

for (b,v) € TEP, where 7p : TP — P is the canonical projection. Then, if m/' is
the dimension of P, one may prove that

dim TP =n+m' —m.

Thus, we conclude that T¥ P is a vector bundle over P of rank n+m’ —m with the
vector bundle projection 77 : TEP — P.

A section X of 7™ : TEP — P is said to be projectable if there exists a section
X of 7: E — @ and a vector field U on P which is m-projectable to the vector field
p(X) and such that X (p) = (X (7(p)),U(p)), for all p € P. For such a projectable
section X, we will use the following notation X = (X,U). It is easy to prove that
one may choose a local basis of projectable sections of the space I'(T¥ P).

The vector bundle 77 : TP P — P admits a Lie algebroid structure ([-,-]™, p™).
In fact,

[(X1,01), (X2, U2)]™ = ([X1, X2], (U, U2]),  p"(X3,Us) = Un.

The Lie algebroid (T¥P, [, ], p™) is called the prolongation of E over m or the
E-tangent bundle to P. Note that if pr; : TP P — E is the canonical projection
on the first factor, then the pair (pry, ) is a morphism between the Lie algebroids
(TPP,[-,-]", p™) and (E,[-,-],p) (for more details, see [27]).
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Example 2.1. Let (E,[,-],p) be a Lie algebroid of rank n over a manifold @
of dimension m and 7 : E — @ be the vector bundle projection. Consider the
prolongation T E of E over T,

TPE = {(e,v) € ExTE|p(e) = (T'1)(v)}.
TPE is a Lie algebroid over E of rank 2n with Lie algebroid structure ([-,-]7, p7).
If (2%) are local coordinates on an open subset U of @ and {e,} is a basis of
sections of the vector bundle 7=1(U) — U, then {X,,V,} is a basis of sections of
the vector bundle (77)~'(7=Y(U)) — 7= Y(U), where 77 : TP E — E is the vector
bundle projection and

%ale) = (calr@): g, ). Vel = (0,57 ) (@

for e € 771(U). Here, p', are the components of the anchor map with respect to
the basis {e,} and (x%,y%) are the local coordinates on E induced by the local
coordinates (x') and the basis {e,}. Using the local basis {X,,V.}, one may
introduce, in a natural way, local coordinates (z?, y®; s%, w®) on TEE. If wis a point
of (7))~ Y(r=1(U)), then (z¢,y%) are the coordinates of the point 77 (w) € 771(U)
and
w=8Up (77 (W) + WV (77 (w)).

On the other hand, we have that

[Xa, Xs]™ = €5, [Xa, V5" = [Va, Vs]" = 0,
;0 0
T — 7 , T ’\7 —
p (x()é) pa 61'17 p ( (X) aya)

for all a and 3, where €] 5 are the structure functions of the Lie bracket [-,-] with
respect to the basis {e, }.

The vector subbundle (T¥E)V of T E whose fiber at the point e € E is

(TFE)Y ={(0,v) € Ex T.E|(T.7)(v) = 0}

is called the wvertical subbundle. Note that (TFE)Y is locally generated by the
sections {V,}.

Two canonical objects on TP E are the Euler section A and the vertical endo-
morphism S. A is the section of TP E — E locally defined by

A = yavou
and S is the section of the vector bundle (T¥ E)® (TP E)* — E locally characterized
by the following conditions
S(Xy) =Va, S(V,) =0, foralla. (5)

Finally, a section & of TFE — E is said to be a second-order differential equation
(SODE) on E if S(§) = A or, alternatively, pr,({(e)) = e, for all e € E (for more
details, see [27]).

Example 2.2. Let (E, [, -], p) be a Lie algebroid of rank n over a manifold Q of
dimension m and 7* : E* — @ be the vector bundle projection of the dual bundle
E* to E.
We consider the prolongation T¥ E* of E over 7*,
TEE* = {(¢/,v) € ExTE* | p(e') = (T7%)(v)}.
TE E* is a Lie algebroid over E* of rank 2n with Lie algebroid structure ([-,-]7, p7 ).
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If (2°) are local coordinates on an open subset U of @, {e,} is a basis of sections
of the vector bundle 771(U) — U and {e®} is the dual basis of {e,}, then {Y,, P}
is a basis of sections of the vector bundle (77 )~1((7*)~(U)) — (7*)"(U), where
77 TEE* — E* is the vector bundle projection and

Yole) = (el @D tbnss ) P = (020 ) @

ox’ |e* ’ apa e

for e* € (7*)71(U). Here, (2%, p,) are the local coordinates on E* induced by the
local coordinates (z%) and the basis {e*} of I'(E*). Using the local basis {Y4, P},
one may introduce, in a natural way, local coordinates (x%, p; 2%, uy) on TEE*. If
w* is a point of (77 )~ ((7*)~(U)), then (2%, p,) are the coordinates of the point
7™ (w*) € (1*)"1(U) and
W = 2%Yo (77 (W) + ua P (w)).
On the other hand, we have that
[Yo. Y5l = €25Y, [Yo. P17 = [P, 2°] =0,
. .9 . d (7)
T — i . TP =
P (y@) pa 63& ) P ( ) apa ’
for all  and 8. Thus, if {Y*, P} is the dual basis of {Ya, P>}, then
i Of yo  OF
* Ot Opa

" 1
d‘J'EE %'y _ _ie’yﬁya /\967

e}

A7 = p Sy Zp

d7Ep =0,

for f e C=(E£").
We may introduce a canonical section Ag of the vector bundle (T E*)* — E*
as follows. If e* € E* and (é,v) is a point of the fiber of T¥ E* over e*, then

Ap(e*)(é,v) = (e*,é),
where (-, -) denotes the natural pairing between E* and E. Ag is called the Liouville
section of (TP E*)*.
Now, the canonical symplectic section g is the nondegenerate closed 2-section
defined by

Qp =—d7 P Ap.
Then, we have that the map Q3 : TPE* — (TP E*)* defined as

Op(X) = ixp, (8)
for all X € TPE*, where ix denote the contraction by X, is a vector bundles

isomorphism.
In local coordinates,

)‘E(xivpa) = pa%av
. 1
Qe (a'.pa) = Y7 AP+ 2050, Y" 1YY )

Remark 1. The linear Poisson bracket {-, -} g= on E* induced by the Lie algebroid
structure on E (see (3)) can be also defined in terms of the canonical symplectic
2-section Qp. In fact, for F,G € C*°(E*), we have that

{F.G}p- = Qp((Q) 1@ F F), (%) Y(d” P a)).
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2.5. Dirac structures. In this section we briefly recall the definition and some
properties of Dirac structures on vector spaces, vector bundles and manifolds (see
[11, 12]). The construction of a Dirac structure will be reviewed, which will be
important for defining implicit Lagrangian systems.

Let V' be an n-dimensional vector space, V* be its dual space, and let (-,-) be
the natural pairing between V* and V. A Dirac structure on V is a subspace
D C V @ V* such that D = D+, where D+ is the orthogonal complement of D,
that is,

Dt = {(u, B) e V@ V*|(B,v) + (a,u) = 0, for all (v,a) € D}.

It is easy to prove that a vector subspace D C V @ V* is a Dirac structure on V'
if and only if dimD = n and (o, ¥) + (@, v) = 0, for all (v, a), (7,a&) € D. From the
definition of a Dirac structure, for each (v, ) € D, we have that (o, v) = 0.

If V is a vector bundle over a manifold @, let V&g V™ be the Whitney sum bundle
over (), that is, it is the bundle over the base @ and with fiber over the point z € @
equal to V,, x V¥, where V. (respectively, V.*) is the fiber of V' (respectively, V*) at
the point x. A Dirac structure on V is a subbundle D C V @¢g V* that is a Dirac
structure in the sense of vector spaces at each point z € Q.

Now, let M be a smooth differentiable manifold and 75 : TM — M its tangent
bundle. An almost (in the terminology of [43]) or generalized (in the terminology
of [13]) Dirac structure on M is a subbundle D C TM @ T*M which is a Dirac
structure in the sense of vector bundles.

In geometric mechanics, almost Dirac structures provide a simultaneous general-
ization of both 2-forms (not necessarily closed and possibly degenerate) as well as
almost Poisson structures (that is, bracket that need not satisfy the Jacobi identity).
A Dirac structure on M is an almost Dirac structure that additionally satisfies the
following integrability condition

<£X1062,X3> + <£X2a37X1> + <"€Xsa17X2> =0,

for all (X1, a1), (X2, a2), (X3,a3) € D, and where £x denotes the usual Lie deriva-
tive with respect to the vector field X. This generalizes closedness for the symplectic
form, and the Jacobi identity for Poisson structures. For the remainder of this pa-
per, we will primarily be concerned with almost Dirac structures, since it allows
one to incorporate nonholonomic constraints.

Two constructions of almost Dirac structures on a manifold are given as follows.
The first construction is induced by a distribution and a 2-form on the manifold.
Let M be a manifold, Q2 be a 2-form on M and Aj; be a distribution on M. Denote
by €° the associated flat map and by A§, C T*M the annihilator of Ay;. Then,
from Theorem 2.3 in [43], we have that Dy C TM @&y T*M defined, for each
x € M, by

D (x) ={(vz, ap) € Ty M X Ty M | v, € Aps(x) and
ay — O (2)(v;) € Afy(2)}

is an almost Dirac structure on M (see also Theorem 3.2 in [13]).

For the case when M =T*(Q and 2 = Q- is the canonical symplectic 2-form,
this almost Dirac structure was used to introduce the notion of implicit Lagrangian
systems in standard mechanics (see [43, 44]).

The second almost Dirac structure is induced by a codistribution and a skew-
symmetric 2-tensor on the manifold. Let M a manifold, IT: T*M x T*M — R be a
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skew-symmetric 2-tensor and A}, a codistribution on M. Denote by fiiy : T*M —
TM the associated sharp map and by ker A3}, the distribution on M defined as

ker Ay, ={X e TM|a(X) =0, for all a € A}, }.

Then, from Theorem 2.4 in [43], we have that Dy, C TM @y T*M defined, for
each z € M, by

Dy (z) ={(vg, ) € T M x T M | o, € Ay(z) and
vy — i (z)(ag) € ker Aj,(z)}

is an almost Dirac structure on M (see also Theorem 3.1 in [13]).

For the case when M = T and Il = Iy is the canonical Poisson structure on
T*Q), this almost Dirac structure coincides with the almost Dirac structure described
before which was used to introduce the notion of implicit Lagrangian systems in
standard mechanics (see [43, 44]).

3. Implicit Lagrangian systems on a Lie algebroid.

3.1. Induced almost Dirac structure. First, we introduce the notion of an in-
duced almost Dirac structure on the Lie algebroid prolongation 7% E* of a Lie alge-
broid 7 : F — @. This almost Dirac structure is induced by a vector subbundle U
of E, that is, U C E such that 7y = 77 : U — @ is a vector bundle.

Consider the dual vector bundle 7* : E* — Q of 7 : E — Q. We can define its
prolongation to the corresponding prolongation Lie algebroids T7* : TFE* — TFQ
as the identity in the first component and the tangent map of 7* in the second, that
is, T7* = (id, T't*). It is easy to prove that it is a Lie algebroid morphism between
TPE* — E* and TEQ — Q (see [32] for a general definition of the prolongation of a
map). Moreover, we can identify T#Q with F and then 77* = pry, pry : TFE* - E
being the projection on the first factor.

The vector subbundle U can be lifted to a vector subbundle Usep. C TFE* as
follows

Ugepe = (pry) " (W). (10)
Denote by U5 x . C (TFE*)* its annihilator. Then, we have the following result.

Theorem 3.1. Let (E,[-,-],p) be a Lie algebroid over a manifold Q and U be a
vector subbundle of E. For each e* € E*, let

Dy(e*) ={(Xer, vex) € TEE* X (TEE*)* | Xev € Ugpp-(e*) and
o = Qp(e")(Xer) € Usn o ()}
Then, Dy C TEE* @p- (TPE*)* is an almost Dirac structure on TP E*.

(11)

Proof. First, it is not difficult to prove that, since Ugr g+ is a vector subbundle of
TEE*, Dy is a vector subbundle of TP E* @ (TFE*)*.
Second, the orthogonal of Dy C TEE* @©p. (TP E*)* is given at e* € E* by

Di(€*) ={(Yer, Ber) € TEE" x (TEE*)" | e (Yer ) + e (Xer) = 0,
for all X,- € Ugrg-(e*) and ae — Vp(e*)(Xer) € USr o (€¥)}.

To check that Dy (e*) C Di;(e*), we consider (X-,ae+) € Dy(e*) and then, for
any (X/.,al.) € Dy(e*), we have that

e (Xg.) + 0 (Xev) = Qp(e) (Xex, X0 ) + Qp(e”)(X{-, Xev) =0,
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by the skew-symmetry of Qp. This implies that (Xe«, ae+) € Di;(e*). Therefore,
Dy (e*) C Dg(e). (12)
Now, to prove that Di;(e*) C Dy (e*), let (Yo, Bex) € Dii(e*). Then, we have
that
Qer (Yor ) + Ber (Xer) =0, (13)
for all (Xe+,aex) € TEE* x (TEE*)* such that X.- € Ugeg«(e*) and aer —
Qp(e*)(Xe) € USpp.(e*). If we choose Xe- = 0 and aex € USp . (e*), then
(X, aex) € Dy(e*). Therefore, using (13), we obtain that ae«(Yex) = 0, for all
aer € Uspp.(€*). Then, we conclude Y.~ € Usrpg-(e*). On the other hand, let
X« € Ugrg-(e*) be arbitrary and suppose that aex (Ze«) = Qp(e*)(Xex, Zex ), for
all Ze« € Ugp g+ (€*). Since Yor € Ugrp-(e*), we have qex (Yer) = Qp(e*)(Xex, Yex)
and, from (13), we deduce that

QE(e*)(Xe* ) Ye*) + Bex (Xe*)

0,
for all X« € Ugeg-(e*). This implies that S — Q%(Ye*) € U, . (€*). Therefore,
(Ye*aﬁe*) S ‘Du(e*) and thus

Diz(e*) C Duy(e?). (14)
Given (12) and (14), we conclude that Di;(e*) = Dy (e*), and the result follows.
O

In what follows, we will obtain a local representation of the almost Dirac structure
Dy induced on TZ E* by a vector subbundle U of E. Consider local coordinates (x?)
on @, a local basis {e,} of sections of E' and the corresponding local coordinates
(z',y) on E. Let {Ya, P} be the local basis of 77 : TEE* — E* defined by
(6) induced by the local coordinates (x%) on @ and the local basis {e,} of E and
(2%, pa; 2%, uq) be the induced local coordinates on T2 E*.

Thus, we can locally represent the fiber of Ugr g+ at a point (z°,p,) € E* as

U p- (2", pa) = {(&, pa; 2%, ua) | (7, 2%) € U(z")}.
If we denote by (2%, pa;7a,v®) the corresponding local coordinates induced on

(TPE*)* by the dual basis {Y%,P,} of {Ya, P}, then the annihilator of Usrs g«
is locally given by

US s e (2, p0) = {(2, Pa; Ta, v*) [v* = 0 and (2°,7,) € U°(z")}.
From (9), we have that
V(@' pa) (@', pa; 2%, ta) = (&, Pa; —tta — €] gpy 2", 2%) (15)
and then the condition aes — Q% (€*)(Xex) € USs . (€*) can be written locally as
v* = 2% and (2,74 + Ua + Clﬁpvzﬁ) € u°(z"),
where Xo« = (2, pa; 2%, Ua) and aex = (2%, pa; 7o, V%),
Finally, we obtain that
Dy(e*) ={(Xer, er) € TEE* x (TEE*)* | Xov € Ugrg-(e¥) and
Qer — (") (Xer) € Ugep- ()}
={((¢", pa; 2%, wa), (¢, Pa3; Ta, v*)) | (27, 2%) € U(z"),
v* = 2% and (2,70 + o + €] gpy27) € U (27}
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Remark 2. One of the advantages of working in the Lie algebroids setting is that
we can construct a local basis {eq } of sections of E as follows. We take a local basis
{ea} of sections of the vector bundle 7 : U — @ and complete it to a basis {eq, e}
of local sections of E. In this way, we have coordinates (z¢,y®) = (2, y%, y*) on E.
In this set of coordinates, the equations which define the subbundle U are y* = 0.
So, we can consider (z?,y?) as local coordinates on U. Moreover, if {e?, e4} is the
dual basis of {eq,ea} of E*, then {e?} is a local basis of sections of U°. So, from
the definition of Uy g+, we deduce that {Y,, P* P4} is a local basis of sections of
Ugeg- — E* and, if {Y*, Y4, P,, P4} is the dual basis of {Ya,Ya, P, PA}, then
{Y4} is a local basis of USg .- Therefore, a local representation for the almost
Dirac structure Dy is

Du(xi,pa) :{((xivpa; Zaaua)a (xiapod Tom'va)) | A =0t = 0, v* = 2%,

and r, = —ug, — @pr,yzb}.

We have used the canonical symplectic section Qg on T¥E* together with a
vector subbundle U C FE to define the almost Dirac structure Dq. However there
is a dual version of the above construction in which the almost Dirac structure is
defined by a Poisson structure on 7¥ E* together with a vector subbundle U C E.

Let (E, [, -], p) be a Lie algebroid and U be a vector subbundle of E. Consider the
projection 72 : (TP E*)* — E defined as 72 = pr, o (Q%)~!, where pr, : TPE* — E
is the projection on the first factor. If we consider local coordinates as before, using
(15), we have that

ﬂZ(xivpa; Tas ’UQ) = (xiv 'Ua)'
Now, we define the induced vector subbundle U3 . of (T¥E*)* by

sepe = (1) 7H(W).
Note that Uy 5. = Q% (Ugs g ), from the definition of Uge g« (see (10)). Locally,
U% 5 . 1 given by
W s e (2", pa) = {(2", pa; Tas 0¥) | (2, 0%) € U(z")}.
The annihilator of U% g . is given, for each e* € E*, by
(Uh e )°(€") ={Xex € TEE* |aer(Xex) = 0, for all aer € Uy p. (e*)}
:{X(zi,pa) = (xivpa;zavua) | 2% =0 and (‘Ti,UOé) € uo(wl)}
On the other hand, we introduce the section II of the vector bundle A2(T¥E*) —
E* defined by
(e, B) = Qe((Q%) (), ()71 (8)),
for a, 3 € (TPE*)*. 1I is the algebraic Poisson structure on the vector bundle
TPE* — E* associated with the symplectic section Qg. Denote by firy : (TFE*)* —
TEE* the vector bundles morphism given by
tr(a) = —i II, for a € (TFE*)*.

Note that # = (Q%) '
Then, using the above notation, the induced almost Dirac structure Dy on T E*
is given, for e* € E*, by
Dule*) ={(Xer,ae) € TEE* x (TEE*)* | e € UWss . (e¥) and

Xe- — (") (e) € (Usppa)°(e")},
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whose local representation is
Du(a', pa) ={((2", pai 2%, ua), (2", Pai Tar v)) | (2, 0%) € U(a?),
v* = 2% and (2%, 74 + uq + Glﬁpwzﬁ) e U°(z")},
which coincides with (16).

3.2. Implicit Lagrangian systems on a Lie algebroid. In this section, an
implicit Lagrangian system on a Lie algebroid E is defined in the context of the
induced almost Dirac structure Dy on TP E*. As we shall see, the notion of implicit
Lagrangian systems that is developed here can handle systems with degenerate La-
grangians as well as systems with nonholonomic constraints. Another description to
address these systems was recently presented by Grabowska and Grabowski in [16],
where they use the notion of a Lie algebroid as a double vector bundle morphism.

Let L : E — R be a Lagrangian function on the Lie algebroid (E, [-,-], p).

First of all, we will recall the definition of the Legendre transformation in the
context of Lie algebroids. Given a Lagrangian function L : E — R, one can consider
the Poincaré-Cartan 1-section associated with L, 8, € T((T¥ E)*), which is given

0()(Ze) = (7 P L(€))(Se(Ze)) = p7(Se(Ze))(L),

fore € Eand Z, € TEE, S : TP E — TEE being the vertical endomorphism defined
in (5). So, the Legendre transformation associated with L is defined as the smooth
map FL : E — E* defined by

FL(e)(e") = 6 (e)(2),

for e,e’ € E, where Z € TPE such that pry(Z) = ¢/, pr; : TPE — E being the
canonical projection over the first factor. For more details see [27].

The map FL is well-defined and its local expression in fiber coordinates on E
and E* is

OL

Oy~ ) '

Now, we consider the isomorphism Az : TP E* — (TPE)* between the vector
bundles pry : T¥E* — E and (77)* : (TPE)* — FE introduced in [27] and whose
local expression is

IFL(xi,yo‘) = (aci,

AE(xiapod Zavuoc) = (xiv 2% Uq + ezgp'yzﬂ7pa)- (17)

Then, we define the map vg : (TP E)* — (TPE*)* as yp = O, 0 A" which is an
isomorphism between the vector bundles (77)* : (TP E)* — E and pr} : (TPE*)* —
E. From (15) and (17), we deduce that the local expression of this isomorphism is

Ve, Y% S0y Wa) = (2, Wa; —Sa, y*). (18)

Now, define a differential operator D acting on the Lagrangian L : E — R, which
we shall call the Dirac differential of L by

DL:E — (TPE*)*, DL=~ged PL,

where d7“EL is the differential of L on the Lie algebroid T7F E which is a section of
(™) (TFE)* — E.

Using (1), (4) and (18), we conclude that DL is represented in local coordinates
by
oL oL a)

DL i, Q _ i ii.
(', y%) (m’aya’ Pagri¥

(19)
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Now, we have all the ingredients to define an implicit Lagrangian system on a
Lie algebroid.

Definition 3.2. Let L : E — R be a given Lagrangian function (possibly degen-
erate) on a Lie algebroid (E,[-,],p) and U C E be a given vector subbundle of
7 : F — Q. Denote by Dy the induced almost Dirac structure on the Lie alge-
broid prolongation T¥E* that is given by (11) and DL : E — (T¥E*)* the Dirac
differential of L. Let P = FL(U) C E* be the image of U under the Legendre
transformation.

An implicit Lagrangian system is a triple (L, U, X), where X is a section
of the Lie algebroid prolongation 77" : TEPE* — E* defined at the points of P,
together with the condition

(X, DL) € Dy
In other words, as P = FL(U) C E*, X can be seen as a section of TP E* — E®q E*
defined at the points of U@ P and thus, we require that for each point e € U and
with e* = FL(e) € P, we have

(X(e,e*),DL(e)) € Dy(e).

Definition 3.3. A solution curve of an implicit Lagrangian system (L, U, X) is a
curve (z(t),y(t)) € U(x(t)), t1 <t < tq, such that FL(z(t), y(t)) is an integral curve
of the vector field p™ (X ) on E*, p”" being the anchor map of the Lie algebroid
T TEE* — B

Remark 3. One can consider the map ig : £ — E ©g E* defined as the direct
sum of the identity map on E, id : E — FE, and the Legendre transformation

FL : E — E*. Denote by X the submanifold of E'@¢g E* defined as the image of U
under ig. Thus, X is locally given by
oL

K = {(z', 4%, pa) € Ex x EX| (2%, %) € W), pa = @},

Another way to define the submanifold X is the following. Consider the map
peg)y ¢ (TFE)* — E &g E* defined as the direct sum of the maps (77)* :
(TFE)* = Eand 77 o (Ag)~': (TPE)* — E*. Recall that (77)* : (TP E)* — E is
the projection of the dual vector bundle of the Lie algebroid prolongation of E over
the fibration 7, Ag : TEE* — (TPE)* is the vector bundle isomorphism defined in
(17) and 77 TEE* — F is the projection of the Lie algebroid prolongation of E
over 7*. If we consider local coordinates introduced in Section 2.4, the map p(g= g)-
is given by

P(TEE)* (xzvyavsomwa) = (xz’ya’wa). (20)

Note that when E is the standard Lie algebroid, that is, ' = T'Q, then this map is
the map pr+7q : T*TQ — TQ &g T*Q defined in [43] (see Section 4.10 in [43]).

Then, we can construct the map ¢g between F and E ®¢g E* by the composition

ip = paem)-°Ape () eDL: E - (TPE*)* - T¥E* - (TPE)* —» Eaq E7,

DL being the Dirac differential of the Lagrangian function L and Q% being the flat
map defined by the canonical symplectic section Qg (see (8)).
From (15), (17), (19) and (20), we have that the local expression of i is
oL
o)
Then, the submanifold X C E ®g E* can be defined as X = ig(U).

ip(a',y®) = (xzy“
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Then, a solution of an implicit Lagrangian system (L, U, X) may be equivalently
defined to be a curve (z(t),y(t), p(t)), where t; < t < to, whose image lies in the
submanifold X C E ®q E* and such that (2(t), p(t)) is an integral curve of p7 (X)
and such that

(X (2(t), y(t), p(t), DL(x(t), y(t))) € Du(x(t), p(t)).

Locally, using the preceding notation, (7), (16) and (19), we deduce that a so-
lution curve (z'(t), y*(t), pa(t)) for an implicit Lagrangian system (L, U, X) must
satisfy the following equations

. ) y ) oL
(xz’ya) € u(xz), Tt = P&ya7 Pa = 870‘,

. Vs 0L Y (21)
(37 s Pa + eaﬁp’yy — Pa amz) S u (l’ )

Remark 4. If we consider the local coordinates on E introduced in Remark 2, the
implicit Lagrangian equations reduce to

. . oL ; OL
A 1 1..a _ P % b 7
- 07 - 9 o d a — *G - a T
Y T = Pa¥Y p 7@y°‘ and  p ab Jy yo+p GI%
3.3. Conservation of energy. Define the generalized energy Er, : E &g E* -+ R

by
EL(.T,C,G*) = <€*,6> - L(ZL’,G),
where (z,e) € U and (z,e*) € P.

Proposition 1. Let (z(t),y(t)), t1 < t < to, be an integral curve of a given
implicit Lagrangian system (L,U,X) on a Lie algebroid E. Then, the function
Er(z(t),y(t),p(t)) is constant in time, where p(t) = %(x(t),y(t)).

Proof. We give the proof using local coordinates. Then, from the definition of the
generalized energy Ep,, we have that

By o Ol 0L
ai = 0Pty e — G = 5T
oL , 5
As p,(t) = @(m‘ (t),y"(t)), we deduce that
dEL _ oy faiLi;i
at Y PeT gy
oL . OL oL . 0L OL
:a-a 677ﬁ72 .7QGW7’B a i - it

Now, as (zi(t),y*(t)) satisfies the implicit Lagrangian equations (21), we know
that

. , 4 , . I 9L .
(', y*) e U(z"), '=pLy® and (xz,pa + Glﬁg—myﬂ — Py, gﬂ) € U°(z").

oL
Y
af ayfy Y
dE;,
dt

Moreover, as €] 5 = —C},, the term y*€ B =0. So, we conclude that
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4. Hamilton—Jacobi theory for implicit Lagrangian systems. Let (E, [, ], p)
be a Lie algebroid over a manifold @ with projection 7 : E — @ and (L,U, X) be
an implicit Lagrangian system on F.

Theorem 4.1. Let 7 : Q@ — E ©g E* be a section of the canonical projection
v:E®g E* — Q such that
Q) C X, (22)

and

d” (prg- °¥)juxu = 0. (23)
Denote by o € T'(E) the section ¢ = pry°X opry. o7, where pr; : TPE* — E is
the projection on the first factor and prg. : E @ E* — E* the projection over the
second component. Then, the following conditions are equivalent:

1. For every curve c: I — Q in Q such that

¢(t) = p(o)(e(t)), for all t, (24)
the curve yoc is a solution of the implicit Lagrangian system (L, U, X).
2. 7 satisfies the Hamilton—Jacobi equation for implicit Lagrangian sys-
tems:
d¥(Ero7) e U°. (25)
Proof. We give the proof using local coordinates. We consider local coordinates
(x%) on an open subset V of @ and a local basis {e,} of sections of E defined on V,
then we have the corresponding local coordinates (z%,y%) on E. Denote by p¢, and
€] 5 the structure functions of the Lie algebroid E with respect to (') and {eq}.
Suppose that (z?) = (z*,7*(27),Ya(27)). Then, the condition (22) means that
0L

(a',7%(a7)) € U(z") and Fa(a') = @(inw“(ﬂ))? (26)
and the condition (23) can be written locally as
MNs i 5 s (09 i - oo \.p 6
axipﬂv w = <%p5+’ya655)v w-, (27)

for all v,w € U given locally by v = v565 and w = w’es.

If c(t) = (c(t)), it is easy to prove that equation (24) can be rewritten in local
coordinates as ‘ ‘
() =7 (e(t)) pale(t)). (28)
Using the hypothesis (22) (see its local expression (26)), we also have that equa-
tion (25) is locally written as

o5 oL\
Y18 P00
(’y ort Ozt )pav 0, (29)

for all v = v%e, € U.
(i) = (ii) Assume that (i) holds. Therefore

(1)1 (elt))) € U(e(t)),

E(t) = 7> (c(t)of (e(2)),

Fale®) = 2Z (1), 72 (1))

727 aya )Y ) (30)
(202 (e(e)é? (1) + €85 et s (e (e(t)

Ox? oL
—P&(C(b‘))@(dt%VB(C(t))))ea(C(t)) € U°(c(t)).
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Then, using (27) and (30), we have that at ¢(¢), for w = w¥e,(c(t)) € U(c(t)),

0y oL\
(a 770+ CopTon” =l j)w
(9’)/5 - _ _ - 8L
= (m P ph +35€5a7" + Cop757° —Pﬁy@)w
87/3 B _ oL a
<8xJ oxI )pj v
Then, we conclude that (ii) holds (see (29)).
(ii) = (i) Suppose that (ii) holds, that is, condition (29) is satisfied. Let ¢ : I — Q
a curve such that ¢(t) = p(o)(c(t)). Then, we have that
¢'(t) = 7 (c(t)) pa(c(t)-

Moreover, from (26), we also know that

(c'(t),7*(c(t))) € Ulc(t)) and Ta(e(0) = 5.2

Moreover, using (26) and (27), we deduce that at c(t), for all w = w%eqy(c(t)) €

U(e(t)),

(03

Ma 0Ly
(a 76+ CagTsr” “%)w
OB 8 i <8 B8~ B 5 OL
_ o I e 32
(a 7704+ 75C5a7" + CapTey paaxj)w (32)
_ (9. OL
= (Gu7" — gy Jrhw =0,

Finally, from (31) and (32), we conclude that 4 ¢ is an integral curve of X.
O

5. Examples.

5.1. The case U = FE. This is perhaps the simplest case in which one has no
constraints but the Lagrangian may be degenerate. In this case, the induced almost
Dirac structure Dy = Dg is given by

Dp(e”) = {(Xer, aer) € TEE" x (TEE™)" |aer = Qp(e”)(Xer)}-

So, locally the equations defining the almost Dirac structure in this case are
v*=2% and 74 = —Uq — C’Zéﬁpvz’g,

where Xo+ = (2%, pa; 2%, Ua) and aer = (2, pa; 7o, v*). Then, a curve (zi(t), y*(t))

in E is a solution of the implicit Lagrangian system if and only if

oL - . 0L
o = 7 S e d .a — - e'y ,8'
p 8ya xz pay entt p pa 8171 aﬁp"/y

This means that in this case, the condition of an implicit Lagrangian system is
equivalent to the Euler-Lagrange equations for L (see Equations (2.40) in [27]).

In the usual formulation of Lagrangian systems on a Lie algebroid, one must
to restrict to admissible curves on the Lie algebroid FE, that is, curves ¢(t) in E
such that (c(t),¢(t)) € ‘If(t)E or, locally, if c(t) = (z%(t),y*(t)) then i’ = piy~.
Notice that integral curves of an implicit Lagrangian system automatically satisfy
this condition.

In this case we can reformulate the Theorem 4.1 as follows.
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Corollary 1. Let v: @Q — E be a section of the Lie algebroid T : E — Q such that
d¥(FLov) = 0.

Denote by o € T'(E) the section o = pryo X cFLeo~, where pr; : TPE* — E is the
projection on the first factor. Then, the following conditions are equivalent:
1. For every curve c: I — Q in Q such that

(t) = plo)(c(t)), for all t,
the curve yoc is a solution of the implicit Lagrangian system (L, E,X), or
equivalently, yoc is a solution of the Euler—Lagrange equations for the La-
grangian L.

2. v satisfies
d¥(ep o) =0,
where e, : E — R is the energy function associated with L (see (2.39) in [27])
which is defined as e;, = p”(A)(L) — L, A € T(TEE) is the Euler section and
p” is the anchor map of the Lie algebroid 77 : TP E — E (see Exzample 2.1).

This result can be viewed as the Lagrangian version of the Theorem 3.16 in [27].

5.2. The case £ =T(Q. Let E be the standard Lie algebroid 7rg : TQ — Q. In
this case, the sections of this vector bundle can be identified with vector fields on
Q, the Lie bracket of sections is just the usual Lie bracket of vector fields and the
anchor map is the identity map id : TQ — T'Q. A vector subbundle U of T'Q is just
a distribution Ag on Q.

Moreover, in this case, the Lie algebroid (T¥E*, [[-,-]]T*7p7*) is the standard
Lie algebroid (T'T*Q,[-,],id). So, the lift of the vector subbundle U = Ag to
TEE* = TT*Q is just the distribution Ar«g on T*Q defined as

Ar-q = (Tmq) ' (Aqg),
mg : T"Q — @ being the canonical projection. Moreover, Qg = Qpg is the
canonical symplectic 2-form on T*Q. Then, the induced almost Dirac structure Dy
defined in Theorem 3.1 is given, for each point z € T*Q, by

Dag ={(vz,02) € T.T*Q x T)T*Qlv. € Ar~g(2) and

a. — Qpo(2)(v:) € Afeg(2)}-

This almost Dirac structure coincides with the induced almost Dirac structure
introduced by Yoshimura and Marsden in [43]. Thus, if we apply the results of
Section 3.2 to this particular case we recover the formulation of implicit Lagrangian
systems develop in [43].

Moreover, applying the Theorem 4.1 to this particular case one recover the result
develop in [25] for standard implicit Lagrangian systems.

Example 5.1. We are going to consider a simple example: the case of Euler—
Poincaré reduction. In this case, we consider the particular case when the manifold
Q is a Lie group G and the distribution Ag is just TQ = TG (that is, the cases
when U = F and E =TG). Let L: TG — R be a left-invariant Lagrangian. Then,
we have that (g(t),v(t)) € Ty4)G, t1 <t < ta, is a solution curve of the implicit
Lagrangian system (L, TG, X) if and only if g(t) is a solution of the Euler-Lagrange
equations for L on G and §(t) = v(t), for t; <t < ts.

On the other hand, let g be the Lie algebra associated with G which is a Lie
algebroid over a point. As, L is a left-invariant function, we can consider the
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reduced Lagrangian [ : g — R, | = L|,. Taking U = g, we have that a curve {(t) €
is a solution of the implicit Lagrangian system (I, g,Y") if and only if it is a solution
of the Euler—Poincaré equations on g. Moreover, as well known, g( ) satisfies the
Euler Lagrange equations for L on G if and only if £(t) = g(t)”"g(t) satisfies the
Euler—Poincaré equations on g. Then, we conclude that (g(t),v(t)) is a solution
curve of the implicit Lagrangian system (L, TG, X) if and only if £(t) = g(t) " §(t)
is a solution curve of the implicit Lagrangian system (I,g,Y) and §(t) = v(¢).

5.3. Nonholonomic mechanics on Lie algebroids. Let (E,[-,],p) be a Lie
algebroid. Nonholonomic constraints on the Lie algebroids setting are given by a
vector subbundle U of E. In [10], the authors introduced the notion of a nonholo-
nomically constrained Lagrangian system on a Lie algebroid E as a pair (L,U),
where L : E — R is a Lagrangian function on F and U is the constraint subbundle,
that is, it is a vector subbundle of E.

If we consider local coordinates as in Remark 2, then a solution curve (z‘(t),
y*(t)), t1 <t < t2, on F for a nonholonomic system must satisfy the differential
equations (see Equations (3.7) in [10])

¥ = pey”,
d /0L oL ., ; OL
7( ) .~ by T Pa ;=Y
dt \oy® oy oz’
A4 =0.

So, a nonholonomic system is locally represented by an implicit Lagrangian sys-
tem (L, U, X) together with the condition

P 0.5 0),

since (z°(t), pa(t)) = FL(z%(t),y*(t)), where FL is the Legendre transformation.

Pa(t) =

Example 5.2. Consider the situation of Example 5.1 but with a non-trivial left-
invariant distribution on G. Then, we have Q = G a Lie group, L : TG — R a
left-invariant Lagrangian and U = Ag, Ag # TG and Ag # {0}, a left-invariant
distribution on G, that is, a standard nonholonomic LL system on G. As we have
proved in general, (g(t),v(t),p(t)), t1 <t < tq, is a solution curve of the implicit
Lagrangian system (L, TG, X) if and only if (g(t), v(t)) is a solution of the Lagrange-
d’Alembert equations for L on G and p(t) = 9L/0v(g(t),v(t)), for t1 <t < to.

On the other hand, this type of nonholonomic system on G may be reduced
to a nonholonomic system on the Lie algebra g associated with G. The reduced
Lagrangian [ : g — R is [ = L|; and the vector subspace 0 of g is given by d =
Ag(e). Then, one has a constrained system (1,0) on g. So, a curve £(t) € g is a
solution of the implicit Lagrangian system (,g,Y") if and only if it is a solution of
the constrained Euler—Poincaré equations (or the so-called Euler—Poincaré-Suslov
equations, see [14]) on g.

6. Conclusion and future work. In this paper, we introduced the notion of
an induced almost Dirac structure, and show how it leads to implicit Lagrangian
systems on Lie algebroids. This provides a generalization of Lagrangian mechanics
on Lie algebroids that can address degenerate Lagrangians as well as holonomic
and nonholonomic constraints. Furthermore, we have obtained a Hamilton—Jacobi
theory for such systems.
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In future research, we aim to study the possibility of obtaining a Hamilton—Jacobi
equation, as in the general case described in [26], using the notion of Dirac algebroids
given in [16]. In this case, the theory will include all important cases of Lagrangian
and Hamiltonian systems, including systems with and without constraints, and
autonomous and non-autonomous systems.

Another interesting direction would be to generalize to Dirac algebroids the work
in [25] that relates the Hamilton—Jacobi theory of a Dirac mechanical system with
symmetry and the Hamilton—Jacobi theory of the associated reduced Dirac system.
Furthermore, the relationship between the various Hamilton—Jacobi theories for
reduction of Dirac mechanical systems formulated on Dirac, Courant, and Lie alge-
broids, and the formulations based on Lagrange—Poincaré bundles [45] also remains
to be studied.
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